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K-UNIFORM ROTUNDITY
OF SEQUENCE ORLICZ SPACES

WANG TINGFU AND CHEN SHUTAO

ABSTRACT.  This paper presents a criterion of KUR for sequence OrlicZ
spaces with Luxemburg’s norm. The result also indicates that for any inte-

ger k > 1, there exists a k + 1-uniformly rotund Banach space not being
k-uniformly rotund.

Let M: (—o0, +00) — [0, +00) be convex, even, continuous and M(u) = 0 & u = 0.

For a given sequence x = (x,), denote p(x) = ¥, M(x,) and £y = {x = (x,) : IX > 0,

p(Ax) < oo}, ||x|| = inf{X > 0: p(x/X) < 1} forx € £y, then (£y,| |)isa
Banach space.

We say M € 6, if lim,_oM(2u)/ M(u) < oo,

LEMMA 1 [2,3]. IfM € b, then

(@) [ =0 ¢ p(x) — 0,

() ||X"|| = 1€ p(x")— 1 and

(c) forany 1 > 0,¢e > 0, there exists 5 > 0 such that p(x) < 1, p(y) <6 imply

[p(x+y) —px)| < e

M(u) is said to be uniformly convex on some interval [a, b], if for any ¢ > 0, there
exists § > O such that u, v in [a,b], |u — v| > e max{u,v} imply

M B(u+ v)} < %(1 —O)IM(u)+M(v)]

LEMMA 2. The following are equivalent
(I) M(u) is uniformly convex on [0, al,
() forany B € [0,a), b > aand € > 0O, there exists § > 0 such that max{u,v} <
b, 0 < min{u,v} <pB and|u—v| > emax{u,v} imply

M[%(u+ v)| < %(l —6)[M(u) + M(v)]

(I1ll) forany integerm > 2, 3 € [0,a), b > aande > 0, there exists 6 > 0 such that
maxi<j<m Uj _<_ b, 0 S minlgs,,, uj S ﬁ andmaxlSing [ui-—uj[ Z € max|<j<m U;
imply

M(Zuj/m) <{1- 6)ZM(uj)/m
J J
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PROOF. (I)=(II). If (2) is not true, then there exist 3 < a, b > a, ¢ > 0 and u,,
Vo < b, up — v, > €u, > 0 such that

€))] M[l(u,,+v,,) > 1(l — 1)[M(u,,)+M(v,,)] n=12,...).
2 2 n

Without loss of generality, we may assume u, — u’ and v, — V/; then by (I), ¥’ > a >
B >V and from (1) it is easy to see M[3(u’ +V/)] = 1[M(«') + M(V/)] which shows that
M(u) is linear on [V, i] contradicting (I).

(I)=(1I). For given 8 < a,b > a and € > 0, select§ > O satisfying (/). For any
integer m > 2 and real numbers { u;} satisfying the conditions in (III), we may assume
U = max<j<m Uj, Uy = minls,-sm Uj.

If m is even, then

1
M [y +- -+ up)/ m) = M{ B(u, Fi) 4k (e +u,,,)] [(m/2)}
<(@2/m) {M [%(m +u2)] +ot M B(um_. + u,,,)“
1 1
<2/ m){ 5 (1 =8)M(u) + Mu)] + 5 [M(u3) + M(us)]

ook %[M(um_o + M(um)])
= 2 M)/ m—§[M(ur) + M(u2)l/ m
J

<2 M)/ m—§ 35 M)/ m?
J J
=(1 —5/m)ZM(uj)/m
J

If m is odd, observe u; > ¥;u;/ m > uj, by the result we just obtained, we have
Mi(ur +- -+ )/ m] |
=M{[(u1+- -+t + @y + -+ )/ m] [(m+ 1)}
<[1—6§/(m+ 1)]{ZM(u,~)+M[(u1+-~-+u,,,)/m]}/(m+ 1)
j

<[1-6/(m+ 1)]ZM(uj)/m
j

(I)=>(I). In fact, (I) is the special case of (IlI) whenm = 2, § = (1 —€)aand b = a.

