SIMULTANEOUS DIOPHANTINE APPROXIMATION
GORDON RAISBECK

Summary of results. The principal result of this paper is as follows: given

any set of real numbers 2y, 23, . . ., 2, and an integer ¢ we can find an integer
g< "1t — 1) — 271 4+ 1 and a set of integers p1, pa, - . . , Pn such that
(0.11) lgz; — pil < 1/t G=12...,n).
Also, if n = 2, we can, given ¢, produce numbers z; and z; such that

(0.12) lgz; — p;1 > 1/t forall ¢ < "1t —1)—2""1 4 1.

This supersedes the results of Nils Pipping (Acta Aboensis, vol. 13, no. 9, 1942)
that there is a ¢ satisfying (0.11) such that ¢ < #* — 2" 4 1, and also the
classical result of Dirichlet that there is such a ¢ less than ¢*.

1.1. Suppose we are given a set of # positive real numbers 21, 22, ..., 2p.
The problem of simultaneous Diophantine approximations is concerned with
finding integers ¢ and p; such that the quantities

1.11) lgz1 — pil, |gze — pol, . . ., |g2n — Pl

are small.
For convenience we shall use the following notations:

X = (x1,%2, . ..,%),
aX + bY= (axy, + byy, axe: + by,, . .., ax, + by,),
f(X) = f(x1, %2y« « « 5 Xn)-

Throughout this paper g, p;, and ¢ will be integers, and # will be a fixed integer.

In order to define what we mean by making the quantities (1.11) small, we
shall suppose that there is a continuous positive real-valued function f of »
real variables such that the equation

(112) f(X) < {1

defines for every' ¢ > 0 a simply connected star-shaped region containing the
origin such that

(1.13) f@X)L f(X) fora<1
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!Here, exceptionally, ¢ need not be an integer.
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and such that
(1.14) f(X) = 0implies x; = 0 (G=12...,n).

Then we will measure the smallness of the set of quantities (1.11) by the single
quantity f (¢Z — P).

1.2. There are now two principal courses open. We may ask: Given Z,
for what infinite class of integers q do there exist integers P such that f(¢Z — P)
is of the smallest order of magnitude? Or we may ask: Given t (generally, and in
this paper, supposed to be an integer) and Z, what is the smallest value of q for
which we can find integers P such that

(1.21) f@Z—-P)< 1
or
(1.22) f(eZ — P) <1712

We shall ask"the question in the second form.

1.3. The particular values of f (X) which have attracted most attention

are:
(1.31) £ (X) = max |«
(1.32) F® = £ s
(1.33) F@E) =1L =,
(1.34) fF(X) = 111 lx5].

In the case (1.31) it was proved by Dirichlet that there is some ¢ < ¢* for which
(1.21) and (1.22) are true. Nils Pipping (loc. cit.) has shown that (1.21) is
always satisfied with some ¢ < #* — 2" + 1. We will show that there is a ¢
for which (1.21) is satisfied such that ¢ £ t*71(¢t — 1) — 27! 4+ 1, and that in
the case #n = 2 this is the best possible result.

In the case (1.32) our result will be that (1.21) and (1.22) are satisfied for
some ¢ < ¢" n! and that this is nearly the best possible result if » = 2, but
that if » 23 this estimate is probably not the best possible.

In the case (1.33) it will be shown that an inequality for ¢ may he based on
a knowledge of the maximum density to which equal spheres can be packed in
Euclidean n-space.

In the case (1.34) our method will not apply.

2.1. We shall suppose we are given a set of n positive real numbers Z and
a function f (X) continuous in 7 variables such that f(X) < ¢ is a convex
n-dimensional solid of diameter less than 1 symmetrical about 0,0, ..., 0 for
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any ¢ such that 0 < ¢ < %, and such that f (X) = 0 implies x; =0 (j = 1,
2,...,n). We will investigate the values of ¢ for which it is possible to find
a set of integers P such that

(2.11) f@Z —-P)< 1,
We shall refer to any such value of ¢ as a ‘‘good ¢’ and to the smallest (if
any) as q.

We define a convex solid as follows: if X’ and X"’ are interior points of the
solid, so are aX’ 4+ (1 — @)X, for all @ such that 0 < a < 1; and if X’ and
X' are interior or boundary points of the solid, then so are aX’ + (1 — a) X"’
for0 <a < 1.

2.2. With a fixed ¢ we will associate all the points (¢Z — P), where p; runs
through all integer values, positive or negative, for every j. This gives us a
cubic lattice of points. We shall say that these points ‘‘belong to ¢.”

