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ORDINAL ANALYSIS OF PARTIAL COMBINATORY ALGEBRAS
PAUL SHAFER AND SEBASTIAAN A. TERWIIN

Abstract. For every partial combinatory algebra (pca), we define a hierarchy of extensionality relations
using ordinals. We investigate the closure ordinals of pca’s, i.e., the smallest ordinals where these relations
become equal. We show that the closure ordinal of Kleene’s first model is 0 CX and that the closure ordinal of
Kleene’s second model is w;. We calculate the exact complexities of the extensionality relations in Kleene’s
first model, showing that they exhaust the hyperarithmetical hierarchy. We also discuss embeddings of pca’s.

§1. Introduction. Partial combinatory algebras (pca’s) were introduced by Fefer-
man [9] in connection with the study of predicative systems of mathematics. Since
then, they have been studied as abstract models of computation, in the same spirit as
combinatory algebras (defined and studied long before, in the 1920s, by Schonfinkel
and Curry) and the closely related lambda calculus, cf. Barendregt [3]. As such, pca’s
figure prominently in the literature on constructive mathematics, see, e.g., Beeson
[5] and Troelstra and van Dalen [24]. This holds in particular for the theory of
realizability, see van Oosten [19]. For example, pca’s serve as the basis of various
models of constructive set theory, first defined by McCarty [14]. See Rathjen [20]
for further developments using this construction.

A pca is a set A equipped with a partial application operator - that has the
same properties as a classical (total) combinatory algebra (see Section 2 below for
precise definitions). In particular, it has the combinators K and S. Extensionality
is a key notion in the lambda calculus and the study of its models. A pca is called
extensional if for any of its elements f and g, f/ = g whenever fx ~ gx for every x.
Here ~ denotes Kleene equality: either both sides are undefined or both sides are
defined and equal. In [4] this property was studied in connection with generalized
numberings. Below we define a hierarchy of extensionality relations using ordinals,
and we determine for various pca’s the ordinal for which this hierarchy becomes
stable. In particular we do this for Kleene’s first model K; (which is the setting of
ordinary computability theory) and Kleene’s second model ;.

The paper is organized as follows. In Section 2 we present the necessary
preliminaries on pca’s. In Section 3 we define the higher extensionality relations
~q and their limit ~, and we prove some of their general properties. In Section 4
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we present preliminaries on constructive ordinals and hyperarithmetical sets. In
Section 5 we show that the closure ordinal of Kleene’s first model C; is wa , the
first nonconstructive ordinal. Thus ~ = ~ouCK in KC;. We also show that the relation

~ on K is IT{-complete. In Sections 6 and 7 we calculate the complexities of the
relations ~, on K for 0 < a < wX. Specifically. we show that for 0 < o < w{k:

0

1+F ()

(1) \F (a>-complete if v 1s a limit ordinal,

o the relation ~, is I1 -complete if « is a successor ordinal, and

o the relation ~, is X
where F is the function given by

F(0) =0,
Fla+d+1)=F(a)+1, if d < w and either o = 0 or « is a limit ordinal,
F(a) = }fim(F(ﬁ) +1). if o is a limit ordinal.
<a

The proof'is not uniform. Section 6 handles ordinals 0 < a < w?. which correspond
to arithmetical complexities, while Section 7 handles ordinals w? < a < wX, which
correspond to non-arithmetical complexities. In Section § we study embeddings of
pca’s. In Section 9 we show that the closure ordinal for Kleene’s second model K, is
i and that the closure ordinal of its effective version K5 is again w(X.

Our notation from computability theory is mostly standard. In the following,
o denotes the natural numbers, and ®, denotes the e partial computable
(p.c.) function. For unexplained notions from computability theory we refer to
QOdifreddi [17] and Soare [22]. For background on the lambda calculus we refer to
Barendregt [3].

§2. Preliminaries on pca’s. A partial applicative structure is a set A with a partial
application operator -, which is a partial map from A x A to .A. We mostly write ab
instead of a - b, though we do sometimes include the - in places where it improves
readability. When ab is defined, i.e., when the pair (a.b) is in the domain of the
application operator, we write ab/. If ab is not defined, we write abt. An element
f € Ais total if fal for every a € A, and A is total if all of its elements are total.
Application associates to the left, and we write abc instead of (ab)c.

The set of terms over A is defined inductively as follows:

e every element a € A is a term,
e every variable v is a term, and
e if s and 7 are terms, then (s - ¢) is a term.

As usual, a term ¢ is closed if it does not contain any variables. We use Kleene
equality for closed terms: s ~ ¢ means that either both s and ¢ are undefined, or
both are defined (meaning all their subterms are defined) and evaluate to the same
element of A.

The property that makes a partial applicative structure a partial combinatory
algebra is combinatory completeness, which loosely means that every multivariate
function defined by a term is represented by an element of the algebra. Feferman
[9] proved that this is equivalent to the existence of the classical combinators K and
S, so we can also take this as a definition.
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DEerINITION 2.1. A partial applicative structure A is a partial combinatory algebra
(pca) if it has elements K and S with the following properties for all a. b, ¢ € A:

e Kab| = a,
e Sab| and Sabc ~ ac(bc).

The most important example of a pca is Kleene's first model K, consisting of
with application defined as 7 - m = ®,,(m). The combinators K and S can easily be
defined using the S-m-n theorem. Forany X C w. relativizing the partial computable
functions to oracle X yields a pca K{* with application given by n - m = @, (m).

Kleene’s second model ICy [12] consists of Baire space w®, with application f - g
defined by applying the continuous functional with code f to the input g. For details
of the coding see Longley and Normann [13]. It is a bit more work to define the
combinators K and S in this case. For the material below, the precise details of the
coding are largely irrelevant. An alternative coding of X, can be given as follows.
Viewing @/ as a function of the oracle f € w®, we define application as

YA

where it is understood that f - g is defined if and only if the function computed on
the right is total. This coding is different from the standard definition of C;, but
equivalent to it in the following sense. In both codings, every partial continuous
functional on @ is represented, and the same holds for multivariate functions on
w®. Furthermore, effective translations from one coding to the other can be given
in both directions. (The latter fact does not seem to imply that (1) is also a pca in
a straightforward way, but this can be proved directly in much the same way as for
the standard coding, by providing definitions of the combinators K and S.)

§3. Higher extensionality. The notion of extensionality plays an important part
in the lambda calculus, cf. [3]. In [2] various notions of extensionality were studied in
connection with the precompleteness of numberings based on pca’s. Here we define
a hierarchy of extensionality relations using ordinals as follows.

DEerINITION 3.1, Given a pca A, we define equivalence relations ~, on the closed
terms over A for all ordinals «. For all closed terms s and ¢ over A, define:

S~ < s >1,
s~ <= Vx e Asx ~tx,
S ~grl <= Vx € A sx ~, X,
Sr~gte=df<as~pt for « a limit ordinal.

We sometimes restrict ~,, to A and consider it as a relation on the elements of A
rather than on the closed terms over .4. Notice that A is extensional if and only if
the relations ~y and ~ are equal when restricted to .A. To see that the relations ~
are indeed equivalence relations, see the discussion following Theorem 3.2.

Under Definition 3.1 it is possible that an undefined term is equivalent to a defined
one. For example, if 71 and s is such that s but Vx sx1, then s ~; .

For any ordinal «, a straightforward induction on n € w shows that, for any
closed terms s and ¢,
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S ~gan == YX0, oo, X 1(8X0 - Xpo1 ~a 1X0 - Xpo1).
In particular,
S~y t = VX0, oo, X1 (8X0 - Xyt 2 X0 Xyt ),

for every n.

Also observe that s ~,, t = s ~,, t for every n. Theorem 3.4 below shows that
the converse fails for non-extensional pca’s, such as Ky and ;. More generally,
for every pca we have that s ~3 t = 5 ~,  whenever f < a. Thus the ~, form an
ascending sequence of relations.

THEOREM 3.2. The following hold for every pca A, every pair of closed terms s and
t over A, and every ordinal c.

(i) 5 ~qt = 5x ~g tx forall x € A.

(if) s ~pt =5 ~q t forall ordinals o > .

PrOOF. Note that we can rephrase (i) as s ~q f = 5 ~q.1 . We prove this by
transfinite induction on «. For a = 0 this is clear because s ~ ¢ implies sx ~ tx
for every x. For a successor a + 1, suppose that s ~q1 7, 1.e., VX sXx ~ tx. By the
induction hypothesis, we then have VxVy sxy ~, txy, hence sx ~, tx for every
x. Finally, suppose that s ~, ¢ for « a limit. Then s ~g ¢ for some f < . so by
the induction hypothesis sx ~g tx for every x. hence sx ~, tx for every x by the
definition of ~,,.

For (ii), we again proceed by transfinite induction on «. For a = 0 this is trivial.
The case where « is a successor follows from 1 and the induction hypothesis. Finally,
if ais alimit and s ~p f with f < a, then s ~ by the definition of ~,. -

Given a pca A, we can use Theorem 3.2 and transfinite induction on « to verify
that each ~, is an equivalence relation. It is easy to see that ~ is an equivalence
relation. That ~, is an equivalence relation follows straightforwardly from the
induction hypothesis. When « is a limit, that ~, is reflexive and symmetric also
follows straightforwardly from the induction hypothesis. For transitivity, suppose
that r ~, 5 ~, . Then there are fy. fi < a such that r ~p5 s and s ~p 7. Let
f = max{f. 1 }. We then have that f < a, that r ~5 5 ~4 t by Theorem 3.2, and
thus that r ~ ¢ by the induction hypothesis. So r ~ ¢.

Lemma 3.3. Let A be a pca, and let s and t be closed terms over A. Then for every
ordinal a, s ~q t if and only if Ks ~41 Kt.

PrOOF. Observe that if 7 is a closed term and 71, then K1 as well, and therefore
also Ktx1 for every x € A. Thus Ktx ~ ¢ for every closed term ¢ and every x € A,
even when 771,

Let s and 7 be closed terms. First suppose that s ~, 7. Then

Ksx ~y 5§ ~g t ~g Ktx,

for every x, so Ks ~q1 Kt.
Conversely, suppose that Ks ~,.| Kt. Choose any x € A. Then

s ~o Ksx ~q Ktx ~q t,

SO S ~g L. =
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THEOREM 3.4. Suppose that A is not extensional. Then the relations ~,, for & < w
are all different, even when restricted to A.

Proor. Since A is not extensional, the relations ~( and ~; differ on A. Suppose
that d. e € A are such that d # e butd ~ e.

Inductively define elements f,, and g, of A for n € w as follows, using the
combinator K.

So=d. g =e,
Sne1=Kf. gnv1 = Kgu.

We have that f 4 go and fo ~1 go by the choice of f and gy. By induction on
n and Lemma 3.3, it follows that f, %, g, and f, ~,.1 g, for every n. Thus ~,
is a strictly weaker relation than ~, for every n.

It also follows that ~, strictly weaker than ~, for every n. Suppose that there is
a fixed n such that f ~, g = f ~, g forevery f and g. Then

f Nn+1g:f ng:>f’\‘ng=
for every f and g, contradicting that ~, is strictly weaker than ~,,. o

However, for cardinality reasons, the relations ~, cannot all be different on a
given pca.

THEOREM 3.5. For every pca A, there is an ordinal o such that ~, is equal to ~q 1.
Furthermore, the least such « is either 0 or a limit ordinal.

Proor. Let Q denote the set of closed terms over A, and view each relation ~,,
as a subset of Q x Q. Theorem 3.2 tells us that these relations form an ascending
sequence: o < y = ~o C ~, for all ordinals oo and y. Therefore there must be an
a < |Qx Q| for which ~, =~ because ~, # ~q1 implies that there is an
(5.7) € Q@ x Qsuchthat s ~4 7 but (Vf < a)(s %4 t). and there are only |Q x Q|
many elements of Q x Q to choose among.

