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Abstract In his work on modularity of elliptic curves and Fermat’s last theorem, A. Wiles introduced
two measures of congruences between Galois representations and between modular forms. One measure
is related to the order of a Selmer group associated to a newform f € S2(I'o(IN)) (and closely linked to
deformations of the Galois representation py associated to f), whilst the other measure is related to the
congruence module associated to f (and is closely linked to Hecke rings and congruences between f and
other newforms in S2(I'g(IV))). The equality of these two measures led to isomorphisms R =T between
deformation rings and Hecke rings (via a numerical criterion for isomorphisms that Wiles proved) and
showed these rings to be complete intersections.

We continue our study begun in [BKM21] of the Wiles defect of deformation rings and Hecke rings
(at a newform f) acting on the cohomology of Shimura curves over Q: It is defined to be the difference
between these two measures of congruences. The Wiles defect thus arises from the failure of the Wiles
numerical criterion at an augmentation Ay : T — O. In situations we study here, the Taylor-Wiles—Kisin
patching method gives an isomorphism R = T without the rings being complete intersections. Using novel
arguments in commutative algebra and patching, we generalize significantly and give different proofs of
the results in [BKM21] that compute the Wiles defect at Ay : R =T — O, and explain in an a priori
manner why the answer in [BKM21] is a sum of local defects. As a curious application of our work we
give a new and more robust approach to the result of Ribet—Takahashi that computes change of degrees
of optimal parametrizations of elliptic curves over Q by Shimura curves as we vary the Shimura curve.
The results we prove are not attainable using only the methods of Ribet—Takahashi.
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1. Introduction

In the work on modularity of elliptic curves, Wiles pioneered methods to prove R=T
theorems where R is a deformation ring and T a Hecke algebra, thus proving an
equality of moduli spaces of Galois representations to pro-p Artinian rings arising from
modular forms with the a priori larger moduli space of corresponding abstract Galois
representations, both with certain prescribed local (ramification) behavior.

The injectivity of the a priori surjective map R — T was proven by using two different
types of criteria/methods:

(i) the numerical criterion of [Wil95, Proposition 2 of Appendix];
(ii) the patching method of [TW95].

In [TW95], the local conditions imposed on the deformations were smooth. Kisin [Kis09]
later generalized the patching method to allow local conditions on the deformations that
were not necessarily smooth. The generic fiber of the local deformation rings in question
was smooth and Kisin proved a R[1/p] = T[1/p] theorem, thus proving a coarser equality
of moduli spaces of p-adic Galois representations arising from modular forms with the
a priori larger moduli space of corresponding abstract Galois representations, both with
certain prescribed local behavior. When the local conditions are Cohen-Macaulay, one
sees a posteriori that R has no p-torsion (see [KW09, paragraph before Corollary 4.7],
[Snol8, §5] or [BKM21, Theorem 6.3] for instance) and thus as T is also torsion-free one
can promote an R[1/p] = T[1/p] theorem to an integral R =T theorem, without the rings
in question turning out to be complete intersections.

Wiles used his numerical criterion for maps between rings to be isomorphisms of
complete intersections to deduce R = T theorems in the nonminimal case from R =T the-
orems in the minimal case (see [Wil95, Theorem 2.17 of §2]). The minimal case was proved
via the patching method of [TW95]. The numerical criterion has been used subsequently
in [Kha03] to prove R =T theorems without any reliance on patching. The numerical
criterion of Wiles has not as yet been generalized to give a criterion for maps between
rings to be an isomorphism when the rings are known to not be complete intersections.
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The work of this paper, like that of the previous paper [BKM21] of this series, arises
when considering situations when we have R = T theorems proved by patching, but R
and T fail to be complete intersections. In [BKM21] and the present paper, we seek to
study the failure (quantified in a numerical quantity called the Wiles defect introduced in
[TU22], see also [BKM21, Definition 3.10]) of the numerical criterion for being a complete
intersection locally at an augmentation Ay : T — O induced by a newform f. The term
defect is justified since, as we shall explain in Proposition 3.28, for a complete Noetherian
O-algebra R with an augmentation A: R — O, the Wiles defect d5(R) vanishes if and
only if R is a complete intersection ring.

In [BKM21] we studied the Wiles defect (at Ay of a certain Hecke ring T acting on
the cohomology of a Shimura curve) using a combination of patching and level lowering
results of Ribet—Takahashi [RT97]. In the present paper, we combine the new results in
commutative algebra that we prove here with patching to determine the Wiles defect. The
patching method allows one to show that the Wiles defect of a global deformation ring
at an augmentation Ay depends only on the induced augmentations of the corresponding
local deformation rings. This gives yet another illustration of the versatility of the
patching method and its ability to reduce proving properties of global deformation rings
to proving properties of the corresponding local deformation rings.

As a curious consequence, we derive and strengthen the results of Ribet—Takahashi
in [RT97] on degrees of optimal parametrizations of elliptic curves over Q by Shimura
curves, via a new argument. The methods of Ribet—Takahashi use arithmetic geometry,
while the method here uses patching. Our strengthening of their results is not accessible
using only the methods of their paper as we explain below in the introduction.

1.1. A particular case of our main theorem

In [BKM21, Theorem 10.1], we determined the Wiles defect associated to a newform
f€852(To(NQ)) of squarefree level NQ that arises by the Jacquet—Langlands correspon-
dence from a newform in SQ(FS2 (N)). Here, FOQ (N) is the congruence subgroup of a
quaternion algebra that is ramified at the set of primes dividing @, of level T'o(N) and
the maximal compact subgroup at the primes in Q.

We state an improvement of [BKM21, Theorem 10.1] referring to it for any of the
unexplained notation in the statement below (we do recall the definition of the Wiles
defect below). The proof relies on the Taylor—Wiles—Kisin patching method, but not on
[RT97], and also explains en passant why the Wiles defect computed below is a sum of
local defects in a sense we make precise later in the introduction.

Theorem 1.1. Let N and Q be relatively prime squarefree integers. Let p > 2 be a prime
not dividing NQ, and let E/Q, be a finite extension with ring of integers O, uniformizer
w and residue field k. Let py: Gq — GL2(O) be a Galois representation arising from
a newform f € S2(T'o(NQ)), and let py : Gq — GLa(k) be the residual representation.
Assume that py is irreducible and N|N(p;).

Let Rs* be the Galois deformation ring of Py parameterizing lifts of py of fived
determinant which are Steinberg at each prime dividing Q, finite flat at p and minimal
at all other primes.
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Let D be the quaternion algebra with discriminant Q, and let I‘OQ(N) be the level
N congruence subgroup for D. Let T?(N) and S’Q(I‘OQ(N)) be the Hecke algebra and
cohomological Hecke module at level TS (N), and let m C T?(N) be the mazimal ideal
corresponding to f. Let T = T9(N)y, and let X : T — O be the augmentation
corresponding to f.

Then the Wiles defects of T and S?(T'E(N)) with respect to the map R* — T and
the augmentation \ are

A(R) = 02(T%) = 55 (SATF (V) = 3_ 222,

q|Q

where e is the ramification index of O and for each q|Q, ng is the largest integer for which
Prlcq, (mod @) is unramified and py(Froby) = +Id (mod w"s).

The improvement as far as the statement of the theorem is concerned, if one compares
to [BKM21, Theorem 10.1], is that the assumptions needed there on Q:

1. @ is a product of an even number of primes (i.e., D is indefinite), and (N (p),Q) > 1;
2. @ is a product of an odd number of primes (i.e., D is definite), and N > 1;
3. N(p) is divisible by at least two primes,

which arose from our relying on delicate results in [RT97], are no longer needed because of
the innovations introduced in this paper. We prove a much more general theorem below;
see Theorem 6.5, that works with more general local conditions than being Steinberg at
trivial primes (see [BKM21, §2]) and with the field Q replaced by any totally real field F,
but focus on this special case for the purposes of the introduction to more easily explain
the novelty of our methods in comparison to [BKM21].

If we look at the shape of the formula

S\ (T) = 53 (ST (N))) = 3 12
qlQ

we see that the Wiles defect 6, (T5"), that is defined as a global quantity arising from the
augmentation Ay : TS — O is expressed as a sum over the primes dividing @ of terms
2ng/e. Furthermore, each of the integers n, depends only on pf|gq . In [BKM21], it is
only after having proved the theorem that one observes that the formula depends only
on (pflcq,)ecq- In this paper, we show that the Wiles defect Ox(R5) is a priori local,
and in fact is a sum of the defects of local deformation rings (equivalently, local defects)
at primes in @ that we define below. The proof of [BKM21, Theorem 10.1] did not shed
light on the local-global aspect of the statement of the theorem.

Further, the proof of [BKM21, Theorem 10.1] computed the Wiles defect using a
combination of patching and arguments related to level lowering results of [RT97]. The
latter was used to first show that

(SR (N))m) = 30 20,

qQ
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Then delicate results from [Man2l] were used to prove [BKM21, Theorem 3.10,
Theorem 8.1, Corollary 8.3] that

OA(T™) = 5x(SP(TF (N))m).
(As the referee has remarked, the inequality d)(Ts') < 5>\(SQ(F(? (N))m) is easier and
follows from [BKM21, Theorem 3.12].) One deduces that

2
ST =5 2

qlQ
Here, we reverse the logic of the proof in [BKM21] and show using patching and the

new commutative algebra results about the Wiles defect that are proven here (see
Theorem 6.5) that

2
(R =6\ (Th) = T

ql@
and deduce from this (see Theorem 7.5 (ii) and Proposition 7.7) that

SA(SCUTE(N)m) =D

qQ

2ng

Thus, our determination of §,(T**) no longer relies on [RT97]. Indeed, we show how to
use defects of Hecke rings to compute the defects of their ‘cohomological’ modules (arising
from the first cohomology of modular curves and Shimura curves that they act on). Besides
the intrinsic interest in having methods that work for modules over rings rather than just
for rings, the computations of defects 8y (S?(I'$(N))m) of modules such as S (N)),
turns out to be key to the next application that we outline below. It relies on exact
computations of changes of lengths of congruence modules that arise from cohomology
groups of modular curves and Shimura curves.

1.2. Application to change of degree formula of parametrizations of elliptic
curves by Shimura curves

Our results and methods allow one to give a more robust approach (see Theorem 7.5(ii),
Corollary 7.9 and Corollary 7.10 below and the remarks that follow) to the main result
proved by Ribet and Takahashi [RT97, Theorem 1] that computes changes of p-parts of
degrees of optimal parametrizations of semistable elliptic curves F over Q by Shimura
curves as one varies the Shimura curve for a prime p such that E[p] is irreducible as a
Gq-module. The methods of [RT97, Theorem1] rely at a crucial point (see proof of second
assertion of [RT97, Theorem 1]) on the following consequence of E being defined over Q
and semistable:

e (*) There is a prime ¢ dividing the conductor of F (of semistable bad reduction) at
which the order of the group of components at ¢ is not divisible by p. Equivalently,
the mod p representation p arising from F is such that p(I,) is either not finite
flat (in the case ¢ = p), and ramified (in the case ¢ # p), with I, an inertia group
at q.
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This is used to show that certain maps on the p-primary parts of components groups
are surjective (by a clever trick of permuting primes around, see [RT97, pg. 11113]) which
is the key to computing change of degrees of parametrizations in [RT97, Theorem 1]. We
generalize the results of [RT97] (Corollary 7.9 and Corollary 7.10 below) to elliptic curves
over Q which need not be semistable and for which (*) may not necessarily hold. Our
methods should also extend to situations where we replace Q by a totally real number
field F, and FE is an elliptic curve over F which need not be semistable (outside the
set of primes at which the quaternion algebra giving rise to the Shimura X curve that
parametrizes F is ramified and at which both X and E have multiplicative reduction at
these primes), provided that the mod p representation p arising from FE is irreducible
when restricted to Gp(,)-

Our very indirect method to compute change of degrees, that is arithmetic and global
in nature, seems necessary to get results of [RT97] in general situations. We note that
the surjectivity of maps on component groups arising from optimal quotients of abelian
varieties with multiplicative reduction defined over a finite extension K of Q, is not
generally true. More precisely, there are A, A’ be abelian varieties defined over a finite
extension K of Qg that have multiplicative reduction at ¢, and f: A — A’ is an optimal
quotient over K (i.e., ker(f) is connected) such that the induced map ¢(A) — #(A’) on
component groups is not surjective on the p-primary parts for a prime p. (K. Ribet showed
us an example due to Raynaud.) It is easy to show that the map is surjective when the
pth roots of unity are not in K. Our global methods show that the surjectivity holds even
when K contains pth roots of unity in the situations we consider; namely, when A arises
from Jacobian of Shimura curves over F and K is a completion of F, A’ is an optimal
GLs-abelian variety quotient, and with p a prime so that that the residual characteristic
p representations p, arising from A’ satisfy the Taylor-Wiles hypothesis that py|r(,) is
irreducible.

1.3. Main ideas of proof of Theorem 1.1

We consider in this paper the category Co of tuples (R, ), with R € CNLp (with CNLp
the usual category; see §1.6) that is flat over O and Cohen—Macaulay, together with
an augmentation A : R — O (that is by definition a continuous surjective O-algebra
homomorphism) that is formally smooth over the generic fiber.

We take a cue from a formula discovered by Venkatesh [Venl6, Ven20] (see Proposi-
tion A.6 of the appendix) and define in §2 the Wiles defect dx(R) for (R,\) € Co. The
defect dx(R) is expressed in terms of two invariants first introduced by Venkatesh (for
rings R finite over O):

(i) the length of the O-module f)e\ré (R,E/O) which can be directly defined using a
continuous version of the André-Quillen cohomology of rings (cf. §3.3), (which will
agree with the standard André-Quillen cohomology module Derg, (R, E/O) in the
case when R has dimension 1) and

(ii) the length of the O-module C x(R) (cf. §3.2, in particular Corollary 3.12).
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The Wiles defect 05 (R) is then defined (cf. Definition 3.24) to be

—1 —1
_log|Dery(R,E/O)|—log|C1A(R)|  Lo(Dery(R,E/O))—Lo(CyA(R))
o\(R) = = .

log|O/pl to(O/p)
This definition of the defect we give for R € C» agrees, by Proposition A.6 and
Proposition 3.27, in the case when R € C is of dimension one with the definition of

the Wiles defect given in [BKM21] as

log|®)(R)| —log |V (R)|
log |O/pl '

We note that this latter definition makes sense only for rings R € Cp of dimension one
as only then are the modules ®,(R), ¥, (R) of finite cardinality (see Lemma 2.4).

Our main technique for the proof of Theorem 1.1 is the Taylor—Wiles—Kisin patching
method. Specifically, under some mild global hypotheses, one can write R* as a quotient
Rt [[x1,...,24)]/(y1,---,Ya) (see Theorem 6.4 and Theorem 6.5), where B! is a completed

tensor product of local Galois deformation rings and is thus determined by local Galois
theoretic information. In the case when RS is Cohen-Macaulay' we prove general results

_—1
(see Theorem 3.9 and Theorem 3.20) that imply that Der,(R,E/O) and Cy A(R) are
independent of the choice of ideal (y1,.. ,yd) and thus depend only on the ring R;’_ an

oN(R) =

the induced composite map R, — R 2 0, which shows that

ON(R™) = OA(RiL.) =Y OA(RY),
q|Q

where §(R}') is the defect of the local deformation ring R;' € Co. Thus, to determine
O (R®), we have to compute the defects 0y (R;') of the local deformation rings RS'. These
computations are quite elaborate and are done in Theorem 5.18 of §5 (Theorems 5.26
and 5.33 do analogous computations for local deformation rings defined by conditions
of being unipotent and unipotent together with a choice of Frobenius eigenvalue). One

of the contributions of this paper is to show that these subtle invariants lsaé(R,E /O)
and Cp,x(R) are computable for fairly complicated rings: The local deformation rings
R € Cp that we consider below at trivial primes are not Gorenstein (for the Steinberg
and unipotent local conditions) and Gorenstein but not complete intersections (for the
unipotent condition with choice of Frobenius eigenvalue). The computations are delicate.

1.4. Broader context

We make some more informal remarks about the broader context of our work and further
questions to pursue in this context.

Our work is in the general context of understanding deformation rings R when they
are ‘obstructed’ and are thus not expected to be complete intersections. The Wiles defect

"Which happens in many cases in which the relevant deformation rings have been explicitly
computed, including the case considered in [BKM21], and is conjectured to hold far more
generally.
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is a measure of the obstructedness of R at a given augmentation A : R — O. In the
context of the present paper, the obstructions are local in nature. The Wiles defect is a
global quantity which in our case turns out to be a sum of local defects. This is proved

by patching and showing that that the invariants ]Se\ré(R,E/O) and Cp,x(R) remain
invariant under going modulo regular sequences. In other situations (as in [TU22]), the
obstructedness of deformation rings R is because of global reasons, in that one is in a
situation of positive defect £y > 0, and the natural ‘automorphic cohomology’ to consider
lives in more than one degree. The work in [GV18] gives a framework to understand this
more deeply via considering derived deformation rings R such that R =m(R), and 7, (R)
acts as a graded ring on the ‘automorphic cohomology’. It seems interesting to explore
these ideas in the context of the paper, and for instance ‘derive’ the local deformation
rings at trivial primes. One of the points of our work both here and in [BKM21] is
that in the cases which we study, the Wiles defect of Hecke algebras can be calculated
unconditionally and one can determine it explicitly.

We have not dealt with cases when the local deformation ring at p is not a complete
intersection in this paper, but our results will still be applicable provided that the local
deformation rings are Cohen—Macaulay. For example, [Snol8] considers a fixed weight
ordinary deformation ring when the residual representation is trivial at p and shows that
this ring is Cohen—Macaulay but not a complete intersection (or even Gorenstein). Our
methods show that the global Wiles defect is again a sum of local defects in this case.
However, we have not been able to determine the local defect at p in this case (due largely
to the fact that [Snol8] only computes the special fiber of the ring, while computing the
local defect would require the integral version of the ring).

In the tame cases we have considered here and in [BKM21, §11], the local defect at
q is related to tame regulators (in the sense of Mazur—Tate) of the g-adic Mumford—
Raynaud-Tate periods of the corresponding abelian variety A which has multiplicative
reduction at ¢. In the wild case, one imagines that the local defect will be related to
p-adic regulators.

Our work should also help in formulating and proving Bloch-Kato conjectures for
newforms f € S3(T'o(NN)) (say N squarefree) and the p-part of special value of the L(1, Ad)
for the adjoint L-function of f for suitable primes p. The algebraic part of the L-value
is traditionally related to congruence modules of f by the work of Hida [Hid81]. The
Selmer group for the adjoint motive of f can be related to the cotangent space at the
augmentation Ay : R — O where the local deformation problem at primes dividing N is
the unipotent condition. The Wiles defect here by Theorem 6.5 is > 4IN "q and is the
discrepancy between the length of the congruence module for f and the Selmer group for
the adjoint motive of f. It will be interesting to see this defect emerge from automorphic
considerations. We believe that the Selmer group we are alluding to here is the natural
(primitive) Selmer group to consider for the adjoint motive of f, reflecting nature of 7y
locally at primes dividing N. (See [TU22, Theorem 5.20] that relates the ratio of different
integral normalizations of periods (cohomological and motivic) of the adjoint motive of a
Bianchi form to the Wiles defect, and to Bloch-Kato conjectures.) Note that if we relax
the Selmer conditions at primes dividing N to be unrestricted of fixed determinant and
consider the corresponding imprimitive Selmer group, then the Wiles defect becomes 0
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and one is in a setting where Wiles-type methods prove the Bloch—Kato conjecture for
this imprimitive Selmer group.

