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1. Introduction

In connection with the analysis of mathematical models of real processes undergoing
short time perturbations, in the last years the interest in the differential equations with
impulses remarkably increased. Going back to the papers of Mil’'man and Myshkis [4,
5] the investigations of this subject are now extended to different directions concerning
applications in physics, biology, electronics, automatic control etc.

On the other hand, the description of many dynamic systems calls for very high-order
mathematical models due to the presence of small physical parameters like time
constants, masses, inductances, capacitances and similar “parasitic” parameters. Often
such systems exhibit “slow” and “fast” phenomena simultaneously and are stiff for
computations. The suppression of the small parameters in this case leads to a lower
order system and therefore the perturbations presented by these parameters are called
singular. Starting from the fundamental result of Tichonov [6] a great number of papers
have been published developing the singular perturbation approach alleviating both
dimensionality and stiffness difficulties. This approach is especially useful in control
theory of singularly perturbed systems (see the overview of Kokotovic [3]), where many
new problems concerning such systems arise, as well.

The present paper is devoted to a boundary value problem for a linear singularly
perturbed system (containing “slow” variables and stable and unstable “fast” variables)
with impulses. An asymptotic procedure for solving this problem is constructed (Section
3) and justified (Section 4) by means of a specific modification of the method of
boundary-layer functions proposed in Vasileva and Butuzov [7]. Similar results are
obtained in Hehimova and Bainov [2] for periodic singularly perturbed systems with
impulses.

The boundary value problem considered in the paper arises not only in case of
modelling processes which undergo impulse actions, but also in solving optimal control
problems for singularly perturbed systems with a criterion depending on the state at
some fixed moments of time. The reason is that in this case the adjoint system is also
singularly perturbed, but containing impulses at these moments. A control problem of
this type is considered in Section 5, where a solution technique is proposed, based on
the asymptotic approximations developed in the previous sections.
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2. Problem statement

Let t; <t,<:--<t, be given points in the open interval (0, T). Consider the following
system of linear differential equations with impulses:

oS = A B0,

d
T A Ox+ By + S0, "

Ax(t)=Px(t)+a, Ay(t)=SDy(t)+b;
where te[0, T], (x,y)e R™ x R*, A(t), Bj(t), f{(t) (j=1,2) and P®, SV, a;, b; (i=1,...,p)
are matrices (or vectors) with appropriate dimensions, £ is a small positive parameter
presenting the singular perturbation. We use the notation Ax(t;)=x(t;+0)—x(t;—0),
Ay(t)=y(t;+0)—y(t;—0), supposing for convenience that all the functions considered

are continuous from the left, namely x(t; —0)=x(¢;), y(t;—0)=y(¢,).
Let the boundary conditions for the system (1) be given by

xl(0)=x(l)3 XZ(T)=X(2), Y(0)=y0, (2)

where x is presented as x=(x,, x,), x, €eR¥ x,eR™" ¥ §<k<m.
Setting ¢=0 in (1) we obtain the so-called reduced system

0=4,0x+ B,y + fi(1), 1#4

iv
d_)t) =A,()x+B,()F+ fr(1),  t#¢ )

Aj(t)=SV5(t) + b
with the initial condition
#(0)=y°. 4)

Further we use the following notation.

1. Given a vector z=(z,,..., z,) and (g xr)-matrix A={a,;} we denote

|z]= max [zl |A| = max Z]a

l]l
15§ 15isq

2. By C,[0,T] we denote the space of all piecewise continuous functions
w:[0, T]—>RY, eventually discontinuous at the points ¢,,...,t,, but continuous from the
left. This space will be normed by ||w||=sup{|w(z)|:¢€ [0, T]}
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3. By CM[0, T] we denote the set of all functions w(-)e C,[0, T] with a continuous
derivative w(') existing on each interval (¢, t;4,1, i=0,1,...,p+1 (where t,=0, t,,,=T),

and such that the right derivative w(t;+0) also exists for i=0,...,p+1.
Let the following conditions be fulfilled.

Al. The matrices A{'), B("), j=1,2, are 4/ +1 times continuously differentiable;
A2. The matrix A,(¢) has the following block-diagonal form:

_[An@® 0
Al(t)_< 0 Azz(t))’

where A,,(t) is a (kxk)-matrix with strictly negative real parts of its eigenvalues
(Re A(A,(t))<0), while for the (m—k)x(m—k)-matrix A,,(t) the real parts of the

eigenvalues are positive (Re 1(A4,,(t)) > 0);
A3. Presenting the matrices P, i=1,..., p in the block-diagonal form

o (% 18)
Py P,

()

according to the block-diagonal form of A,(t), we assume that the matrices E+S®,

E+P{ and E4+P{,, i=1,...,p, are non-singular (E is the identity matrix);
A4. The functions f('), j=1,2, belong to Cro, 1.