Now, we turn to the k-uniform rotundity. A Banach space X is k-uniformly rotund,
provided that for any e > 0, there exists § > 0 such that for any x', ..., xX**! € S(X), the
sphere of X, A(x',...,x*1) > e implies [|x! + - - +xX**1|| < (1 —8)(k + 1), where

1 1 ‘.- 1
AG,. My = fl(fl) fl(fz) N fl(xfﬂ)

SiESX*) . . . .
fGh fil®) - i)
(see [1]).
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THEOREM 1. M is k-uniformly rotund (k > 1) if and only if (a)M € 6, and (b) M(u)
is uniformly convex on [0,M~'(1/ (k + 1))].

PROOF. Necessity: (a) is trivial since k-uniform rotundity implies reflexivity. If ()
does not hold, then there exists € > 0,u,,v, € [O,M7'(1/(k + 1), un — v, > €u,
satisfying

M[l(u,, + v,,)} > 1(1 — 1)[M(u,,) +Mv,)] (n=1,2,...).
2 2 n
Denote w, = [(k — Du, + (k + 1)v,]/ 2k, then M(v,) < M(w,) < M(u,) < 1/(k+

1), therefore, M(u,) + kM(w,) < 1. Choose an integer m, such that % < mu[M(u,) +
kM(w,)] < 1 and ¢, > O such that m,[M(u,) + kM(w,)] + M(t,) = 1, define

km, m,
——— ———
nl) __
KD = (W oo o s Wy Uy ooy U, 1,,0,0,..0)
my, km,,
——N—— ———
(n2) __
X2 = (U Uy Wiy e e e s Wiy 10,0,0,..)
my my, (k—1)m,
———
)
X = (w,, ..., Wiy Uy« « oy Ups Wiy« oo s Wiy 10,0,0,...)
(k—=2)m, m, 2my,
——f——— ——
(nk) __
xR = (Why oo o s Wity e oo s Uny,Why oo, Wi, 1,,0,0,..)
(k—1)ymy, my, 2my
—N— ——— ——
(nk+1) __ _
XD = Oy Wt U W W 10,0,0,.0) (n=11,2,--4),

then foreachn > 1 andj < k+1, p(xX™) = m,M(u,)+km,M(w,)+M(t,) = 1; therefore,
|| x*)]| = 1. Furthermore

p (}:)("’/(k+ 1)) = (k+ DymuM [(uy +kw,)/ (k+ )] + M(t,)
J

= (k+1)m,M [%(u,, + v,,)] + M(t,)
1 (M) + M(,)]

> (k+l)m,,(l—;) > + M(t,)
(- %) {m,,M(u,,) +km, [(k— l)M(un)zﬁ]:(k+ DM(v,)] +M(t")}

> (1 - %) {m,,M(u,,)+km,,M(w,,)+M(t,,)}
=(1- 1) — 1
n

it follows || x| — k + 1, (n — o0).
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Setc, = [m,M~'( )]7" and

G—Dm,

my

. — ————,
[ =(0,...,0,¢a,...,€0,0,..) (n=1,2,...5j=1,2,...,k)

thenf(n,i) € ZI:I and ”f('hf)“ =1 (n=12,... = 1,2,...,k), (see [4,5]) thus
1 1 . 1
(n,1)(4(n,1) (n,1)(1(n,2) (n,1)( 4 (nk+1)
AGED kDY > FeDEeD) - febe) ST

f(n,k)(:x(n,l)) f("’k)(:)((n‘2)) f(n,k)(x:(n,kﬂ))

Cnmp(Uy — wy) 0 0o --- 0
0 Cay(Uy —wy) 0 - 0
0 0 0 - camu(uy — wp)