We could also consider a Bloch—Kato conjectures in this context with the local condition
at primes dividing N to be Steinberg. The Wiles defect in this case by Theorem 6.5 is
> 4N 21 and the automorphic cohomology to consider here is H'(X®,0), where X©
is a Shimura curve over Q arising from the quaternion algebra Dg ramified at places
@ dividing N (which we assume here is a set of even cardinality). If we consider the
Jacquet-Langlands correspondent g of f on Dg, normalized (as in [Pra06]) using the
schematic structure over Z, of the corresponding Shimura curve X Q over Q, with p a
prime such that (p,IN) =1, then one sees easily that the ratio of Petersson inner products

(f.f) _ deg(9)

(9.9)  deg(¢')’

where ¢,¢’ are optimal parametrizations of abelian varieties in the isogeny class Ay over
Q associated to Ay. We could ask for a different ‘natural’ normalization ¢’ such that

(f7f) deg(¢) —2ng4

(¢g) ~ deglel) 1%
would be the change of the corresponding Selmer groups (when we change the local
conditions at primes in @ from Steinberg to unrestricted with fixed determinant) and
thus would incorporate the Wiles defect ) g€ 2%

Our method to compute p-parts of change of degrees of parametrizations of elliptic
curves over QQ by Shimura curves gives results that are stronger than the ones which
can be obtained using the arithmetic-geometric methods of [RT97]. To have these results
in the fullest possible generality should be important for applications (see [Pas24] for

Diophantine applications of [RT97]).

1.5. Structure of this paper

We begin by developing the commutative algebra tools that are needed for our main
theorem Theorem 6.5. In §2, we state a formula for Wiles defects of rings of dimension
one that is proved in Appendix A. In the key §3, we define and prove properties of the

invariants ]5&;9 (R,E/O) and Cq »(R) for rings R € Cp. In §4, we summarize information
about local and global deformation rings. In §5, we compute the invariants defined in
83 for the local deformation rings we consider. This is a key input in computing the
Wiles defect of global deformation rings in Theorem 6.5. In §6, we use patching and
the work in §3 to show that the Wiles defect of global deformation rings and Hecke
rings we consider is the sum of local defects. As the local defects have been computed
in §5, this allows us to complete the proof of our main Theorem 6.5. In §7, we apply
Theorem 6.5 to compute the Wiles defect for modules over Hecke algebras that arise
from their action on the cohomology of modular and Shimura curves. This also leads to a
new approach to, and strengthening of, the results in [RT97] about change of degrees of
optimal parametrizations of elliptic curves by Shimura curves as one changes the Shimura
curve.
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In Appendix A (written by Najmuddin Fakhruddin and CBK), a formula stated in
a particular case by Venkatesh is proven; it was previously proved in a special case in
[TU22, Proposition 4].

1.6. Notation

By F we denote a totally real number field, our base field, by F,, its completion at any
place v of F, and we choose algebraic closures F of F and F, if F, for all places v.
These choices define the absolute Galois groups G = Gal(F/F) and G, = Gal(F,/F,).
We write I, C G, for the inertia subgroup. We also fix embeddings F' — F,, extending
the canonical embeddings F' — F,. This determines for each place v of F' an embedding
Gr, » Gp. By Frob, we denote a Frobenius automorphism in Gr,, that is unique up
to I, and we also write Frob, for its image in G . All representations of G or of G,
will be assumed to be continuous. If v is a finite place of F, then we write g, for the
cardinality of its residue field.

Throughout the paper, we fix a prime p > 2, and we denote by Qp an algebraic closure
of Q,. We will call a finite extension £ of Q, inside Qp a coefficient field. For a coefficient
field E, we let O be its ring of integers, k its residue field and @ € O a uniformizer. We
write X, for the set of places of F' above p, and we assume throughout the paper that
F over Q is unramified at all places above p. It is likely that this hypothesis could be
weakened.

The category of complete Noetherian local O-algebras with residue field % is denoted
by CNLg, and for any object R in CNLp, we write mp C R for its maximal ideal. Each
object R € CNLp will be endowed with its profinite (mg-adic) topology. By a complete
Noetherian local O-algebra, we implicitly mean that its residue field is equal to k; we feel
justified because our rings typically have an augmentation to O.

We denote by ¢, the p-adic cyclotomic character €, : G — Z,'; if we compose €, on the
right with any map G, — G or on the left with Z;’ — R*, induced from any morphism
Z, — R in CNLgz,, then we also write €, by slight abuse of notation.

For an O-algebra R, an augmentation A of R will always mean a surjective O-algebra
homomorphism A : R — O', where O’ is the ring of integers in a finite extension of E (we
will almost always take O = O’). For an O-module M that is a finite abelian group, we
denote by o (M) the length of M as an O-module. For o € O, we denote by ordp(a) =
(o(0/(a)). -

For a Galois representation p: Gr — GL2(F,) which is finite flat at p, we will let N(p)
represent its Artin conductor.

2. Wiles defect for rings of dimension one

In this section, we state results from the Appendix A in the form in which they are used
in the paper, and also with a view to generalizing these results to higher-dimensional
rings in §3.

For any ring R, any ideal I C R and any R-module M, we will always use M[I] C M
for the submodule of I-torsion elements of M. In particular, R[I] = Anng () C R is the
annihilator of the ideal I
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If M is a finitely generated R-module, with generating set mg,...,m, inducing a
surjection R"™ — M, then we will let Fittz(M) C R (called the 0" fitting ideal) denote the
ideal generated by all elements of the form det(vy,...,v,) € R for vy, ...,v, € ker(R™ = M).
It is well known that this is independent of the choice of generating set myq,...,m, and
moreover that Fittg(M) C Anng(M). When the ring R is clear from context, we will
sometimes write Fitt(M) in place of Fittg(M).

Let R be a complete, local Noetherian O-algebra with dim(R) =1 and assume that
R is finite over O. Let A: R — O be any augmentation (i.e., surjective O-algebra
homomorphism). Let RY be the maximal w-torsion free quotient of R, which is
automatically finite free over 0.? Also, use A to denote the augmentation R*f — @ induced
by A. Define

®5(R) = (ker \)/(ker A)* = Qg 0 ®) O
and
UA(R) = O/n(R) = O/ (A(R" [ker A))),

which we will call the cotangent space and congruence module of R (with respect to A).
From now on, we will assume that ®,(R) is finite, which geometrically means that A is
smooth on the generic fiber of R.

In [BKM21], we define the Wiles defect of R with respect to A to be

_ log[®A(R)|—log|Ux(R)| _ Lo(PA(R)) —Lo(Ua(R))
log|O/p| to(O/p) ’
which is known to be a nonnegative rational number. The reason for the normalization

factor of log|O/p| is to ensure that d,(R) is invariant under expanding the coefficient
ring O. Moreover, we have the following standard result (cf. [Wil95, Len95]):

ox(R) (2.1)

Lemma 2.1. For R as above, we have 0x(R) =0 if and only if R=R" and R is a
complete intersection

Proof. From 6(R) =0, we see by [FKR21, Proposition A.6] that the map R — RY is an
isomorphism of complete intersections. O

Venkatesh, in an unpublished note [Venl16], observed that d5(R) can be expressed in
terms of two other invariants of R (see Appendix A of this paper for a detailed proof of
a more general version of Venkatesh’s observation).

First, let R act on E/O through its quotient R 2 0. Venkatesh’s first invariant is
simply the first André-Quillen cohomology group Derg, (R, E/O).

To define Venkatesh’s second invariant, we will fix an O-algebra R and a surjection
¢ : R— R with the properties that

e Risa complete intersection of dimension 1, finite free over O.
. @Ao@(ﬁ) is finite.

2In the rest of this paper, we will always work in the case where R = R but we still state the
general version in this section for the sake of completeness.
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(such a ring always exists, as explained in Appendix A). When there is no chance of
confusion we will also use A to denote the induced map Aoy R—R— 0.

Now, write I = ker¢ so that A(I) = 0. As R-modules, we have that Fitt(I) C R[I], and
hence A(Fitt(I)) C A(R[]) as ideals of O (and in fact, both of these ideals are nonzero as
explained in Appendix A). We then define Venkatesh’s second invariant to be the cyclic

O-module
CiA(R) = A (fzm) /A (Fitt(1)).

A priori, this looks like it will depend on the choice of complete intersection E, but the
work of Appendix A shows that it in fact depends only on R and A. The main result
Proposition A.6 of Appendix A is the following formula for the Wiles defect d,(R). We
recall as noted earlier that [TU22, Proposition 4] proves a particular case (when Cq (R)
is trivial) of this formula.

Theorem 2.2 (see A.6). If R and X\: R— O are as described above, and ®x(R) is finite,

then
| Derp (R, E/O)| _ |2x(R)|
|C1LA(R)] [UA(R)[
_ log| Dery, (R, E/O)| —log|CyA(R)| ‘

In particular, 6x(R) log |0 /7]
Remark 2.3. In practice, one is often interested in the Wiles defect d5(M) (as defined
in [BKM21, Section 3]) of a particular module M over R, as well as, or instead of J(R).
However, in many cases relevant to us, the results of [BKM21] imply that 05 (R) = dx (M),
so we will focus mainly on § (R) in this paper, except in §7 in which we apply Theorem 6.5
which determines defects of Hecke rings to detect the defect of modules that they act on.

We do suspect that there may exist some generalization of Theorem 2.2 which would
directly express d5(M) in terms of similar invariants. Such a generalization would allow
us to directly study (M) in cases when we can not prove it is equal to dx(R), and could
possibly work in cases when the results of this paper do not apply. The results of [BIK23,
Theorem 1.2] support such a suspicion.

We end this section by remarking that the definition of the Wiles defect d)(R) in
[BKM21], which depends on finiteness of ®,(R), makes sense for a complete Noetherian,
Cohen-Macaulay local O-algebra R only when R is of dimension one.

Lemma 2.4. Let R be a complete Noetherian local O-algebra together with an augmen-
tation A : R — O such that ®x(R) is a finite abelian group then ker(X\) is a minimal prime
ideal. If we further assume that R is Cohen—Macaulay then R is of dimension one.

Proof. Let ker(\) = p, and we observe that the localization R, is a local ring with
maximal ideal m = pR, and infinite residue field E, and by our assumption that
ker(\)/ker(\)? is finite we deduce that m = m? and thus m = 0. This implies that
R, is a field, and thus p is a minimal prime ideal of R. As Cohen-Macaulay rings are
equidimensional, we deduce the last statement of the lemma. O
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3. Wiles defect for higher-dimensional Cohen—Macaulay rings

We define and prove properties of the Wiles defect for (higher-dimensional) rings in the
category Co. The category Co was alluded to in the introduction.

Definition 3.1. The category Co consists of tuples (R,\r) such that:

e R a complete, Noetherian local O-algebra, with maximal ideal m and residue field
k= O/w, which is flat over O and Cohen—Macaulay;

e A\ : R — O is an augmentation (that is, a continuous surjective (O-algebra
homomorphism) such that SpecR[1/w] is formally smooth at the point corre-
sponding to .

The morphisms in the category Cp are local homomorphisms of O-algebras compatible
with the augmentation, namely local O-algebra maps f: R — S such that Ago f = Ag.
(As the augmentation considered will be clear from the context, we will often denote Ag
by just A and also given a pair (R,\) € Co we will sometimes write R € Co.)

In light of Lemma 2.4, the definition of the Wiles defect as given in [BKM21] can be
applied to R € Cp only when R is of dimension 1. Thus, we define the Wiles defect §,(R)
for R € Co (cf. Definition 3.24) motivated by the Venkatesh formula of the defect dy(R)
for R € Cp when R is one-dimensional. This requires some preliminary work that we
undertake first. To orient the reader, we indicate the main steps towards the definition.

The Wiles defect is expressed in terms of:

—1
(i) the invariant Dery, (R, E/O) which can be directly defined using a continuous version
of the André—Quillen cohomology of rings (cf. §3.3, in particular Theorem 3.20);

(ii) the invariant Cq (R) that is defined in terms of an auxiliary complete intersection
R surjecting onto R (cf. §3.2, in particular Corollary 3.12, which shows that this
does not depend on the choice of R).

The Wiles defect 05 (R) is then defined (cf. Definition 3.24) via the formula

—1
_ log|Dery (R, E/O)| —log|C1A(R)]
log|O/p| '

We show below the key property of independence of the invariants we define under
forming quotients by regular sequences (see §3.2 and 3.3). We also provide formulas for
the invariants in terms of certain complete intersection rings that surject onto R € Cp,
similar to the treatment in the appendix, but in higher dimensions.

In the case when R is of dimension 1, this definition of the defect for R € C» agrees,
by Theorem 2.2 and Proposition 3.27, with the definition of the Wiles defect defined in
[BKM21] as

oA (R)

_ log |®)(R)| —log| ¥ (R)]
log|O/p| '

(Note that when R is of dimension one, the finiteness of |®5(R)| is equivalent to saying
that A: R — O has formally smooth generic fiber.)

oA (R)
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For the remainder of this section, we will fix (R,Agr) € Co, and let A=Ag: R— O
denote the augmentation. Recall that by the definition of Cp, R is Cohen-Macaulay. We
will let d = dime R, and consider the power series ring S = Ol[y1,...,y4]]-

We will introduce a number of other auxiliary rings and morphisms which will be used
to define the invariants lsaé(R,E /O) and Cq z(R) and to prove the key property of
invariance under regular sequences. For ease of reading, we will summarize all of this in
the following commutative diagram:

™

e 0 is an injective map O-algebra map, satlsfymg Property (P);

e Risa complete intersection with dlmoR dimp R =d and ¢ : R—Ris a
continuous surjective map with kernel I C R (the precise properties satisfied by
(E,I,gp) are outlined in Property (CI));

e 0:S< Risalift of 0 along ¢, satisfying certain properties, which is proven to
exist in Lemma 3.7;

e We will usually identify S with its images in R and R so that in particular
Y1, - ,deRand Y1, aydeR

° Treatmg R and R as S-modules via 6 and 0 we have Ry = R®g O and Rg

R®gs O. Equivalently, Ry = R/(0(y1),...,0(y )) and Ry = R/(0(1),-...0(ya));

0o : Eg — Ry is the map induced by ¢;

Ao : Rg — O is the augmentation induced by A;

71'9 R— ]A‘—L;(g is the quotient map;

= kergg. From the surjectivity of 7y, it also follows that Ip = mo(I);
)\ R — O and )\g Rg — O are simply the induced augmentations A= Ao and
Xo = A 0 0p.

We say that the inclusion 0 : S < R satisfies (P) if the following conditions hold:
Property (P).

e 0:5<= R is a continuous O-algebra homomorphism.
e 0 makes R into a finite free S-module (so that (8(y1),...,0(ya),@) is a regular
sequence for R).
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° (9(y1)750(yd)) ler/\.
o IfRy=R/Oy1),...,0(yq)) = R®sO and \g: Ry — O is the map induced by X,
then ®y,(Ryp) is finite.

We will say that the triple (R,1,¢) satisfies (CI) if:
Property (CI).

e Risa complete, Noetherian local O-algebra, flat and equidimensional over O of
relative dimension d.

e R is a complete intersection.

e ¢:R— Ris a continuous surjection of O-algebras with I =kerp.

e The point corresponding to Aoy in Spec R[1/w] is a formally smooth point.

We note the following two results, which will be proved in Section 3.1:

Proposition 3.2. For any (R,\) € Co with dimp R =d, a map 0 satisfying property (P)
exists.

Proposition 3.3. For any (R,\) € Co with dimp R = d, there exists a triple (E,L(p)
satisfying Property (CI).

We will give the proof of Proposition 3.2 in Section 3.1, after the proof of Lemma 3.6.
Proposition 3.3 will be a direct consequence of Lemma 3.6.

Note that Property (P) implies that Ry is finite free over O and that ®,,(Rp) is finite.
Thus, it satisfies the conditions of Section 2, and so we may consider the Wiles defect
dx, (Rg) and the Venkatesh invariants Derg (Rg, E/O) and C »,(Rs). The main result of
this section is Theorem 3.25, which shows that all three of these quantities depend only
on R and A and not on the choice of 6.

This section is structured as follows: In Section 3.1, we prove Propositions 3.2 and
3.3 and establish the basic properties of all of the auxiliary rings we are considering;
Section 3.2 proves the invariance of Cy ,(Rs); Section 3.3 proves the invariance of
Der,(Rg, E/O); Section 3.4 uses the prior work to give a definition the invariants D y(R)
and ¢, x(R) and of the Wiles defect dy(R), for any (R,A) € Co; lastly, Section 3.5 proves
a key property of these invariants — that they are compatible with completed tensor
products (see Proposition 3.32).

Remark 3.4. In our main number theoretic applications in Section 6, the rings R and
S will typically be the rings R, (or RZ, in our notation) and S, appearing the classical
in the Taylor—Wiles—Kisin patching method — see Theorem 6.4 for specifics. The ring Ry
will be a global Galois deformation ring, denoted Rj, and the augmentation A\g : Rg — O
will be induced by a Galois representation py : Gp — GL2(O), where F is a (totally real)
number field. The augmentation A : R — O will simply be the pullback of A\g.

The map 6 :S — R, and hence the ring Ry and the augmentation Ay : Ry — O, will
depend on subtle global Galois theoretic information involving the representation pj.
However, the ring R and the augmentation A : R — O will depend only on the restrictions
pxlay, for a finite collection of places v of F' — that is, only on local information. Thus,
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Theorem 3.25 will imply the the Wiles defect d,(Rg), a priori a global invariant, will
depend only on local information. See Theorem 6.5 for a precise result.

The ring R will have no particular number theoretic significance. It will be chosen
in Section 5 in order to facilitate computations of the Wiles defects of various local
deformation rings.

3.1. Complete intersection (CI) covers

We begin with the following lemma:

Lemma 3.5. Let S be a complete, Noetherian local O-algebra with an augmentation
A: S — O, and let d > 0. Suppose that S[1/w] is formally smooth at \ of dimension
n > d and that there are elements f1,...,fq € ker X such that f1,...,fq, @ is a regular
sequence in S. Then there exist hy,...,hq € (ker AN (f1,...,fa,7)) such that hq,... hg,@ is
a reqular sequence in S and such that for A=S/(h1,...,hq) and the induced augmentation
Aa: A— O, the ring A[l/w] is formally smooth at Aa of dimension n—d.

Proof. By replacing (f1,...,f4) by (f2,...,f7), we may assume that (f1,...,fq) C ker \%;

—

see [Mat80, 15.A, Theorem 26]. Write S[1/w] for the localization of S at w and S[1/w] for
the completion of the latter at the point corresponding to A. By our hypothesis, the ring
Sﬁ—/‘(\ﬂ} is a power series ring over E in n > d indeterminates. Let T denote its maximal
ideal. Choose ¢1,...,9q4 in ker A whose images in I /fz are linearly independent over F.
Then (hq,...,hq) with h; = f; +wg; has all properties required. O

Lemma 3.6. Suppose B is a complete, Noetherian local O-algebra with dim B =d+1
and dimB/w =d and X : B — O is an augmentation such that Spec B[1/w] is formally
smooth at A of dimension d. Then there exists a Noetherian O-algebra A and a surjective
homomorphism 7: A — B such that the following holds:

1. The ring A is local and complete, a complete intersection, flat over O and of relative
dimension d.

2. The map w[l/w]: A[l/w] — B[1/w]|, obtained from w by inverting w, induces an
isomorphism after completion at the points corresponding to the augmentations \
and p=Nom: A— O, respectively. In particular, Spec A[1/w] is formally smooth at
w of dimension d.

Proof. Let IT: S = O[[z1,...,2,]] = B be a surjective ring homomorphism. Let py C mp
be the prime ideal ker A\, and denote by g, C mg its inverse image under II, that is,
qr =kerAoIl. Let m=n—d>0.

By hypothesis B/w has dimension d. Because S is w-torsion free and S/w is regular, we
can find a regular sequence (f1,...,f) in kerII C S such that (f1,...,fm,@) is a regular
sequence. Because S[1/w] is regular of dimension n and qx[1/w] is a maximal ideal of
that ring, the ring S[1/w] is formally smooth at q[1/w] of dimension n.

It follows from Lemma 3.5 that there exist hq,...,h, € kerIl + @S such that
hi,...,hm, is a regular sequence in S and such that for A= S/(hs,...,h,,) and induced
augmentation Aq: A — O the ring A[l/w] is formally smooth at A4 of dimension
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n—m = d. It follows that one has an induced surjection A — B, where A is a local
complete, complete intersection O-algebra, flat over O of relative dimension d and that
the induced surjection A[l/w] — B[l/w] becomes an isomorphism after completion at
qa[1/w]. O

Proof of Proposition 3.2. Because R is Cohen—Macaulay and flat over O of relative
dimension d, we can find a regular sequence w, f1,...,fq in R. If we replace each f; by an
element in f; +w R the resulting sequence is again regular. Now, using that ker A together
with w generate the maximal ideal of R, we may assume that fi,..., fgq lie in ker A. Again
by hypothesis R[1/w] is Cohen—Macaulay of dimension d and formally smooth at A, and
hence it is formally smooth at A\ of dimension d.