Under the conditions A1-A4 we prove the existence of a solution of the boundary
value problem (1), (2). We construct also an asymptotic expansion of this solution with
respect to the small parameter ¢, including terms in a “stretched time scale” modelling
the fast movement of the trajectory near the boundary and near the moments ¢; of
impulse actions. The expansion of the solution of (1), (2) z(t, &) =(x(t, €), ¥(¢, €)) takes the

form

Z(t, 8) = Z-(t, 8) + n(“)z(ti’ 8) + Q(i)z(ai’ 8)7 tl' <t é tl'+ 1

(6)

where Z(t,e) and the boundary-layer functions n"z(-,¢) and Q¥z(-,¢) are presented as

series:

o)=Y a0, tel0,T],
K=o
n9z(1, 8) = i endz(r)  (i=0,...,p),
=0

0920, )= 3 &#QPzs)  (i=0, ...,p),
k=0

(7

(8)

©)

Here 7;=(t—t)/e and o,=(t—t;,,)/e, te(t,t;+,) are the stretched time scales. The
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additional condition

Vz(+0)=0, Q¥z(—w0)=0, i=0,...,p, k=0,1,...

(10)

for the boundary-layer functions yields their local influence on the solution approxi-
mation. An algorithm constructing the above expansions is described in Section 3.
The convergence of the series obtained is proved in Section 4, where an estimation of
the difference in the uniform metric between the solution and its A4"th approximation is

also found.

3. Formal asymptotic expansion of the solution

First, we shall find an appropriate formal asymptotic expansion of the solution
z(t, &) =(x(t, &), y(t, €)) of the boundary value problem (1), (2) in the form given in (6)—9).

The reduced problem (3), (4) can be presented as
x()=¢(y), t#y
) =[By(1)— A(0AT (OB, ()IF() + F(1),  t#1;

Aj(t) =S5(t) +b;,
where
¢(t,y) = — A7 Y()B,()y — A7 (1) £1(2),

F(0)= fo(t) - A, () AT (0 £1(2).

System (12) with initial condition (4) has a unique solution given by

y(t)=V(t,0)y° +i V(t,)F(s)ds+ Y V(,t,+0)b,,
0 0

<t <t
v

where V(t, s) is the fundamental matrix solution of (15), normalized at t=s:
{=(By(t)— A, ()AT (BN, t#
AL(t)=SOL(e)).
Substituting (6) in system (1) we obtain

dx N dnx N dQo¥x
¢ dt  dr; do;

= A, (DX(t, &) + A (t; + er)nx(1;, ©) + A, (t; 4, +£0,)QVx(0;, €)

+ B, () 3(t, &) + B, (t; + et)ny(t;, ) + B, (t;.4 . +£1)QPW(0y, &) + (1),

ti<t§ti+l’ i=0,1,...,p,
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dy dn®y dQ®y
tat a Tdo,

=eA,()X(t, &) + eA,(t; + e1)nVx(1;, &) + eA,(t; 4 , +£0,)QVx(0;, €)

+&B,(0)7(t, &) + eB,(t; + er)nVy(1;, ) + €B,(t; 4 +£6)0V¥(0;, €) +£f5(1),

ti<t§ti+h i=0,1,...,p

and from the impulse action equalities in (1)

x(t; +0, &) + n9x(0, &) + Q¥x (l: —ti L e)
3
i . t—t,_ _
(e [i(tb P+ (t_a‘—l’ 8) +0"Ix(0, a)] +a;
y! J hofti—liva
J(t;+0, &) + n7y(0,¢) + Q¥ <T 8)

=(S9+E) [y‘(ri, &)+~ Dy (f% s)+Q“’y(o, e>]+b.-.