= [Cnmn(un - Wn)]k
= [catmaCk + 1)(up — i)/ 2k1*
> [(k + Dec,myu,/ 2k}

By (1), my(k + 1)M(uy) > 1, therefore

Calnlin = tn | M (1/ my,)
> up [ M7 20k + DM(u,)]
1

> 2(k+ 1)
Thus,
A, XDy S[(k + De [ dk(k+ 1))
= (¢/ 4k)*
a contradiction. .
Sufficiency: let x™V, ... x"k*DeS(04) and p [%] — 1 as n — o0o. We need to
prove that for any 7 > 0, we have A, = AE™D,...,x"**D) < O(t) for all n large

enough.
By Lemma 1, we can select € > 0 satisfying (k+ 1)e < 1 and

2 px) < 1,p() < (k+2)e = |px+y) —p)| < 7,
3) p(2) < (k+De=||z]| < 7.

Choose § € (0, M™'[ 535 ]) such that

4) kM@B)+M[(1+e)3] > 1
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and denote

={i: max{ ) — XDy < em;axlxﬁ"J)|},
Jo=A{i: n}z}x{ | — XDy > e max 1"} or (),
have different signs or they have same sign but min || < 8}
j
K,={i max{ | — XD > e mjax|x§"‘”|}; "y,
have same sign and max |x"™’| > 8} (n=1,2,...).
j

Since M € é,, for f, € S(£;), there exists (yﬁ")),- € £y such that f,(x) = 3 x,-yg"),
where N(v) = sup,{ uv — M(u)} (see[4,5]). Therefore

(), (n2 (n,1) 1) (nk+1) _ (n,1
YOO — XDy sy DD Dy
A, = sup :

l|y||~<l k), (n2 (n,1 (k) (k] (n,1)

=1 i ,)(X" ) ERERID DR )(x" F— Xy
©) (D, (n2) _ (n1) (D (nksl) (1)
Chrdrt, Yi (T —x0) Chprda+t, Vi (X =X

fry Sup . .

0 (n2) (a1 (k) (nk+l) _ (n)
Sttty Vs (X" X" Shordptty Vi (X x")

ith
~ =

Denote ¢/ = (0,...,0, 1 ,0,...). By the choice of I, and (K + 1)e < 1, we have
p (Z(xi'n,i) _ xgn,l))ei)> — ZM(xgn,j) _ )an’l))
I, T
< ZM(E(Ixin,l)i et ngn,k+l)|))
In

(6) Zj 'x(n,i)l

< (k+1 M=
( k‘,‘; ( (k+1) )
<eX T M)

j i
=k+De (G=1,....k+1)
It follows from (3) that “(Z," (xﬁ"") — xﬁ"’”)e")“ < 7, therefore
‘Zy(h) () — D) }<”y(h)” ”E (xm — D)l

<717 (m=12,...;j=2,...,k+ ;h=1,...,k).

Next we show

8) P (Z(Xf‘"ﬂ _ xf.""))ei> —0 (n— 00)
J,

n
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By Lemma 2, for i € J, and all (xﬁ"‘i))j have same sign; besides min; |x\"”| < 3, then

9) M<fo"")/(k+1)) <A =8 M)/ (k+1)
J J

Otherwise (xf"'” ); have different signs since i € J,. Say xf."’”, ... ,xﬁ""’ )

XD D have same sign and Ejgp]xf"") ‘ > Zj>p’xf-"‘” ‘ Consider the K + 1

numbers xﬁ"‘”, .. ,xf-"‘p ,0,...,0; obviously, they satisfy all the conditions in Lemma 2,

forb = MV(1), a= M~'(;};) and m = K + 1. Therefore, there exists § > 0 such that

) )
M : <M !
(‘szkzlk“) (g,kﬂ)

have same sign,

<(1-6 M—(xﬁ""))
<(1- ’,%;: P

M ()

< (1-=96) R LA
jgzk%l k+1

If (8) is not true, we can find a subsequence of { n}, again denoted by { n}, such that
A M(x,(."") —xﬁ"’])) >0 > 0(n > 1). It follows from M € §, that there exists a positive

(n./)_x(.n.l)

constant ¢ such that 3, M(X" 5 ) >co (n > 1). Therefore by (9)

