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^-UNIFORM ROTUNDITY 
OF SEQUENCE ORLICZ SPACES 

WANG TINGFXJ AND CHEN SHUTAO 

ABSTRACT. This paper presents a criterion of KUR for sequence Orlicz 
spaces with Luxemburg's norm. The result also indicates that for any inte­
ger k > 1, there exists a k + 1-uniformly rotund Banach space not being 
/:-uniformly rotund. 

Let M: (—oo, +oo) —• [0, +oo) be convex, even, continuous and M(u) = 0 & u — 0. 
For a given sequence* = (xn), denote p(x) — J2nM(xn) and £M — {x — (xn) : 3X > 0, 
P(AJC) < oo}, \\x\\ = inf{A > 0 : p(x/X) < 1} for* G £M, then (lM, || | | ) i sa 
Banach space. 

We say M G 82, if \imu^ç,M(2u)/ M(u) < 00, 

LEMMA 1 [2,3]. If M G 82, then 
(a) \\x"\\ ̂ 0 ^ p(xn)-^0, 
(b) jj^ll -> 1 4*p(;c")^ lflwd 
(c) for any 1 > 0, e > 0, there exists 8 > 0 swc/z f to p(x) < I, p(y) <8 imply 

\p(x + y)- p(x)\ < e 

M(u) is said to be uniformly convex on some interval [a,b], if for any e > 0, there 
exists 8 > 0 such that w, v in [a, b], \ u — v\ > e max{ u, v} imply 

M ^(w + v) <^ ( l -« ) [Af (n ) + Af(v)] 

LEMMA 2. The following are equivalent 
(I) M(u) is uniformly convex on [0, a], 

(II) for any j3 G [0, a), b > a and e > 0, f/zere ex/sto <5 > 0 swc/i that max{ w, v} < 
b, 0 < min{ w, v} < /? a/id | w — v| > e max{ w, v} imply 

M 
1 
2 ^ + v;) <l-(\-8)[M(u) + M{v)} 

(HI) for any integer m > 2, (3 G [0, a), b > a and e > 0, z7zere e.mte 8 > 0 swc/i /7i6tf 
maxi</<m w7 < &, 0 < mm\<j<mUj < (3 andmax\<ij<m \ui—Uj\ > e maxi</<mw7 

imply 
A#Q>;/m) < {\-8)YJM(uJ)/m 

j j 
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^-UNIFORM ROTUNDITY 129 

PROOF. (I)=>(II). If (2) is not true, then there exist (3 < a, b > a, e > 0 and un, 
vn < b, un — vn > eun > 0 such that 

(1) M 
1 
:0« + v„) > ; < . 

1 
-)[M(un)+M(vn)] (n =1 ,2 , . . . ) . 

Without loss of generality, we may assume un —• u' and vn —> v7; then by (I), u' > a > 
(5 > v7 and from (1) it is easy to see M[\{u! + v7)] = \ [M(u') + M(V)] which shows that 
M(u) is linear on [v7, uf] contradicting (I). 

(II)=>(III). For given (3 < a, b > a and e > 0, select 6 > 0 satisfying (II). For any 
integer m > 2 and real numbers { Uj} satisfying the conditions in (III), we may assume 
u\ = max\<j<mUj, ui — m\xv\<j<mUj. 

If m is even, then 

M [(MI + • • • + um)/ m] = M{ -(Ml + M2) + ' ' ' + -(Ww_l + Wm) / (m/2)} 

< (2 /m) M 
1 

(wi +112) + --. + M 
1 
:("m-l +"/n) 

< (2/m){ 1(1 -«)[Af(m) + Af(ii2)] + \[M(u3) + M(u4)] 

+ ---+-[M(ww_i) + M(«m)]} 

= Y,M(Uj)/m-à[M(ui) + M(u2)]/m 

j j 

= (l-6/m)52M(uj)/m 
j 

If m is odd, observe u\ > E/ w// m > U2, by the result we just obtained, we have 

M[(u\ + - • - + um)/ m] 

= MJ[(wi + • • • + um + (u\ + • • • + wm)/m]/(ra + 1)} 

< [1 - S j (m + 1)]{Y^M(UJ) + M[(ux + • • • + um) I m]} j(m + 1) 
j 

<[l-S/(m+l)]^M(uj)/m 
j 

(III)=>(I). In fact, (I) is the special case of (III) when m = 2, (3 — (\—e)a and b = a. 
Now, we turn to the ^-uniform rotundity. A Banach space X is k-uniformly rotund, 

provided that for any e > 0, there exists 8 > 0 such that for any xl,..., **+1 G S(X), the 
sphere of X, AC*1,..., JI*+1 ) > e implies ||xl + • • • + x*+11| < (1 - S )(k + 1), where 