111

(16)

(17)

In the above equations (16) and (17) we replace z, n¥z and Q"'z by the expressions (7),
(8) and (9) and present the matrices Aj(t; +¢1,), A{t;+, +¢0;), Bj(t;+et) and B{t;,, +c0)
(j=1,2) as power series with respect to ¢ Comparing the coefficients of each power
of ¢ (these depending on ¢, 1; and o;, separately) we obtain a system of equations with
respect to the coefficients in (7), (8) and (9). Substituting (6) in (2) we get the boundary

conditions

L0+ Z £ x(0) + Z £ x ( . )

*®
-0
I
I
OMB

T— ©
8 X, AT) + Z € ni"’zX( t">+ Y. £QPH(0)x(0),
k=0

®
NO
Il
=
Jllagt

0

7(0)+ z ni®y(0) + Z 0Py ( ‘8)

I
7[\/]3

y

(18)

where the additional indices 1 and 2 appear due to the separation of the fast state to a

stable and an unstable part, namely x=(x,, x,) e R* x R™~

https://doi.org/10.1017/50013091500006623 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500006623

112 D. D. BAINOV, M. A. HEKIMOVA AND V. M. VELIOV

For the first term (X4(t), Jo(t)) we obtain the system
0=A4,(%o+ B\(0)jo + /1(1),  t#1;
Yo=Ax(t)%o + By(t)jo + (1), t#L;
Ao(t;) =SVF(t) + b

The boundary-layer functions n{’z(z;) and Q¥z(s)) satisfy

dntx . . 0
d:. = A,(t)nPx(t) + B,()ndy(z}); 7% Y
d0¥x ) ' 09y
3:7). = A(t;41)Q0x(0:) + By(t:4 )08 y(a)); g;. =0.

From (20) and (21), taking into account (10) we have

e y(t) =0, 0y(a)=0.

(19)

(20)

(1)

(22)

Using the block-diagonal form of the matrix 4, (condition A2) we replace (20) and (21)

by

dn® x .
2l A (t)ng) 1 x(1),

dz;

dnf ,x
dz;

= A, (t)7§ ;x(1),

dog
do;

=A,,(ti+1)0F 1 x(a)),

ngfzx
do;

=A,,(;+,)Q8 2 x(0)).

From (18) and (22) we find the initial condition

Pol0)=y°

(23)

24

(25)

(26)

27

for the system (19). Thus the problem (1Y), (27) is exactly the reduced problem (3), (4)

and Xo(t) = &(t, yo(1), yo(t) = 3(2).

From (10) and (24), (25), using the spectrum condition in A2 we conclude that

8 2x()=0, 0§ 1x()=0,i=0,...,p.
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The equalities (18) and (17) give us
6 x(0)=x3 —Xo,1(0), QF,x(0)=x3— %o »(T), (28)
00)2x(0)=(P§3 V' + E) ™ '[%o, 5(ti  +0) = (P§7 V' + E)Xo 1(ti41) — @is1,2]
— X0, otiv 1), i=0,...,p—1, (29)
n6,1(0) = (P} + E)Xo, 1 (t:) + (PP + E)[ %o, 2(t) + 05 3"'%(0)]
+a; —Xo 4(t;+0), i=1,...,p. (30)

For the solutions of the systems (23) and (26) with initial conditions (30) and (29) we
have

7§ 1 x(t;) =1  x(0) eA 110 7,20, (31
00 2x(0) = QY ,x(0) #3250, 5,20, (32)

The condition A2 implies the existence of constants C and x>0 such that
|[m@x(r)]| S Ce ™, 1,20, ||QPx(a)||<C e, 0,<0; i=1,...,p. (33)

In a similar way we can find the coefficients of £ (k=1) in (6), (7) and (8). As a result
we obtain the systems

Xy - 1(t) = A ()%(2) + B, (8)5i(0), £ 37
Y) =A%)+ B,(05u(0),  t# (34)
A7) =SV5,(t) + (89 + E)QF ~ Vy(0) — n’1(0),

dn{x
dr;

= A, (t)mdx(1) + By (t)md y(1) + T(1)
(35)

dQ(l)
do;

=A,(t:+ )0 x(a)) + By (t;4 )0 ¥(0) + G (a)

(36)
dQ(l)

=H{(a),
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where

e n[dA) #By(t)
Ta’(n)=_1s—f LD ) + T2 2y |

L[ dsA,(t; ;
_; d;(t) (l)s 1 (1)+ d:‘ft) (‘)s 1y(tl)]

(37
x ﬁ dAl(t1+l) l(t1+1)

Qi x(a) P GRSy o, (ai)]’

. k=1 gt [d°A,(t; . d°By(t;, )dr .
H{o)= =0:i—t—‘ _2(75_*.12 ;:)—s—lx(ai)"'%!)' Q}:)—s—l,"(ai)]'

The initial conditions for n{’y(t;), QPy(s)), i=1,...,p, k=1,..., 4 are given according
to (10) as follows:

my(0) = —OIO RXs)ds, Q{’y(0)=— —Iw H{X(s) ds. (3%)
0 ]

From the second equations in (35) and (36) and from (38) we get

W)= — | RO(s)ds, OPyo)=— | H{s)ds. (39)