Now suppose that ~g| = ~p» for some ordinal f. We show that ~g = ~p. | as
well. It follows that the least « such that ~, = ~, | cannot be a successor. Consider
closed terms s and ¢. We already know that s ~3 t = 5 ~p,; t. So suppose that
s ~p41 t. Then Ks ~p,» Kt by Lemma 3.3, so Kis ~3,| Kt by the assumption that
~pg+1 = ~pg42. Thus s ~p ¢, again by Lemma 3.3. Therefore s ~p,( t = 5 ~p £, 5O

Nﬁ = Nl))+l .
Thus there is an « such that ~, = ~,., and the least such « is either 0 or a limit
ordinal. 4

DEFINITION 3.6. For a pca A, define ord(A) to be the least ordinal o such that
~a = ot

Let A be a pca. Observe that if ~, = ~, 1, then an easy transfinite induction on
7 = o shows that ~, = ~, for all y > a. Therefore ord(A) is also the least ordinal
a such that (Vy > a)(~, = ~,).

For closed terms s and ¢, write s ~ ¢ if there is a y such that s ~, 7. Let a =
ord(A). Then s = t < 5 ~4 t. That s ~, t = s = t is clear from the definition of
~. Conversely, suppose that s = ¢. Then there is a least f such that s ~g . As
(Vy = a)(~, = ~q). we must have < «, and hence s ~, ¢ by Theorem 3.2. Thus
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SARL=8r~gl, SO S~ 5 ~,t. Therefore ~ and ~, are the same relation.
Furthermore, if a > 0, then it is a limit ordinal, and so for any particular closed
terms s and ¢, we have that s ~ ¢ if and only if there is a f < a such that s ~ ¢.

If Ais a pca and ¢ is a closed term, then there is an f € A with f ~ ¢. This
follows from the combinatory completeness of .4 because .4 must contain an element
f representing the term v, where v is a variable. Alternatively, one may argue as
follows. If ¢, then ¢ evaluates to some f € A. Thus f ~q t,so0 f ~ t. If 1, then
A must have non-total elements. In fact, there must be an f € A such that fx?1
forall x € A, in which case f* ~; . Therefore, if y > o > 1 and ~, # ~,, then this
inequality is witnessed by members of A. If ~, # ~,, then there are closed terms
s and ¢ such that s %, ¢ but s ~, t. Let f and g be elements of A where f ~; s
and g ~; t. As a > 1, we also have that f ~, s and g ~, ¢, so [ 4, g. Likewise,
f o~y s~y t~, g.50 f ~, g.So f and g are elements of A such that [ %, g but
S ~, g. Additionally. if A is not extensional, then by definition there are f.g € A
such that f % g but f ~; g. Thus if A is not extensional and ~, # ~, for some
y > a > 0, then the inequality is witnessed by members of A.

We therefore have the following equivalent characterizations of o = ord(A).

e ¢ is least such that ~o =~ 1.
® « is least such that ~, = ~, forall y > a.
e « is least such that ~, = ~.

Furthermore, if A is not extensional, then the above items also characterize ord(.A)
when the relations are all restricted to 4. In particular, if A is not extensional, then it
makes no difference whether we define ord(4) by considering the ~,’s as relations on
closed terms or as relations on elements of A. If A is extensional, then the situation
is slightly more nuanced. If A is extensional and total, then every closed term is
~p-equivalent to some member of A, so ~y = ~ as relations on closed terms, and
therefore ord(A) = 0. However, if A is extensional but has non-total elements, then
there is a (unique) f € A such that fx? for all x € A. In this case we have, for
example, that Kf 1 f but Kf ~, f. Therefore ~| # ~;, even when restricted to
A. Thus ord(A) > o by Theorem 3.5 because ord(4) must be a limit ordinal. None
of the pca’s we consider are extensional. However, there are interesting examples of
extensional pca’s with non-total elements [6].

§4. Constructive ordinals. In this section we collect some material on constructive
ordinals and hyperarithmetical sets that we will use in the following. We use the
notation from Sacks [21], to which we also refer for more details. A thorough
historical account of hyperarithmetical sets can be found in Moschovakis [16].

Kleene [11] introduced a notation system O C w for constructive ordinals,
starting with a notation for the ordinal 0 and closing under successor and effective
limits.! Forevery ordinal notation x € O, |x| denotes the corresponding constructive
ordinal. Given an x € O, the notation system allows us to effectively determine
whether |x| is a successor ordinal or a limit ordinal, whether |x| is an even ordinal
or an odd ordinal, a notation for |x|’s successor, and, if | x| is a successor, a notation
for |x|’s predecessor. The constructive ordinals form an initial segment of the set of

For a precise definition and intricacies of the coding see Moschovakis [16].
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countable ordinals, and their supremum is called wICK . The set O is equipped with a
partial order <o such that a < b implies |a| < |b|. The main tool here is effective
transfinite recursion, which allows one to define computable objects by recursion
along <o, even though the relation a < b itself is not computable.

The class of constructive ordinals can also be characterized using computable
well-orders. An ordinal is called computable if it is finite or the order type of a
computable well-order on w. Markwald and Spector independently proved that the
computable ordinals equal the constructive ordinals (cf. [16]). We often blur the
distinctions between a constructive ordinal and a computable ordinal and between
a constructive ordinal and its notation.

Using recursion on constructive ordinals, the arithmetical hierarchy can be
extended into the transfinite, yielding the hyperarithmetical hierarchy. The class
of hyperarithmetical sets is the smallest class containing the computable sets that is
closed under complementation and effective unions.? Finally, Kleene proved that a
set is hyperarithmetical if and only if it is A]. (Since this is an effective version of the
classical result that the A} sets are exactly the Borel sets, this is sometimes called the
Kleene—Suslin theorem.)

The hyperarithmetical hierarchy is stratified by the computable infinitary
formulas. Essentially, a 2} / TI) formula is coded as an index for a machine computing
the characteristic function of a relation; a £ formula is coded as a c.e. disjunction
of IT} formulas for f# < o and a IT}, formula is coded as a c.e. conjunction of
formulas for f < a. The following definition is presented as in [10]. See [1] for a
more detailed treatment of computable infinitary formulas.

DEFINITION 4.1.

o A 28 (Hg) index for a computable formula ¢ (77) is a triple (£, 0, ¢) ((I1,0, e)),
where e is the index of a total computable function ®,(7z) computing the
characteristic function of the relation defined by ¢.

e For a computable ordinal a. a ¥ index for a computable formula (i) is a
triple (X, a, e), where a is a notation for « and e is an index for a c.e. set of Hoﬂk

indices for computable formulas y; (72, x), where 8, < « for each k and
o) = \/ 3% wi (i, ).

kew
e For a computable ordinal «, a Hg index for a computable formula ¢(7z) is a
triple (IT, a, ¢), where a is a notation for o and e is an index for a c.e. set of Z%k
indices for computable formulas y; (72, x), where B, < « for each k and

o) = N\ V& wi(ii. ).
kew

e For a computable ordinal o, a set X C «” is said to be 0 (I19) if there is a =0
(119) formula defining X.

At the arithmetical levels, it makes no difference whether one defines the X
HO

n+1

0
n+1

sets in terms of ordinary finitary formulas or computable infinitary formulas.

2Moschovakis [16] points out that this is probably due to Shoenfield.
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For each n > 1, every infinitary X0 (T1%) formula is equivalent to a finitary X0
(1Y) formula. For n = 0, the equivalence depends on one’s precise definition of the
finitary X{ / 1) formulas.

Spector [23] proved that every hyperarithmetical well-order is isomorphic to
a computable one. This result does not hold for linear orders in general. See
Ash and Knight [1] for an overview of results by Feiner, Lerman, Jockusch and
Soare, Downey, and Seetapun, culminating in the following result of Knight
[1]: Every nonzero Turing degree contains a linear order. However, Spector’s
result was salvaged for linear orders by Montalban [15], who showed that every
hyperarithmetical linear order is equimorphic to a computable one, where two linear
orders are equimorphic if they can be embedded into each other.

We will make use of the following result from Spector. (It occurs somewhat hidden
on page 162 of [23]. See also [21].)

THEOREM 4.2 (Ei—bounding, Spector [23]). Suppose that X C O is 2}. Then there
exists b € O such that |x| < |b| for every x € X.

§5. Ordinal analysis of /C;. In this section we study the higher notions of
extensionality from Definition 3.1 for Kleene’s first model Ky, i.e., the standard
setting of computability theory.

THEOREM 5.1. The relations ~, on K| for a < wICK are all different. Thus
ord(K) > wfk.

PrOOF. By effective transfinite recursion, for every v < w{X we produce 4. g, €
K1 such that f %, g and f ~g,41 g. Therefore ~, # ~4 ) forall a < a)ICK.

The pca K; is not extensional, so for the base case @ = 0 we may choose [, gy €
KC1 such that fo %y go and f ~1 go.

The successor case is similar to the proof of Theorem 3.4. Suppose that a =
p + 1 is a successor. By effective transfinite recursion, compute fg.gs € K; such
that /g #p g and fp ~q gp. Let fo = Kfp and g, = Kgg. Then f %o go and
fa ~a+1 & by Lemma 3.3.

Suppose that « is a limit, and let fy < f; < --- be a computable sequence
of ordinals converging to «. By effective transfinite recursion, we can uniformly
compute indices fg, and gg, such that f3, g, g, and fp, ~p, 11 gp, foralln € w.
Thus we can compute f, and g, so that f,-n= fg, and g, -n = gg, for all
n. To see that f, %, g4, consider a f§ < «, and let n be such that f < f, < a.
Then f'o -n = fp, #p, &8, = & - 1. Thus there is an n such that [ - n %5, go - 1.
Therefore fo 9,41 &a. 50 also fo #p go. Thus fo #p g, for every f < a, so
fa %a &a- On the other hand, for every n, fo-n = fp, ~p,41 88, = &a - 11, and
therefore f - n ~q go - n. Thus f ~41 g This completes the proof. =

By Theorem 5.1, we have ord(K;) > oK. Below we prove that ord(K;) < oK,
so ord(K;) = k.

For some pairs f and g in IC; we have that [ ¢, g for all ordinals «, for example
when fx1forall x € K and gxy -+ x,, 1] forall sequences xy. xi. ..., x,, | of elements
of KC;. However, there are also less trivial examples of such pairs f and g.

DErINITION 5.2, We call an element f of a pca A hereditarily total if fxq - x, 1]
forall xg,....x,1 € A.
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Note that in a total pca all elements are hereditarily total. However, in a non-total
pca the combinator X is total (since Ka = a for every a), but not hereditarily total
(take a non-total).

PrOPOSITION 5.3, There is a pair of hereditarily total f and g in IKC1 such that f 4 g
forall a.

ProOr. We define f* # g so that for every x, fx| = f and gx| = g. This clearly
implies that f* 4, g for all «. First define f so that fx| = f for all x using the
recursion theorem. Second, we want to define g # f so that gx] = g for every x.
Inspection of the proof of the recursion theorem shows that the fixed point can be
chosen to be different from any given number by using a padding argument. This
guarantees the existence of g. -

However, if f,g € K; satisfy f ~, g for some c, then there is such an @ < K.

THEOREM 5.4. Suppose that s and t are closed terms over ICi and that s ~, t for
some ordinal o.. Then there is an o < a)ICK such that s ~, t. That is, ord(K;) < wICK.

ProOr. We prove that for closed terms s and ¢,
S NwlCKH = N(ch‘K f.

For the purpose of this proof, denote by Q the set of closed terms over X;, coded
as elements of w in some effective way. Now consider the operator I': P(Q x Q) —
P(Q x Q) defined by

[(X)={(s.1) e Qx Q:Vx € K (sx.1x) € X}.
Define I',, for every ordinal a by

Lo ={(s.1) 15 ~1}.

Tor1 =IT(T,).
r, = U .. for y a limit ordinal.
a<y

Note that s ~, ¢ if and only if (s.7) € ', and that ord(K;) is the least ordinal «
such that 'y, = I',. Also note that I', C ', by Theorem 3.2.

The complexity of operators such as I' is measured by the complexity of the
predicate “n € I'(X).” Note that I is a 1Y operator and that I is monotone, i.e.,
X C Y implies I'(X) C I'(Y). It follows that the closure ordinal of T is at most
K because this holds for every ITY operator on P(w) (Gandy [21]), and also for
every monotone H} operator (Spector [23]. cf. [21, Corollary 111.8.6]).> Typically
it is assumed that T’y = (), but these closure properties also hold when I'y is an
arithmetical set as it is here.