1 1 ••• 1 
\Mxl) Mx2) . . . /i(**+1)| 

A ( A : 1 , . . . , / + 1 ) = sup 
fj£S(X*) 

fk(xx) Mx2) . . . M^1) 
(see [1]). 
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130 T. WANG AND S. CHEN 

THEOREM 1. M is k-uniformly rotund (k > I) if and only if(a)M E 62 and (b) M(u) 
is uniformly convex on [0, M" ' ( 1 / (& + 1 ))]. 

PROOF. Necessity: (a) is trivial since ^-uniform rotundity implies reflexivity. If (b) 
does not hold, then there exists e > 0, un,vn G [0,M-1(l/(fc + 1 ))],«„ — vn > eun 

satisfying 

M 
1 
:("/! + v„) > ^(1--) [M( W „) + M(v„)] ( n = 1,2,...). 

2 ft 

Denote w„ = [(ifc - \)un + (ifc + l)v„]/2*, then M(v„) < M(w„) < A/(wn) < l/(ifc + 
1), therefore, M(un) + kM(wn) < 1. Choose an integer mn such that | < ftin[M(wn) + 
£M(wn)] < 1 and tn > 0 such that /n„[M(w„) + £M(wn)] + M ( 0 = 1, define 

kmn mn 

X
( n ' 1 } = ( w n , . . . , W n , M n , . . . , M n , ^ , 0 , 0 , . . . ) 

X ( n ' 2 ) = (w„, . . . , Un, Wn, . . . , W„, tn, 0 , 0 , . . . ) 

(k-\)mn 

v(««3) _ /C (vv„,..., wn„ «„, . . . , un, w„ vv„, f„, 0,0,...) 

(k-2)mn 2mn 

M) 

Jn,k+l) 

(w„,..., wn, u„,..., un, w„,. . . , w„, fn, 0,0,...) 
{k-\)mn 2mn 

(wn,..., w„, un,..., un, wn,..., wn, tn, 0,0,...) (n = 1,2, • • •), 

then for each n > 1 and./ < k+1, p(x(nj)) = mnM(un)+kmnM(wn)+M(tn) — 1; therefore, 
||x(^)|| = 1. Furthermore 

9 ( E ^ V ^ + 1 ) ) =(/c+l)mnM[(M r t+/:wn) /( /c+l)j+M(0 

= (k+ \)mnM :(Un + Vn) 

> (& + l)m„(l - - ) +M(tn) 
ft 2 

n M W / u t [(£-l)M(Mn) + (£+l)M(v„)] | 
= (1 - - ) \mnM{un)+kmn — +M(tn)) 

ft 2A: 

> 1 - j { mnM(un) + kmnM(wn) + M(tn)} 

= ( l - - ) - ^ l 
ft 

it follows || £ / JC^H -+ k + 1, (ft -> 00). 
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/^-UNIFORM ROTUNDITY 131 

Setcn = [mnM-\±n)]-1md 

/ ( ^ ) = ( 0 T ^ , ^ r ^ 0 , 0 , . . . ) (n= l , 2 , . . . ; j = 1,2,...,*) 

t h e n / ^ G ̂  and ||/^">|| = 1 (n = 1,2,... -J = 1,2,..., ifc), (see [4,5]) thus 

A O c ^ , . . . , ^ ' ^ ) ^ 

1 1 ••• 1 

^ ( « J W n J h ^(n,l)/x(n,2)\ . . . ^•(/i,l)/JC(n,*+l)\ 

finJO/j^n,!)^ f(n,k)rx{n,2)\ . . . W/aW/i^+lK | 

cnmn(un -wn) 0 0 • • • 0 
0 cnmn(un — wn) 0 • • • 0 

0 0 

= [cnmn(un - wn)f 

= [cnmn(k + 1)(II„ - vn)/ 2k]k 

> [(k+ \)ecnmnun/2kf 

cnmn(un - wn) 

By (1), mn(k + \)M(un) > \, therefore 

cnmnun = un/M~l(l/mn) 

> un/M-l[2(k+l)M(un)] 

1 
> 

2(fc+l) 

Thus, 
A(jc(n'1},...,jcw+1)) >[(*+ l)c/4*(ifc+ 1)]* 

= (c/4*)* 

£ / " 
(*+D 1 as n —• oo. We need to 

a contradiction. 
Sufficiency: let x ( r t l ) , . . . , x(nMl)eS(lM) and p [ 

prove that for any r > 0, we have An = A(JC(W1), ...,x{n>k+l)) < 0(r) for all n large 
enough. 