T, -
i i

Taking into account (38) we rewrite system (34) in the form

X(8) = dult, yi(1)), t#t

() =[By(t) — Ax()AT (B, ()17 + Filt),  t#¢; 0
Ay(t) =Sy (t) +9
with the initial condition
7u(0) = — mVy(0) (41)

obtained from (18), where
i, 7)) = — A7 (OB ()F(8) + A7 1% 1 (1), t#t;

Fi(t)= A,(D A} ()X, - 1(0),

(‘)—-—(S(')+E) j‘ H(l ”(s)ds+ j‘ R("(s)ds
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The solution (%,(t), yi(t)) of (40), (41) is given by

Xi(1) = @ult, yil(1)

F(t)= —V(t,0)ny(0) +_‘r' V(t, )Fs)ds+ Y. V(t,t,+0p
0 o<t

<t

Using (10) we obtain from (18) the initial conditions for n{’x(t;) and Qx(s)):

ey x(0) = ~ %, ,(0)

1 x(0) = (P} + E)%, 1(t) +(Py + E)[ X o(t) + Q4 3 Vx(0)]

_ik.l(ti-*_o)’ l=1,P

+ o0 )
ax(O)=— [ e A H[B )RS+ TP ds,  i=0,p,

Qa‘;’lx(0)=—_§, e~ A s[B (¢, JOPWS) + GP(s)), ds,  i=0,p,

0,x(0)=(P§; U+ E) " '[Xy otiv 1 +O)— (P4 D+ E)%y 1 (ti41)]

— X, oti v 1), i=0,p—1,
i’.’)z(x(o) = —34, o T).

Using condition A2 we obtain from the system (36)

(i)
d%ko'.lx = A (t: )0 1 x(0) + [ By(ti 4 )2 ¥(0) + GiNo)],

(i)
d(%;,.z = A,,(t;4 Q2 x(0;) + [By(t;4 )09 y(e) + G¥Na)],

with (44) as an initial condition. Using the Cauchy formula we get

Pix(o) == [ Ao, (1, )OPYS) + GP(], ds,

mzx(a.) Q("zx(O) eAzz(t.'+n)ai+J‘ eAZZ("+’)(“‘_S)[Bl(l;+1)Q£“,V(S)
0

+G§(i)(s)]2ds’ i=0a""p9 aléo
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Finally, solving the problem (35), (43) with Qf3"(0) obtained from (45) we get for
;20

”g.)l x(t)= 7‘913‘(0) eAntiniy ,f gAn “I[B 1(ti)”§¢i))’(s) + Ti"’(s)] 1 ds,
[
(46)
Py x(t) = — | e WCEIB (e)nid)(s) + TE(s)1, ds.

Thus, the coefficients in the expansions (7), (8) and (9) are completely determined.
Moreover, using (33) we prove by induction that there exist constants C and k>0 such
that the boundary-layer functions n{’z(t;) and Q{z(s)) (k=0,...,/, i=1,...,p) satisfy
the estimations

||7T§ci)z(7i)” SCe ™, 1,20 “Q}""z(a,.)” £Ce, 0,20 (47)

(here and further we use the letters C and «x to indicate constants, which however, may
be specific in different relations).

The estimations (47) imply the convergence of all the integrals on infinite intervals
encountered above. Thus, the formal expansions (7), (8) and (9) are correctly defined.
The question of the convergence of these series will be investigated in the next section.

4. Convergence of the asymptotic expansion and existence of a solution

The main purpose of this section is to prove the convergence of the power series (6)
(described in (7), (8) and (9)) to a function z(z, &) being a solution of the problem (1), (2).
Moreover, we estimate the difference between the exact solution and the A'th
approximation

&
Zy(t, &)= Z L2+ nP2(1) + 0P20))], <tSte,
¥=0

in the uniform metric.
First we shall consider the following “fast” system with impulses

ef=A,(r+y(2), t#t,

(48)
Ar(t") = P(i)r(ti) + C,-
together with the boundary conditions
ri(0,e)=r}, ryTe)=r3, (49)

where as above r=(r,,r,)eR* x R"™* This problem turns out to have a solution and
this solution will be estimated under the following conditions.
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B1. The matrix A4,(t) is continuous and satisfies the condition A2 in [0, T]:

B2. The matrices P{, +E and P{}, +E, i=1,...,p, are nonsingular;

B3. The vector function y(t) belongs to C,,[0, T].

Thus the system (48) consists of the following two systems, coupled by the impulse
relations only:

e =Ay r +,(1), t#t;
(50)
Ary (1) =PPyry(t) + POyro(t) + Ci1

and

ey =Ayr + (1), L#t;
| (s1)
Ary(t) =PEhry(t)+ PYry(t) +ci ».