About each of the points belonging to ¢ we shall construct a solid

(2.21) fl2(X —q¢Z+ P)] <t

We shall call each of these solids a block, and say that each of the blocks de-
fined above ‘‘belongs to ¢.”

Suppose two blocks belonging to different ¢, say ¢’ and ¢/, overlap or touch.
We shall show in this case

(2.22) fll¢ —¢"Z — (P = P"I< 1.

For let the centers of the blocks be R = ¢Z — P’ and S = ¢'"Z — P”. Let
X be a point interior to or on the boundary of both blocks. Then:

(2.23) fI2(R - X)] < 7,

(2.24) f2S —-x)1< Y

by (2.23) and symmetry

(2.25) fl2(X — RIS t7Y

by (2.24), (2.25), and the convexity property of the blocks
(2.26) f[2 (S ; X X ; R)] <
Hence

(2.27) fll¢ —¢"Z — (P = PN 17,

which is (2.22).
2.3. Let us now give ¢ the values 0, 1, 2, ..., m and construct the blocks

belonging to these ¢. Let m be a value of ¢ such that no two of the blocks so
constructed overlap or touch.
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Consider the unit cube 0 < x; < 1. From the construction above we can
see that all the blocks or fractions of a block in this unit cube which belong to
one ¢ may be considered as a dissection of one single block. Hence, if the
volume of one single block is V, the volume of all the blocks and parts of a
block in the unit cube is (m 4 1)V. But no two of the blocks overlap or
touch. Hence, comparing the volume of the unit cube to the volume of the
blocks it contains

(m+ 1DV L
Therefore m has a maximum which we may call m’, and
m+1=q< VL
If f (X) = max |x,|, then V = ¢7", and
(2.31) q<

which is the classic result of Dirichlet. If f (X) = X |x,|, then V = (n!i")™,
1

and

(2.32) q< t*nl.

If £ (X) = [ 3 [x2 1, then V = knt=", where by = 1, by = &, b= Ten=t,
1 4 2n

and

(2.33) q < t"/kn.

2.4. The estimate (2.31) cannot be improved if we insist on strict inequality
in (2.21); for we may take z; = #~"71. If, however, we permit equality, we
shall show in 3.1 that the result can be improved upon.

In the case (1.32), the estimate (2.32) cannot be improved for n = 2 if we
insist on strict inequality in (2.11); for let

If n is greater than 2, however, the estimate leaves something to be desired;
for, although our proof tells us that even if the blocks fill up space without
overlapping, (2.32) follows, it does not show us how to fill space with given
blocks. In fact, space cannot be completely filled with equal regular octahedra
all oriented in the same direction, as our construction would suggest.

In the case (1.33) our blocks are spheres, and obviously space cannot be
filled with equal spheres. Hence (2.33) is not the best possible estimate. How-
ever, if we know how densely equal spheres can be packed we can derive an
upper bound for q.
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3.1. We shall now deal in particular with the case
f(X) = max |x}]
and the inequality
FX)s$

where ¢ is an integer. We will show in this case that there exists a good g less
than t»71(t — 1) — 2" 4+ 1.
We perform the same construction asin 2.3. Now take the *~! line segments
(1=23,...,n;
E=0,1,...,t —1).

0< x1$ 1, x; = (kj+%‘)/t,

Every block in the unit cube is intersected by at least one of these lines. If a
block is intersected by one of these lines, the line segment common to the block
and the line has length 7. Inasmuch as no two of these blocks overlap or
touch, no two of these line segments overlap or touch. Hence, not more than
(¢t — 1) blocks can be pierced by the given line. Hence

m' 4+ 1< 1t — 1).
But the block corresponding to ¢ = 0 is counted 2*! times. Therefore
m+1=q< It —1) =271 41,
If » = 2, this cannot be improved; for we can let
1 t—1
5 = -, 22 =T —— .
t¢—1)—1 (it —1)—1
It may be observed that we have not used the full force of the hypothesis
lgz; — pjl >t (7 =1,2,...,n;all ¢gsuch that ¢ < q;all p;)
but only in fact
lgzs — pa| > 17 (j =2,3,...,n;all gsuch that ¢ < q;
lgz; — pil > £ all p; and p;).

This follows from the fact that the lines with which we skewered the blocks
inside the unit cube are parallel in the direction of increasing x:, and we use
only the fact that blocks on the same skewer do not touch, whereas we say
nothing about blocks on different skewers. With the hypothesis thus weakened
it is easy to show still that

q < it — 1),
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3.2. In the case
n
FX) =X el € ¢

with n = 2, we can show by similar methods that
q< t2t —1) — 1.

We do this by considering the intersections of the lines x1 + x» = (k+3)/¢
with the blocks.
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