By Lemma 1, we can select e > 0 satisfying (k + l)e < 1 and 

(2) p(x) < l,p(v) < (fc + 2)e =* |p(* + v ) - p « | < r , 

(3) P(z)<(*+l)e=» | |z | | < r . 

Choose p E (0, M"1 [ ^ ]) such that 

(4) !Wf(/3) + A#[(l + e)/3]> 1 
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and denote 

In = { i : max{ \xfj) - x^l)\} < e max | j c j ^ l } , 
TU j 

Jn = {i: max{ \x("J) - x ^ l ) \ } > e max \x("J)\} ; or (x^J))j 
7M 7 

have different signs or they have same sign but min | jc|nj) | < /? } 

tf„ = {f : max{ | J C ^ } - x ^ , } | } > e max |JC n ^ | } ; (x™})j 

have same sign and max |x|n j ) | > (3 } (n = 1,2,.. .)• 

> ) Since M G «2, for/„ G S ( ^ ) , there exists ( j f 0/ G £JV such that/„(x) = E,-*i)f , 
where 7V(v) = supM{ uv — M(u)} (see[4,5]). Therefore 

sup 
\M\N<U 

H ) , (n,2) (n,\) (\),(n,k+D > , l h 

E/̂ 'ocr'-c1') ••• w'(*r '-** ) 
E . - j f ^ - ^ 0 ) •'• llitfW?Ml)-J?l)) 

(5) 

sup 

v ,,(l)/v(/i,2) „ ( / I , 1 K v (1), (n,*+l) „(/i,lk 

v (*), (n,2) ( / I . IK ^ V(*) /J«,*+D V(«,1K 
Lin+jn+Hn yt \xt — xt ) • • • Lin+jn+Hn yt {xi — xi ) 

ith 

Denote e1' = ( 0 , . . . , 0, 1 , 0 , . . .)• By the choice of In and (K + l)e < 1, we have 

(6) 

<E^(NB , ) l+--- + W- 'D) 

E,-K 
.(«J) i 

<(*+1)eÇV*+i) 

= ( * + l ) e 0 ' = l , . . . , i f c+ l ) 

It follows from (3) that ( E ^ - ^ ' V ) < r , therefore 

E^(^>-*r) < iiy°iu n*r-*ry 
< T ( T I = 1,2,...;./ = 2 , . . . ,7c+l ; fc = ! , . . . ,&) . 

Next we show 

(8) p(E(^-^'y)-*o (»^~) 
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/^-UNIFORM ROTUNDITY 133 

By Lemma 2, for / G Jn and all (jt-nj)). have same sign; besides min, \x\n^\ < /?, then 

(9) M(j:^nJ)/(k+l))<(l-6)ZM^nJ))/(k+l) 

JnJ)\ Otherwise (x) J)). have different signs since / G Jn. Say x)n' \...,x) ,p have same sign, 

x\n*+l\...,x(inMl) have same sign and E ^ ^ l > £;>,|*jn,/)|. Consider the tf + 1 

numbers x j w l ) , . . . ,x]n,p\ 0 , . . . , 0; obviously, they satisfy all the conditions in Lemma 2, 

for b = M(_1)(l), a = M _ 1 ( ^ ) and m = K+ 1. Therefore, there exists £ > 0 such that 

> j ) 

<k+\ < p ' 

<(!-«)£ 
A / ^ ) 

y'<p Jfc+1 

<(i -«) £ 
y<*+i 

M ( J C ^ - ) ) 

£+1 * 

If (8) is not true, we can find a subsequence of { n}, again denoted by { n}, such that 
£yn M(jcJnj) - jcjnl)) > a > 0 (n > 1). It follows from M e 62 that there exists a positive 

constant c such that £y„ M(^—^—J > ca (n > 1). Therefore by (9) 

0 - 1 - E M £ - i 
/>1 \j'<£+l 

X™ 

k+l 

Y(nJ) \ I JnJ) 