Denote by W,(t,5,8) (W,(s,s, §=E), k=1,2 the fundamental matrix solution of the
system

ely=Auln  te[0,T] (52

without impulses. It is well known (see [1]) that under the condition Bl the following
inequalities hold

|‘y1(t, s, £)|§Koe—’¢(l—s/e), 0

1A
w
1A
A
|

(53)
Ilpz(l, S, 8)| <K, Xt =sle), 0

IIA
IA
w
A
N

where K, and x>0 are appropriate constants. Denote
r Wi, s, ), L<SSUStiyy,

¥, (t, 1, €)(E+ PY) Y (15, 5, 6), Lo 1 <SSLS s
Ul(t’ S, 8)= k+1 (54)
lPl(t’ ti, 8)[“ (E+P(lj)l)\Pl(tp tj—-l’ 8)] (E+P(lk{)

j=i

—_—

U X W, (tn5,8), tio <SS{<h;<t<t,y
(o(t, s, €)ti <t S5ty

Wo(t, t;, )(E+ PSY) " "Wo(ti, s, 8)t - <t SE<SStiyy

Us(t,s,8)= < ) (53)

-1
‘Pz(t,t,-,s)l: i (E+P(2Dz)-l\yz(tj, Liv s 8):'(E+P(2k%)_l

i

U X, 5,8 <US <, <SSty
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By direct calculations we see that U,(t,s,¢), k=1,2, is the fundamental matrix solution
of the corresponding homogeneous system with impulses

ey = AulO, t#t;

An(t) = Pmi(t).

(56)

The estimations (53) and the presentations (54) and (55) vield the existence of constants
K, £5>0 and x>0 such that for (0, &,]

|Uy(t,s,e)| SKe ™ 7%, 0<s<t<T,
(57
|U,(t, s, )| S K ¢/, 0<t<s<T

Consider the system (50) under the additional assumption that P, =0 (i=1,...,p),
and with the initial condition

r,(0,8)=r3. (58)

Lemma 1. Let conditions B1-B3 hold. Then there exist ¢,>0 and a constant K| such
that for every ¢e(0, &) and te[0, T] the unique solution F\(t, €) of the system (50) with the
initial condition (58) and with P%, =0 (i=1,..., p) satisfies the inequality

It s { s . 21 (59)

Proof. The solution of (50), (58) with P{,=0 is given by

1 t
Fi(t,e)=U,(t,0, 8)r?+;j Uyt,s, Y i(s)ds+ Y. U, (t,t,+0,¢€)c, ;. (60)
) 0 <t

v

Then inequality (59) follows from the first inequality in (57) and (60).

Lemma 2. Let conditions B1-B3 hold. Then there exist ¢,>0 and a constant K, such
that for every ec(0,¢,] and te[0, T] the solution Fy(t,¢) of the system (51) with P§,=0
(i=1,..., p) resulting from the condition

FATe)=r (61)

satisfies the inequality

IFalt, )| S K s max {nwzu,max |c,._2|,|r2|}. ©)
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Proof. We directly establish that the function

1¢
FZ(ti 8) = Ul(t’ 7; e)rg +E _‘- UZ(t’ s, 8)!//2(5) ds - Z UZ(I9 tv +09 8)(E + P(Zu%) - 1Cv. 2 (63)
T T

<
ts1 <

belongs to C,,_,[0, T] and satisfies (51) and (61). Then the estimation (62) follows from
the second inequality in (57) and (63).

Lemma 3. Let the conditions B1-B3 hold. Then there exists g,>0 such that for
£€(0, &y] system (48) with boundary conditions (49) has a unique solution r(-,&)e C,,[0, T].
This solution satisfies the inequality

|, max |,
i

>

||z, €)|| < K 3 max {”w r°|}, (64)

where K5 is an appropriate constant.

Proof. Denote by r,(f; &7,(ty),...,7,(t,)) the solution of the system (50) with the
initial condition (58), where ry(t;),...,r,(t,) are considered as parameters. Denote,
further, by ry(t; & ry(t,), ..., ry(t,)) the solution of the system (51) with the condition (61),
where ry(t) is replaced by r,(t;&7ry(ty),...,75(ty), i=1,...,p. In orders to obtain a
solution of (48), (49) it remains to find the parameters ry(t;),...,r(t,) such that the
following system of linear algebraic equations is satisfied

r2(ti; 8; rz(tl)’ LA ] "z(tp)) ="2(t,~), (l= 19 RS ] p) (65)

Using the estimations (57) we easily conclude that the determinant A(e) of this system
can be presented as

A(e)=E+A(e),
where A,(¢) tends to zero together with ¢. Hence system (65) possesses a unique solution
r3ty), ..., r3(t,) for all sufficiently small &. Then obviously ry(t,&)=r(t; & r3(t,), ..., r3(t,)

and ry(t, &) =r,(t; & ri(ty), ..., r3(t,) give a solution of problem (48), (49). The estimation
(64) follows from (59) and (62). The proof is complete.