Then by Lemma 3.5, there exist hy,...,hq € ker A such that hy,...,hq,w is a regular
sequence in R and such that for B = R/(hy,...,hq) and the induced augmentation
Ap: B — O the ring B[l/w] is formally smooth at Ag of dimension 0. It follows that
the continuous O-algebra map 6: S = O[[y1,...,y4]] = R with y; — f; makes R into a
finite free S-module such that in the notation of (P), we have B = Ry and Ag = Mg,
and moreover Ry is finite free over O. Hence, Ry[l/w] is a product of Artin E-algebras,
and the smoothness at A\g shows that the component corresponding to Ag is equal to E.
From this, it follows that ®,,(Ry) = ker A\p/(ker \g)? is of finite O-length, as it is finitely
generated over O and O-torsion. O

Next, we observe that we can lift regular sequences of R along R— R.

Lemma 3.7. Assume that 0: S — R satisfies (P’) and (R,1,¢) satisfies (CI). Then 0 lifts
to a morphism 0:5S—R (making ¢ into a S-algebra homomorphism) which makes R into
a finite free S-module. That is, identifying S with its image in R, that (y1,...,Y4, ) is a
reqular sequence for both R and R.

Moreover, if Ro = E/(yl, .o yYd) and Xo: Rop — O is the map induced by X, then Ry is
a complete intersection of dimension 1, finite free over O and (I)XS(EG) is finite.

This will follow from the following lemma:

Lemma 3.8. Let A be a Noetherian local ring, and let B = A/I for some ideal I of A.
Let x € mp be an element not contained in any minimal prime of B. Then x lifts to an
element T € my which is not contained in any minimal primes of A.

Proof. Pick any lift o € m4 of x. Let the set of minimal primes of A be {Py,...,P,},
labeled so that there is some 0 < a < n for which Zg & Py, Ps,...,P,, and Tg € Pyy1,...,Pp.
Now, fix any ¢ > a, so that Ty € P;. Note that if I C P; then P;/I would be a minimal
prime of B containing z, contradicting our assumption. Hence, I € P;, and so there is
some r; € I'\ P;.
Also, for any j # 14, P;  P;, and so there is some s;; € P; \ P;. Now, define

Yi 5:7‘1']__[517‘

J#
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so that y; € I, y; € P; for j #4 and y; ¢ P;. Finally, let
z= %0+ya+1 +Ypio2t+ -+ Yn-

Then we have ¥ = ¥y = xmodl, T =T # 0mod P; for i < a and Z = y; Z 0mod P; for i > a.
So 7 is our desired lift. O

Proof of Lemma 3.7. Identifying S with its image in R, we get that (y1,...,y4,@), and
thus (w,y1,...,Y4), is a regular sequence for R. We claim that we can inductively construct
a sequence 1,7, ...,J4 € R such that Yoo (¥i) = y; for all i and dlmR/(w U1,---,Y5) =
d—j —dlmR/(w Y1,...,y;) for all 0 < j <d.

As R and R are both flat over O of relative dimension d, we have dimR/(w) =
d=dimR/(w). Now, assume that ¥i,...,y; have been constructed for some j < d. Let
A= E/(w,ﬂl,...,gj) and B; = R/(w,y1,...,y;) so that ¢ : R — R induces a map
wj:Aj = Bj. As (w,y1,...,¥4) is a regular sequence for R, y;i1 is by definition not
a zero divisor in Bj, and so in particular cannot be contained in any minimal primes of
Bj. By Lemma 3.8 it follows there is some y; ., € A; with ¢;(yj1) = y;j+1 which is not

contained in any minimal prime of A;. Let y;11 € R be any lift of y;»H. But now

R/(@, 41, ¥ ¥5+1) = A/ (Y41)

which has dimension dim A; —1 =d—(j+1), by the assumption that yg 41 is not contained
in any minimal prime of A;. This completes the induction.

Now, (w,¥1,..-,Jq) is a system of parameters for R.AsRisa complete intersection and
thus Cohen—Macaulay, it follows that (w,y1,...,94), and thus (y1,...,yq4,@), is a regular
sequence for R.

So now defining 0:5S—R by g(yl) = 7; makes R into a finite free S module, as desired.

The fact that Ry is a complete intersection of dimension 1, and finite free over O, now
follows immediately from the fact that Risa complete intersection. For the last assertion,
the proof of [BKM21, Theorem 7.16] gives rise to a commutative diagram with exact rows:

© (R o5, (Ro)

Od

O )\ (R) Py, (Ro)

where ®5(R) = (ker A)/(ker \)? = Q0 @) O and ®5(R) = (ker \)/(ker M) = Qf , @5 O,

and the maps © and O are given in terms of differentials by e; — dy;.

Now, as in [BKM21, Theorem 7.16], the fact that Spec R[1/w] and SpecR|[1/w] are
both equidimensional of dimension d and A and X, respectively, correspond to formally
smooth points on these schemes, implies that ®(R) and (I)X(ﬁ) both have rank d as
O-modules.
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But now the fact that ®,,(Ry) is finite implies that © must be injective. By
commutativity, this implies that © is also injective, which in turn implies that @Xe (Ry)
is also finite. O

3.2. Invariance of C ,(Ry) of 0

For this section, we will fix 6 satisfying (P) and (R,1,p) satisfying (CI). We will let
: S < R be a lift of 6 satisfying the conclusion of Lemma 3.7, and we will identify
w1th its images in R and R.

Let Rg and Ag be as in Lemma 3.7, and let pg = ®50: Rg — Ry (so that )\ Aop),
and let Iy = keryy C R@ Also, let my : R— Ry be the quotient map so that A= Ay 0Ty
and [9 =Ty g)

The ring Ry now satisfies the conditions from Section 2, so we have

Cxe (Ro) = Xo (f% [Ig}) /Xo (Fitt(Ip)).
The main result of this subsection is the following:

Theorem 3.9. We have the following:
1. Ro[ly) = mo(R[I])
2. Fitt(Iy) = mo(Fitt(1))

So in particular,

Cixy (Ro) = o (ﬁe [19]) /3o (Fitt(Is)) = Ao (m(é[f])) /2o (o (Fitt(I))) = A (i%m) /X (Fitt(I)),

which depends only on ]:’,, Rand X: R — O, all of which are independent of 6.
Thus, if we define C| X(E) =X (ﬁ[[]) JX(Fitt(I)), then we have

Cy5(R) =Cix, (Ry).

Proof of Theorem 3.9(1). Clearly, we have my (R[ D)< Eg [Zo] (since Iy = my(I) and so
Ry[Is] = R[I]), so it suffices to prove that Tol g - R[I] — Ry[ly] is surjective.
We first note that as R and Eo are complete intersections, and thus are Gorenstein, we

get the following:

Lemma 3.10. There are isomorphisms VU : R Homs(é,S) and Wy : }~%9 =
Homoe (Rp,O) of R-modules, fitting into a commutative diagram:

~ v

R Homg(R,S)
e o

N Wy -

Ry Home (R, 0)
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where the vertical map o : Homg (E,S) — Homg(ﬁ,(’)) = Homp (E@,O) is just composition
with the map S — S/ (y1,...,y4) = O.

Proof. As R is Cohen-Macaulay and free of finite rank over S, we have wp = Homs(é, S).
But as R is a complete intersection, it is Gorenstein, and so wg = R. Composing these
isomorphisms gives the desired isomorphism ¥ : R = Homg (E, S).

Now, note that (as R is a free S-module):

U(kermg) = U(y1 R+ +yaR) =1 W(R) + - +ya¥(R)
=y Homg(R,S) + -+ +yqHomg(R,S) = Homg (R,y1.5 + - +yaS)

= kero,

which implies that there is an injection Wy : . R =5 Home (R, ) making the above diagram
commute. As o is clearly surjective (since R is a projective S-module), it follows that Uy
is also surjective. 0

Lemma 3.11. We have
U(R[I)) = {f: R— S|f(I) = 0} = Homs(R/I,S)
and

Wo(Rollo)) = {f : Ry — O|f(Is) = 0} = Homp (Ry/I5,0) = Homg(R/I,0).

Proof. As U is an isomorphism of R-modules, we have W(R[I]) = Homg (R, S)[I] and thus
U(R[I)={f:R—S|rf=0forallrel}
—{f:R—S|(rf)(z)=0for all r € I and z € R}
={f:R—S|f(rz)=0forallr € I and = € R}
={f: R 5|f(1)=0}
=Homg(R/I,S).
The proof for \Ifg(ég [Ip]) is identical. O

Now, since E/I & R is a projective S-module, o induces a surjective map
Homg(R/I,S) — Homg(R/I,0). By Lemma 3.11, this is a surjective map 0’|\Ij(§[1]) :

W (R[I)) — Wy (E@ [I9]), so the commutative diagram from Lemma 3.10 gives that
WQ‘E[I] : R[I] — Ry[Iy] is surjective. This completes the proof of (1). O

Proof of Theorem 3.9(2). By the definition of I, we have a short exact sequence of
S-modules

0—-I—-R5R—0.
Applying —®g O to this gives an exact sequence
Tor{ (R,0) = 1©5O — Ry 2 Ry — 0.
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and so as Iy = kerpy, this gives as exact sequence
Tor{ (R,0) = I ®5 O — Iy — 0.

But now as R is a finite free S-module, Tor (R,0) = 0 and so we have an isomorphism
I®sO =1y of Rg-modules.
Now, by [Stal9, Lemma 07ZA] we indeed have:

mo(Fitt(I)) = Fitt(I ®s O) = Fitt(Iy),
as desired. This completes the proof of (2) and hence of Theorem 3.9. O

We note the following corollary.
Corollary 3.12. With notation as above
Cy 5(R) = M(R[I])/A(Fitt(1))

depends only on its quotient E/[ ~ R and we define

Cra(R) E 0 5(R).

Proof. This follows from Theorem 3.9 which shows that
Cl,/\e (Rg) = 015(&),

and the results of Appendix A which show that Cy, ,(Rp) is well defined and independent
of Re. O

Remark 3.13. The above Corollary 3.12 can also be proved directly by using the proof
of Lemma A.5 instead of reducing to the statement of Lemma A.5.

For later use, we also state the following result.
Lemma 3.14. As R-modules one has R[I] ~ wg.

Proof. As R is Cohen-Macaulay and R is Gorenstein, we have that wr = Homg(R,S)
and R~ Homg(R,S) as R-modules. Now, by [Stal9, Lemma 08YP]:

R[] = HomE(RJ?%) = Homg(R, Homg(R,S)) = Homg(R,S) 2 wr

as R-modules. O

3.3. Invariance of Dery,(Ry,E/O)

In this section, we will let R € Cp and S = O[[y1,...,y4]] be as above. We shall show
that for any inclusion 6 : S < R satisfying (P), the André-Quillen cohomology group
Derg (Rg, E/O) does not depend on the choice of 6.

In order to do this, we will need to make use of a continuous version of André-Quillen
cohomology, as the classical version does not behave well for rings that are not of finite
type but only topologically of finite type over the base. We will define this in terms of
the analytic cotangent complex defined in [GR03, Chapter 7].
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For any ring A, we will let Moda denote the category of A-modules, D(Mod4)
its derived category, and D~ (Mods) C D(Moda) the subcategory of bounded above
complexes.

For any map of rings A — B, let Lg/4 € D™ (Modp) denote the relative cotangent
complex.

Now, consider any A € CNL» and let A: Mod 4 — Mod 4 denote the m 4-adic completion
functor. As in [GR03, Chapter 7.1], let A: D~ (Mods) — D~ (Mody) denote its left-
derived functor.

If A— B is a continuous map of rings in CNLg, then define the analytic relative
cotangent complex to be Ly, = (Lpya)". For any B-module M and any i > 0 we may

then define the i*" continuous André-Quillen cohomology group to be
Dery (B,M) = H'(RHomp (L3} 1, M)).

Similarly, if A — B is any ring map and M is any B-module, the i** André-Quillen
cohomology group is just

Der’y(B,M) = H'(RHomp (Lp/a,M)).

We will begin by recording the basic properties of continuous André—Quillen cohomology
we will need in our arguments.

Proposition 3.15. Given any A,B,C € CNLp, and continuous ring homomorphisms
A — B — C and any C-module M, there is a long exact sequence:

0 — Der g (C, M) — Der 4 (C, M) — Der 4 (B, M) — Der g (C,M) — Der 4 (C, M) — Der s (B, M) — ---
Proof. This follows from the distinguished triangle
C@p Ly — LE)a— LE)p — C®p Ly, all]
from [GRO3, Theorem 7.1.33]. O
Proposition 3.16. If A — B is a continuous map of rings in CNLo which makes B into

a finite A-module, then L), = L4, and so @;(B,M) =~ Der’y(B,M) for alli>0 and
all M € Modp.

Proof. As the map A — B is finite, it is finite type (and not merely topologically finite
type). By [Iye07, 6.11], L 4 is quasi-isomorphic to a bounded above complex of finite
free B-modules £*. Using L* to compute (Lp,4)", we get

LEa= (Lpja)" = (L)) =L* = Lp)a,

as finitely generated B-modules are already mp-adically complete. The last claim now
follows from the definition of ﬁa;(B,M) and Der’ (B, M). O

Proposition 3.17. If A — B is a continuous map of rings in CNLe, then the module
Qpa= yLnQ(B/m%)/A of continuous Kdhler differentials defined in [BKM21, Section 7.1]
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—0 ~
is the mp-adic completion of Qp,4 and we have Der o(B,M) = Homa (g4, M) for any
B-module M.

Proof. For the first claim, we argue as in [BKM21, Lemma 7.1] (and note that the
assumption that R is finitely generated over A in that lemma was used only in the last
step, to conclude that {2z ,4 was finitely generated over A). Specifically, for any n > k we
have Qp/a/mpQp/4 = Qp/a®@p B/m = Qp/mn) 4@ B/ml; and so taking inverse limits
gives

QB/A/mIBQB/A =lim (Q(B/m%)/A ®B B/m’f;») =lim (Q(B/m%)/A) ®p B/mf = QB/A ®p B/mp.
Taking inverse limits again and using the fact that O B/A 1s finite over B, and hence
mp-adically complete gives
Qp/a=limQp 45 B/ml = 1&1913/141/"1lfszB/A
k
as desired.

In particular, this shows that the module (AZB/A is simply the module QaBH/A = (Qpya)"
from [GRO3], and so the second claim follows from [GR03, Lemma 7.1.27(iii)] and the

definition of Der 4 (B,M). 0
We will also need the following specific computations of continuous André—Quillen

cohomology:

Lemma 3.18. For any n >0 and any O[[x1,...,2,]]-module M, we have

—i M"™ =0
Dery (O[[z1,. .., 2,]], M) =
ero(Olfar.....a,. M) {0 o

Proof. By [GR03, Proposition 7.1.29], we have L, 20 = ﬁo[[th’mnﬂ/o[O] =

O[[z1,. . .,2,]]"[0] and so
RHomojz,,..., mn]](L?grl[[xl,“.,zn]]/o,M) = RHomojg,,....z,7](O][1,...,2,]]"[0], M) = M"[0]
so the claim follows. O

Lemma 3.19. If A is a ring and B = A/I for some ideal I C A, then for any B-module
—0 —1
M, Der 4(B,M) =0 and Der 4(B,M) = Homp (I /1% M).

Proof. As B = A/I is clearly finite over A, Proposition 3.16 gives ]5&2(37]\/‘[) =
Der’(B,M) for all ¢ >0 and all M. The claim now follows from [Iye07, 6.12]. O

For the remainder of this section, we always treat E/O as an Rg-module (and hence as
an R-module) via Ag : Ry — O. Our main result is the following:

Theorem 3.20. We have Dery,(Ry, E/O) = [/)EFEQ(R,E/O).
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This implies that Derg,(Rg, E/O) depends only on R and the R-module structure on
E/O, which is induced by A: R — O, and not on . This will thus complete the proof of
Theorem 3.25.

We first observe the following:
Lemma 3.21. For any t >0 and any Rg-module M, we have
Derg(R, M) = Der’ (R, M) = Der’y (R, M) 2 Der, (Rg, M).

Proof. The first and last isomorphisms follow from Proposition 3.16, as R is finite over
S and Ry is finite over O.

For the second isomorphism, first note that as R is a finite free S-module, it is a
projective resolution for itself in D(S), and so we have R®% O = R®sO = Ry. By [Stal9,
Lemma 08QQ), this implies that Lg/gs ®L Ry = Lg, 0. But now [Stal9, Lemma 0E1W]
gives that

RHompg(Lp/s,M)=RHompg, (L s ®% Re,M) = RHompg, (Lg, /0,M)
so the claim follows by definition. O
So to prove Theorem 3.20, it will suffice to prove the following:
Proposition 3.22. ﬂ;(R,E/O) = ]ﬂé(R,E/O).
Proof. Applying Proposition 3.15 to the ring maps O — S — R gives an exact sequence:
0 — Dera(R,E/O) — Derg(R,E/O) — Dero (S, E/O)
— Derg(R,E/O) = Derg (R, E/O) — Derg (S, E/O).

——0 —1
By Lemma 3.18, Der,(S,E/O) = (E/0)% and Der(S,E/O) = 0.
But now by the assumption that A : R — O represents a smooth point of Spec R[1/w]
we get that Qr/o ®x O has rank d as an O-module (as in [BKM21, Theorem 7.16]),
and so

Doty (R, E/O) = Homp(Qp 0, E/0) = Homo Q0 @1 0, E/O) = (E/O)! @ G,
for some finite group G. Also as @y, (Ry) = §R9/O ®x, O is finite (as 0 satisfies (P)),
Detg(R,E/O) = Dety(Ro, E/O) = Homo (s, j0, E/O) = Homo (5, (Re), E/O)
is finite as well. Now, the exact sequence simplifies to
0 Derg(R,E/O) = (E/O)! &G — (EJO)? — Detg(R,E/O) — Doty (R, E/O) — 0.

—0
But comparing coranks in the sequence 0 — Derg(R,E/O) — (E/O)¢® G — (E/0)?
implies that (E/0)?® G — (E/O)? has finite cokernel and hence must be surjective,
as E/O does not have any nontrivial finite quotients. This implies that the map
—1 —1
Derg(R,E/O) — Deryp(R,E/O) is indeed an isomorphism. This completes the proof of
Theorem 3.20. O
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We note that in Theorem 3.20 and Corollary 3.12, we have proved that

Dot (R, E/O) = Dot (Re, E/O). (3.1)
Cl,A(R) = CL)\Q(RQ). (3.2)

In order to actually compute dy,(Rg), we will need a method for computing
1 ~
Dery(R,E/O). For this, take any triple (R,I,¢) satisfying (CI). Then we now have
the following generalization of Equation (A.3):

Theorem 3.23. There is a four-term exact sequence:

0 — Homp(Qr/0, B/0) = Homz (g, o, B/O) = Homr(I/1%,E/O) — Doro (R, E/O) — 0.

Proof. Applying Proposition 3.15 to the ring maps O — R—>R gives an exact sequence:
—0 —0 —0 ~
0 — Derg(R,E/O) — Derp(R,E/O) — Derp(R,E/O)
—1 —1 —1 ~
— Derg(R,E/O) — Dery(R,E/O) — Dery(R,E/O),

and Lemma 3.19 implies that ﬁe\r%(R,E/O) =0 and ﬁe\r%(R,E/O) =Homg(I/I%,E/O),
so it’s enough to prove that ]5&29(]2 E/0O) =0 (since by Proposition 3.17, ]:/)e\rgg(R,E/O) =
Hom (O, £/0) and Derg (R, E/O) = Hom (0= E/O)).

Since R is a complete intersection, we can write R = P/J, where P = Ol[x1,...,Zdtn]]

and J = (f1,...,fn) is generated by a regular sequence. Applying Proposition 3.15 to the
ring maps O — P — R gives an exact sequence:

0 — Derp (R, E/O) = Doty (R, E/O) — Derey(P,E/O)
. Derp(R,E/O) = Dot (R,E/O) — Dot (P,E/O).