= £<£ ("?rr - W E ? ; *>i U'<*+i * + l <*+l ifc+1 

J„ [j<k+\ 

J^-X^ 
>^EM 9 ' ) / (*+D 

(10) 

jk+l 
This contradiction verifies (8). Hence from (3), for all n large enough 

,W(J.nj) Jn,\h\ s- ||„(A)|| II WJ" . / ) J»,D\j 
Eyr̂ ""' - J O I < iir'iu ll Y&r-*r>% < * 
Jn Jn 

From (10), (7) and (5), it is easy to see that 

(11) An = sup 
llH.yïW?»-^) ••• T2«my?\#Ml)-*!?-l)) 

IUM^-X?") ^ - / / « ^ (•*/ ~Xi ) 

+ 0(T) 
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Now, we show that Hn contains no more than K different numbers. In fact, otherwise, 
we may assume 1, . . . , K + 1 E//„ , x^2) = min, |x\nJ)|, x(">l} = max,1x\nJ) |. From the 
definition of Hn, we have xf2) > (3 and x\nA) - x^2) > ex\nA\ hence x\nM > (1 + e)(3. 
Combined with (4) we obtain a contradiction 

1 = p(xM)) > ]T M(xfX)) > M((l +e)(3) + kM(l3) > 1. 
j<k+l 

We may assume, without loss of generality, Hn = { 1,.. . ,k} for all n > 1.(11) can 
be written as 

(12) An = sup 

v v(l)/v(n,2) v (« , lk v (\){ (nM\) „(/!,lk 

Xw<*>7(*/ —*i ) ••• 2̂ <*;y?C*/ —xt ) 

+ 0(T) 

Select a subsequence of { An }, once more symbolized by { An }, such that correspond­
ing sequence { x\nxj)}n converges, say the limit is dt(i = 1,2,..., k;j = 1, ...,&+1). Then 
from (12) it is easy to deduce 

(13) A„ = sup 
E K ^ V ? - ^ ) ••• T.i^idT'-a]) 

l^i<k yt (at — at) . . . x.i<k yt (<z/ — at ) 

+ 0(T) 

for n large enough. 
Notice that E/>i {5}<*+i M (x?J)) /(k+\)-M (z7<,+1 X

{^]/ (k + 1))} — 0, so 

E/<*+i M ( x ^ ) / (it + 1) - Af(E/<*+i JC^'V (k + 1)) — 0. Let /i — oo; we have 

Y, M{d}l{k+\) = M[ Y dJik+X)) ( i = 1,2,...,*) 

which shows (dt)j are in the same interval on which M(u) is linear, say 

(14) M(u) = PiU + Qi; (i<k) 

From (6) and (8), when n is large enough, we have J2inUj„ M(xfj) -JC-n,1)) < (fc+2)e (/ < 
£+1) it follows from (2) 

/«uy,, /nuyn 

< T ( / ' < * + ! ) 

Therefore, by p(jc(n^) = 10' < k + 1), we have \zHn M(xfJ)) - £//„ M^/1 '0)] < r (j < 

k + 1). Let rc —• oo, we obtain IEK* Pi(dt — a])| < r . Thus 

^1 /=2 F\ 
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Notice that 0 < M'((3) < M\dt) = Pt < M'{M-\\)) (i = 1,2,...,it), it is easy to 
deduce 

^Uiy^-y^Pi/PxM-a)) . . . Y,t2{y{-)-y\X)PilPx){a^-a])\ 

An = sup : : : 

I TH=2(yf - yfPi/ Px )(aj -a}) .'.. E?= 20f ' - y(?Pi/ Pi )(a?+1 - a\ ) 
(15) +0(T) 

Finally, we expand the last determinant into (K — 1)*~' many determinants of order 
K; each of them has the form 

W-tfPsJPM^-al) ... (y(»-y\])PSt/Pi)Kl-alk) 

(y??-yfPsJPÙ(al-a\) .'.. (yf-y^PsJPiX^-al) 

Since each st is between 2 and AT, such determinant has at least two proportional columns, 
therefore it vanishes, i.e., (15) becomes A„ = 0(r). 

For any integer K > 1, we define M(u) = u2 on (—M~x(-~),M~x(-~)) and M(u) — 
2M~l(l/(k + 1))| u\ - (M~\l/(k + l)))2 otherwise; then it is easily verified by the the­
orem that lM, generated by M(w), is /:UR but not (k — 1) UR. 
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