Theorem. Let conditions A1-A3 hold. Then there exist constants M and €,>0 such
that for every e€(0, g5] the boundary value problem (1), (2) has a unique solution z(t, ¢) and
this solution satisfies the inequality

|2(2, &) = Z Az, e)|| s M ¥ 1, te[0, T]. (66)
Proof. Introducing the new variables

u=x—Xy(te), v=y-Y,te) (67)
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we transform (1) to the system

eu=A,(u+ B,(t)v+g,(t,¢),

t#t;
0=(By(t) — Ax(t) A1 (1) By(t))v + D([A,(u+ By ()v] + (2, €) L7 )
Au(t )PDu(t;) + aye)
Av(t;) = 5Pu(t) + Be)
where
D(1) = A,(t) A1 (1),
dx ,
&1(t, &)= A, ()X (¢, €) + By (Y (t, &) —& — =+ £1(1),
d
82(t, €)= A (1) X 4(t, &)+ Bo(t) Y (2, 8) — +fz(t),
(69)
. A , t,— & S
#(e)=(P" + E) [ 1 s*‘né"“x( e ) o <— )]
s=0 s=0 A
i & L—ti—y & i—li+1
R | P = e
From (2) and (67) we obtain the following boundary conditions for system (68)
u,(0,8)=p,(e), ux(T,&)=py(e), v(0,e)=4(e), (70)
where
p=- 3 ¢oflx(~ L) po=- £ tinon(T2),
K=1 € k=1 €
(1)

ra
gle)= —k; £“01”y(0).

From the relations (19)—(21), (27)—(30), (34)(38), (41), (43), (44) and (47) we conclude
that the estimations

ID(t)IéNO’ |gl(t, 8)|§N18”+1’ te[o, ﬂ,

|g2(ta €)§N23l [e—x(t—x,-/z)+ex(z-u+1/e)]’ ti<t§ti+1’ i=1a-~'_’ b,
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lae)| SNse* L, |Bl)SNE¥ ™Y, i=1,...,p,

[pe)| SNse”*(k=1,2), |qe) SNee” ™!

hold for all sufficiently small ¢>0 (N;, j=0,..., 6 are appropriate constants).

Given a constant p>0, define the set
T,={w:weC,[0, T1||w| <p}.
Lemma 3 implies that the system
eh=A,(Oh+B,(w+g,(t,e), t#¢;

Ah(t}) = PYh(t;) + ae)

with boundary conditions

hy(0, €)=p,(e), hy(T, &)=psle)

121

(72)

(73)

(74

has a unique solution h(t, w, &) € C,,[0, T], when we T,. Then relations (64) and (72) yield

the existence of constants ¢,>0, Ly, L, such that
||h(e, w, &)|| S Lo||w||+ Lie* Y,  weT,

||A(t, wy, €) —h(t, w,, &)|| S Lo||wy — ws ), wy,wyeT,

for e€(0, &0].
For we T, we denote by ¢,w the solution of the following system

=(B(t) — Ax() A7 (1) By(£))5+ D(t) L4, ()h(2, w, €)
+ B, (Ow(t)]1+8.(t,8),  t#¢
Ad(t) =SP3(t) + B(e)
with the initial condition

90, &) = q(e).
Then .

bW =j V(2, 5)D(s)LA(s)h(s) + B, (s)w(s)] ds + G(t, &),
0

where V(t, s) is the fundamental matrix solution of system (15) and

G,(t, &)= V{(t,0)q(e) +i V(t, 5)g(s, ) ds+ Z V(t, t,+0)B.(e).
O<lv<t
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From (79), taking into account that h(t, w, ¢) solves (73), we get

ow=¢ i V(t, s)D(s)h(s) ds —i V(t, s)D(s)g (s, €) ds + G ,(t, €), (80)
where A(t;) means h(t;—0). The first term in the right-hand side of (80) can be written as

3 ff V(t, s)D(s)h(s) ds
0

=g ,j! V(t, s)D(s)h(s) ds
)

k
+ s

t

1

ngll

e | V(t,9DS)h(s)ds+e | V(t, )D(s)h(s) ds, (81)