—0

Now, Lemma 3.18 gives the identification Dern(P,E/O) = (E/O)¥™ and
—1 —0  ~ —1
Der,(P,E/O) = 0 and Lemma 3.19 gives Derp(R,E/O) = 0 and Derp(R,E/O) =
Homp(J/J? E/O). Moreover, as J is generated by a regular sequence of length n, it

~ ~ 1 o~
follows that J/J? = (R)™ as R-modules, and so Derp(R,E/O) = Homp(J/J? E/O) =
(E/O)™. Thus, the above exact sequence simplifies to

—0 ~ —1 ~
0 — Dery(R,E/O) — (E/O)"t% — (E/O)" — Dery(R,E/O) — 0.

But now, just as in the proof of Proposition 3.22 above, the fact that Specﬁ[l/w] is

~ —0 ~
smooth of dimension d at A implies that Der,(R,E/O) = (E/O)*@® H for some finite
group H, and so comparing ranks gives that (E/O)"*t¢ — (E/O)" has finite cokernel,

—1 ~
and hence is surjective. Thus, Dery,(R,E/O) =0, and so the claim follows. O

3.4. Wiles defect for augmented rings (R,\) € Co

We make the following definitions and in particular define the Wiles defect for tuples
(R,\) € Co. Recall that by definition all such R are Cohen—Macaulay and flat over O.

https://doi.org/10.1017/51474748024000021 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000021

2486 G. Bockle, C. B. Khare, and J. Manning

Definition 3.24. Let R be a complete, Noetherian local O-algebra which is Cohen—
Macaulay and flat over O of relative dimension d and with an augmentation A : R — O
such that Spec R[1/w] is formally smooth at the point corresponding to .

e Define

—1
log|Derg (R, E/O)|
D =
1A(R) log|O/p]

(see Theorem 3.20).
e Define

o loCLA(R) _ log [N(R[I])/A(Fitt(I))
cLa(R) = log|O/p| log|O/p| ’

for any triple (R,1,p) satisfying (CI).
o The Wiles defect x(R) of R at A is defined to be

I(R) = DiA(R) —c1,a(R).

Here is the main theorem of this section which uses all the work we have done here.

Theorem 3.25. Let R and A : R — O be as above, and let 0 : S — R be a map
satisfying (P). Then the invariants Cy ,(Rg), Derg(Rg, E/O) and 6x,(Rg) are inde-
pendent of the choice of 6.

Proof. The proofs of the independence statements for Oy ,(Rg) and Dery(Rg, E/O)
follow from Theorems 3.9 and 3.20, respectively. The assertion for the Wiles defect 0, (Rg)
is then immediate from Theorem 2.2. O

Corollary 3.26. The numbers
Dy x(R),c1,(R),01(R)

are all nonnegative rational numbers depending only on R and \. Moreover, if E'/E is
any finite extension and O is the ring of integers of E’, then we have

Dixgo' (R®0 O') = DiA(R), c¢1ap0/(R®0O')=ciA(R), and S go(R®o O') =0x(R).
That is, D1 x(R),c1,A(R),0x(R) are all unaffected by changing the coefficient ring.

Proof. This is a consequence of Theorem 3.25, Theorem 3.9, Corollary 3.12 and Theorem
3.20, combined with Remark A.7 which confirms the finiteness of length of the terms
involved in the one-dimensional case.

The final claim about changing the coefficient ring is easy to verify in the case when R
is finite free over O (this fact was already noted in [BKM21, Section 3] for d,(R)), and
the general claim follows from this. O

We note the consistency of this definition with the definition of Wiles defect for tuples
(R,\) € Co when R is of dimension one.
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Proposition 3.27. In the case when (R,\) € Co and R is of dimension one, then
 log |8 ()| —log [ ()
log|O/pl

Proof. This follows from Proposition 3.16 and Proposition A.6 of Appendix A (cf.
Theorem 2.2). O

5)\(R) = DL)\(R) — CL)\(R)

Proposition 3.28. For (R,\) € Co, 0x(R) =0 if and only if R is a complete intersection.
In particular, 6x(O[[z1,...,2,]]) =0 for any n > 1 and any A : O[[z1,...,x,]] = O.

Proof. If R is a complete intersection, then ]je\r:g (R,E/O) =0 by the argument given in
the proof of Theorem 3.23. Further C; x(R) =0 (as we can take the CI cover R = R).
This gives that Jx(R) = 0.

Conversely, assume 05 (R) = 0. Then by our results we have a quotient (Rg,\g) € Co of
(R,\) € Co by a regular sequence (yi,...,yq), namely Rg = R/(y1,...,yq) and A\g: R —
Ry — O (the last map being A) with Ry of dimension one. Further, dy,(Rp) = dx(R) = 0.
Thus, by Lemma 2.1, Ry is a complete intersection, which implies that R is a complete
intersection. O

Remark 3.29. For (R,\) € Co and R of dimension 1, by Lemma 2.1 note that the
vanishing of Derg,(R,F/O) implies that R is a complete intersection because of the
inequality |®x(R)| > |¥A(R)| which follows from the usual Fitting ideals argument
—1
(cf. [Len95]). From this, we again deduce, by invariance of Der,(R,E/O) quotienting
—1
by regular sequences, that in general for (R,A\) € Co, the vanishing of Dery(R,E/O)
implies that R is a complete intersection.

Example 3.30. At the suggestion of the referee, we now compute the Wiles defect for
a simple example of a pair (R,\) € Cz, with R a non-CI ring. Much more elaborate
computations will be done in Section 5. We consider

>‘ : R = ZPHva]]/(X(X 7p)7Y(Y7p)7XY)*>ZPaf(X7Y) — f(OvO)

As a Z,-module R is free of rank 3, and possible bases are {1, X,Y } and {1,X —p,Y —p}. In
particular, R is of Krull dimension 1 and we have R = R*f. The most direct way to compute
the Wiles defect 05(R) is via formula (2.1): We have ker(\) = (X,Y) =Z,X®Z,Y,
Rlker(A\)] =Z,(X +Y —p), and hence

UA(R) = Zp/(A\(R" [ker X)) = Zy,/pZy.

Moreover Qg/z, @ Zp = (ZydX ©Z,dY)/(24(0,0)dX +2L(0,0)dY :i=1,2,3)7, for f; =
X(X —=p), fo=Y(Y —p), f3 = XY, and computing the Jacobian of the f; relative to X
and Y at (0,0) shows that

®5(R) = Qpz, 92 Zp = Z,/pZyd X & Z,,/pZ,dY.
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This gives

_ log|®(R)] ~log| x(R)| _ 21

P o0 1

=1

Alternatively, one may compute dy(R) via Definition 3.24: A possible choice of ClI-cover
is the quotient map

1 R=Z,[[X.Y])/(X(X =p).Y (Y =p)) = R=Z,[[X.Y]]/(X(X ~p).Y (Y —p), XY)
with kernel / =Z,XY. Then R[] = Z,(X—-p)@Z,(Y —p)®Z,(X—p)(Y —p). To obtain
the fitting ideal of I, we consider the right exact sequence

B2 LI (Xopta(Y=p) phohXY o

The fitting ideal is the ideal generated by the 1 x 1-minors of the matrix describing the
map on the left, that is, Fitt(I) = (X —p,Y —p). One deduces that

tog [AEIN APt ()| 1og01)
log |Zy,/p| ~log(p)

To compute D1 »(R), we rely on the exact sequence from Theorem 3.23. An expression for
QR/Z ®xZy is obtained in the same way as above for Qg z, ®xZ,, and in fact one finds
p
an isomorphism QE/Z QxZp — Qgyz, O Zyp. Theorem 3.23 now gives the isomorphism
p

Homp(I/1%,Q,/Z,) = ﬁe\ré(R,E/(’)). We compute
I/P@XZ, = (XY)/(XY)-(X,Y) = (XY)/(X?Y,XY?) = (XY)/(pXY) = Z,/p
so that Hompg(I/I?,E/O) 2 Z,/p. In turn this gives

CL)\(R) =

—1
log|[Dery, (R,Qp/Zp)| _log|Hompg(I/I%,E/O)| 1 ]
IOg‘Zp/p| 1 1 ’

Dy \(R) =

and we conclude (again)

5)\(R) = DL)\(R) _Cl,A(R) =1-0=1.
3.5. Properties of the Wiles defect
Theorem 3.25 can be restated as:

Theorem 3.31. If (y1,...,y4,™) is a regular sequence for R with yi,...,yq € ker\,
where we will also use X to denote the induced map R/(y1,...,ya) = O, then dr(R) =
Ox(R/(y1,---,yd))- In particular, 6x(R/(y1,..-,ya)) is independent of the choice of regular
sequence.

We now deduce some additivity properties of d(R) that we use later.

Proposition 3.32. Let R; and Ry be complete, Noetherian, Cohen—Macaulay, reduced
O-algebras, which are flat over O of relative dimensions di and dy. Pick augmentations
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it Ry — O such that Spec R;[1/w)] is formally smooth at the point corresponding to A;.
Let R=Ri®0Ry and A= \1®X\y: R — O.
Then

1. D1 A(R) = D1 x,(R1)+ D1, x, (R2)

2. CL,\(R) =cC1 (Rl) + 10, (Rg)

3. 0A(R) =6, (R1) +0x,(R2).
Proof. By definition, (3) will follow from (1) and (2).

For (1), we will first reduce to dimension 1. Let Sy = O[[z1,...,24,]] and Sy =
O[ly1,---,yd,]]- By Proposition 3.2, we may find maps 6; : S; < Ry and 605 : Sy — Ry

satisfying (P). Then the map 6 = 0, @00 : S1®0Ss — R satisfies (P) as well. So consider
the rings

Ry 9, = R ®g, 0, Ry, = R ®g, O, and Ry= R®51®OSQ 0= Ry 9, ®0 Ro,p,

and note that these are all finite free over O.
By Theorem 3.20, we now have that

Dot (R1,E/O) = Derby(Ry.g,, E/O),
Dot (Ra, E/O) = Derly(Ra.,,E/O),
Dot (R, E/O) = Dery(Rg, E/O).

But now by [Stal9, Lemma 09DA], as R; and Ry are both free over O, and hence Tor-
independent, we have

Lr,jo = LR, 4, ®0Rs0,/0 = LRy, /0 ®31 o, BOO LRy, 0 ®32 o, T0-
Thus,
Dero (R, £/0)
= Derg, (Rg, E/O) = H' (RHompg, (Lg/0,E/0))
= H'(RHomg, (Lg, , /0 @F, , Ro®Ln, ,,/0 9%, , ReE/O))
> H'(RHomg, (Lg, ,, 0 ©F, , Re,E/0))® H'(RHompg, (Lg, ,, /0 ©F, , Re,E/O))
=~ H'(RHomg, , (Lg, ,, /0,E/O))®H' (RHomg, , (Lg,, /0.E/O))
= Derb(Ry,0,.B/0) @ Der (Ry.g,,E/O) = Deto(Ry, E/O) & Dt (Ra. E/O)

and so (1) follows. B N

It remains to prove (2). Consider triples (R1,11,1) and (Rg,I2,p2) satisfying (CI) (with
(R1,A1) and (Rg,)\g) , respectively, in place of (R,))).

Define R = R1®0Rs, and note that I;®pRy and R1®(’)IQ are both ideals of R. Let

=1 Qs : R = R1®OR2 —» R1®@R2 = R, and note that keryp = <11®OR2)
<§1®OIQ). Denoting this ideal I C R, the triple (R, I,p) satisfies (CI). So by the definition

of ¢1,x,
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1.3, (B1)1og |O/p| = log |\ (B [1]) /i (Fist (1))
132 (B1)10g |O/p| = log | ha (FalFa]) /o (Fitt (12))|
1,1 (R)log|0/p] = log | \(RII))/A(Fitt(1)|.
The desired equality will now follow from Lemma 3.33. O

Lemma 3.33. If El,ﬁz,fi, I1,I5,1, \i,\y and A are as in the proof of Proposition 3.32,
then we have

A (E[I]) =\ (le [11]) Ao (1722 [12]) . and  A(Fitt(1) = Ay (Fitt (1) A2 (Fitt (1))
as ideals of O.

Proof. For the first claim, standard properties of annihilators imply that

Rl = R[(nEoks) + (Rioh)] = R [(h8oks) | nR[(Riol)]

= (El [I4] @OEQ) N (§1®0§2 [b]) =R [I1] o Ry [I2]
(where we’ve used that fact that (A@)oﬁz) N (El ®OB> = (A@)@Eg) (E1®OB> =
AR®pB for any ideals A C El and B C Eg) Thus,

A(BID) = @) (Ri (1] @oRe [1]) = A (Ri[0]) 2 (Ra[B2]).

For the statement about fitting ideals, fix presentations
O%Klﬁfi’f@f—)h%()
0—>K2—>}§§£>1'2—>07

where K; is a ﬁmtely generated R -module. Then A and B induce surjectlve maps
ARId: Rm Rm®OR2 — I1®(’)R2 and Id®B : Rn R1®(’)R2 — R1®(’)IQ, and so we
may combine them to produce a surjective map

O =(A®1d) - (Id®B): R™" = R & R" — (I@OEQ) + (E@@Iz) =1

Write K C R™*" for the kernel of C.

By definition: Fitt(I;) is the ideal of R, generated by all elements of the form
det (uq,...,up) € El for uy,...,uy, € K1 C E{”; Fitt(l2) is the ideal of RQ generated
by all elements of the form det(vy,...,v,) € El for vy,...,v, € Ky C EQ; and lastlz
Fitt() is the ideal of R generated by all elements of the form det (wy,...,wm4n) € R
for wi,...,Wmin € K C Rm+n,
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. . u; ®1
Now, given any uy,...,u, € K; and vy,...,v, € Ky it’s easy to see that < 10 >,

( 1(}2 > € K for all 7 and j, and so Fitt(I) contains the element
Uj

0 0 1y ® 1®v,

> =det(uq,...,un) @det(vy,...,vm).

It follows that Fitt(I;)®e Fitt(I3) C Fitt(I) and so Ay (Fitt(I1)) A (Fitt(I2)) € A (Fitt(1)).
For the reverse inclusion, we will use the following simple lemma:

Lemma 3.34. For any w = (wl) € K, forwy € R™ and wo € E”, there exist u € Ky
W
and v € Ko for which Mwi1) = A1(u) and A(wz) = A2(v).

Proof. As w € K, we have (A®Id)(w;) — (Id®@B)(wz) = C(w) =0 so let 7 = (A®
Id)(wy) = (Id®B)(w2) € R. By the definitions of A and B, we have r = (A®1d)(w;) €
L®o Ry and 7 = (Id®B)(w2) € Ri®o Iy and so

re (Il@)(gﬁg) n (Eﬂ@o]g) = Iﬂ%)o[g

Now, as A1(I1) = Aa(12)

= 0 by assumption, we get that (A ®@1d)(r) = (Id®@A2)(r) = 0.
Now, let u = (Id®X2)(wy) €

( ™ and v = (A ® Id)(wy) € RY so that
A (u) = A (([Ad@A) (w1)) = (A1 @ A2) (wr) = A(wy)
A2(v) = A2((Ar @1d)(w2)) = (A1 ® A2)(w2) = A(w2)
and
A(u) = (A®Id)(Id @M 2)(w1) = (Id®@X) (AR Id)(w1) = (Id®@X2) (1) =0
B(v) = (Id®B)(M ®1d)(w2) = (M @1d)(Id®@B)(w2) = (A1 @1d)(r) = 0.
So now wy € ker A = K1 and wsy € ker B = K, as desired. O

So now take any wi,...,Wmtn € K. The lemma allows us to write A(w;) = (

Al(“z‘))
)\2 (’Ul)
for u; € K7 and v; € Ko, which gives

oo =i (UG 1 S)

But now by standard properties of determinants, the determinant of this (m+n) x (m+n)
matrix may be written as an alternating sum in the form

Z (il) det ((Al(ui))iex) det ((AQ(Uj))jGY) = Z (il))q (det ((Uz)zex)) A2 (det ((Uj)jey))
X,Y X,Y

(where the sum is taken over partitions X UY = {1,...,m+n} with | X|=m and |Y|=n).
As this sum is in Ay (Fitt(I1)) A2 (Fitt(I2)), it follows that A(Fitt(I)) C Ay (Fitt(1y))
A2 (Fitt(I)), giving the desired equality A(Fitt(I)) = A (Fitt(l1)) A2 (Fitt(l2)), and
completing the proof. O
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4. Galois deformation theory

This section recalls basic results on Galois deformation theory and fixes some notation
for the remainder of this work. Our main references are [Thol6, §5] and [BKM21, §4].

Recall the notation from the end of Section 1. We fix a continuous, absolutely irreducible
residual representation

p: Gr — GLQ(k)

with detp = ¢,, for simplicity. We will assume that & contains the eigenvalues of all
elements in the image of p. We also fix a finite set X of finite places v of F' disjoint from
Y., that contains all places v ¢ ¥,, at which p is ramified and possibly further places of F.

Local deformation rings

Let v € ¥. We write DY : CNLp — Sets for the functor that associates to R € CNLp
the set of all continuous homomorphisms r : Gp, — GL2(R) such that r (mod mp) =
plar, and detr =e,. The functor DY is representable by an object RY € CNLp, a
framed deformation ring. We will write pJ) : G, — GLo(RY)) for the universal framed
deformation.

A local deformation problem for p|q,, is a subfunctor D, C DE satisfying the following
conditions:

1. The functor D, is represented by a quotient R, of R,UD.

2. For all R € CNLgp, g € ker(GL2(R) — GLa(k)) and r € D,(R), we have grg=! €
Dy (R).

The ring R, will be called the local deformation ring representing D,,.

If a quotient R, of RUD corresponding to a local deformation problem D, has been
fixed, we will write p, : Gg, — GLa(R,,) for the universal framed deformation of type D,.
A sufficient condition for a quotient R, of RY to be a local deformation ring is the
following; see [Tho16, Lemma 5.12].

Lemma 4.1. Let 7: RE — R, be a surjective morphism in CNLo with specialization
r:Gp, = GLa(R,) induced from the universal framed deformation, and assume the
following conditions:

1. The ring R, is reduced, and not isomorphic to k.

2. For all g € ker(GLy(R,) — GLa(k)), the homomorphism RS — R, associated to the
representation grg~—' by universality factors through 7.

Then the subfunctor of DE] defined by R, is a local deformation problem.

Below, we consider quotients of R which are defined as in [Kis09] as reduced, O-flat
quotients R, of RE, that are the Zariski closure of a set of Qp—valued points of RUD; in
each case the set forms the closed points of a Zariski closed subset of the generic fiber
Jacobson ring RS'[1/p] and thus the generic fiber R,[1/p] has this set as its Q,-points; in
particular, these R, satisfy Lemma 4.1 and thus give rise to a local deformation problem.
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[Kis09] computes the dimension of generic fibers of the quotients we consider and proves
that they are regular.

Modified local deformation rings

We shall also consider modified deformation problems as introduced in [Call8]. For this,
one fixes an eigenvalue «, of p(Frob,). Note that «, € k by our hypothesis that the
eigenvalues of all matrices in the image p(Gr) C GLa(k) lie in k.

Definition 4.2. The functor ﬁ%‘ : CNLp — Sets of modified framed deformations
associates to R € CNLe a pair (r,a) with € DJ(R) and a € R a root of the characteristic
polynomial of r(Frob,) such that a = a,modmg.

There is an obvious natural transformation u,: ﬁuj = D), and 155 is representable
by the localization RS of the ring RZ[x]/(2? — ztrp5'(Frob,) + det p(Frob,)) at the
maximal ideal generated by mpo and (z —ay). If p(Frob,) has a multiple eigenvalue,

the ring RS [2]/ (2% — z tr pJ) (Frob,,) 4 det p) (Frob,)) is local and hence isomorphic to RY.
This proves the following result; see [Call8, Lemma 2.1].

Lemma 4.3. If p(Frob,) has distinct eigenvalues, the canonical map RS — EE s an
isomorphism. Otherwise, the extension RE’ — RE is a finite flat extension of degree two.

The following definition is extracted from [Call8, §2].