3 As Moschovakis [16] points out, this is not quite explicit in Spector [23]. but he agrees with Sacks’s
reference to it.
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Since the operator I above is both I1Y and monotone. the proof that w X is an
upper bound can be somewhat simplified as follows. Suppose that s ~ oK t. We

have to prove that s ~, ¢ for some computable .. Note that s ~ oK1 tif

Vx € 0 Ja < o sx ~q tx. (2)

This in itself is not enough to conclude that the s have a bound smaller than ¥

because they could form a cofinal sequence in a)ch . The question is: How hard is it
to find « for a given x?

Observe that the T, are uniformly hyperarithmetical for o < w{X. Namely, by
effective transfinite recursion we can define a computable function f* such that for
everya € O, f(a)isa A} index of ', (cf. [21, Theorem I1.1.5]). It follows that the
statement

a€OA(sx.tx) ey (3)

is a I} predicate of x and a. Assuming (2), we have that for every x there is an a such
that (3) holds. Since H} predicates can be uniformized by IT] predicates (Kreisel
[21, Theorem 11.2.3]), there is a partial I1} function p(x) such that

Vx(p(x) € O A (sx.1x) € T py)))- (4)

Since p is in fact total, it is also X} (cf. [21, Proposition 1.1.7]). Therefore the set
{p(x): x € w}isa X subset of O, and it follows from Theorem 4.2 that there is a
computable ordinal  such that | p(x)| < « for every x. It follows that Vx (sx, tx) €
I',, and therefore that (s, ¢) € I'n11. Thus s ~q 1 ¢. -

THEOREM 5.5. ord(K;) = oK.
Proor. This follows from Theorems 5.1 and 5.4. -

Thus for Ky, we have that ~ and ~CK are the same relation, that the relations

~, are different for all o < wICK, and that the relations ~,, are equal to ~ for all

a > oK. The proof of Theorem 5.4 can also be used to show that the ~ relation on
KCy is IT}. This is because the ~ relation is the same as the ~ o CK relation, the ~ oK

relation is the lecz( from the proof of Theorem 5.4, and leCK is Hi again by [21,

Corollary IT1.8.3]. We now show that the ~ relation is H{-complete.

First we recall some terminology and notation for strings and trees and then
introduce a bit of helpful notation. For strings o,7 € <®, |o| denotes the length
of ¢, ¢ C 7 means that ¢ is an initial segment of 7, ¢ C 7 means that ¢ is a proper
initial segment of 7, and ¢ "7 denotes the concatenation of ¢ and 7. When 7 = (x)
haslength 1, we write ¢~ x in place of 6~ (x). Forg € o<? and n < |o|. ¢ [n denotes
the initial segment of ¢ of length n. We sometimes think of a function f € »® as an
infinite string, in which case ¢ C f means that the string ¢ is an initial segment of f,
and f [n denotes the initial segment of /" of length n. A treeisa set T C w<® that is
closed under initial segments: Vo,7 € o< ((t € T Ag E 1) — ¢ € T). A function
f € w® is a path through the tree T C w<? if every initial segment of f is in T.
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Think of a string o € w=<® as denoting a sequence of elements of K;. Then for a
closed term ¢t over K; and a ¢ € <%, let to denote

t-0(0)-a(l)-a(la] - 1).

In the case of the empty string ¢, ¢ is ¢. In this notation, for any closed terms s and
t and any ordinal «, we have that s ~,., ¢ if and only if so ~, to for every string o
of length n.

LEMMA 5.6. Let s and t be closed terms over K. Then s ~ t if and only if for every
sequence ay, dy, dy, ... from Ky, there is an n such that sapa, --- a, ~ tapa; - a,.

ProOF. Defineatree T C wo<?by T = {0 € ©<? : 5o # to}. We show that s ~ ¢
if and only if T is well-founded.

Suppose that s = ¢. Observe that for any closed terms p and ¢, if p ~,, g for some
a > 0, then for every x € K there is a f < o such that px ~g gx. Now consider
any f: w — w. Define a sequence of ordinals og > a; > ---, where s £ (0) - f(n —
1) ~q, tf(0)-- f(n—1) for each n, as follows. First, let o be such that s ~g 7.
Then for each 7. if o, > 0. let a1 < v, be such that s£(0) - f(n 1) f(n) ~q,
tf(0)- f(n=1)f(n). If o, = 0, then let a1 = 0. The sequence ag > o > -
cannot be a strictly descending sequence of ordinals, so there must be an # such that
o, = 0. Then for thisn, s£(0) - f(n —1) ~ ¢f£(0)--- f(n — 1), which means that f
is not a path through 7. Thus T is well-founded.

For the converse, suppose that 7' is well-founded. Recall the Kleene—Brouwer
ordering of @<, where © <kp o if either 7 is a proper extension of ¢ or 7 is to the
left of 0. That is, 7 <kp o if and only if

730V (3n<min(la|.|z|)[c(n) < a(n) A (Vi< n)(a(i) = z(i))].

The tree T is well-ordered by <kp because we assume that 7" is well-founded, and
a subtree of w<? is well-founded if and only if it is well-ordered by <kp. Let a
be the ordinal isomorphic to (7, <kg), and, for each ¢ € T, let o, be the ordinal
corresponding to g. We show by transfinite induction that so ~,, | to for every
ceT.

Let ¢ € T and suppose inductively that st ~, 4 t7 for all T € T with 7 <gp 0.
Consider any x. If 6”x ¢ T, then s - 6" x ~t-67X, 80 § - 07X ~g, -7 x. If
6”x € T,theno™x <xp 7.505 -0 Xx ~la . +1) t-07°x. Thuss -67x ~g, t-07x
because o, ~, < a;. We have shown that s - 67 x ~q, ¢ - 07 x for every x. Therefore
SO ~q,+1 1O

In the case of the empty string ¢, we have that se = s and te = ¢ and therefore
that s ~,,+1 . We may also observe that ¢ is the <gp-maximum element of 7" and
therefore that o = o, + 1. So s ~, t. Thus s ~ t. -

Notice that Lemma 5.6 also implies that the ~ relation is H}. Moreover, the
proof of Lemma 5.6 gives another proof that ord(K;) = a)ICK and therefore that
N = Ok Let s and 7 be two closed terms. If s = ¢, then the tree 7 from the proof
of Lemma 5.6 is well-founded, and s ~,, ¢ for the ordinal o isomorphic to (7, <gg).
The tree T is A) and the <gp relation is computable on @<, so o < w?/ = ok,
where the equality is by [21, Corollary 11.7.4].

THEOREM 5.7. The relation ~ on Ky is T1}-complete.
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ProoF. The relation ~ is I1} as discussed above. We show that » is I1}-hard.

A typical Hi-complete set is the set of indices of partial computable functions
computing well-founded subtrees of @<®. Indeed, there is a uniformly computable
sequence (7T, ).c. of trees such that the set {e : T, is well-founded} is H}-complete
(see, for example, [8, Theorem 15]).

Using the recursion theorem, fix an index e, € K such thate, - x = e, forevery x.

Let g(i, e. o) be a total computable function such that for all i, e. o, and x.,

d)g(,-_,e_,a)(x) ~ @;(e,c"x).

By padding, we may define g so that e, ¢ ran(g). Using the recursion theorem, let i
be such that

e, ifo ¢ T,

(Di s = .
(e-0) gli.e.o) ifoeT,.

Note that @; is total because g is total. Also note that ®;(e, o) = e, if and only if
o ¢ T, because e, ¢ ran(g). Let f be the function computed by ®;.

Cram. Foreverye,o,and x, f(e.0) - x = f(e.07x).

PrROOFOF CLAM. Ifo ¢ T,.theno"x ¢ T,aswell,so f(e,0) - x = e, - x = e, =
fle.o™x).If ¢ € T,, then

fle.d) - x = Bile.0) - x = gli.e.0) - x = Dyo ) (x) = Bile,0™x) = fle.07x).
_|

We now show that, foreverye, f (e, &) = e, if and only if T, is well-founded. Notice
that e.apa; -+~ a, = e, for every sequence ay, a. ..., a,. Therefore, by Lemma 5.6,
f (e, &) =~ e, if and only if for every sequence ag. ai. as, ..., there is an n such that
fle.e) - apay -+ a, = e..

Suppose that 7, is well-founded. Consider any sequence ay,aj. a,.... This
sequence is not a path through T, so there is an n such that the string g = (ay, ..., a,)
isnotin 7,. By the Claim and the fact that ¢ ¢ T, we have that f (e.¢) - apa; - a, =
f(e.oc) =e,. Thus f(e.¢) =~ e,.

Conversely, suppose that T, is ill-founded, and let ag. a;, a;, ... be a path through
T,. For each n, let ,, = (ay. ..., a,). By the Claim, for each n we have that f (e, ¢) -
apay - a, = f(e.0,) # e,.. where the inequality is because g, € T,. Thus f(e.e) %
Cx.

We have shown that f(e,e) =~ e, if and only if T, is well-founded. The map
e (f(e ), e.) is therefore a many-one reduction witnessing that {e : T, is well-
founded} < ~. Thus the ~ relation is I1}-hard and hence IT}-complete. 8

Notice that the many-one reduction in the proof of Theorem 5.7 always produces
elements of K;, as opposed to a more general closed terms. Thus the ~ relation
is H}—complete when thought of either as a relation on K or as a relation on the
closed terms over ;.

Forevery X C w we have the relativized pca K, with application n - m = ®X (m).
By relativizing Theorem 5.5, we obtain ord(K{) = wf (i.e.. o¥ relative to X).
Note that colX = a)ICK for almost every X, in the sense of measure on 2¢ (cf. [21,

Corollary 1V.1.6]). More generally, if A is any countable pca, then the domain of

https://doi.org/10.1017/js1.2021.50 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.50

1166 PAUL SHAFER AND SEBASTIAAN A. TERWIIN

A may be taken to be w, in which case A’s partial application operation is partial
computable relative to some set X' C w. For example, X may be taken to be the graph
X ={{a.b.c):a-b=c} of A’ partial application operation. In the analysis given
in the proof of Theorem 5.4 (and of Lemma 5.6), we may replace K; by A and
relativize to X to obtain the following.

THEOREM 5.8. Let A be a countable pca. If A’s partial application operation is
partial computable relative to X, then ord(A) < w{*. Inparticular, ord(A) is countable.

§6. Arithmetical complexity in /C;. We work only with K; in this section and the
next. In the proof of Theorem 5.4 we observed that the relation s ~, ¢ on the closed
terms over K is (uniformly) hyperarithmetical for every o < wX. Writing out the
definitions of the first levels of the hierarchy. we see the following:*

: AO
~0 18 A3,
~, is TI) for every n > 0,
L 30
~ep 18 X3,
~ein is TI for every n > 0,

~w2 is 2(5)

~ok 18 ., for every k > 0,
~ok+n 18 19, for every kand n > 0.

See Lemma 7.5 below for a proof that encompasses the full hyperarithmetical
hierarchy.

We now verify that ~, is complete at the indicated level of the arithmetical
hierarchy for all 0 < a < ®?. In Section 7, we show that this pattern extends to the
full hyperarithmetical hierarchy. We use different proofs for the arithmetical levels
and the non-arithmetical levels. The hardness proof for the arithmetical levels given
in this section does not seem to easily generalize to the ~_, / £ level and beyond.
On the other hand, the hardness proof in Section 7 is off-by-one at the arithmetical
levels. The strategy of Section 7 restricts to hereditarily total elements of ;. Such
a strategy cannot work at the arithmetical levels because, for example, ~ is I1)
when restricted to total elements. Thus strategy of Section 7 only shows that ~
is [1%-hard, whereas here we show that ~ is I13-hard. This off-by-one discrepancy
catches up at the ~_> / 20 level and thus yields the desired completeness at the
non-arithmetical levels.

As with the proof of Theorem 5.7, our many-one reductions to the ~, relations
always produce elements of Ky, as opposed to more general closed terms. Thus the
completeness results hold when the ~,, relations are thought of either as relations
on K or as relations on the closed terms over ;.

In this section, all formulas are finitary.

4 Additionally, ~¢ is decidable when restricted to K.
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LEmmA 6.1. For every ordinal o, ~q ) =m ~a12.