1

where 0<t, <--- <t, <t<T Integrating by parts (81) we have
t
e | V(t, s)D(s)h(s) ds
Q

=¢eD(t)h(t) — eV (t, 0)D(0)h(0)

te i [V (L t)D(t) — V(t, t;+0)D(t)(E + PV)1h(t))

i=1

L o(V(t, s)) - D(s)

~e 3 VG40 —e | D2 g g @)

From (82), using the estimations (72) and the boundedness of the matrices V(t,s) and
d(V(t, s)D(s))/ds for 0<s<t < T, we obtain that

€ j V(t, s)D(s)h(s) ds
o

Se || h||+ A g 2 (83)

for 05t<T, ee(0,¢0), A5, N/ g—appropriate constants.
The second term in (80) and the matrix G,(t,¢) can be estimated also by means of
(72):

SHye? L, (84)

‘j- V(t’ s)D(S)gl(S, 8) ds
[\

|Gz(t, SN 1oe" ! (85)
for 0Zt=T, ee(0,¢&), &g, & o—constants. Using (80), (83), (84) and (85) we obtain
|pwl| e s ||h||+ A4y e+ (86)

for we T, £€(0, &), #°,,—a constant.
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Similarly we prove the inequality

”¢aW1—¢¢Wz”§N125”h1—h2” (87

for w,w,e T, hy=h(t,w,e)(k=1,2), e€(0,¢,], N;,—a constant.

From estimations (75), (76), (86) and (87) we conclude that ¢, is a contractive
operator in T,. Denoting by uv(t,¢) the unique fixed point of ¢, we obtain that
(u(t, &), v(z, €)), u(t, €)= h(t, v(t, £), &), is the unique solution of (68), (70) for ¢ (0, g4].

Setting p=Ce with a sufficiently large constant C and using (75) and (86) we get

lu(z, )| S Me* 2, |lo(t, )| S Me¥ 1.

The above estimations together with (67) give us estimations (66). The proof is complete.

5. Applications to control theory

In this section we apply the asymptotic algorithm presented in Section 2 in solving
optimal control problems for singularly perturbed linear systems with a criterion
depending on the state of the system at given moments of time. In this case the adjoint
system contains impulse actions and together with the original system forms a boundary
value problem for a singularly perturbed linear system with impulses.

Consider the following optimal control problem:

minimize Y. (C3p}x(t) + g X(1)) -+ CHpH(E) + g (1))

T

+3 (I) (KRx(2), x()> +<Qu(1), u(r)) dt (88)
subject to

x=A;x+A,y+Bu+f;,  x(0)=x,,

ey=A3x+Ay+Bu+f;,  y(0)=y,, (89)

x(T)eS,

where (x,y)eR™ x R" is the state, ueR" is the control variable, ¢ is a small positive
parameter providing the singular perturbation, <-,-)> denotes the scalar product. All the
above matrices and vectors have appropriate dimensions and may depend on the time ¢t
in a sufficiently smooth way. The moments ¢, <--- <t, are assumed to be from the open
interval (0, T).

Let the set S constraining the final state of the “slow” variable x be described by the
equations

gi{x)=0, j=1...,1
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where g;(-) are differentiable and let the following be also fulfilled:

C1. The real parts of the eigenvalues of the matrix A, are strictly negative;
C2. The matrices R and Q are positive definite and Q is nonsingular.

We shall briefly describe a numerical procedure for solving the problem (88), (89),
which alleviates both dimensionality and stiffness difficulties. The well-known approach
of reduction of the original problem (88), (89) to a boundary value problem is used.

Denoting for convenience by (&, en) € R™ x R” the adjoint variable we can present the
adjoint system as

§= - ATE— A3+ Rx+ 3. 50)(phx(t) +4}), E(D)e N (x(T)),

o= — AL = A+ ¥ SEHe)+a),  A(T)=0,

where #(x) is the subspace of R™ spanned by the vectors g\(x),..., gi(x). Given a vector
(&, en) e R™ x R", the hamiltonian attains its maximum with respect to u at

u=Q 'B{+Q7'B3.