Definition 4.4. A modified local deformation problem for p|a,, is a subfunctor D, C ﬁ?
satisfying the following conditions:
1. The functor D, is represented by a quotient R, of EE
2. For all R € CNLo, g € ker(GL2(R) — GLa(k)) and (r,a) € D,(R), we have
(grg~',a) € Dy(R).

One has the following analog of Lemma 4.1.

Lemma 4.5. Let 7: EE — EU be a surjective morphism in CNLep, with specialization
(r,a) € D(R,) induced from the universal pair via 7. Suppose that
1. The ring Ev is reduced, and not isomorphic to k.
2. The surjection T satisfies condition 2 of Lemma 4.1 with R, and EE replacing R,
and RY, respectively.

v 7

Then the subfunctor D, ofﬁv] defined by R, is a modified local deformation problem.

Proof. The proof follows from the aruguments given in the proof of [Lemma 3.2,
BLGHT11] which contains a proof of Lemma 4.1. O

Local deformation conditions
We now define the local deformation conditions relevant to this work; the result-
ing framed deformation rings will be denoted by R7v, where the superscripts

v )
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Ty € {fl, min, st, un, p-uni, O} indicate the type of condition used to define R,, and
the corresponding universal framed deformation by pJ». Our conditions for framed
deformations r of p|g, will always include the condition detr = ¢,; we shall not repeat
this below. We shall be brief, as we closely follow [BKM21, §4].

For all v € ¥, the extension F,/Q, is unramified by the hypotheses from Subsection
1.6 and we moreover assume that that p|¢g, is finite flat, so that Fontaine-Laffaille theory
applies, and we let

e R be the quotient of RE parameterizing flat framed deformations of p|a, .
For v € X, we let

e RMn he the quotient of RE parametrizing minimally ramified framed deformations
of plg,. Concretely, a framed deformation p, of p|g, parameterized by R™" is
required to satisfy one of the following two conditions depending on 7|z, :

(i) if p|z, is semisimple, then the restriction p,(I,) — p(I,) is an isomorphism,
(ii) if p|y, is a nontrivial extension of a character £ of I, by itself, then p,|;, is an
extension of & by itself, for £ the Teichmiiller lift of &.

In particular, if 7 is unramified at v, then R™* parameterizes unramified framed
deformations, and then, occasionally we write Ry"" for R;"™.

Let Q C ¥ be the subset of those v such that the representation p|g,. is of the form

< 5? ; ) (4.1)

with respect to some basis e1,es of k? and where the character X is unramified;? we further
assume that the basis is chosen so that x is trivial whenever p|g,. is split, which holds
if p is unramified and €, is nontrivial. Also, ¥ has to be quadratic and we let x be its
unique (quadratic) lift to O. Let 8, = x(Frob,) € {£1}.

For v € Q, we define the Steinberg quotient RS* of RY as follows:

e If p is ramified at v, then RS is defined to be R™Min.

e If p is unramified at v, we define RS’ as the unique reduced quotient of RE
characterized by the fact that the L-valued points of its generic fiber, for any
finite extension L/F, correspond to representations of the form

EpX %
0 x /)’
and with the additional condition x(Frob,) =/, in the case ¢, = —1 mod p. In

the case q, = —1 mod p, without fixing 3,, Spec RS* would have two irreducible
components because here ¢, is quadratic and unramified; see also [BKM21, §4].

3Let us note that the set @ here and the sets @ in Sections 6 and 7 are (related but) in general
not the same.
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For v € @ such that p|g,, is unramified, we also define:
e The unipotent quotient R'™ of RE is the unique reduced quotient such that
Spec R = Spec RSt U Spec R inside SpecRE. If ¢, = —1 mod p, then note that
RS depends on f3,.
o The modified unipotent quotient E;}ni of EE is the unique reduced quotient of RJD

characterized by the fact that the L-valued points of its generic fiber, for any finite
extension L/E, correspond to pairs (r,a), where r is a representation of the form

EpX ¥
0 x
with x unramified, and such that x(Frob,) = a, and such that a, = 8, mod p in
the case ¢, = —1 mod p.
It is clear from the definitions that the natural map R — Egni factors via R — RU™ —
R™ and by Lemma 4.3, the map R'"™ — R is an isomorphism, unless ¢, =1 mod p.
For a more uniform notation, from now on we write R instead of RU™.
The following result summarizes basic ring theoretic properties of the R]v.

Proposition 4.6. The following hold:
1. We have R = O[[z1,..., 234 (F,.q,)]] for vE X, and RM™ = O[[x1,22,23]] for v e 2.

2. Forv e X, the ring RE is a complete intersection, reduced and flat over O of relative
dimension 3.

3. For v e Q, the ring R is Cohen—Macaulay, flat of relative dimension 3 over O
and geometrically integral and if v is not a trivial prime for p, we in fact have
th = O[[mhfbg,l‘g“.

4. For each v € Q and each minimal prime p of RE, RUD/p is flat over O and
geometrically integral.

5. For v € Q such that in addition p is unramified at v, the rings R'™ and R¥™“ are
Gorenstein, reduced and flat over O of relative dimension 3.

Moreover, the rings Rjv in 1.-5. are the completion of a finite type O-algebra at a maximal

ideal.

Proof. For all but 5, we refer to [BKM21, Prop. 4.3] and the references given in its proof.
The proof of 5 is given in Lemmas 5.4 and 5.3 below. O

For each v € ¥, fix a 7, € {min, st, un, g-uni, O}, and let 7 = (7, )vex, and define
R, = (®sz> So | QR)

vEX v|p

4We note that X yex and ®U‘p are formed over O, but we do not add O into the notation.
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We simply write Rio. for R] ., if 7, =0 for all v. Note in particular, that for any 7 there
is a natural morphism Rj,. — R],. and that it factors via RITOIC, where 7’ is obtained from
7 be replacing all p-uni by uni.

Proposition 4.6 and [BKM21, Lemma 4.4] yield:

Proposition 4.7. The ring Rio. is a complete intersection, the ring R] . is Cohen—

Macaulay, and both are reduced and flat over O. If R is Gorenstein for all v € ¥, then
s01s ..
Moreover, each irreducible component of Spec Rjo. is of the form

@RE/p(“)

vEX

Spec ® RE,

where each SpecRE/p(”) is an irreducible component of SpeCRE, that is, each p'*) is a
minimal prime of RS

Global deformation rings

Now, we set up the notation for the corresponding global deformation rings, following
[BKM21, Section 4.3], where further details can be found.

Let R (resp. RY) denote the global unframed (resp. framed) deformation ring
parameterizing lifts of p with determinant e, which are unramified outside ¥ U,
(together with a choice of basis at every v € ¥UX,), One may noncanonically fix an
isomorphism RS = R[[X],... , Xan(xus,)—1]] so that we may treat the subring R of RU
also as a quotient of RY. One also has a natural map Rjo. — RY (and thus a map
Rjoc — R), by restricting the global framed deformation and performing locally a base
change.

Let 7 = (7,)vex be as in the previous subsection. Then we define

RD’T = 7—oc ®R10c RD and R” = Rf;)c @ Rioe R. (42)

5. The Wiles defect for some local framed deformation rings

In this section, R will denote a ring R} as defined in Section 4 for a residual representation
Po = Plar, : Gr, — GLa(k) as described in the displayed matrix (4.1) at a place v € Q
of F, and a deformation condition 7, € {st,-uni,uni}. We let ¢ = ¢, be the cardinality
of the residue field of F, and e the ramification index of O over W (k). We also fix an
augmentation A: R — O.

Throughout this section, we assume, in fact, that ¢ =1 mod p and that p,, is trivial.

Definition 5.1. Let py : Gp, — GL2(O) be the representation at v induced from the
augmentation A\. We define the local monodromy invariant n, of A to be the largest
integers n such that py(Gr,) mod w™ has trivial projective image.”

5This definition also applies in the case where our current setup is twisted by a character that
is quadratic and unramified at v. The results of this section also apply to this twisted setup.
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The aim of this section is to compute the invariants D1 x(R) and c¢i1,x(R) of Venkatesh
and the Wiles defect 65 (R) as attached in Definition 3.24 to the pair (R,\) for certain
types of p, and 7,. The three types of deformation conditions that we shall investigate
are weight 2 Steinberg representations, weight 2 unipotent representations and weight 2
unipotent representations with an additional choice of Frobenius eigenvalue; we call the
corresponding cases (st), (un) and (p-uni), respectively. We shall see that the invariants
will only depend on the monodromy invariant n, and on the type of deformation
condition.

The overall strategy in each case is the same. The actual computations between case (st)
and cases (un) and (¢-uni) differ greatly. In each case, we first give (or recall) an explicit
description of R, as a quotient of a power series ring over O modulo some ideal given by
explicit relations. Then we need to find a ring R and a morphism ¢ : R — R that satisfy
property (CI). In the unipotent cases, we also need a morphism 6: S — R as in Lemma 3.7.
We greatly benefit from the freedom in choosing R and . Venkatesh’s invariants do not
depend on this choice. So we do this in a way amenable to computation. Our choices are
not ‘natural’, but they ‘work’.® They allow us to explicitly compute at least the following
objects that by Theorem 3.9 and Theorem 3.23 give Venkatesh’s invariants:

(a) the first two steps in a finite free R-resolution of I =ker,
(b) the R-annihilator R[I] of I and
(¢) the modules of formal differentials Q5 and () 2

The computation of the quantities in (c) is done as in [BKM21]. They can be related
to O-linear subspaces of Qoj(,.....z,))/0 formed by differentials in the kernel ideal of

a surjective presentation O[[z1,...,2,]] — R and are not difficult to compute. The
resolutions needed for (a) turned out to be manageable, even by hand calculation. The
most difficult quantity to compute was (b). In case (st), we can rely on the rich theory
of determinantal rings. In the other cases, we needed explicit bases of R and R as free
modules over S, and we need to understand the socle of the mod p fiber of the latter rings
modulo the standard regular sequence of S and the chain of isomorphisms in the proof
of Lemma 3.14.

In the Steinberg case, we were able to perform all computations by hand. For (a)
we made use of a standard resolution from commutative algebra, the Eagon—Northcott
complex; see the proof of Lemma 5.8. Also, (b) and (c¢) turned out to be directly
computable. The reason is that the ring we consider is the completion of a certain
determinantal variety of 2 x 2-minors of a 4 x 2-matrix. The equations defining such
varieties possess many symmetries and have been much studied in commutative algebra.

61t is shown in [Shol8] that the unrestricted framed deformation ring RD of any trivial p, :
Gr, — GLy(k) is a local complete intersection ring and so the induced surjection R=Ry>R
might appear as a natural candidate for 0. However, for the purpose of computations, this

seems not useful. The ring RUEI can be significantly more complicated than R. For instance in
case (st), the ring R can be defined entirely by quadratic polynomials, whereas the equations

defining RE involve expressions of degree q. The latter seem to make the sort of computations
we need to preform impossible when using R.
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In the unipotent cases, the defining equations had no structure that we could link to
well-studied classical varieties. In these two cases, we employed for nearly all computations
the computer algebra system Macaulay2. " To do so, we modeled the sequence of maps
S—R—R by a sequence of rings Sz — Rz, — Ry of finite type over Z, that obviously
depend on the case (un) or (¢-uni). With the help of Macaulay2 and suitable choices of
integral models, that we found by experiment, we were able to work out (a)—(c¢) in fact
over Z (or over Q when this was sufficient). Using base change and completion, we convert
these computations to answers to (a)—(c) for § — R — R. Our models in fact work for all
primes p simultaneously. The models we find satisfy in particular, that Ez and Rz are
finite free over Sz and that certain related models for the mod p fibers of S — R — R have
the analogous property with the same rank. Finding models that are in addition smooth
at the augmentation point in the generic fiber of }NEZ posed an additional challenge. The
code that performs our calculation can be found the the GitHub repository of the first
author; see [Boc23].

Let us also mention here that in Subsection 5.5, at the end of this section, we gather
some results on Cohen—Macaulay and Gorenstein rings that we use repeatedly. It also
contains some elementary results on generating sets on dual modules that were useful in
explicit computations in Subsections 5.3 and 5

5.1. Presentations of and basic results on the rings R

Case (st). In case (st), the ring R is the Steinberg quotient RS' defined in Section 4.
The setup is as in [BKM21, §7.2] except for two minor differences: In [BKM21] the
coordinates used for RS' were adapted to the augmentation, while here we chose the
coordinates to better fit standard results on the Eagon—Northcott complex. Moreover,
here F), is an arbitrary l-adic field, there it was Q;, where [ the prime divisor of ¢q. As
recalled in Proposition 4.6, the ring RS' is a reduced Cohen—Macaulay domain (but non-
Gorenstein), and it is flat over O of relative dimension 3. From [BKM21, §7.3], we have
the explicit presentation RS' =R /Jy where R = Ol[a,b,c,,3,7]] and Jy is the ideal of R
generated by the 2 x 2-minors of the matrix

(O‘ B la=lta) b ) (5.1)

vy -« c —a

To describe various explicit calculations to be given below, we denote by ¢; ; the 2 x 2-
minor for columns ¢ < j, and we set

r'=—tia=a?+ By, r=toz=(¢—1+a)atch 1y =—t3s=(q—1+a)a+bc,
ri=—tiz=(qg—1+a)y—ca, r'=—tig=aa+by, ry=—trs=aB—ba,

so that Js = (r5%,...,r8).
As in [BKM21, §7.2], we consider the augmentation \: R — O given by A(a) = A(a) =
Ae) = A(y) =0 and A(b) = s, A(8) =t, with t € mp nonzero.

"We thank Dan Grayson for answering some questions and the Macaulay developers for this
useful software.
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Case (¢-uni). Fix alift 0 € G, of Frobenius. In case (p-uni), the ring R is the universal
framed deformation ring R defined in [Callg, §2.1; called there R{°d] for framed
deformations p of p, of trivial inertia type together with a choice of eigenvalue (1+ X) of
p(0), and with det p(o) = ¢. In other words, the p-adic framed deformations parameterized
by R are those that can be made upper-triangular with unipotent inertia and with
q(1+X)~! and (1+ X) as diagonal entries of p(c) for some X. It is shown in [Call8,
Lem. 2.4 and its proof] that we have

R =R/,

where R = O[lo,8,7,X,a,b,c]] and T C R is the ideal generated by the entries of the
matrices

N2 N(A—(1+X)I),(A—q(1+X) )N, AN —gNA,det A—q

; — (q(1+X) 1 +a b —(a B
with A.—<( C) 1+Xfa,) and N := (,y —a)'
The corresponding universal framed deformation factors through the tame quotient Gfl of
Gr,, and if 7 is a topological generator of the inertia subgroup of Gf] such that oro ™! =179,
then this framed deformation is given by o +— A and 7+— [+ N.

Lemma 5.2. We have Z= (r{™™...;r5™"™) for
Talp—uni _ OéX, T;p—uni — va T;p—uni — 'YX7 T4up—uni =aq+ ((12 + bc)(l +X) _ a(l +X)2, T;p—uni _ a2 JFB'Y:

-uni -uni

=ac—~v(g—1+a), r¥ = aa+ b, r‘g’“m =Bc+alqg—1+a), répfuni = Ba — ab.
Proof. We claim that Z is generated by the elements aX,8X,vX, detA —q, det N
together with the entries of the 2 x 2-matrix N(A — (14 X)I) with X specialized to
zero. From the claim and in particular aX,5X,vX € Z, it is straightforward to see that
the Tf‘uni, i=1,...,9 generate Z.

To show the claim, denote for a 2 x 2-matrix D over a ring R by D* the main involution
applied to D as in the proof of [BKM21, Lem. 7.2]; recall that the map D+ D* is R-linear
and satisfies D+ D*=tr DI, and that, up to sign, the set of entries of D and D" are the
same.

It follows that N* = —N and A* = —A+ (¢(1+ X)~'+ (14 X))I, and from this one
deduces that

(A—q(1+X) " HN = (N(A-(1+X)I))".

Hence, either the entries of N(A— (1+X)I) or those of (A—¢q(1+X)~!)N can be omitted
when generating 7.

The vanishing of N? is easily be seen equivalent to that of det N. It remains to show
that assuming N(A— (1+X)I) =0, we have AN = gNA <= aX =X =~vX =0: To see
‘=", we compute

0=gN-(A—(1+X)I)=gNA—q(1+X)N = AN —g(1+ X)N = (A—q(1+ X)I)N.
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Subtracting the latter from (A—gq(1+X)"1)N =0 yields ¢(1+X —(1+X)"1)N =0, and
from this and our hypothesis p > 2 it is straightforward to see that XN =0, i.a., that
aX =X =X =0. For ‘«=’, observe that the steps can be reverted. O

Lemma 5.3. The ring R¥™™ has the following properties:

1. It is reduced, flat over O and of relative dimension 3.

2. Its two minimal primes 11 and Iy can be labeled so that Rf‘““i/ll parameterizes
unramified framed deformations of p with a choice of Frobenius eigenvalue, and
R#0 /T, s the Steinberg framed deformation ring BRS¢ from case (st).

3. The elements w,b—c,b— B,X —~ form a regular system of parameters and R¥™"™ is
Gorenstein.

Proof. Part 1 is [Call8, Lem. 2.2]. To see 2, set Z; =Z+ (o, 5,7) and Zo =7+ (X). From
the description of R¥"" and its universal framed deformation, it follows that the rings
Rf'uni /Z; have the moduli interpretation we claim in 2. It remains to show Z 2 Z; NZ,.
Observe first that

R/Ty = Ofla,b.e, X]}/(aq + (a® +be) (1+ X) — a(1+ X)?)

is a domain because aq+ (a? +bc)(1+ X) —a(1+ X)? cannot be factored in the regular
ring Ol[a,b,¢, X]]. Hence, X is a nonzero divisor in the quotient R/Z;. Suppose now that
we are given r+71r'X € 7y NIy with r € Z and v’ € R. Reducing modulo Z; yields r’ € 7y
and hence ' X € 7, - I, C Z. This concludes 2.

We prove 3. The ring R/Z, is isomorphic to RS' and hence Cohen-Macaulay of
dimension 4. The ring R/Z;, given explicitly above, and its quotient by X, that is,
the ring R/(Z; + Z»), are Cohen—Macaulay of dimension 4 and 3, respectively, by
Proposition 5.35.3. Hence, R¥™" =R /(Z; NZy) is Cohen-Macaulay of dimension 4 by
[Eis95, Exerc. 18.13]. In particular systems of parameters of R are regular sequences
by Proposition 5.35.

Let now A be the quotient of R¥™"™ modulo the sequence w,b—c,b— 3,X —~. The
relations allow one to eliminate the variables ¢, 3,7, and after some simple manipulations
one finds

A= E[[a,b,X,0]]/(aX,bX,X? a%> - 2aX,0? ab—aX,aa,b? ab—aX).
It is a k-vector space of dimension 6 with basis 1,a,b,X,a,a®> and one computes
socle(A) = ka?. Hence, the sequence w,b—c,b— 3,X —~ is regular and it follows from

Proposition 5.35 that R is Gorenstein. O

We consider the ‘same’ augmentation as in case (st), namely the O-algebra map
R#90 — O that is the projection RY™W — R#-u1 /[, = RSt from Lemma 5.3.2. composed
with the augmentation RS' — O from case (st). Concretely, A is given by

a—0,X—0,c—0,a—0y—=0b—s6—t

for some s,t € mp with ¢ nonzero.
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Case (un). One has natural surjections RS — R3* and RL — R!™. Denote by I°** and
I the corresponding ideals of RY. Then in the case (un), we define R as the quotient

Rgni — REI/(I% mlunr)7

cf. [Shol6, Rem. 5.7] for a comparable definition. In other words, R is the reduced
quotient of RUD such that Spec R™ = Spec RS' U Spec RY™" C Spec RE; see Lemma 5.4.

The ring RY is can be realized as the quotient R’ /Z’ for R’ = Ol[a, 5,7,0,a,b,¢,X]] and
T’ C R’ as the ideal generated by the entries of the (2 x 2- and 1 x 1-) matrices

AB—BYA,det A—q,det B—1

: ._ (qta b (14«
with A:= ((16" l—a)—X> and B.—< 7(’ 1—?6)'

The ideals I""* and I®* both contain o+ ¢ since these quotient describe situations where
either N = B — I is zero, or N is of trace and determinant zero. Therefore, R can be
written as a quotient of R = O[[a, 3,7,a,b,c, X]] by an ideal Z"" C R; with § = —a.