ProoF. We first show that ~,1 <y ~ai2. Given closed terms s and 7, we can
effectively produce indices f. g € K; where f ~; Ks and g ~; K¢. Then f ~,12 g
ifand only if s ~,.1 t by Lemma 3.3 and because o + 1 > 1. Thus the map (s, t) —
(f.g) is a many-one reduction witnessing that ~q41 <m ~a+2.

Now we show that ~, 2 <y ~a+1. For this, let (-,-): o x @ — @ denote a
computable bijection. Given closed terms s and ¢, we can effectively produce indices
f.g € K, such that f - (a.b) ~ sab and g - (a.b) ~ tab for all a and b. The map
(s.t) = (f.g) is then a many-one reduction witnessing that ~g 2 <m ~a41. TO
see this, first suppose that s ~,> t. Then [ - (a,b) ~o sab ~, tab ~y g - (a.b) for
all @ and b. Thus f - {(a,b) ~, g - (a,b) for all (a,b), so f ~41 g. Conversely,
suppose that s 4.5 t. Then there are @ and b such that f - (a,b) ~¢ sab 4,
tab ~g g - {(a.b). Therefore there is an (a,b) such that f - (a.b) %, g - (a.b), so

S #at1 8. 4

LEMMA 6.2. The relation ~ is Hg-hard.

PROOF. LetVn3m y(z,n.m) be aTI) formula, where y is £). We show that. given
zand £ > 1, we can effectively produce indices f and g such that

o [~y gifVndm w(z, n,m) holds,
o [ oy gif Vnam y(z, n,m) fails, and
o [ ~y.1 g regardless of whether or not Vu3m w(z, n, m) holds.

Fix, say, £ = 1. Then themap z > (f, g) witnesses that {z : Va3m w(z,n,m)} <p
~1. It follows that ~ is Hg-hard. All that is required for this many-one reduction is
that f ~; g if and only if Va3m w(z. n, m) holds. The extra features are useful for
the proof of Lemma 6.3.

Fix an index ¢ such that cx1 for all x. Define indices d; for each £ > 0 by dy = ¢
and dy1 = Kd,. Then for every £ and every xy. ..., x;, we have that dyx¢ --- xp 1] = ¢
and that dyxg -+ xp_1 x,7T.

Given zand £ > 1, let g = d,;, and compute an index f such that

D, (1) ~ dopy  if 3Im t//(znm)

T otherwise.

Notice that fxg--- x,T and gxg --- x¢71 for all xo, ..., xg, SO f ~y.1 g. Suppose that
Vndm w(z,n.m) holds. Then fn = d,_; = gn for every n, so f ~1 g. Conversely,
suppose that Im w(z. n, m) fails for some n. Let x| = --- = x,_; = 0. Then fn? and
so fnxy -+ xg 1T, but gnxy --- xp 1) = c¢. Thus f 7, g. This completes the proof. -

By combining Lemmas 6.1 and 6.2, we see that ~, is I19-hard for each n > 0.
Now we show that ~, is £3-hard.

LEMMA 6.3. The relation ~, is Zg-hard.

PrOOF. Let 3n y(z,n) be an arbitrary X formula. where y is I15. We may
assume that w(z,n) — w(z,n + 1) for every z and n by replacing 3n w(z.n) by
the equivalent (In)(3p < n)w(z. p) and pushing the bounded quantifier past the
unbounded quantifiers.

We show that, given z. we can effectively produce indices f, g € K such that

https://doi.org/10.1017/js1.2021.50 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.50

1168 PAUL SHAFER AND SEBASTIAAN A. TERWIIN

o f ~y g if and only if 3n w(z. n) holds, and
o / ~¢ .1 g regardless of whether or not In w(z, n) holds.

Given such a procedure, the map z ~ (f, g) witnesses that {z:3n w(z. n)} <m
~y. It follows that ~, is Zg-hard. The additional f ~,;] g requirement is not
needed for the many-one reduction, but it is helpful for the proof of Lemma 6.5.

By the proof of Lemma 6.2, given z, n, and £ > 1, we can effectively produce
indices a2 and bZ* such that

o a:t ~y b if w(z.n) holds,
o a; ¢ by" if y(z.n) fails, and
o a;t ~y. b2t regardless of whether or not w(z. n) holds.

Now. given z, define f and g so that fn = a2 and gn = b>"*! for each n.

To see that f ~,, g. observe that fn = a>"*' ~,.» b>"*! = gn for every n.
Thus fn ~, gn forevery n,so f ~g,11 g.

Suppose that there is an ng such that w (z, ng) holds. We show that fn ~,, 1 gn for
every n. Therefore f* ~, .2 g.50 f ~, g.Fixn.If n < ng. then fn ~, 1 gn because
fn ~ni2 gnasabove,andn + 2 < ng + 1. Supposeinstead thatn > ny. Then yw (z, n)
holds because y(z. ng) holds and n > ng. Thus fn = a2 ~| b>"*! = gn. That is,
Sn~1gn. soalso fn~y 1 gn.

Finally, suppose that w(z, n) fails for every n. Then fn = aZ"*! £, b1 =
gn for every n. Thus also f 4,1 g for every n, so [ #, g. This completes the
proof. o

The following lemma helps us generalize Lemma 6.3 to the ~; relations for
all k > 1. In Lemmas 6.4 and 6.5 we distinguish between a computable bijective
encoding of pairs (-, )2: w X w — w and a computable bijective encoding of all
finite strings (-): ©<? — w.

LEMMA 6.4. For each n.m € w, let 6,, = (n.m),”0"(i.e., the string of length
n+ 1 with a,,,(0) = (n,m), and 6,,,(i) = 0 for all 0 < i < n). Given an index e for
a computable sequence (G, ;) nmew. we can effectively produce an f € K such that

o foum=anmforalln,m e w, and

o ft1if v is C-incomparable with a, , for alln,m € w.

ProOOF. The proof is similar to that of Theorem 5.7. Let g(i.e.c) be a total
computable function such that for all ;, e, g, and x,

q)g(i.e«o')(x) = (Di(e, O'AX).

Using the recursion theorem, let i be such that
®,(n.m) ifo=0,,.
®;(e,0) ~{g(i,e.0) ifo C o,,, for somen and m,

0 otherwise.

Let / be the function partially computed by ®;. Let ¢ be an index for the sequence
(@nm)nmew- s0 that ®,(n, m) = a,,, for all n and m.

Cram. For every e, o, and x, if 6 C 6, for some n and m, then h(e,g) - x ~
hie,c7x).
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Proor oF CLamm. If ¢ C 0,,,, then
hie.o) - x ~®;(e.o) - x ~gli.e.0) x =Dy, (x) > Dile.0”x) ~ h(e.o”x).
_|

Take f = h(e.e) = g(i.e.&), which is defined because g is total. By the Claim,
for each n and m we have that fa,,, ~ h(e, &) - 0,m =~ h(e,0nm) = P.(n.m) = a, .
Thus fo,,m = an, for all n and m.

Suppose that 7 is C-incomparable with a,,,, for all n» and m. Let ¢ C 7 be the
longest initial segment of 7 that is C-comparable with g, for some ny and m.
Then o C 6,ym,. but 677(|a|) = t[(Jg| 4 1) is C-incomparable with g, for all n
and m. By the Claim, we have that

folol+1) = f a7 t(|o]) = he.s) - z(|o]) = h(e.a"z(|o])).

However, /(e,c"1(|o]))1 because 6" (|o|) is E-incomparable with g, , for all n
and m. Therefore (f - 7[(|o| + 1))1. Thus f71 as well. Thus ft1 whenever 7 is
C-incomparable with g, , for all n and m. -

LEMMA 6.5. The relation ~.y; is Z(Z]kﬂ-hardfor every k > 0.

Proor. We induct on k>0 to show the following. Given a X, "

InVm y(z.n.m), where y is X3, . and a z, we can effectively produce indices
f.g € Ky such that

o [ ~,i g if and only if 3nVm y(z, n, m) holds, and

o f ~i1 g regardless of whether or not 3nVm y(z, n, m) holds.

formula

Given such a procedure, the map z — ( f, g) witnesses that {z : InVm w(z,n,m)}
<m ~ok- It follows that ~gy is 9, | -hard.

The base case k = 1 is by Lemma 6.3 and its proof. Thus suppose that k > 1, and
consider an arbitrary 29, , | formula InVm y(z. n.m). where y(z.n.m) is 23, . We
may assume that Vm w(z,n,m) — Vm w(z,n + 1, m) for every z and n by replacing
InVm w(z,n,m) by the equivalent (3n)(Ip < n)(¥m)w(z, p.m) and pushing the
bounded quantifier past the unbounded quantifiers.

Inductively assume that, given z, n, and m. we can effectively produce indices a;,,,
and b;, ,, such that

® dy o ~e(k1) Dr oy if and only if (2, n, m) holds, and

® Uy ~o(k-1)+1 b m regardless of whether or not y(z, n, m) holds.

Let 0, = (n,m);" 0" for each n,m € w as in Lemma 6.4. Now, given z, use
Lemma 6.4 to effectively produce indices f, g € K; so that

e fonm = a,,, and goym = by, foralln.m € w, and
e f77 and gt if 7 is C-incomparable with a,,,, for all n.m € w.

First, we show that f ~; 1 g. Consider any x, and decode x as x = (n, m).
Now consider any 7 of length n. If 7 = 0", then x~t = 7,,,, in which case

f X T = fo-n‘m =dym ~w(k-1)+1 b;zm =80nm =& X T.

If T # 0", then x" 7 is C-incomparable with g, ,,,» for alln’ and m’. so (f - x" 1)t and
(g - x~ 7)1, which means that /- x~7 ~ g - x"7 and hence that f - X7 ~, 1)1
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g - x"t. We therefore have that /- X7 ~_1)41 & - X7 for all 7 of length n. This
means that fx ~, 1)+,+1 &X and therefore that fx ~ur gx. So fx ~y gx for
every x. Thus f ~,ri1 .

Now suppose that there is an ny such that Vm w(z, ng. m) holds. In this case,
we show that f7 ~1) gt for every t of length ng+ 1. It then follows that
J ~e(k-1)1ny+1 & and hence that f/ ~x g. So consider a 7 of length ng + 1. If 7 is C-
incomparable with g, ,, for all n and m, then f71 and g1, s0 f7 >~ g7.80 f7 ~, 1)
g7. Suppose instead that g, ,, C 7 for somenand m. Thent = g,,,,”#n for some string
n of length £ >0. So fr=f-opm"n~a.,, n and gt =g -0,m"n by,
We know that a;,,, ~uk-1)+1 Djm- SO @5y - N ~ek-1) by - 11 because [ > 0. All
together, we therefore have that ft ~, ;) gr. Finally, suppose that 7 C g,
for some n and m. It must then be that no + 1 = |7]| < |opm| =n + 1, s0 np < n.
Therefore Vm w(z, n, m) holds because Vm y(z, ng, m) holds and ny < n. So,

fO'n,m = a);Jn ~o(k-1) b;tm = &0nm-

Thus there is an a < w(k — 1) such that f6,,; ~q g0um. Now consider any 7 of
lengthf = n —ng. If 5 = 0/, then 179 = G,,,,.50 f - 179 ~q g - T75. If  # 0%, then
77 is C-incomparable with g,/ for all n” and m’. so (f -t"n)t ~ (g -t"n)t.
Thus also - t7% ~q g-7715.S0 f - 1775 ~ g - 771 for every # of length £. This
means that f7 ~q ¢ gr. We have that o + £ < w(k — 1) because a < w(k — 1) and
w(k — 1) is a limit. Thus f7 ~ 1) 7.

Finally, suppose that Vm w(z, n, m) fails for every n. We show that /' . g. Given
n. let m be such that y (z. n. m) fails. and consider a,,,. Then f6,,, = a;,, *u@ 1)
brzz.m = 80nm- As |O-nAm| =n+l, this 1mphes that f 7(/w(k—l)+n+l g- So f 76w(k—1)+n+1
g for every n. Thus f i g.

Given z, we have effectively produced indices f and g such that

o f ~uk g if and only if InVm y(z, n, m) holds, and
o [~y g regardless of whether or not 3nVm w(z, n, m) holds.