)
OP_I_ZM(,E kl+1>

i1 <k+1

R )
= M -M ol B
221{52131( k+1> (gk_;lk“)}

=N PY M(xﬁ"”)/<k+1>—M(_Z xﬁ"”/<k+1>)}

Jn Ukl <k+1

> 52{ > M(xi"”)/(kﬂ)}

Tn i<+
(nj) _ (n1)

26 Y M) k+ 1)
Jn

bco
T k+1
This contradiction verifies (8). Hence from (3), for all n large enough
(10) | 2y = D) < Iy Pln | 26 = x| < 7
J,, Jn
From (10), (7) and (5), it is easy to see that
an ygl)(xﬁnl) _ xgn.l)) .. EH,. ygl)(x’(n,kﬂ) _ xgn,l))
(11) A, = sup : : : +0(1)
T WO =20y, YD — D)
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Now, we show that H, contains no more than K different numbers. In fact, otherwise,
we may assume 1,...,K + 1 € Hy, x"® = min; [x"”], x{"" = max; |x{"”|. From the
definition of H,, we have x(l"’z) > 3 and x(l"’l) - x(l"’z) > ex(l"‘”, hence x(l"‘l) > (1+¢€)3.
Combined with (4) we obtain a contradiction

L=pG™D) > 3 ME™D) > M((1+€)8) +kM(B3) > 1.

<kl

We may assume, without loss of generality, H, = {1,...,k} foralln > 1. (11) can
be written as

i<k y(l)(xgn,z) ="y Dy — )y
(12) A, = sup : : : + O(T)
T e o
Select a subsequence of { A, } , once more symbolized by { A, }, such that correspond-
ing sequence {xE"J)},, converges, say the limitisd/(i = 1,2,...,k;j = 1,...,k+1). Then
from (12) it is easy to deduce
Ty @ —a)) . L)@ —a))
(13) A, = sup : : : +0(1)
Ci@ —a)) . Ti)V@t —a))
for n large enough.
Notice that Tix1 {Tjckn M (x") / k+ 1) = M (Sjckn 5/ (k+ 1))} — 0, so
Sicket M (") [ (k+ 1) = M(Sj<irr "/ (k + 1)) — 0. Let n — 00; we have

> M(af)/(k+l)=M(/Z d,ﬁ/(k+1)> (i=12,....k

J<k+1 <k+1
which shows (af)j are in the same interval on which M(u) is linear, say
(14) M(u) = Piu+Q;; (i <k)

From (6) and (8), when n is large enough, we have 3, M(xf."") —x"Dy < (k+2)e (j <
k + 1) it follows from (2)

> ME) = 3 MG <1 (G<k+1)
1UJn 1UJn

Therefore, by p(x™) = 1(j < k + 1), we have [<y, M(x{"") — £y, M) < 7 (j <
k+1). Let n — 00, we obtain i< Pi(a] — a})| < 7. Thus

. 1 & .
d—al <2 S P(d—a)+ o (G<k+1)
Pl,‘=2 Pl
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Notice that 0 < M'(8) < M’(af) =P, < MM ') ( = 1,2,...,k), it is easy to

deduce

Tha01 =3P/ Pi)a} —al) ... S0 — 3 Pif Pl —a})
Ay = sup : : :

L0800 = yWOPi/ Pi@ —al) ... TE,080 =P/ Piy@! —a)
(15) +0(r)

Finally, we expand the last determinant into (K — 1)*~! many determinants of order
K; each of them has the form

O — WP, PY@ —al) ... O =P,/ PE —al
O® —yOP, [ P)@? —al) ... OP—yPP, /P —al)

Since each s; is between 2 and K, such determinant has at least two proportional columns,
therefore it vanishes, i.e., (15) becomes A, = O(T).

For any integer K > 1, we define M(u) = u? on (—=M~'(;15),M~'(;};)) and M(u) =
2M~1(1/ (k+ 1)|u| — (M~1(1/ (k + 1)) otherwise; then it is easily verified by the the-
orem that £, generated by M(u), is kUR but not (k — 1) UR.
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