We computed in Macaulay2 generators of """ and I®* by working inside the polynomial
ring Rz = Z[g,a,b,¢c, X,,5,7], where we represent the prime power ¢ in Z by the
indeterminate ¢+ 1 in the polynomial ring.® Let I3™ and I3 denote the corresponding
ideals of Rz. Then we let Macaulay?2 also compute the intersection I. oni — Junr ) J5b The

ideal I3™ is generated by the elements
rimi = X, ré‘ni = Xp, ré’ni =Xa, r}l‘ni =a’+p, rgmi =ba —af, Tgni = aa+ by,
it =B —by+qa, iV =ca—ay—qy, r§" =a’® +be+aX +ga+(g+1)X.

We also have 13" = (v, 8,7) and I3 = (X,r§™ ... ri0). We shall use the same names 7}
for the corresponding elements in R, with the silent assumption that in R we replace ¢
by q.
Lemma 5.4. The ring R™ = R/I"™ with R = O[a,B,7,X,a,b,c]] and T =
(rymi .. r8™) has the following properties:

1. We have T =T N5 for T =T+ (o, B,7y) and % = T+ (X) so that R/I""™

and R/I* are identified with the unramified and the Steinberg quotient of RY™,
respectively.

2. The ring R™ is Cohen—Macaulay, flat over O and of relative dimension 3 and
reduced.

3. The elements w,b—c,b— 3,X —~ form a reqular system of parameters and R¥™ is
Gorenstein.

Proof. Part 1 is clear, except for the containment Z"" > 79" N7, Similar to Lemma 5.3,
the quotient R/Z"" = O[[X,a,b,c]]/(ré™) is a Cohen—-Macaulay domain of dimension 4.

81t might be worthwhile to remark that a computer algebra package cannot directly evaluate B,
and so we cannot give explicit equations for RY. However, in the quotients RY™ and RS the
matrix B has characteristic polynomial (T —1)? so that (B —I)? =0 by the Cayley-Hamilton
theorem. This allows us to use BY = B+ (g+1)I in when computing Z"** and Z°*.
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The inclusion Z" D T N7 now follows as in the proof of Lemma 5.3, and this
completes part 1. Because of part 1, the central factors in the short exact sequence
of R-modules

0= R/I™ = R/I™ xR/T* = R/(T™ +T*) =0

are domains, and so R"™ is reduced. The two central factors and also R/(Z"™ 4 Z5¢) =
Olla,b,c]]/(r5") are Cohen-Macaulay of dimensions 4, 4 and 3, respectively. As before we
find that R is Cohen—Macaulay of dimension 4 by [Eis95, Exerc. 18.13].

Finally, one verifies, by hand or via Macaulay?2, that Rz/(Z3" + (¢,b — ¢,b— 3,X — 7))
is a free Z-module of rank 6 with basis 1,a,b,bar, X, and socle ba. BEI reduction modulo
any prime number p, one deduces that R /(ww,b—c,b— 3,X —~) is a zero-dimensional
ring. It follows that w,b—c¢,b— 5,X —~ form a system of parameters, and hence a regular
system of parameters by Proposition 5.35.3. In particular, R%™ is O-flat. By computing
the socle of R /(w,b—c,b— 3,X —~), which turns out to be of length 1, one deduces
from Proposition 5.35.1 and Proposition 5.35.2 that R is Gorenstein.

Let us indicate the relevant computation for A := R /(w,b—c,b— 3,X —+). Using the
relations given by w,b—c,b— 3,X —~ to eliminate ¢, 3,7, one finds

A= Ek[a,b, X,a]/(X%bX,aX,0% bla—a),aq,b® ba—aX,a* +aX + X).

The last relation gives X(1+a) = —a?, from the first it follows that X? = 0 and
hence a* =0 so that 1+ a has inverse 1 —a —a? —a®, and with it X = —a? + d®.
This allows one to eliminate X and after elementary simplifications one finds: A =
k[a,b,a]/(a?,a?,b(a — a),ac,b? ba+a*). Then a simple computation shows that a k-basis
is given by 1,a,b,c,a?,ab. To find the socle one computes the solution set of the equations
ar =bxr = ax =0 for z a general k-linear combination of the above k-basis of A. This
gives x € kab, and since ab = ba and X = —a® —ab in A, this is a direct proof of the first
sentence of the previous paragraph. O

Remark 5.5. One can also work out the above argument by first working out properties
for Rz, 7%, T"" and Z"" and then completing at m,; = (p,q;,B,7,X,a,b,c) and then
passing to the quotient modulo ¢ — (¢ —1). The above direct argument is shorter.

5.2. Steinberg deformations at trivial primes
Lemma 5.6.
1. The elements 58,13 it v — B,c+ b,8+ bw of R = Olla,b,c,a,3,7]] form a regular
sequence.
2. The complete intersection R := R/(rSt,rit,rst) is flat over O and of relative
dimension 3.
3. The point in Specﬁ[%} corresponding to the augmentation N RO given by the
same prescription as X\ is formally smooth.
Proof. 1. It suffices to show that R modulo the ideal generated by the given sequence is
finite. Modding out v — 8,c+ b, + b,w from R, we need to show that k[[a,b,«]] modulo
the 2 x 2-minors ¢ 2,t2 3,t3 4 of the matrix
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a —=b a b
b —a —-b -—a

is finite. Using the relation aa+b? as a relation for b, it follows that the quotient ring is
a degree 2 extension of k[[a,a]]/(a? —aa,a® +ac), and the latter ring is finite, as p > 2;
a k-basis is 1,a,q,aq.

2. The regular sequence in 1. remains a regular sequence under any reordering and after
any truncation. This shows that R is flat over O and of relative dimension 3 over O.

3. To see the formal smoothness, we form the Jacobian matrix of r§*,r§',r§' relative to

the variables of R[%] and evaluate at the augmentation. This gives
0 0 0 2« v B _ 0O 00 0 0 ¢t
« v 0 g—14a 0 b eval.atA 0 0 0 g—1 0 s
2a+qg—1 ¢ b 0 0 0 g—1 0 s 0 0 0
Columns 1,4,6 witness the formal smoothness asserted for A O

Remark 5.7. From the proof of Lemma 5.6.1, one deduces that as an O-algebra map
S = O[[y1,y1,y3]] = R one can take

yH,y_ﬁ7 92’—>C+ba y3’_>6+b

~

Similar to the proof of Lemma 5.6.1, one can show that RS'/(w,y1,yo,ys3) =
k[a,a,7]/(a,a,7)?. Tts socle is obviously spanned by {a,a,7} and has thus k-dimension 3.
Using that RS' is local Cohen—Macaulay of dimension 4, by combining parts 3, 2 and 1
of Proposition 5.35 one deduces that RS is not Gorenstein.

In the following, let R = R/(r5t,r5t,r5h) and I = ker(R — R:). We need some
preparations to give a presentation of I as an R-module. Recall that Js was defined
before formula (5.1).

Lemma 5.8. The sequence of R-modules R® ARe B Jst = 0 s exact, where B s the

1 x 6-matriz (r5*,r5t,...,r%) and A is the 8 x 6-matriz
b g—1+a 0 0 —a c 0 0
0 —Q —b 0 0 —v a 0
0 0 B8 o 0 0 —a vy
0 8 0 —b 0 —a 0 a
B 0 0 g—14a —a O c
—a 0 q—1+a 0 -y 0 c 0

Proof. The displayed presentation is part of the Eagon—Northcott complex attached to
the 4 x 2-matrix from Equation (5.1), considered as an R-linear map v: R* — R?, and
in the present case, this complex is exact: The Eagon—Northcott complex is described in
detail in [Eis05, §11H], which we now recall in parts. We follow the notation of [Eis05]
and set G =R? and F' = R*, so that v*: F* — G*. Then in the case at hand, the Eagon—
Northcott complex is the complex
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4 3 2 2
0— (Sym®G)* @ A F -2 (Sym' G)* @ \ F 25 (Sym°G)* @ A F — \G;

choosing bases fi,...,f4 of F and ¢g1,90 of G, the complex is seen to be of the form
0— R3 — R® = R6 — R; the right most map of the complex sends the basis element
fiNfj, 1 <j, to the minor ¢; ; of Equation (5.1) formed by column ¢ and column j, and
thus its image is the ideal Jg.

To describe the maps d;, let

T;: (Sym’ G)* — G* @ (Sym’ ' G)*

be the map dual to the multiplication map G ® Sym’ ™' G — Sym’ G, and write
I'j(u) =3, u;®@uy for u e (Sym’ G)*. Let furthermore

k k—1
o N\F>Feo \F

be the R-linear map given on basis elements by

k
Fia Ao N i = 3 (=17 @ fiy Ao A Fiy A A i

j=1

and write @4 (v) =", v, ®v, for v e /\k F. Then for a pure tensor u®v in (Sym’ G)* ®
AF7T2 and k= j+2, one has

di(umv) = 3 (" (uf) (e )l @ f € (Symd ' G)" o \ I+,

l,m

This procedure can be applied to the basis ¢; ® fi, A fi, A fig, 1 <1 <2 < i3 <4, of
(Sym' G)* ® A* F to obtain the matrix A.

To complete the proof, it remains to show exactness of the Eagon—Northcott complex
in the case at hand. By [Eis05, Thm. 11.35], this holds if and only if the grade of the
ideal Jy attains the maximal value possible, namely the height of Jg; see [Mat80, p. 103].
Because R/Jy = R' has Krull dimension 4, the height of Jg is 3. The grade of Jy is
the maximal length of a regular sequence of R contained in Jg; see [Mat80, p. 103], and
because of Lemma 5.6 this number is at least 3. O

Lemma 5.9. Let R™ 2 R"BZ J 50 be a right exact sequence of R-modules for J an
ideal of R. We consider A as an n X m-matriz and B as a 1 X n-matriz over R. Decompose
n=mn'+n" withn’,n"” >0, and decompose correspondingly the matrixz A into A" and A”
of sizen’ xm and n' xm, and the matriz B into matrices B’ of size 1 xn' and B" of size
1xn”, respectively. Let J' C J be the image of R™ under B'. Then the induced sequence
of R/J'-modules

(mod J') i B"”  (mod J’
-— " —

Ry (R/J) VI =0

18 right exact.
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Proof. By the definition of J’, the map defined by B” (mod J') is clearly surjective.
Also, BA =0 implies B’A’ = —B” A" as maps on R™. But B’ (mod J’) is the zero map,
and hence

(B” (mod J'))(A” (mod J"))=0.

It remains to show that ker(B” (mod J')) Cim(A” (mod J’)). For this, let 2” (mod J’) €
ker(B" (mod J')) with 2/ € R™®". Then B"z" lies in .J’ and hence we can find 2/ € R™
such that B"z" = B'z’. We let z = (—2/,2"") € R™ so that Bz = 0. By the exactness of
the given complex, we can find y € R™ such that Ay = z. But then A”y = x” and this
implies " (mod J’) € im(A” (mod J')). O

By combining the previous two lemmas, we find.
Corollary 5.10. As a module over R the ideal I has a presentation
(R)® 25 (R)® — T >0,

where A’ is the matriz

0 g 0 —b 0 —a 0 a
B0 0 g—1+a —-a 0 0 c
—a 0 g—1+4a 0 -y 0 ¢ 0

Corollary 5.11. We have X(Fittoé(l)) = (¢—Dit(s,t,q—1) C O.

Proof. The ideal Fittgz (1) is the ideal generated by the 3 x 3-minors of the matrix A" from
Corollary 5.10. Hence, its image under A is the ideal of O generated by the 3 x 3-minors of

0ot 0 —=s 0000

MAY=|t 0 0 ¢-1000 0. (5.2)
0 0 ¢g—1 0 0 0 0 O
This is the ideal (t2(¢—1),t(q—1)%ts(¢—1)) =t(¢—1)(s,t,q—1). O

Remark 5.12. Using the matrix A’, a Macaulay2 computation shows that Fitt?([ )
equals

((a—1+a)?B(¢—1+a)bB,(a— 1 +a)eB(q—1+a)B%(q — L +a)By,aca,ach,bef,c®a,c? B,cary,cBy,cf2).
Corollary 5.13. We have Homps:(I/I?,E/O) = O/(s,t,q—1) x O/(t,q—1) x (t,g—1))/
(t(g—1)).

Proof. Note first that
Hompy: (I/1%,E/O) = Hompy (I © 5 B, E/O) = Homo (I @} O,E/O),

where in the second isomorphism, we use that E is regarded as a RS'-module via the
augmentation A. Tensoring now the presentation of I in subsection 5.10 with O over R
(via \) gives the right exact sequence of O-modules

08 03 120 0. (5.3)
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Using the theory of invariant factors and elementary divisors of matrices over principal
ideal domains, for example, [Jac85, Thm. 3.9], the cokernel of this sequence is seen to be
isomorphic to H?Zl 0/d;O where dy, dids and djdads are the geds of the i x i-minors of

A(A") displayed in Equation (5.2) for i = 1,2,3. One readily computes
dy = ged(s,t,g—1),
dy = ged(t,t(q—1),t(q—1),ts,(q¢—1)s,(q— 1)?) = ged(s,t,q — 1) ged(t,q — 1),
dy = ged(t*(q—1),t(g—1)s,t(q —1)*) = t(q — 1) ged(s,t,q — 1),

and this implies the assertion of the corollary. O

Lemma 5.14. For the ideals P = (o,f), Q = (¢—1+a,c) and I' = ((¢ — 1+ a)a,
(¢g—1+a)B,ca,cB) of R the following hold.

1. P is a prime ideal and P = {x € R| xr5t = 0}.
2. Q is a prime ideal and Q = {x € R| a1t =0}.
3. One has (a) PNQ = R[I] and (b)) PNQ=1".

Proof. 1. Note first that R/P is isomorphic to O[[a,b,¢,5]]/((¢— 1+ a)a+be). Since this
is a domain, P is a prime ideal. Next, observe that o and 3 annihilate r§' as follows
by considering columns 2 and 6 in the relation matrix A’ in Corollary 5.10. It remains
to show that P = (a,3) contains {z € R | 2r§ = 0}. So suppose that zr§® = 0 in R. The
main observation is that r§* mod P = (¢ —1+a)y is a nonzero element in the domain
ﬁ/P. Therefore, x mod P is zero and thus z € P, as had to be shown. The proof of 2. is
completely parallel to that of 1. and left to the reader.

From the definition of P, Q and I’ it is clear that I’ C PN Q. It is also straight forward
to see from the columns of A’ that I’ annihilates r§® (multiply the first column and the
fifth column by ¢ or by (¢—1+a), and use 1.; alternatively, multiply the forth and the
eighth column by « and 8, and use 2.). We shall now prove 3(b), and from this and what
we already proved, 3(a) will follow.

To see 3(b), let = be in PN Q. Write x = fia+ f23. To show that z lies in I’ C PNQ,
we may subtract from z arbitrary elements in I’. Writing elements in R as power series
over O in g —14a,b,c,a, 3,7y, we may thus assume f1,fo € (a,3,7,b). Shifting multiples
of ain fy to afy, we may further assume fo € (3,7,b) and using 75, we can replace B~y
by a2, and this finally allows us to assume that f, lies in (b,3). We now reduce x € PNQ
modulo Q. This yields fia+ fo8 =0 in O[[a, 3,7,b]]/(a? + B7). In other words, we can
find f3 € R' := O[[, 8,7,b]] such that

fia+ fop+ f3(a? +By) =0in R'.

Reducing modulo « and using f5 € (b,8) it follows that v had to divide f, and hence that
f2=0. Since R’ is a UFD it follows that r§® = a2 + 37 divides f; and hence that f; =0
in R. Hence, we proved that z lies in I’. O

Corollary 5.15. Let e be the ramification index of E over Q;. Then X(E[I]) =(¢g—1tcO
and c1 \(R) = ¢log, (O/(s,t,g —1)) = "=

e

https://doi.org/10.1017/51474748024000021 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000021

Wiles defect of Hecke algebras via local-global arguments 2507

Proof. In Lemma 5.14, we identified E[I} with I’. The image of I’ under X is simply
((g—1)t). Invoking also Corollary 5.11, we deduce

an(By) == logp (#((a—11)/((g—Dt(s,t.(g—1)))) = é'logp (#0/(s,t.q—1)).
O

To complete the computation of Dy »(R5'), we still have to compute the size of the
cokernel of Hom st (Qgst, £/O) — Hom (25, E/0O). Using the methods of [BKM21, §7.2]

and its terminology, we need to compute the lattice A C O3 that is the kernel of the
natural surjection O8 = QR/O ®% O — QR/O ®)‘ O. The lattice A is contained in Ast and

the cardinality wanted is #(A% /A).

Lemma 5.16. The lattice A C O8 is spanned by the rows of the matrix

1 00 -1 0 0 0 O
00 0 O 1 0 0 1
00 0 O 0 0 ¢t 0
0 0 s g—1 0 0 0 0
0 0 ¢ 0 ¢g—-1 0 0 0

and the quotient At /A as an O-module is isomorphic to (s,t,q—1)/(t) % (s,t,q—1)/(qg—1).

Proof. In the notation of [BKM21, §7.3], the ring Ris given as Ol[a,b,c,e,a, f,7,6]] modulo
the relations a —e,a+4§,ad — 87v,(¢—1+a)e+bc, (¢ — 1 +a)d — ¢f. The spanning vectors
of A are then the image of the Jacobian matrix

1 0 0 -1 0 0 0 0
0 0 O 0 1 0 0 1
0 0 O 0 6 —v —p Q@
e ¢ b q—1+a 0 0 0 0
6 0 —p 0 0 —c 0 q—1+a

under the augmentation X. The matrix displayed in the assertion of the lemma is obtained
from this image after some simple row operations. By [BKM21, §7.2], the lattice AS' is
spanned by the rows of

100 -1 0 0 0 0
00 0 0 1 0 0 1
00 0 0 0 0 (st,g—1) 0
00 t 0 ¢g—1 0 0 0
00 0 (hg—1) 2(tg—1) 0 0 0

if ord (s) > ord(¢); and in the other case, the last two rows have to be replaced by

00 —s q-1 0O 00 0
00 0 ZL(s,gq—1) (s,¢—1) 0 0 0
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In both cases, it is easy to express the basis spanning A in terms of the basis spanning ASt,
by an upper triangular transition matrix over O diagonal entries 1,1,1,m %
The assertions of the lemma are now clear.

Corollary 5.17. We have D1 x(R5") = 1 -log, #(O/(s,t,q—1))* = 3%,
Proof. From Lemma 5.16, the observations preceding it and from Theorem 3.23, we have
—1 ~
#ker(Hompy: (1/1%,E/O) — Derg (R, E/O)) = #A™ [A = #(s,t.¢ —1)*/(t(q — 1))

In Corollary 5.13 we computed # Hompe (I /1%, E/O) = #0/(t(q—1)(s,t,q—1)). Forming
the quotient, the result follows from Theorem 3.23. O

From &) (RS') = Dy A (RS') — 1,2 (RS') and Corollaries 5.15 and 5.17, we deduce.

Theorem 5.18. We have 05(R}') = 2%,

5.3. Unipotent deformations with a choice of Frobenius at trivial primes

In the following, s and ¢ will denote indeterminates that we shall specialize to s and
t, respectively, whenever we pass to (J-algebras. Recall the expressions rf_uni from
Lemma 5.2, and observe that in the following we regard them as elements in the ring
Rz = Z[q,a,b,c,X,0,8,7] C Z[q,s,t,a,b,c, X, 3,7], replacing any occurrence of ¢ by the
indeterminate q+1. Set B

Sclp uni — Tg@—uni +T6<p—uni,
sg-uni _ TS(p-uni o T,?-uni + thp-uni’
Sg))a—uni — :,;—uni7
Sf—uni — T2<p—uni + CLT:f_uni + T4<p—uni + ar%p-uni by <p—uni _ Tg@—uni7
Sgw-um _ arg(p uni _’_Ttp uni _’_artp uni b,r;p-um ’1“34‘0 uru7
and also
i _ (Salp—uni7Sg—unijsg—uni,sf—uni) and 'i—/ _ (Sgla—uni7Sg—uni,sg—uni,sgp—uni). (54)

The next result summarizes some explicit computations done via Macaulay2.