This completes the induction step and therefore completes the proof. o

LEmMMA 6.6. The relation ~y 1 is Hgk+2—hardf0r every k.

Proor. For k = 0. this is given by Lemma 6.2. Let k > 0. and consider a 19, _,

formula Vn y(z. n). where y(z.n) is2, . By Lemma 6.5 and its proof. given z and
n, we can effectively produce indices a;.. b, € K; such that a; ~y b, if and only
if y(z,n) holds. Thus given z, we can effectively produce indices f,g € K; where
fn=a;and gn =b; foralln € w.

If Vi w(z, n) holds, then fn = a: ~y b = gn for every n. Thus f ~,1 g. On
the other hand, if nis such that y (z, n) fails, then fn = a2 %Ly b7 = gn.so f #eri1
g. Therefore the map z — (f, g) witnesses that {z : Vn w(z,n)} <m ~wkr1. Thus
~ok41 is 19, ,-hard. .

THEOREM 6.7.

0
2k+1

o The relation ~ ., is I,

o The relation ~y, is X -complete for every k > 0.
-complete for every k and every n > 0. o

Proor. It is straightforward to check that ~ is ng . 1-definable for every k > 0

and that ~g ., is Hgk o-definable for every k and every n > 0. See also Lemma 7.5
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below. The relation ~qy is X9, . 1-hard for every k > 0 by Lemma 6.5. The relation
~wk+1 18 sz p-hard for every k by Lemma 6.6. For n > 0, we have that ~ux, =m

~wk+1 by repeated applications of Lemma 6.1, 0 ~ 1, is also sz L o-hard for every
k and every n > 0.

§7. Hyperarithmetical complexity in ;. In this section, we continue working
with IC; and show that the complexity pattern described at the beginning of Section
6 extends to the whole hyperarithmetical hierarchy. To describe the pattern, we
introduce two functions F and G on the ordinals.

DeriNiTION 7.1, Define functions F and G on the ordinals by

F(0)=0.
Fla+d+1)=F(a)+1, if d < w and either o = 0 or « is a limit,
F(a )711m( (B)+1), if o is a limit.
G(0) =0,
Gla+2d+1)=Gla+2d)+1, if d < w and either a = 0 or « is a limit,
Gla+2d+2)=Gla+2d+1)+ if d < w and either o = 0 or « is a limit,
Ga ): G(B). if o is a limit.

Ultimately, we show that the ~,, relation is I1? -complete for every computable

1+F(a)

successor ordinal o > 1 and is ¢ -complete for every computable limit ordinal

14+F(a)
a. For ordinals a < w?, we calculate
1+ F(1) =2,

1+ F(w) =
1+F(a)+n)_4foreveryn>0

1+ F(w2) =

1+F(wk):2k+1foreveryk>0,
1+ F(wk +n) = 2k + 2 for every k and n > 0.

So Theorem 6.7 already gives the desired result for ordinals o < w?.

We collect some helpful facts about F' and G. First, it is easy to check that if
B < a.then F(B) < F(a) and G(B) < G(a). Second, the range of G consists of 0,
1. all limit ordinals, and all successors of limit ordinals. Third, F(G(a)) = « for
every ordinal a.

Lemma 7.2, The range of G consists of all ordinals of the form y and y + 1, where
y is either 0 or a limit ordinal.

ProoF. Clearly G(0) = 0 and G(1) = 1. A straightforward argument shows that
G (a) is a limit ordinal when « > 0 is even and that G («) is the successor of a limit
ordinal when « > 1 is odd.
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To see that the range of G contains all limit ordinals, suppose for a contradiction
that some limit ordinal is missing, and let y be the least limit ordinal not in the
range of G. First suppose that there is a maximum limit ordinal d < y, in which
case it must be that y =J 4+ w. As § < y, there is an « such that G(a) = 4. and
o must be even by the discussion above. Thus G(a +2) =J + @ =y, which is a
contradiction. Now suppose instead that there is no maximum limit ordinal 6 < y.
Then y = sup{d < y : J is a limit}. For each limit ordinal J < y, let a5 be such that
G(as) =46, and let o = sup{as : 6 < y is alimit}. Then G(a) = sup{G(ay) : 6 <
y is a limit} = y, which is again a contradiction. So the range of G contains all limit
ordinals.

Finally, consider y + 1, where y is a limit ordinal. The range of G contains all limit
ordinals, so there is an even ordinal o with G(a) = y. Then G(ao +1) = y + 1. So
the range of G contains all successors of limit ordinals as well. —1

Lemma 7.3. F(G(a)) = a for all ordinals .

PrROOF. Proceed by transfinite induction on «. Clearly F(G(0)) =0. Now
suppose that F(G(5)) =6 for alld < a.

We have two successor cases, depending on whether « is even or odd. First,
suppose that o = f + 2d + 1, where d < w and f is either 0 or a limit. Then
F(G(a))=F(G(f+2d+1))

= F(G(B+2d)+1) by the definition of G
=F(G(B+2d)) +1 by the definition of F, as G(B + 2d) is 0 or a limit
=pf+2d+1 by the induction hypothesis
=a.
Second, suppose that a = f + 2d + 2, where d < w and f is either 0 or a limit.
Then

F(G(a)) =F(G(p +2d+2))
=F(G(B+2d+1)+w) by the definition of G
= lim :F(G(,B $2d 4+ 1) +n)+ 1] by the definition of F
= lim :F(G(ﬂ +2d) +1+n)+ 1] by the definition of G
= }ll<mw :F(G(ﬁ +2d))+1+ 1] by the definition of F, as G(f + 2d)
is 0 or a limit
= }ll<mw :ﬂ +2d + 2] by the induction hypothesis
=p+2d+2
=a.

Finally, suppose that o is a limit. Then G () is a limit as well, and
F(G(a)) = lim (F(B)+1).
B<G(a)

If < G(a), then f < G(J) for some § < a because G(a) = lims., G(6). Then
F(B)+1< F(G(S))+1 =5+ 1 < a by the induction hypothesis and the fact that
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« is a limit. Thus F(B) + 1 < « for all f < G(a), so F(G(a)) < a. On the other
hand. if f < . then G(B) < G(a), so F(G(a)) > F(G(B))+1=B+1>p by
the induction hypothesis. Thus F (G (a)) > a. So F(G(a)) = a. .
0

14+F
)—deﬁnable when o is a computable

The next two lemmas show that ~, is II

0
1+F(a

(a)—deﬁnable when o > 1 is a
computable successor ordinal and is X
limit ordinal.

LemMmA 7.4. Let o > 1 be a computable ordinal.

o If ais even, then ~ ¢ 4 is E?+a-deﬁnable.
o If ais odd. then ~ g, is T\,  -definable.

ProoOF. By effective transfinite recursion on «, we uniformly produce a code for
a formula ¢ (u, v) with the following properties.

o If o is an even, then ¢ (u, v) is Z?+a.

. . 0
o If o is an odd, then ¢ (u.v) is 1},

e For all closed terms s and ¢, s ~Gla) ! if and only if ¢ (s. ).

For the base case oo = 1, we have that 1 is odd, that G(1) = 1, and that ~ is
defined by the fixed I19 formula ¢ (u, v) = Vx(ux ~ vx).

Suppose that o = f + 1 is a successor. There are two cases, depending on whether
f even or odd. The coding of computable ordinals allows us to distinguish between
the cases.

First, suppose that f is even. In this case, « is odd and G(a) = G(f+1) =
G(pB) + 1. By effective transfinite recursion, we can compute a (code for a) 2? 5
formula w(u.v) such that s ~gs t < w(s.7) for all closed terms s and 7. Let
o (u.v) be the H?+p+1 formula ¢ (u. v) = Vx w(ux.vx). Then s ~g(g)41 < @(s.1)
for all closed terms s and ¢. Thus ¢ (u, v) is the desired formula because o = 8 + 1
is odd and G(a) = G(B) + 1.

Second, suppose that f is odd. In this case, « is even and G(a) = G(f + 1) =
G(p) + w. By effective transfinite recursion, we can compute a (code for a) H‘l) 8
formula w(u.v) such that s ~gs) ¢ < w(s.1) for all closed terms s and ¢. From

the code for y, we can uniformly compute codes for H? p formulas v, (u.v).

where w, (1, v) = Vxq. ... Xp1 w(uxg - X,_1,vXg - X,_1) for each n < w. Note that
S ~Gpan 1S wu(s, 1) for all closed terms s and 7 and all n < w. We can then
compute a code for the 2?+/3+1 formula ¢ (u.v) =/, c,, wn(u.v). For closed terms
s and 7, ¢(s. ) holds if and only if w,(s, 7) holds for some n < w if and only if
s ~g(p)+n t for some n < w if and only if s ~¢(4);, . Thus @ (u, v) is the desired
formula because oo =  + 1 iseven and G(a) = G(B) + w.

Now suppose that « is a limit, and let fy < f; < --- be a computable sequence of
ordinals converging to oe. We may assume that each £, is odd by adding to 5, where
necessary. Note that o is even and that G (o) = lim,<,, G(f,) is a limit ordinal. By
effective transfinite recursion, for each n < w. we can uniformly compute (a code
for) a H(I)an formula w, (u.v) such that s ~gs,) < w,(s. 1) for all closed terms s
and 7. We can thus compute a code for the Xy formula ¢ (u.v) = \/,,, wa(u. v).
For closed terms s and ¢, (s, ¢) holds if and only if w, (s, ) holds for some n < w
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if and only if s ~g4,) ¢ for some n < w if and only if s ~g(,) . Thus @ (u. v) is the
desired formula. o

LEmMMA 7.5. Let a > 1 be a computable ordinal.
14 F (o deﬁnable
o [f o is a limit, then ~ is 21+F deﬁnable

o If o is a successor. then ~ is TI0

ProoOF. Suppose that « > 1 is a successor. Write o as a =y + 1 + d, where
y is either 0 or a limit and d < w. By Lemma 7.2, let f be such that
G(B) =7+ 1. Then B is odd, and ~g(g) = ~y41 is I, ,-definable by Lemma

7.4. Therefore ~g = ~, 144 IS deﬁnable by a IV

145
14p formula equivalent to
VX0, ey Xg1 (Uxg - Xg-1 ~yq1 VX0 -+ Xg41). Furthermore, F(a) = F(y +1+d) =

(y +1) = F(G(B)) = B. where the last equality is by Lemma 7.3. So ~, is

H1 +Fla deﬁnable

Suppose that « is a limit. By Lemma 7.2, let 8 be such that G(f) = a. Then
B is even, and ~g g = ~q is X7, y-definable by Lemma 7.4. We have that F (a) =

F(G(B)) = p by Lemma 7.3, 50 ~ is 21+F -definable. -

We now show that the ~, relations for computable o > 1 are hard for the
complexity classes indicated in Lemma 7.5. The main tool for handling computable
infinitary disjunctions is Lemma 7.7. Lemma 7.6 is a simpler version of Lemma 7.7
(and we think a more pleasing statement) that we prove first to illustrate the idea.

Using the recursion theorem, let e, € K be such that e, - x = e, for every x. This
e, remains fixed for the rest of this section. Notice that it is hereditarily total.

For the rest of this section, (-): w<* — w denotes a computable bijective encoding
of finite strings, and (-),: ®"” — @ denotes a uniformly computable sequence of
bijective encodings of n-tuples for each n > 0.

LEMMA 7.6. There is a total computable function f(a.b) such that for every
hereditarily total a and b in K| and every ordinal o, f(a,b) ~q e, if and only if
either a ~g e, or b ~, e,.

Proor. Let g(i, x, y) be a total computable function such that for all i, x, y, u.
and v,

(Dg(i,x.y)«u, v)2) =~ ®@; (xu, yv).

By padding, we may define g so that e, ¢ ran(g). Using the recursion theorem, let i
be such that

e ifx=e.0ory=e,,

;(x.y) =1 o
g(i.x.y) otherwise.

Note that @; is total because g is total. Also note that ®;(x, y) = e, if and only if
X = e, Or y = e, because ¢, ¢ ran(g). Let f be the function computed by ®;. This
£ is the desired function.