Thus, the pair of the optimal trajectory and the corresponding adjoint variable satisfies
the following system of differential equations and boundary conditions:

X=A;x+A,y+B,Q 'B¥+B,0"'Bfn+f,,  x(0)=x,,

&= Rx— A¥¢ — A%y, &(T) e ¥ (X(T)),
(90)
ey=Ax+Ay+B,Q ' B¥E+B,Q " 'Bin+ f), ¥(0) =y,
el = — A3E~ A%n, n(T)=0
with impulses at the points
A&(t) =pPx(t) + 4
N

1_ . .
An(t) =—[pP'y(t) +45']-

Since the matrix A4, is asymptotically stable, one can find a matrix K such that
A,K + KA%¥=B,Q0 " 'B%. Introducing a new variable j=y+ Kn instead of y we obtain
from (90) the following system

X=A,x+A,+B,Q7'Bt,+(B,Q7 B — A, K)n + £y, x(0) = xo,

¢=Rx— A}~ A3, T e N (x(T)),
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e =A3x+ A J+B,0 B+ f,, ¥(0)=yo +Kn(0),

ej=— A3l —Afn, n(T)=0.
92)
The stable and the unstable fast variables j and n are now separated and thus condition
A2 is fulfilled. The impulses (91) take the form

AL(t) =pPx(t) +qf

1 o . .
Aj(t) =~ (KpY5(t) — KpPKn(t) + Kqy'] (93)

1 . .
An(t) =~ [P 3(t) — PP Kn(t) + g9]1.

In order to apply the asymptotic expansion developed in Section 2 we have to assume
additionally that

C3. pP=¢p¥, qP=eqP, i=1,...,p.
C4. The matrices E—p¥K and E+ Kp$ are nonsingular, i=1,..., p.

Remark 1. The assumption C3 is natural. Often the original system describing the
dynamics is given in terms of the state variable z= y/¢ involving large coefficients in the
right-hand sides of the corresponding equations. If the state value z(t) is penalized
similarly as x(z;) by the criterion, then the normalizing substitution y=¢z leads to a
criterion satisfying the assumption C3. Moreover, the most practically important case is
P(zn=0’ q(2i)=0'

Remark 2. The presence of the fact phenomena y in the integral part of the criterion
(88) is also admissible, if the corresponding term is multiplied by the factor ¢,. The fast
subsystem in (92) will be weakly coupled in this case and similar asymptotic techniques
can be applied.

In order to solve the boundary value problem (92), (93) we can use some version of
the shutting method. Replace the final condition in the second equation in (92) by the
initial condition £(0)=¢, and the initial condition in the third equation by j(0)=y,
+ Kny. Thus, we obtain a new boundary value problem with impulses which will be
denoted by 2(&y,n,) (we consider &, and 7, as unknown parameters). Let
(x, ¥, €&, (o, no; ) be the solution of this problem. Our optimal control problem (88),
(89) is now reduced to the following system of n+m equations with respect to
(os Mo} €R™ x R™

x(¢o,no; T)ES,
&(Sos No; T) € A (x(&0, 110 T)), (94)
1(&o» M0 0) =110.
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Each step of any iterative procedure for solving the last system requires the solution
of the problem 2(&,, no) for some fixed &, n,. The last problem is exactly in the form of
(1), (2) and it is convenient to use the asymptotic expansion described in Section 2.
Practically, the first one or two terms of the expansion are enough, but the accuracy can
be increased (see estimation (66)) according to the current discrepancy in equations (94).

REFERENCES

1. L. Frato and N. Levinson, Periodic solutions of singularly perturbed systems, J. Rat. Mech.
Anal. 4 (1953), 943-950.

2. M. A. Hekimova and D. D. Bamov, Periodic solutions of singularly perturbed systems of
differential equations with impulse effect, ZAMP 36 (1985), 520-537.

3. P. V. Kokotovic, Applications of singular perturbation techniques to control problems,
SIAM Rev. 26 (1984), 501-550.

4. V. D. Mirman and A. D. Mysukis, On the stability of motion in presence of impulses,
Siberian Math. J. 1 (1960), 233-237 (in Russian).

5. V. D. MirMan and A. D. Mysukis, Random impulses in linear dynamic systems, in
Asymptotic Methods for Solving Differential Equations (Ed. AN UKSSR, Kiev, 1963), 64-81 (in
Russian).

6. A. N. TiHonov, Systems of differential equations containing a small parameter multiplying
the derivative, Mat. Sb. 31(73) (1952), 575-586.

7. A. B. VasiLeva and V. F. Butuzov, Asymptotic Expansions of Solutions of Singularly Perturbed
Systems of Differential Equations (Nauka, Moscow, 1973) (in Russian).

(* (1)
DEPARTMENT OF MATHEMATICS INSTITUTE OF MATHEMATICS
UNIVERSITY OF PLovDIV BULGARIAN ACADEMY OF SCIENCES
PLovbiv 1090 SoFia
BuLGARiA P.O. Box 373

BuLGARIA

https://doi.org/10.1017/50013091500006623 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500006623