Lemma 5.19.
1. The ring
Z[gaﬁiaavbacaXaavﬂfY]/(an t b— s—=¢ ﬂ - t -Gy = X38<P umv | = 17 s ,4)
is free over Z of rank 16. The same holds if we replace s™ by s,7™™ . A basis is
1,a,aX,aX o, ac,b,ba, X, X2, X %0, X, X 02, X o3, 0,02,03. A basis of the socle of the
ring modulo any prime is Xas.

2. The 7”Z'flg Z[gaﬁataa7b7C7X7057ﬁ)7]/((g7§7Lb7§7Caﬁiiicv’in)+I;_uni) is free over
Z of rank 6. A basis is 1,a,b,bX, X . A basis of the socle of the ring modulo any
prime is Xa.
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3. Write x1,...,x7 for a,b,c,X,a,B,y. Then the ideal in Z[g,§,§] generated by the
4 x 4-minors of the Jacobian (9s¥™™ J0x;)i=1.  4.j=1. .7 evaluated at (xy,...,x7) =
(0,5,0,0,0,¢,0) is (s —t)t*(¢,s,t). If one replaces s§” unt b s U the resulting ideal
is st?(q,s,t). -

Remark 5.20. We note that the number 16 in part 1 is optimal. After reducing the
number of variables by those relations that are linear, the sf‘“ni are quadratic relations
of a polynomial ring over Z in 4 variables. Now, the intersection of four quadrics in
general position consists of 16 points. Therefore, dimension 16 for the coordinate ring of
the corresponding scheme is optimal.

Let s,t € m with ¢ # 0.
Corollary 5.21.

1. The ring R = O[[a,b,c,X,0,8,7]]/(s7™ i = 1,...,4) is a complete intersection, flat
over O and of relative dimension 3, and thzs also holds with s£™ replaced by
s um_. One has a natural surjection R — R?™™ induced from the inclusion of ideals
(570 =1, 4) € (PP = 1,...,9).

2. Via the ring map S = O[[y1,y2,ys]] — R given by 1 —b—s—cys — B—t—cys —
v—X, the rings R and R& gre free S-modules of rank 16 and 6, respectively (for

either choice of R).

3. The augmentation N RO given by a,¢,X,a,y— 0, b— s and Bt defines a
formally smooth point of SpecR[%], for at least one of the two choices of R from 1,
provided that t € O\ {0}.

Proof. The quotient E/(w,b —s—¢fB—t—cy—X) is isomorphic to the ring from
Lemma 5.19.1 tensored with k over Z — since the latter ring is free of rank 16 over Z, no
completion is necessary. This implies that (w,b—s—c,f—t—c,y—X,s7"™i=1,...,4) is
a regular sequence in R with quotient a k-algebra of k-dimension 16. We deduce part 1
and the first half of part 2. The second half of part 2 uses Lemma 5.19.2 in an analogous
way.

To prove part 3, observe that not both, s and s+¢ can be zero since otherwise t =0
which is ruled out. So we choose 7™ or s,?"™ accordingly. Then we evaluate the
ideal in Lemma 5.19.3 at the made choice. This gives either the nonzero value (s — t)t?
ged(t,s,q — 1) or st?ged(t,s,q— 1) for a generator of the corresponding ideal over O. This
implies the stated formal smoothness. O

Our aim is to compute Dp x(R£™) and ¢ »(RE™™). Instead, we shall compute these
invariants for the ring RF "™ ®g O, where § is the ring from Corollary 5.21 and where the
map S — O is the augmentation A composed with S — R. This is allowed due to Theorems
3.9 and 3.20.7 Tt is probably not strictly necessary to perform this base change. However,
it seems easier to work with Gorenstein and complete intersection rings that are finite flat

90ur choices S — R — R™ are almost certainly unrelated to any choices that arise from the
Taylor-Wiles—Kisin patching.
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over O. In particular, this will allow us to (have Macaulay2) compute structural constants
of these rings, namely their multiplication tables in a given (O-bases. In the remainder of
this subsection, we consider the rings

—=(-uni

O — R=R/(y1,y2,53) — Ry " = R¥™™/(y1,yo.3),

—p-uni

and we let I be the kernel of 7: R — R,
We first explain the part that for us was the most difficult one, namely the computation
of R[I]. Let (b;)i=1.....16 be an O-basis of R such that (b;);—7.. 16 is a basis of the kernel of

R— Rf_um. Suppose further that bg and b1 are chosen so that they reduce to a generators

..........

of the socle of the finite Gorenstein rings Ewmi /(@) and R/(w), respectively; this is
always possible. Denote by (b});—1....16 the dual bas1s It follows from Proposition 5.39

that bf is a generator of Home (Rf_um,O) as a free R, —module and b} of Home (R,0)
as a free R-module. Denote by © the isomorphism
©: R — Homp(R,0),f — (bi(f),9 — bis(f9)),
and consider the chain of isomorphisms
R[T] 2 Homp (R ™™, R) = Homp(RY ™™, Homo (R,0)) = Homo (R ™ @5 R,0) = Home (RE ™, 0)
from Lemma 3.14. The generator b§ on the right is successively mapped to, first hy ® hg —
bé(}h 'f(hg)), second (h1 — (hg — bg(}h 'ﬁ(hg))), third (h1 — 9_1(}12 — bg(hl 'f(hg))),
lastly to
O Y (hy = b5 (T(ha))) = O H(hg > b (ha)) = O~ o b

Now, write ©71obf = > iy with p; € O. By the definition of ©, this is equivalent
to b3(f) = big(>, mibif) for all f € R. Let ¢;jx € O be the structural constants for
multiplication in R over O with respect to the basis (bj) so that b;b; = Zk cijrbr. Then
substituting for f all basis elements of R over O gives

=bis(D_ mibibs) =bis(O_ picijebe) =Y _ picijie.
i ik i

Let C be the matrix (¢;j16)i,j=1,...,16. Then the row vector (u;) is given as the product
egC ™1 for eg the 6-th standard basis vector of the column vector space Q. To obtain
C, consider the following commutative diagram

Q[25§5§5a7b7cvx7a76)’\/] E[L}
b—s—c,f—t—c,y—X,s7 "M i=1,...,4 @
Y i
Zlg,s,t,a,b,c, X, B,7] S8, ttgrg—1 E* Olla,b,c, X, v, 3,7]]
(b—s—c.B—t—c,y—X,s¢ " i=1,...4) (b—s—c, f—t—c,y—X,s7 " i=1,....4)

Zlg,s,t,a,b,¢, X, B,7]

p-uni

Ji=1,...,4) R/(w)-

(P, g8, t,b—s—c,B—t—c,y—X,s]
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Applying Nakayama’s lemma to the right column, we see that the basis in Lemma 5.19

is an O-basis of R, and thus an E-basis of E[%} The analogous diagram holds for Ef wn
in place of R. Macaulay2 computations give us the following lemma:
Lemma 5.22.

1. The ring

Rl = Q[q,§,§,a,b,c,X,a,ﬁ,’y]/(b—§—c,ﬁ _E_ 077_X78f_uni,i = 17' . a4)

is free over Q[g,s,t] of rank 16 with the same basis as that given in Lemma 5.19.1.

The same holds if we replace s$™ by 5,7

2. The ring Ry = Q[q,gg,a,b,c,X,a,ﬁ,v]/((b—§—c,ﬁ—§—c,v—X)—|—I§'uni) is free over

Qlg,s,t] of rank 6 with the same basis as that given in Lemma 5.19.2.

3. The kernel of the surjective ring homomorphism Ry — Ry is free over Q[g,s,t] of
rank 10.

Thus, we can compute C' as a matrix with entries in Qlg,s,t], that is, before special-
ization. For this, we computed new basis elements b7,...,l;16 that span ker(R; — Rs).
To our surprise, we found detC =1, and inverting C' posed no problem. This allowed
us to compute the tuples of p; and then the R-generator ©~1(b%) of R[I]. Under our

augmentation, Macaulay2 evaluated it to (s —t)t in Q[g,s,t]. This shows:
Corollary 5.23. We have

NR[) = (s—t)t) C O, if we work with ™™, and
N (st) C O, if we work with s,

The next steps are the computation of A(FittZ(I)) and of Hom p-uni (I/1?,E/O). For
this, we proceed essentially as in the Steinberg case, cf. Corollaries 5.11 and 5.13, except
that we rely on Macaulay2. Namely, we compute the first two steps of a resolution of
"™, considered as an ideal of Ry[s,t] = Z[g,s,t,a,b,¢, X, a, 8,7]. This results in a right

exact sequence
Razls. ] 5 Ralst) — I5™™ — 0,

for some matrix 4 in Moxa6(Rz[s,t]) (with rather simple entries). We tensor the sequence
over Rz[q,s] with Rs = Rz|[q,s]/Z, where I (as well as Z') is defined in Equation (5.4).

Now, observe that over Rs, the ideal I3 = Ié'uni ®Rylqs] B3 is generated by the elements
rf‘ini,r;’ R4 'uni,r%" £ hecause these five elements together with our generators
of T generate ZJ ™. So we extract a matrix A’ € Msx26(R3), from the specialization of

A under Rz[s,t] — Rs, that gives a short exact sequence
R A RS 5 13— 0.
Specializing under Rs — Z[g,s,t] via a,c,a,v,X — 0, b— s, f— ¢, and computing the

ideal of the resulting 5 x 5-minors gives the ideal (§7j,g)3 (s —t)t. If we work with 7' in

place of f, the answer is (§,§,g)3 -st. Continuing with the natural map Z[g,s,t] — O, and
observing the computations in Corollaries 5.11 and 5.13, we find:
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Corollary 5.24. We have
#O/A(Fitt (1))

#0/((s—t)t(s,t,q—1)3), if we work with T, and

=#Hom ,p-uni ([/I?,E/O) = =
# Ol pe ( / / ) { #O/(st(s’t’q—l)g), if we work with 7.

Finally, we had Macaulay2 work out the analog of Lemma 5.16 to determine the lattice
A9 which, as to be expected, is rather easy. Following the proof of Corollary 5.17,
one finds.

Corollary 5.25. We have
#tker(Hom oo (I/1%,E/O) = Derp(RE™, B/0)) = #:A# /R

) #(s,t,g—1)3/((s—t)t), if we work with 7,
B #(s,t,q—1)3/(st),  if we work with T'.

As in the Steinberg case, the following result is now an immediate consequence. It is
independent of whether we use Z or 7'.

Theorem 5.26. Let e be the ramification index of E over Q;. Then we have
1. Dy (R = (e
2. 1\ (REU0) = 3re.
3. Ox(Re ) = 3t

5.4. Unipotent deformations

This case we handled in the same way as the previous one via the use of Macaulay2 code.
For this, we found a model over Z of a complete intersection cover of the (model of the)
Gorenstein ring that we are interested in. We only indicate outcomes of some intermediate
steps but give no further details. The steps are completely parallel to those in Subsection
5.3. We define 7 = (symi guni guni guni) “where

st =yt ™, syt =g =™, sz =i+ (= 1) (rg™ — ™), sy =rg —ry —rg
Note that these elements of 7" have simple expressions modulo @,b—c,b— 5,X — 7,
namely (s{,... si%) = (b%,02,X% 4+ aa, X (1 + a) + a?). We chose them as lifts of
reductions that are well understood if, for instance, one follows the proof of Lemma
5.4. The challenge is to find lifts so that in particular the properties stated in Lemma
5.27 and 5.30 hold. Once suitable candidates for the lifts are guessed, we use Macaulay?2
to verify these properties and to compute the quantities collected in Proposition 5.31.

Lemma 5.27.
1. The ring

Z[gvﬁiaavbvcaXvavﬂafY]/(ga@Lb7§*B+LX*Vabfﬁicasémiai = ]-a~ o 74)

18 free over Z of rank 16. A basis is 1,a,ab,abX,abX a,aba,a X ,aX a,a0,b,0X ,bX o, b,
X, Xa,a. A basis of its socle over Z is abX «.
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2. The ring
Z[gé,@%bachaOéaﬁﬁ]/((Q@Lb_§—ﬁ+LX _%b_§_c) +I%ni)

is free over Z of rank 6. A basis is 1,a,b,ba, X,cv. A basis of its socle over Z is ba.

3. Write x1,...,x7 for a,b,c,X,o,B,y. Then the ideal in Zlg,s,t] generated by th

4 x 4-minors of the Jacobian (9sy™/0x;)i=1, . 4.j=1,.. 7 evaluated at (z1,...,x7) =
(0,5,0,0,0,£,0) is ¢*(s —t)t(g,s,t).
Remark 5.28. As the observant reader will have noted, the evaluation in Lemma 5.27.3
may lead to zero if s =t under our standard hypothesis ¢ # 0. We will explain in Remark
5.32 on how to modify Z (by changing s§™) so that our computations are also valid in

the case s =t.
Let s,t € m with £ £ 0 and s #¢.
Corollary 5.29.

1. The ring R= Olla,b,c, X, 0, 5,7]]/(s¥™i=1,...,4) is a complete intersection, flat over
O and of relative dimension 3. One has a natural surjection R — R'™ induced from
(st =1,...,4) C (™, =1,...,9).

2. Via the ring map S = Ol[y1,y2,y3]] — R given by y1 — b—s—B+t, yo > X — 7,
Y3+ b—s—c, the rings R and R"™ are free S-modules of rank 16 and 6, respectively.

3. The augmentation N RO gwen by a,c,X,a,y— 0, b— s and f— 1t defines a
formally smooth point of Spec R[X].
A further Macaulay2 shows the following:
Lemma 5.30.

1. The ring
Rl = Q[qa§a§7a7b7ch7a7ﬁa’7]/(b_§_ﬂ"—taX _77b_§_c785ni7i = 17' . a4)

is free over Qlg,s,t] of rank 16 with the same basis as that given in Lemma 5.27.1.

2. The Ting
R2 = Q[q,§,§,,a,b,c,X,a,ﬁ,’ﬂ/((b—§—,5—|—§,X _77b_§_c) +I;nl)

is free over Qlg,s,t] of rank 6 with the same basis as that given in Lemma 5.27.2.

3. The kernel of the surjective ring homomorphism Ry — Ry is free over Q[g,s,t] of
rank 10.

Computations as for Corollaries 5.23, 5.24 and 5.25 give the following result:
Proposition 5.31. We have
L A(R[T)) = (s—t)(g—1)*.
2. #O/N(Fitt§(I)) = #Hompu (I/1%,E/O) = #0/((q—1)%(s — t) ged (s, — 1)).
3. #ker(Hc;ngm (I/1?,E/O) — ]Se\rzg(R;jni,E/O)) = #A™ /A = #(ged(s,t,q—1) /(s —
(g —1)%).
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Remark 5.32. In the case s =t (but ¢ # 0), one can replace sal by sini 4 pint and work
with the modified ideal Z. Then the results in Subsection 5.4 hold with the following
modifications (where in all calculations we used s =t and the modified 7):

1. In Lemma, 5.27, in part 1, the basis is 1,a,ab,aba,aX,aX? aX?a,aX a,ac,b,ba, X, X2,
X2%a,Xao,a and the socle is aX?a, and in part 3, the evaluation gives the value
(¢—1)t*ged(q — L,t).

2. In Proposition 5.31, one has
(a) A(R[I]) = (t(¢—1)).

(b) #O/A(Fittg (1)) = # Hompu (I/1%,E/O) = #0/((g—1)tged(t,q - 1)).
—1 . .o~
(c) #ker(Hompui(I/I?,E/O) — Derp(Ri™ E/O)) = #A™ /A = #(ged(t,q —
1)/(t(qg—1)).

Theorem 5.33. Let e be the ramification index of E over Qq, and let t € m\ {0}. Then
we have

1. DiA(R

uni

2. CL)\(RU ) = Do,

€

uni

v

)=2me,

e

uni

3. O\ (R)) = .

5.5. Recollections about Cohen—Macaulay and Gorenstein rings

Let R be a Noetherian local ring with maximal ideal m and residue field k. In this
subsection, we want to briefly recall some results on Cohen—Macaulay and Gorenstein
rings that occur repeatedly in our arguments or, more importantly, in our computations.
We also present a result on generating sets of dual modules that was useful in our
computations. For basic notions such as depth, R-sequence, Cohen—Macaulay and
Gorenstein rings, we refer to [BH93, §§1.2, 2.1, 3.1],

Definition 5.34. The socle of R is defined as socle R = R[m| = {x € R | mz = 0}.

Proposition 5.35 [Mat80, Thm. 17.4 and p. 136], [BH93, 2.1.3, 2.1.8, 3.1.19].

1. Any local Artin ring R is Cohen—Macaulay. It is Gorenstein if in addition it satisfies
socle R = k.

2. If R is Noetherian local, and if (z1...,x,) is an R-sequence in m, then R is
Cohen—Macaulay or Gorenstein, respectively, if and only if R/(x1,...,x,) has this
property. In particular, if R/(x1...,x,) is Artinian, then R is Cohen—Macaulay, and
if moreover socle R/(z1...,x,) =k, then R is Gorenstein.

3. If R is a local Cohen—Macaulay ring, then any system of parameters is a regular
R-sequence.

Let now (A,m) be a local Artin ring. In this case, I NsocleA D 0 for any nonzero
ideal I of A: To see this, consider n € Z>q such that m" I # 0 and m"I = 0. Then
m" 11 C I'Nsocle A.
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Lemma 5.36. Let (;)icp be a finite tuple in Homy(Ak) such that (Yi)ien:
socle(A) — kP is injective. Then (V;)icp is a set of generators of Homyg(A,k) as an

A-module. In particular, if A is Gorenstein and if B = {0} is a singleton, then g is an
A-basis of Homy (A,k).

The proof relies on the following result from linear algebra.

Lemma 5.37. Let V be a finite-dimensional k-vector space. Let (Vi)jes be a finite tuple
of sub vector spaces such that (;c;V; = 0. Then for any ¢ € Homy(V.k), there exist

¥; € Homy (V,k) with V; C kervp; for j € J such that ¢ = > jer Vi

Proof. We may assume J = {1,...,t} for some ¢ € Z>;. We induct over t, noting that
the case t =1 is trivial, since then V; = 0. For the induction step suppose ¢ > 2, and
let W = ﬂ;zz Vj. Then Vi NW =0, and so we can choose a basis for W and one for V;
and then extend the one for V; to a complementary basis to that of W. Then one can
find ¢/, and ¢ in Homy(V,k) such that kerv; O V; and ker¢ 2 W, and ¢ = ¢; + ¢. Now,
apply the induction hypothesis to V/V; and (V;/V1),=2, .+ and 1 considered as a map
in Homy (V/V4,k). O

Proof of Lemma 5.36. Let N = Y. At¢;. We shall show that Homg(4,k) C N +
mHomy (A,k). Then the lemma will follow from Nakayama’s lemma.

Let 1 be in Homy(A,k). By our hypothesis, there is a k-linear map a: k¥ — k such
that the restriction ¥|soclca agree with avo (1;);e. In other words, the map

b= b3 e
i€B
vanishes on socle A.
Next, let x1,...,2; be a set of A-module generators of m, and let V; = {r € A | z;r = 0}.

Then
socle A = m Vi
i=1,...,t
By Lemma 5.37 applied to A/socle A, there exist ¢; € Homy(A,k) with ker¢; O V;, and
Q_S = ZieB Q_Sz

Now, consider the short exact sequence 0 — V; — A %5 2;4 — 0. Thefl the 1; induce
k-linear maps x; A — k. The latter can be extended to k-linear maps &;: A — k under
;A C A. In other words ¢; = x;§;, and this gives

b= dledi= D w8,
i€B G=1yennt
proving the claim from the first line and hence the lemma. O
Let now (R,m) be a local complete Noetherian Cohen-Macaulay ring that is an O-
algebra, and suppose that r = (w,r1,...,7,) is a system of parameters. Let (€;);ep be a

k-basis of A= R/rR, let (e;);ep be a tuple of preimages in R, and consider the O-algebra
homomorphism S = Ol[z1,...,2,]] = R,z; — e;.
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Lemma 5.38. As an S-module, R is free with basis (€;)i=1,... n-

Proof. The ring S is regular local and thus of finite global dimension. Hence, R has
finite projective dimension over S. By Nakayama’s lemma R is also finitely generated as
an S-module because dimy R/rR is finite for the system of parameters r. The sequence
r is in fact regular as R is Cohen-Macaulay. It follows that depthg R =1+ n =dim.S,
so that by the Auslander-Buchsbaum theorem R is a finite free S-module. One finds
that 1: S® — R,(s;)iep — Y, si€; is an isomorphism because § is local and ¢ mod r is
bijective. O

The following result gives a generating set (or a basis) over R of the free S-module
Homg(R,S).