Cram. Consider any x, y, u, and v in K. If xu) and yv|, then f(x,y) - (u,v), =
f (xu. yo).
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ProoF OF CLamM. If x = e, or y = e,, then xu = e, or yv =e,. so f(x.y)-
(u,v)y = e, = f(xu, yv). If neither x nor y is e,. then

fep) - (uv)y=@i(x.p) - (u,v)s = g(i. x. p) - (. v)2 = Py (; ) (1, v)2)
= @; (xu. yv) = f (xu. yv). -

If x and y are hereditarily total, then sois f(x, y) because in this case, by repeated
application of the Claim,

S y) - (uo.vo)a - (Unt. vp1)2 = f(Xug -+ 1. Yoo -+ V1),

which is defined for every sequence (ug, v9)2, ... . (Uy_1, Vp1)2.

‘We show by transfinite induction on « that if « and b are hereditarily total elements
of K1, then f(a,b) ~, e, ifand only if a ~, e, or b ~ e,.

For the base case. first suppose that a ~g e,. Then f(a.b) = e..so f(a,b) ~q e..
Similarly, if b ~q e, then f(a,b) ~q e.. Conversely, suppose that a g e, and that
b %o e.. Then a # ey and b # eg. in which case f (a.b) # e,.. Thus f(a.b) g e,.

For the successor case, first suppose that a ~y. e,. Then au ~, e, - u = e,
for every u. For every (u,v),, both au and bv are hereditarily total because «
and b are. Thus by the induction hypothesis and the Claim, f(a,b) - (u.v); =
S (au, bv) ~, e, forevery (u,v),. Therefore f(a, b) ~q 1 ex. Similarly, if b ~q 1 ex.
then f(a.b) ~qy1 €.

Conversely, suppose that a %, e, and b 4, e,. Then there are uy and vy such
that aug #4 e, and bvgy 4, e.. Both auy and bvy are hereditarily total because a and
b are. Thus f(a,b) - (ug, vo)2 = f (auy. bvy) #4 e. by the induction hypothesis and
the Claim, so f(a.b) #qi1 €x.

For the limit case, suppose that « is a limit ordinal. Then f(a,b) ~, e, if and
only if there is a f# < a such that f(a.b) ~4 e.. By the induction hypothesis, this
holds if and only if there is a f < « such that either a ~g e, or b ~y e, which in
turn holds if and only if @ ~, e, or b ~, e,. -

LEmMMA 7.7. There is a computable procedure which, given an index for a computable
sequence ay, d, ... of hereditarily total indices in Ky, produces a hereditarily total index
w € Ky such that the following hold for every ordinal c.

o [fa, ~q e for somen, then w ~q1 11 €x.
o If ay o ex for every n, then w Ly ex.

Formally, there is a total computable function f(e) such that if ®,(n)l = a, is
hereditarily total for every n, then f (e) is the desired w.

ProoF. Let g(i,e. (xo..... X, 1)) be a total computable function such that
q)g(i,e,(xo,....x,,,w)(<an cees Z'lrFl)n) ja ®i(€, <X()u(), oo XU, D, (n)>) when n > 0,
q)g(i.e.s)(u) =~ q)i(ea <(De (O)>) when n = 0.

By padding, we may ensure that e, ¢ ran(g). Using the recursion theorem, let i be
such that

e, if x, = e, for some £ < n,

@; (e, (X0, s Xp 1)) = :

g(i,e, (xg.....x, 1)) otherwise.
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Note that ®; is total because g is total. Also note that ®; (e, (xg, ..., x, 1)) = e ifand
only if x; = e, for some £ < n because e, ¢ ran(g). Let / be the function computed
by (I)l' .

Cramv 1. Consider any n >0, (xg,.... X, 1), {Uo,... .Uy 1)n, and e. If (V€<
n)(xeusl) and ®,(n)|, then

h(e, (X0, oo s Xn 1)) * U0y vv sty 1) = h(e, (xoUtg, ..., Xp 1un 1, @e(n))).
Furthermore, if ®,(0)]. then for every u,
h(e.e)-u = h(e, (®.(0))).
Proor oF CLamm. Forn =0,
hle.e) u=®;(e.c) u=gliee)  u=y,,u) = ile. (©(0))) = hle. (@c(0))).
For n > 0, first suppose that x, = e, for some £ < n. Then also xyup = e, so

hie. (x0, oo Xn 1))+ (s ve s thn 1)n = Di(e, (X0, ey Xn 1)) = (Uos v s Uy 1)
=€ (Us ... Up_1)n
—e,
= ®;(e. (xoup. ... Xp_1tp1. D, (n)))
= h(e. (xouo, ..., Xy 1ty 1, Dc(n))).

Now suppose that x; # e, for all £ < n. Then

hie. (x0, ... Xp 1))+ (Ugsvv s ttn 1)n = Di(e, (X0, ..., Xn 1)) - (U, ..., tp 1 )0
=g(i, e, (X0, ... Xp 1)) - (Ugs ov s Un 1 )n

= (Dg(iA,e.,(xO,....,xn,l))(<u05 s un71>n)
= ®;(e. (xoup. ... Xpy_1tp1. D, (n)))
= h(e. (xoup, ..., Xp_1tn1, Dp(n))). 4

Using Claim 1, we show that if x, is hereditarily total for all £ < n and
®,(m) is defined and hereditarily total for all m > n, then h(e, (xo, ..., X, 1)) is
hereditarily total. To do this, we show by induction on r that for every vy, ..., v,_1,
h(e. (xo,....Xn 1)) - vo -+~ v, 1 is defined and of the form % (e, (yo. .... Ynir 1)), where
v hereditarily total for each £ < n + r. The base case r = 0 is trivial. Consider r + 1
and % (e, (xq,.... Xy 1)) - v -+ v,_1v,. By the induction hypothesis,

h(ee <X(]., eee s xl171>) U0 Upol = h(es <y07 '/yl’l+l’7]>)s

where y, is hereditarily total for each £ < n 4+ r. Decode v, via (), as v, =
(ug, ..., Upsr_1)n+r- Then

/’l(é’, <x0’ ,x;171>) TV U1V = h(e, <y0= >J/n+r71>) : <u0-, s un+r—1>n+r
= h(e, <yOMOs coos Votr-1Un4r—1, (De(n + }’)>)

https://doi.org/10.1017/js1.2021.50 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.50

ORDINAL ANALYSIS OF PARTIAL COMBINATORY ALGEBRAS 1177

by Claim 1, where y,u, is hereditarily total for each ¢ < n + r because y, is
hereditarily total for each £ < n + r, and @, (n + r) is defined and hereditarily total
by assumption.

Cramm 2. Let (xg, ..., x,1), e, and a be such that

o (V2 < n)(x, is hereditarily total),
o (Vm > n)(®.(m)] is hereditarily total), and
o (30 < n)(xp ~q ex).

Then A(e, (X0, ..., Xn 1)) ~a €x.

ProOF OF CrLAmM. Proceed by transfinite induction on «. Notice that if
(3¢ < n)(xg ~q ex), then n> 0. For the base case, consider (xo,...,x, 1). and
suppose that x;, ~g e, for some £ < n. Then x; = e, so h(e, (xg.....x, 1)) =
®; (e, (x0,...,Xn 1)) = ex. Thus h(e, (x0..... Xp 1)) ~0 €x.

For the successor case, consider (xo, ..., x, 1), and suppose that x; ~q; e, for
some ¢ < n. Forevery u = (u, ..., uy_1),, we have that x,u; ~ e.. Then by Claim 1,

hie, (x0,....xp 1)) -u = h(e, (X0, ... Xn 1)) (Uos v s Up1)n
= h(e. (xouo ..., Xp 1ty 1, De(n))).

Thus by the induction hypothesis, we have that 4 (e, (xouo, ..., Xy 1Un 1. @ (1)) ~q
e.. Therefore hie, (xp, ..., X, 1)) - U ~q ex foreveryu, soh(e, (Xo, ... Xu 1)) ~at1 €x.

For the limit case, suppose that « is a limit, consider (x. ....x,_1). and suppose
that x, ~, e, for some £ < n. Then x; ~4 e, for some f < o.. By the induction
hypothesis, (e, (xo. ... x,1)) ~p e, as well, so h(e, (xq. ... X, 1)) ~q €. -

Cram 3. Let (xg. ..., X, 1), e, and a be such that

o (V2 < n)(xy is hereditarily total and x; £, ex), and

o (Vm = n)(®.(m)] is hereditarily total and @, (m) £, ex).
Then K(e, (X0, ... Xu 1)) Fa €x.

ProoF OF CLamM. Proceed by transfinite induction on «. For the base case, con-
sider (xo, ..., X, 1). Suppose that (V£ < n)(x; %o es) and that (Vm > n)(®,(m) %
e.). Then (V€ < n)(x; # e,). so

hie. (x0,....xp 1)) = @;i(e, (X0, ... Xu 1)) = gli, e, (X0, v Xn 1)) # €4,

because e, ¢ ran(g). Thus A(e, (xo, ..., xn 1)) 7o €.

For the successor case, consider (x, ..., X, 1). Suppose that (V€ < 1n)(xy 7%ai1 €x)
and that (Vm > n)(®,(m) 4.1 ex). If n =0, then (xo, ..., x, 1) = ¢. In this case,
for any u we have that (e, ¢) - u = h(e, (®,(0))) #4 e, by Claim 1, the assump-
tion that ®,(0) %441 e, and hence ®,.(0) £, e,, and the induction hypothesis.
Therefore h(e, &) #qt1 e.. Now assume that n > 0. For each £ < ., let u, be such
that xpuy #4 e.. Then by Claim 1,

hie. (x0,..c. Xn 1)) - (U0 oo tty 1)n = h(e, (xXouto, ..., Xp 1tn 1, Pc(n))).

and the sequence (Yo.....Vn 1,Vn) = (XoUo, ..., Xn 1tn 1, P, (n)) satisfies (V€<
n+1)(ye #e ex) and (Vm = n + 1)(®,(m) L4 ex). Thus h(e, (xoug, ..., Xp 1ty 1.
®,(n))) #4 ex by the induction hypothesis. Therefore #h(e, (xg,.... X, 1)) "
<u0> cees un—l>n 7éa €y, SO h(& <X0, cees xn—l>) 7Z/a+1 €x.
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For the limit case, suppose that « is a limit, and consider (xy. ..., x,_1). Suppose
that (V€ < n)(x; %4 e.) and that (Vm > n)(®.(m) +, e,). Then for every < a.
it is also the case that (V£ < n)(x; #4p e.) and that (Vm = n)(®.(m) g ey).
Therefore h(e. (xq. .... xn1)) %5 e for all f < a by the induction hypothesis. Thus
h(e. (X0, ..., Xn 1)) Fa €. —¢

Now define f by f(e) = h(e.¢). This is our desired f. Suppose that ®,(n)| = a,
is hereditarily total for every n. Let w = f(e). Then w is hereditarily total by the
discussion following Claim 1. To finish the proof of the lemma, we must show the
following for every ordinal a.

o If a; ~q es for some n, then w ~q 11 €.
o If a,, £, e for every n, then w 4y ex.

First suppose that a, ~, e, for some n and «. Consider any vy, ..., v,, and for
each 1 < ¢ < n, decode v, via (-); as vy = (ué, ufﬁlﬂ. By repeated applications of

Claim 1,
wuUIvaV3 - vy = f(€) - vov Va3 - vy
= hle, &) - vov1v2V3 -
_ 2 .2 3 3 .3 n n
=h(e.e)-vo- (u > <”0=”1>2 uy uq uz)3 e (UG e Uy )
= he. (ao >) (o) - (ug.ui)s - (g w3 13)3 -+ (U oo UL )
= h(e. (aouy. ar)) - (ug.ui)a - (ug 7. 13)3 -+ (U ...l 1)
= h(e. (apubu?. ayu}, a2)) - (ud. ud, u3)s - (ull ... u" )y
= h(e. (apujuduy -+ ufl, ayuiu; - ull, ayuz - uy, ..., apu . a,)).
Let x; denote aguf“uf” -uy for each £ < n (with x,, = a,). so that we may write
wugv V3 -+ vy = hle, (Xo, ..., Xp)).

Each x; is hereditarily total because each a, is hereditarily total. We assumed that
Xp = Ay ~q €. 50 h(e. (xg,....,X,)) ~q e, by Claim 2. The initial vy, ..., v, were
arbitrary, so we have shown that wuvg - v, ~, e, for every vy, ...,v,. Therefore
W ~ginil €x. as desired.

Finally, suppose that a, %, e, for every n. Then w = f(e) = h(e.&) ~q4 e by
Claim 3. This completes the proof of the lemma. .

LemMA 7.8. Let ¢(z) be a computable X0 formula for a computable o > 1. There is
a computable procedure which, for every z, produces a hereditarily total index p. € K,
satisfying the following conditions.

o If o is even and (z) holds, then p- ~G(a) Ex-
o If o is even and —p(z) holds, then p, % e..

o If a is odd and ~p(z) holds. then p: ~gy) €x.
o If o is odd and ¢ (z) holds, then p, # ex.

PrOOF. We produce p. by effective transfinite recursion on @ > 1. The £Y formula
©(z) is indexed as c.e. disjunction
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0(z)=\/3n yi(z.n),

lew

where each y(z. n) is a computable IT} formula for some f; < a.

For the base case a = 1, for every z we want a hereditarily total p. such that
p- ~1 e, if ~p(z) holds and p. # e, if p(z) holds. In this case, ¢ (z) is a computable
2! formula, so each y, is given by an index e, where ®,,(z.n) computes the
characteristic function of w,(z, n). Using the recursion theorem, fix a c, # e, such
that c.x = ¢, for every x, and notice that ¢, % e,. Given z, compute an index p. so
that for every coded pair (£, n),,

e if®,,(z.n) =1,

z* ‘es - .
pe- () e, if®,(z.n)=0.

Note that p. is hereditarily total because it always outputs either c, or e, both of
which are hereditarily total. If —¢(z) holds, then —y,(z, n) holds for every £ and
n,so p. - {€,n), = e, for every (£,n);. Thus p. ~1 e.. If p(z) holds, then w,(z.n)
holds for some ¢ and n, in which case p. - (£, n), = c.. Therefore p. % e, because
Cy ey

Now suppose that a > 1 is even. For each £, we may assume that f, is odd by
adding 1 to ff; as necessary, and we can uniformly effectively compute an index for a
computable 2%[ formula equivalent to =y, (z, n). By effective transfinite recursion,
for each z. £, n € w. we can uniformly compute a hereditarily total index ¢;, € K;
such that

o if y;(z. n) holds, then ¢, ~¢p,) ex: and
o if (2. n) holds. then ¢j , % e..

Given z, let p. be the w provided by Lemma 7.7 for the computable sequence
(47, : £.n € ). Then p. is hereditarily total. If ¢(z) holds, then w;(z.n) holds
for some £ and n. In this case. q;, ~(g,) €x- 80 Pz ~G(p)+ew € = +2d +2
for =0 or B a limit, then B, < B +2d + 1,50 G(B) +ow < G(f+2d +1)+
® = G(a). Therefore p. ~g(,) €.. as desired. If o is a limit, then f; + 1 < . so
G(fe+1) = G(fe) + @ < G(a). So again p. ~g(,) €. as desired. If —p(z) holds.
then —,(z, n) holds for every £ and n. In this case, q;, # ex for every £ and n, so
p- % e, as desired.

Finally, suppose that & > 1 is odd and that o = f§ + 2d + 1 for either f = 0 or
a limit. For each £, we may assume that £, is even by adding 1 to S, as necessary, and
again we can uniformly effectively compute an index for a computable Z%g formula
equivalent to =y, (z, n). By effective transfinite recursion, for each z.£,n € w. we
can uniformly compute a hereditarily total index ¢;, such that

o if ~yy(z. n) holds. then ¢, ~¢(g,) €x: and

o if yy(z.n) holds, then g7, # ex.
Define p. sothat p. - (€.n), = gj,, forevery coded pair (£, n),. Then p. is hereditarily
total because every ¢;, is hereditarily total. If —p(z) holds, then =y, (z,n) holds

for every £ and n. In this case, p. - (€.n)2 = qj,, ~¢(p,) e« for every (£, n),. For each
£, ,Bg < ﬁ + 2d, so G(ﬁg) < G(ﬂ +2d) Thus Pz <€,}’l>2 ~G(fr2d) €x for all <€,I’l>2.
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Thus p. ~G(g:24)41 €x- We have that G(a) = G(f +2d +1) = G(f+2d) + 1. s0
P: ~G(a) € as desired. On the other hand. if ¢(z) holds. then w,(z.n) holds for
some £ and n. In this case. p. - (£.n), = q;, # €. 50 p. # e,. as desired. 4

LemmA 7.9. Let a > 1 be a computable ordinal.

o If aiis even. then ~g 4 is ¥0 -hard.
o If ais odd, then ~ gy is 10 -hard.

ProoF. Let @ > 1 be a computable ordinal.

Suppose that « is even and that ¢(z) is a computable X0 formula. Let z — p.
be the computable map of Lemma 7.8 for ¢(z). Then the map z — (p..e,) is a
many-one reduction witnessing that {z : ¢(z)} <m ~g(a)- Thus ~g(,) is 3 -hard.

Suppose that « is odd and that w(z) is a computable 1% formula. Let ¢(z) be
a computable ¥ formula equivalent to —w(z), and let z — p. be the computable
map of Lemma 7.8 for ¢(z). Then the map z — (p., e,) is a many-one reduction
witnessing that {z : y/(2)} <m ~g(a)- Thus ~g(y) is TI)-hard. .

Lemma 7.10. Let o > 1 be a computable ordinal.

. . N ~ . 0 _
o If o is a successor, then ~q is H1+F(a) hard.

. . . . 0
o If o is a limit, then ~, is ZHF(Q)—hard.

Proor. For the ordinals below w?:

1 4 F(wk) = 2k + 1 for every k > 0,
1 + F(wk +n) = 2k + 2 for every k and n > 0.

Thus the desired result is given by Theorem 6.7.

Suppose that o > w? is a computable ordinal. Then F(a) > w.so 1 + F(a) =
F(a). Thus it suffices to show that ~, is H?, (a>-hard when « is a successor and that
~og 1S Zg(a)-hard when « is a limit.

First suppose that « is a successor, and write « asa = y + 1 + d, where y is a limit
and d < w. By Lemma 7.2, let f be such that G(8) =y + 1. Then f is odd, and
~G(p) = el 18 H%—hard by Lemma 7.9. Furthermore, F(a) = F(y +1+d) =

F(y+1)=F(G(B)) = B. where the last equality is by Lemma 7.3. Thus ~,,
is H%(Q)-hard. We have that ~, = ~, 144 =m ~,41 by repeated applications of
Lemma 6.1, s0 ~y is H?,(a)-hard.

Now suppose that « is a limit. By Lemma 7.2, let 8 be such that G(f) = a.
Then f is even. and ~g(g) = ~q is 2%-hard by Lemma 7.9. We have that F (o) =
F(G(p)) = B by Lemma 7.3, s0 ~ is E‘;w-hard. This completes the proof. =

THEOREM 7.11. Let o > 1 be a computable ordinal.

0
1+F ()

-complete.

o [f o is a successor, then ~, is I1

0
1+F ()

-complete.

o If ais a limit, then ~ is X

Proor. By Lemmas 7.5 and 7.10. o
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§8. Embeddings and sub-pca’s. In order to clarify the relation between the
relativized pca’s K{ and K, we consider the following notion of embedding between
pca’s.

DEermiTION 8.1. For pca’s A and B, we call A a sub-pca of B if A C B and the
application of A is the restriction of the application of 5 to A. We say that an
injective mapping F : A — B is an embedding’ if, for all a, b, ¢ € A,

(@ ub)l=c = (Fla)pF (b)) =F(c).
(@a-ab)t = (Fla) s F(®)T

Some authors additionally require that if A is to be a sub-pca of 5, then .4 must
contain elements K and S satisfying Definition 2.1 for both A and B. Likewise, some
authors require that an embedding of one pca into another must also preserve some
choice of K and S. These extra requirements are not necessary for our purposes.

If X and Y are different subsets of w, then ICf( is not a sub-pca of ICIY . as although
the underlying set is w for both pca’s, the application operations are different.
Similarly, we view plain Turing machines and oracle Turing machines as formally
different mathematical objects with different encodings as natural numbers. Thus
KCy is not a sub-pca of K{f for any X C w because again the application operation is
different in both pca’s, even when, for example, X = (). However, K embeds into
K via a computable embedding whenever X <t Y. In fact, K embeds into K}
if and only if X <t Y (cf. Theorem 8.4 below). Likewise, K; embeds into IC{( via a
computable embedding for every X.

PROPOSITION 8.2. For every X, Y C w. if X <1 Y. then K{f embeds into K via a
computable embedding. Likewise, Ky embeds into K{ via a computable embedding for
every X C w.

PrOOF. Let X <r Y. We show that K{ embeds into K[ via a computable
embedding. Let S/ (e, y) be the injective computable function given by the relativized
S-m-n theorem (see [22, Theorem I11.1.5]), where for every e, y.z € w and every
ACw

A ~ b4
q)Sll(e.y)(Z) - (De (.VvZ)'

We define an injective computable mapping F : «w — w so that for all a. b, c:
(a K b)l=c = (F(a))cly F(b))| = F(c)
and

(@Dt = (Fla)y FO)T

3Tt should be noted that this notion of embedding differs from the existence of an applicative morphism
that is used in van Oosten [18]. van Oosten generalizes the notion of relativized computation to pca’s
by constructing a relativized pca A[f]. and shows that there is an applicative morphism of A into
Al f]. which roughly means that computations of .4 can be simulated in A[ f]. In particular there is an
applicative morphism of KC; into IC;[X] = ICIY for every X. This means that there is a code e such that
foralln,m, k € w, ®,(m)|] = k if and only if ®X (n, m)]. = k. However, Proposition 8.2 does not follow
from this. Also, A is not a sub-pca of A[ f]. as the universe is the same in both cases, but application is
different.
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Using the recursion theorem and the fact that computations relative to X can be
uniformly simulated by computations relative to Y, we can define an index e such
that

Sl(e.®¥ (b)) ifIb(S](e.b) =x ADX(b))).

T otherwise.

O (a.x) ~ {

Define Fby F(a) = S 11 (e.a). Note that F is injective and computable because Sl1 is
injective and computable.
For every a and b, we have that

F(a) ey F(b) = ®f, (F(b) = ®Fy (S} (e.0)) = ®Y (a. S} (e.b))

_]Sile.@f (b)) if ®F (D).
N otherwise

_[F@Fe) iroX o).
0 otherwise.

Therefore, if (a X b)} = c, this means that ®X ()| = ¢, in which case (F (a) Ky
F(b))| = F(c). Conversely, if (a X b)?1. this means that ®X (b)1, in which case
(F(a) Ky F(b))1 as well. So F is the desired embedding.

Embedding K; into K{ via a computable embedding can be done sim-
ilarly because oracle Turing machines can uniformly simulate plain Turing
machines. o

For an element ¢ of a pca A and an n € w, let a” = a - a --- a denote the n-fold
application of a to itself. When n = 0, we take ¢ to be the element I = SKK of A,
which represents the identity function.

LEMMA8.3. Let F: K{¥ — KY beanembedding of K into KY for some X, Y C w.
Then there is anindex e € K{ such that Fis determined by F (e) and F (0). Specifically.
there is an index e such that F (n) = F(e)" Ky F(0) for every n.

PrROOF. We show that there is an index e € K{f such that n = e - KX 0 for every
n. It follows that F(n) = F(e)" Ky F(0) for every n because F is an embedding.

Again we make use of the function S| (e, y) from the relativized S-m-n theorem.
By padding. we may assume that 0 is not in the range of S|. By the recursion
theorem, let d be an index such that

Sll(d,n+1) if x >0,
n if x =0,

@5 (n.x) = {

and define f(n) = S (d.n). Then

1) ifx>0
X _ f(n+ .
7o) {n ifx =0,

https://doi.org/10.1017/js1.2021.50 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.50

ORDINAL ANALYSIS OF PARTIAL COMBINATORY ALGEBRAS 1183

for every n and x. Let e = f (1), and note that e # 0. By induction we have that
e" = f(n) for every n > 1. For n = 1 this is by the definition of e, and then e"*! =
e"-e= f(n) -e= f(n+1) by the induction hypothesis and (5). Hence ¢” - 0 = n
for every n. This is by definition when n = 0, and it is because ¢” - 0 = f(n) -0 =n
by (5) when n > 0. -

THEOREM 8.4. Let X. Y C w. Then K embeds into K\ if and only if X <t Y. in
which case K embeds into KY via a computable embedding.

PrOOF. Let X, Y C w. If X <1 Y, then K{' embeds into K via a computable
embedding by Proposition §.2.

Conversely. suppose that K embeds into K[, and let F be an embedding. Let
e € K{ be as in Lemma 8.3, so that F (n) = F(e)" Ky F(0) for every n. Write a =

F(e)and b = F(0). Notice then that F <t Y via the computation n — a” Ky b.
The characteristic function of X is X-computable, so there is an index ¢ € ICf(

such that for every n,

0 ifné¢ X,

Cyex N =
K 1 ifne X
By applying F. we obtain an index d = F(c) in K} such that for every n,

F(0) ifn¢ X,
F() ifnex.

It follows that X <t Y because F <71 Y. -

d',CIY F(l’l) =

We now show that, forevery X' C w. K embedsinto K, in a way that preserves ~q
forevery ordinal @. An embedding F': A — Bofapca.4intoapca 5 extends to map
from the closed terms over A to the closed terms over BB by setting F (st) = F(s)F(¢)
for all closed terms s and 7 of A. We define an embedding F: K — K5 so that for
every ordinal o and all closed terms s and 7 of K{, s ~o ¢ in K}¥ if and only if
F(s) ~q F(2) in K.

THEOREM 8.5. For every X C w. there is an X-computable embedding F : K¥ —
KCa such that for all ordinals o and all closed terms s and t of K{¥ . s ~q t in Ki¥ if and
only if F(s) ~q F(t) in Ky. The analogous statement with Ky in place of K{¥ holds as
well.

ProoF. We define an X-computable sequence (f, : n € @) of elements of K,
with (n) C f, for each n such that for all a, b, ¢ € ICf(:
anrb=c = Yg3b) (fur,g= /o).
(@ x bt = Vg 30b) (fux, g
It follows that the map F (a) = f, embeds IC{‘ into KC; because [, 3 (b) for every b.
It suffices to think of an element of K, as a code for a total map w<® — <%,
where if o9 — 79, 01 — 71, and g9 C o1, then also 7y C 7. If f codes such a map,

then f -x, g = h if for every n there are a ¢ C g and a t T / with |z| > n such that
o — 7. If there is no such A for a given g. then (f -k, g)1. In the same way. finite
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strings are thought of as coding finite partial maps on strings. The only necessary
detail from the encoding of &, from [13, Section 3.2.1] we need is that if we assume
0 codes the empty string ¢, then the partial map coded by (n) is empty for every n.

We define an X-computable sequence of finite strings (/. : #, s € w) so that for
eachn, (n) = fo0C fu1 C fu2 © . Intheend. f, = U, fs is the desired f',
for each n. Start with f, o0 = (n) for each n. At stage s + 1, consider each ¢ < s and
each string 7 with code < s that is not yet in the domain of the partial map coded
by fas. If there are b, ¢ < s with © 3 (b) and @] (b)] = c. then extend [, so as
tomap 7 to f,,. Otherwise, extend f, ; so as to map 7 to ¢. Let f, 11 be the result
of these extensions. Also, let f, .1 = f,, foralln > s.

Suppose that a K b =c,andlets > a, b, c be large enough so that @f{s(b) =c.

Then at every stage t + 1 > s, f,, is extended to map 7 to f,., whenever 7 J (b),
7 < t, and 7 is not already in the domain of the partial map coded by f',,. Therefore
fax,8=fcforallg J(b).

Conversely, suppose that (a - KX b)?1. Then for every s. f,, maps T to ¢ whenever
7 J (b) is in the domain of the partial function coded by /. Thus (/4 -k, g)1 for
allg 3 (b).

We now show that the embedding F preserves ~,. First, we have that for every
closed term ¢ over K} and every b, ¢ € ICf( :

tpxb=c = Vegd(b) (F(t) -k, g = F(c)).
(1 KX bt = Vg 3(b) (F(1) x, )T

This is because if ¢| = a then F(¢)] = F(a). so the implications for ¢ follow from
the corresponding implications for a. On the other hand., if 71, then F(z)1 as well,
from which the implications follow. Therefore, if ¢ is a closed term over IC]X and
g € K. then F(1) -x, g ~o F(t) -k, F(b), where b = g(0).

Now proceed by transfinite induction on «. For the base case. we have that s ~q ¢
in K{ if and only if F(s) ~¢ F () in K, for all closed terms s and ¢ of K{' because
F is an embedding.

For the successor case, assume that s ~, ¢ in ICf( if and only if F(s) ~, F(2)
in K, for all closed terms s and ¢ of K. Now consider two closed terms s and
t of Ki'. Suppose that s ~q.1 7 in K. We want to show that F(s) ~a11 F(¢) in
K>. Let g € K,. and let b = g(0). Then sb ~, th because s ~q41 ¢, so therefore
F(sb) ~q F(th). Thus,

F(s) -k, & ~0 F(s) -, F(b) ~o F(sb) ~q F(th) ~o F(1) -xc, F(b) ~o F(t) x, &-
Thus F(s) -k, & ~a F(t) -k, g for every g € K3, 50 F(s) ~aq1 F(t). Conversely.
suppose that s %41 ¢ in Ki'. Then there is a b € K such that sb 4, tb. Then
F(sb) +4 F(tb) by the induction hypothesis, so

F(s) i, F(b) ~o F(sb) ot F(th) ~o F(t) -xc, F ().

Thus F(s) #as1 F(2).
The limit case follows easily from the inductive hypothesis, which completes the
proof.
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The proof for K; in place of K{f is the same, with plain Turing machines in place
of oracle Turing machines. -

DerNITION 8.6. For a pca A and closed terms s and ¢ over A4, let

the least ordinal o such that s ~, ¢t if s ~ ¢,

ordals. 1) = :oo its %1

Here oo is a new symbol, and we define « < oo for every ordinal «. Notice that
ord(A) = sup{ord 4(s. 7) : s and 7 are closed terms over A with ord 4(s,7) < oo},

by the discussion following Definition 3.6. Furthermore, if A is not extensional,
then

ord(A) = sup{ord 4(a.b) : a,b € ANordy(a,b) < oo}.

If A is a sub-pca of B, then ord(A) < ord(B). provided that ords(s.?) < co
whenever s and ¢ are closed terms over A with ord 4 (s, #) < oo.

ProPOSITION 8.7. Let A and B be pca’s with A a sub-pca of B.

(i) For all closed terms s and t over A, ord 4(s. t) < ordg(s. ).
(i) Iford4(s.t) < oo = ordg(s.t) < oo for all closed terms s and t over A, then
ord(A) < ord(B).
(iii) If A and B are non-extensional and ord 4(a.b) < oo = ordg(a,b) < co for
all a,b € A, then ord(A) < ord(B).

Proor. For i, a straightforward transfinite induction on « shows that for all
ordinals « and all closed terms s and ¢ over A, if s ~, ¢ in B, then s ~, ¢ in A.
Thus for any fixed closed terms s and ¢ over A, either ordgs (s, ) = oo, in which case
i trivially holds; or ords(s. ) < oo, in which case s ~ordg(s.) ¢ 10 both A and B, so
ord 4 (s, ) < ordg(s. t).

For ii, assume that ord 4 (s, ) < co = ordp(s, t) < oo for all closed terms s and
t over A. Then by i:

ord(A) = sup{ord 4(s. 7) : s and ¢ are closed terms over A with ord 4(s,7) < oo}
sup{ords(s. ) : s and 7 are closed terms over A with ords(s, 1) < oo}

<
< sup{ordp(s,7) : s and ¢ are closed terms over B with ordg(s, 1) < oo}
ord(B).

For iii, if A and B are non-extensional, then we can give the same argument as in
i1 but with elements of the algebras in place of more general closed terms. —

§9. Ordinal analysis of /C,. In this section we use the results of Section 8 to prove
that the closure ordinal of Kleene’s second model K, is equal to w;.

THEOREM 9.1. ord(K,) = w.

ProOOF. The proof that ord(K,) < w; follows the proof of Theorem 5.4. Let Q
denote the set of closed terms over K5, coded as elements of w® in some effective
way. Notice that s ~ ¢ is an arithmetical property of (the codes for) s and 7.

https://doi.org/10.1017/js1.2021.50 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.50

1186 PAUL SHAFER AND SEBASTIAAN A. TERWIJN
Consider the operator I': P(Q x Q) — P(Q x Q) defined by
LX) ={(s.1) e Qx Q:Vx € K, (sx.1x) € X}.
Define I',, for every ordinal o by

Lo ={(s.1) 15 ~1}.

Fov1 = F(Fa)a
I, = U Is. for y a limit ordinal.
a<y

Then for closed terms s and ¢, s ~, ¢ if and only if (s,7) € [,.

We observe that the operator I' is IT} and monotone. Since X is now a subset of
w®, this has to be understood in terms of Kleene’s recursion in higher types. The
predicate (sx, 7x) € X is indeed recursive in X, as it requires only one oracle query
to X. The closure ordinal for I} monotone operators such as I' is at most w; by
Cenzer [7, Theorem 4.1] (see also [21, Corollary 111.8.10]), so ord(K,) < w;.

One may show that w; < ord(K;) by constructing for each o < w elements [,
and g, of K, such that f, 4, g, and f ~o11 go In a similar spirit to the proof of
Theorem 5.1. At successor stages, take fo11 = Kf, and g, 1 = Kg, as before. At
limit stages, choose a sequence of ordinals ) < f; < f» < -+ witha = lim,, §,,, and
directly define f, and g, so that f, -h = fﬂh(()) and g, - h = 8o for all 1 € K».
Instead, we use the embeddings of IC{‘ into K, for X C w toshow that w; < ord(K,).
Thus consider any X C w and the embedding F : K — K of Theorem 8.5. Identify
K with its image under F in order to view K{' as a sub-pca of K. Then Theorem
8.5 tells us that for all ordinals « and all closed terms s and 7 over K, s ~ 7 in K
if and only if s ~, 7 in k5. In particular, ord,q( (s.1) < 00 = ord, (s. 1) < oo for

all closed terms s and 7 over K{. Therefore ord(K{) < ord(K,) by Proposition 8.7.
Furthermore, ord(K{') = w{ by Theorem 5.5 relativized to X. Thus o < ord(K,)
for every X. Now the supremum of the w{ is w., because every a < w; is X-
computable for some X, hence w1 < ord(K5). -

Consider any /" and g in K,, and let I" be as in the proof of Theorem 9.1. By
Cenzer [7, Proposition 4.9] (see also [21, Theorem 111.8.9]). if (f.g) € T, for some
a. then (f.g) € Ty, for an a < w/ ®¢ Thatis. if / ~ g in K,, then f ~ ror g 1t

1

would be interesting to give a fine analysis of the ~,, relations for o < w; on KC,, but
we do not pursue this direction here.

We conclude this section with a remark about the effective version of ;. This
version is called ICEPf in Longley and Norman [13], and it is obtained by restricting /C,
to total computable elements f € w®. This is again a pca because the combinators
K and S in K, are computable.

TreEOREM 9.2. ord(KST) = oK.

ProoF. Using (", we can index the total computable functions and partially com-
pute the partial application operation of KST. Therefore ord(KST) < w?// = o
where the inequality is by Theorem 5.8 and the equality is by [21, Corollary 11.7.4].
The reverse inequality o < ord(K$T) can be proved in the same way as Theorem

9.1. The embedding F: K; — K, of Theorem 8.5 produces computable elements

s
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of IC,. Thus F embeds K; into ICSff . By inspecting the proof of Theorem 8.5, we see
that again for all ordinals « and all closed terms s and ¢ of K, s ~, ¢ in K if and
only if F(s) ~q F(t) in K. The proof now proceeds as in that of Theorem 9.1,
and we conclude that o = ord(K;) < ord(KST). .
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