Proposition 5.39. Let 1, € Homg(R,S), i € B, be a tuple of elements such that the
elements 1; :=; ®p A: A — k satisfy the condition of Lemma 5.36. Then (V;)icp 15 a
set of R-module generators of Homg(R,S). If moreover R is Gorenstein and B = {0} is
a singleton, then 1g is an R-basis of Homg(R,S).

Proof. This is immediate from Nakayama’s lemma and Lemma 5.36. O

6. Wiles defect of Hecke algebras and global deformation rings

In this section, we’ll describe how the commutative algebra results from Sections 4 and 5
can be applied to Galois deformation rings, in the setup of Taylor—Wiles—Kisin patching.
For ease of exposition we’ll restrict our attention to the case of two-dimensional Galois
representations over a totally real number field, and moreover ones that are modular of
parallel weight 2, as all of the computations and applications we give in this paper will
be concerned with this case. This is not a fundamental limitation on our methods, and
indeed everything we describe in this section will generalize automatically to any ¢y =0’
patching setup (such as the definite unitary groups considered by [CHTO08] and others).

Let F be a totally real number field. Fix a finite set 3 of finite places of F. For each v € 3,
fix a 7, € {min, st, uni, p-uni, O}, let 7 = (7, )yex and for o € {min, st, uni, ¢-uni, O}
write X7 = {v € X|r, = 0}.

Pick a prime p > 2 which is not ramified in F' and is not divisible by any prime in
Y. Let E/Q, be a finite extension with ring of integers O, uniformizer w and residue
field k. Let ¢, : G — O be the cyclotomic character. Let p: Gp — GL2(O) be a Galois
representation for which:

p corresponds to a Hilbert modular form of parallel weight 2;

det p =¢p;

For every v ¢ ¥ and v1{p, p is unramified at v;

For every v|p, p|c, is finite flat;

If v € ¥™i0 then either |O/v| % —1 (mod ¢), p|;, is irreducible or p|g, is absolutely
reducible;

o IfveXstUXumyXe i then plg, is Steinberg (i.e., plg, ~ (Xgp ;) for some

unramified quadratic character);
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e The residual representation p : Gg — GLa(k) is absolutely irreducible, and
moreover that it satisfies the Taylor—Wiles conditions: ﬁ\GF( ) is still absolutely

irreducible, and in the case when p =5, V5 € F and the projective image
projp : Gp — PGLy(F'5) is isomorphic to PGLy(F5), that kerprojp € Gp(c,)-

Let Q =X% and let D be a quaternion algebra over F ramified at the primes in Q (and
no other finite primes) and at either all, or all but one infinite place of F' (depending on
whether |Q|+ [F : Q] is even or odd). Define a compact open subgroup K7 = [[, K] C
(D@AF’f)X by:

K] =GLy(Op,y) if v ¢ X
K7 is a maximal compact subgroup of (D® F,,)* if v € X5 = Q;
KT =Up(v) if v € T Uy xe-uni;

v

KT =Uy(v™) if v € ™% where a, is the Artin conductor of p|g, ;

K] =U(v*»*?) if v e 25,

v

For convenience, we will simply write K = K™ and K, = K.

When D is ramified at all but one infinite places (resp. all infinite places) let X be
the Shimura curve (resp. Shimura set) associated to K. Let TP (K) be the Hecke algebra
acting on H'(Xg,O) in the Shimura curve case and on H°(Xg,O) in the Shimura set
case, generated (as an O-algebra) by the Hecke operators T, and S, for all finite primes
v X, and let TD(K) = TP (K)[U,|v € £¥]. Note that TP (K) and TD(K) are finite
O-algebras.

Let TP (K)® = TP (K)/ (S, —&p(Frob,)[v € £) and T~ (K)* =T
v & Y) be the fixed determinant Hecke algebras.

The assumption that p corresponds to a Hilbert modular form of parallel weight 2 gives
the following:

P (K)/(S, —ep(Frob,)]

Proposition 6.1. There is an augmentation X : TD(K)E — O with the property that for
any v & LU, p(Frob,) has characteristic polynomial x* — X(T,,)x + \(S,). Moreover,

&,\(T" (K)?) is finite.

Let m = A\~ 1(w0) C TD(K)E be the maximal ideal of TD(K)E corresponding to p.
By slight abuse of notation, also write m =mN TP (K) for the maximal ideal of TP (K)
corresponding to p.

Write T™ = TP(K)S, and T = TD(K)ﬁ1 for the localizations at m (and note that we
are suppressing € from our notation).

Note that any x : T — Qp corresponds to a Galois representation p, : Gp — GLQ(QP)
lifting p with det p, =&, = detp and trp,(Frob,) = x(T,) for all v & 3 (so that p = py).

Define H™ = H' (X, 0)* if D is indefinite and H™ = H°(X ,0)* if D is definite (where
for any O-module M, M* = Homp (M,0)), viewed as a TD(K)-module, and hence as a
TP (K)-module. Define

M =T ©g o) H™ =T7 @po i) HT = HT/ ((Sy —ep(Froby))afv ¢ Sw € HT). (6.1)

For the convenience of the reader, we recall some notation and results from
Sections 4 and 5. For each prime v of F, the universal (fixed determinant) ring,
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parameterizing framed deformations of p|g, ~with determinant ¢, is RY. For vtp
and 7, € {min, st, uni, p-uni, O}, let R7* be the deformation ring defined in Section 5
provided it exists (which is does for v € ¥ and 7 = 7, by assumption). The ring RI* is
naturally an RE—algebra, and unless 7, = ¢-uni it is a quotient of RE. Summarizing the
results of Proposition 4.6 we have:

Proposition 6.2. For eachv € X, the ring R}v is a complete, Noetherian O-algebra which
is flat and equidimensional over O of relative dimension 3. Moreover, R} is Cohen—
Macaulay and is a complete intersection whenever T, = min or O or whenever p|g, is not
a scalar.

As in Section 4, let:

Rioe = <®RE> ®o @RE ,  and e = (@RTv) ®o ®R

vED v|p vED v|p

so that R] _ is naturally a Rj.c-algebra. By Propositions 4.6 and 4.7, Rj, is flat over O
and Cohen—Macaulay.

By R (resp. RY), we denote the (global) unframed (resp. framed) deformation ring
parameterizing lifts of p with determinant ¢, which are flat at every prime v|p. One may
noncanonically fix an isomorphism R” = R[[X1,... ,X4;_1]] for some j, and thereby treat
R as a quotient of RH. Using the natural map Rjo. — RY (and Rjoc — R), one defines

RD,T — ®R10c RD and R™ = 10C ®Rloc R.

loc

Lemma 6.3. There is a surjective map R™ — T inducing a representation p” : Gp —
GL2(R™) = GLo(T7) such that for allv € LUX,, p™ (Frob,) has characteristic polynomial

—Tyt+ Sy, and for all v € X" UXP™ | pT|q . is unipotent and if Frob, € G, is any
lift of Frobenius, then p™ (Frob,) again has characteristic polynomial t* — Tyt +S,,.

Proof. If X" = & this is just [Man21, Lemma 2.4].

In general, for each for each v € ¥, set 0, = 7, if 7, € {min, st, uni, J} and o, = uni if

= @-uni. Note that under this definition, K = K™ = K and T  =T° =T".

It follows that there is a surjection R% — T =T°=T" satisfying the desired conditions
on p°. By definition, T = T7[U,|v € £#™]. From the identity U2 —T,U, + S, = 0 in
TD(K ) and the definition of modified global deformatlon rings given in Section 4, it
follows that R — T™ — T  induces a map R™ —» T sending a,, to U, for v € L#-uni,
which is therefore surjective, and hence is the desired map. D

Now, similarly to [BKM21, Theorem 6.3], the Taylor-Wiles—Kisin patching method
gives the following:

Theorem 6.4. There exist integers g,d > 0 and rings
R, = Rﬂ)c[[mla s ’xg]]
Soo = O[[yh [ vyd]]
satisfying the following:
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1. dim S, =dimR7.
2. There exists a continuous O-algebra morphism i: Soc — RL, making R._ into a finite

free Soo-module.

3. There is an isomorphism R ®s. O = R" of R] _-algebras, and R™ is finite free over

0.
4. The map R™ — T from Lemma 6.3 is an isomorphism. These rings are reduced if
we-uni — gy

5. If X is the induced map R, — R™ =T 20, then Spec RZ[1/w] is formally smooth
at the point corresponding to .

Proof. This is proved similarly to Theorem 6.3 in [BKM21].

First, we will consider the case when X¥" = & and so TD(K) = TP(K). More
precisely, as in the proof of Lemma 6.3, for each v € X, define o, =7, if 7, €
{min, st, uni, 0} and define ¢, = uni if 7, = @-uni. Note that under this definition,
K=K =K, M°=M" and T =T?="T".

By assumption, p satisfies the Taylor—Wiles conditions, and so we may apply the Taylor—
Wiles—Kisin patching method (as summarized in [Man21, Section 4]) to the rings R and
T and the module M°.

First, as in [Man21, Section 4.2], we may add auxiliary level structure at a carefully
chosen prime not in ¥ to remove any isotropy issues, without affecting any of the objects
considered considered in this theorem.

Now, exactly as in the proof of [BKM21, Theorem 6.3] (and the method outlined
in [Man21, Section 4.3]), there exist integers g,d > 0, satisfying d+ 1 = dim Rjoc + g =
dim R{ .+ g (see [Man21, Lemma 2.5] and [Kis09, Proposition (3.2.5)]) such that for each
n > 1, there is a unframed global deformation ring R? and a framed global deformation
ring RZ'H (with fixed determinant, the same deformation conditions as R? at each v € ¥,
and relaxed deformation conditions at a carefully selected set @,, of ‘Taylor—Wiles’ primes)
such that RZ’D has the structure of a So,-algebra and there is a surjective map R, — RZ’D
and an isomorphism R%U ®g_ O = R”, where S, is as in the theorem statement, and
R7_ satisfies the properties of R7 from the theorem statement.

Moreover, for each n > 1 the construction in [Man21, Section 4.2] also constructs a
compact open subgroup K, =[], Kno C(D®Ap ;)™ (with K, , = K, for all v € Qy),
and a Hecke algebra T and Hecke module M7 at level K,, (defined analogously to T and
M? above, by localizing at a particular maximal ideal, and fixing determinants by taking
a quotient). One then has a surjection RZ — T7, making M7 into a RZ-module. Using
this surjection, we may define framed versions of these objects: T?" = T ® Re RZH and
MgE = Mg @rs RE.

Applying the ‘ultrapatching’ construction described in [Man21, Section 4.1] (as well as
in the proof of Lemma 4.8) then produces an S..-algebra R7, as well as an R.-module
M2, (which would be called Z({R7'F}) and 2({MZP}) in the notation of that paper),
for which:

e MY is finite free over So;
o RI ®s, O=R’and M ®g,_ O =M,
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e There is a surjection RZ, - RZ, such that the composition

— RZ, - RZ, — R’

a
loc
is the map Ry . — R from above.

Just as in the proof of [BKM21, Theorem 6.3], we may lift the structure map Soc — R,
to a map ¢ : S — RZ, making 7 : RS, — R7, into an S.-module surjection, and so it
follows that MZ is a maximal Cohen-Macaulay RZ_ -module.

But now by standard properties of maximal Cohen—Macaulay modules, the support
of MZ, is a union of irreducible components of Spec RZ,. As RZ = R{ [[z1,...,24]], the
irreducible components of Spec RZ, are in bijection with those of Spec Ry .

By an analogous result to Lemma 6.2 from [BKM21] (using Corollary 3.1.7 of [Geell]
instead of the results of [DT94] that are used there), it follows that each irreducible
component of Spec R7, contains a point in the support of MZ /(i(y1),...,i(yq)) ®o E =
M? ®p E, which is not contained in any other component. Then as in the proof of
[BKM21, Theorem 6.3], as R7, is reduced, it follows that RZ, acts faithfully on M, and
so RZ, = RZ,, and so we indeed have an isomorphism R ®gs_ O = R?, proving the first
part of (3).

By Proposition 6.2, R7_ is Cohen—Macaulay. As in the proof of [BKM21, Theorem 6.3]
this, combined with the fact that MZ is free over S, implies that R7 is free over S,
proving (2). As in [BKM21, Theorem 6.3], this also implies that R” = R ®g_, O is finite
free over O, proving the second part of (3). In particular (as T? is finite free over O
by definition) to show that R® —» T? is an isomorphism, it will suffice to show that the
induced map R°[1/w] — T7[1/w] is.

Now, as in the proof of [BKM21, Theorem 6.3], Spec R7 [1/w] is formally smooth
at every point in the support of SpecM? ®p F, and so in particular at the point
corresponding to A : RZ — O, proving (5). This is proved as in [BKM21, Lemma 6.1]
by using the fact that Galois representations arising from cohomological Hilbert modular
forms are known to be generic in the sense of [All16, Lemma 1.1.5], which follows from
the genericity of the corresponding automorphic representation of GLy(Af) at all finite
places and local-global compatibility as recorded in [All16, Theorem 2.1.2].

The argument of [BKM21, Theorem 6.3] now proves that R?[1/¢] - T?[1/w] is an
isomorphism, and hence R —» T? is an isomorphism. This proves (4) in the case when
Y unl — g (the last claim in (4), that the rings are reduced, is a consequence of the
standard fact that the Hecke operators T, and S, for v &€ 3 are all simultaneously
diagonalizable as operators on H7).

In the case when ¥ = & and hence ¢ = 7, this completes the proof. In the case
when X% =£ & and so o # 7, it remains to deduce the statement of the theorem for 7
from the one for o.

First, by the definition of modified global deformation rings given in Equation 4.2, we
have that

RT = Rf—oc ®Rloc R = R{OC ®Rlaoc RU

https://doi.org/10.1017/51474748024000021 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000021

Wiles defect of Hecke algebras via local-global arguments 2521

and similarly R}, = R, ®gy R; and RU =Ry QRy R%P for all n > 1. The Sy.-algebra

loc loc
structure on RZ'™ then induces an S,.-algebra structure on R%'Y, and we have

R ®s_ O= (R, ®r; Ry")®s. O=Rl, ®r (Ry“®s_ 0)=R], ®r R =R

g

Also, as RZ'Y is a quotient of R, (as a R, -algebra), if we let

R;o = Rﬂ)c[[xlv s >'739H = Riroc ®Rf‘oc Rgo’

then R7'Y is a quotient of R] ®re RZ, = RL, (as a Rj -algebra).
Now, just as in the proof of Lemma 6.3, the map RJ — T¢ induces a map R] — T:L
making the diagram

R, —— T

RS ——— T7

commute. As the T7-action on M¢? extends to a T, -action (since the U, operators
naturally act on M7), the R%-action on M7 also extends to a R]-action on M7. Passing
to the framed versions (by applying — ®gs RZ:H), it follows that the action of RM on
MZY extends to an action of R'™. Moreover, it’s easy to check that the isomorphism
MZP ®s_ O = M7 is compatible with the action of the U,-operators, and so it is an
isomorphism of T -modules and hence of R™-modules.

Combining all of this, we can again use the ‘ultrapatching’ construction of [Man21,
Section 4.1], with { R7P} in place of {R%"} and R7_ in place of RZ,. This produces a Sso-
algebra RT together with a surjection R7, — R7 and an isomorphism R. ®g. O = R™
such that the composition
e — R, >R, — R

loc

is the map Rj . — R".

By the functorality of the ultrapatching construction, the maps RZ’D — R,T;D induce
an Sy-algebra homomorphism R7, = R% — R7, . Moreover, the action of R%5 on MZH
induces an action of R7_ on M7, extending the action of RZ,. In particular, we may treat
Mg, as a R7_-module.

We can now finish the proof. First, we have RS = R], for v ¢ £¢™" and dim RJ =
dim R}, =3+1 for v € X¥™i 50 dim R7, = dim R, = dim S, proving (1).

We shall now show (5). First, for v € 3\ ¢ we have R7v = R and Spec RS*[1/w]
is formally smooth at the point corresponding to A: RJ* — RZ, X0 by the above. Thus,
to show (5), it suffices to show that for each v € £ Spec R¥""[1/w] is also formally

smooth at the point corresponding to A : RF™" — RT_ 0.
Take any such v € ¥ Recall that by assumption the representation plg, is

Steinberg. Thus, the point of Spec R'™[1/w] corresponding to A : RM™ — R X0 s
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in the Steinberg component and not in the unramified component (it can’t lie on both
components, as it corresponds to a formally smooth point of Spec RZ [1/w], by the above
argument). But now by the explicit descriptions of the rings R and Rf"™ given in
Lemmas 5.3 and 5.4, it follows that the natural map R — R#™"™ induces an isomorphism
R /75t = R~ /Ty between the Steinberg quotients constructed in Lemmas 5.3 and 5.4.

It follows that the point of Spec R¥""[1/w] corresponding to A : R¥™"™ — RT X0
also contained in the Steinberg component and that Spec R¥™""[1 /] is formally smooth
at this point (which again implies that this point does not lie on any other components).
This proves (5).

As M7 is maximal Cohen-Macaulay over RZ_, it follows that it is also maximal Cohen—
Macaulay over R, and so the support of MZ as an R_-module is again a union of
irreducible components of Spec R7 . But now for each v € ¥, the irreducible components
of RJ are in bijection with those of R, (this is trivial for v g X#1 and for v € L¥un
follows from the description of the minimal primes of R' and R¥""% given in Lemmas 5.3
and 5.4). By Proposition 4.7, it follows that the irreducible components of Spec R7, are
in bijection with those of Spec RZ_. Since MZ is supported on all of Spec RZ_, it follows
that MZ is supported on all of Spec R7, as well. Since R is reduced, it follows that
R acts faithfully on MZ . Since the action of R7, on MZ factors through R, — R7_,
it follows that RT, =2 R7..

Just as before, (2) and (3) follow from this, and again, the second part of (3) implies
that to show that R™ — T is an isomorphism, it will suffice to show that the induced
map R7[1/w] > T [1/w] is.

To prove (4), consider the commutative diagram

Rl/w] — T [1/w]

Rl/w] ——— T7[1/w]

As the bottom map is an isomorphism of finite free reduced F-algebras, to show that the
top map is an isomorphism, it will suffice to show that for any Qp point n: T9[1/w] — Qp
of SpecT? = Spec R’ the induced map R™ ®,, Qp —T ®y Qp is an isomorphism.

Fix any such n: T[1/w] — Qp. Then 7 corresponds to a modular Galois representation
pn: Gp — GLQ(QP) lifting p. For each v € L¥-uni, plar, must be either Steinberg or
unramified. Let S,y € 2#™ be the set of v € X#™™ for which py|g,, is unramified.

By Equation 4.2 and Definition 4.2, we have R™ = R° [av |v € Z‘P'“ni] as subrings of R”,
where for each v € ¥, a, is the chosen root of the characteristic polynomial of p, (Frob,).
Hence,

RT Qn Qp = (R‘7 @ Qp) [av‘v c Eso-uni] _ Qp [av|v c E(p-uni:l

https://doi.org/10.1017/51474748024000021 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000021

Wiles defect of Hecke algebras via local-global arguments 2523

For v € X#™™\ S, (so that py|q,, is Steinberg) the definition of RE™“™ implies that
a,==*1¢€ Qp, so in fact, R™ ®n6 :Q [ay|v € Sy], and so R™ ®,76p is a quotient of

Q,[z|ve S,/ (z} — z, trp (Frob, ) + det p5' (Frob, ).

In particular, we have dlm R ®,7Q < 218l
On the other hand, T = T" [Uv|v € 3% um] is a subalgebra of Endp(M7), and so

T ®,Q,=(T°®,Q,) [U,|Jve £*™] =Q, [Us|v e B¢™] =Q, [U,|v € S,

is a subalgebra of Endap (M7™ ®y Qp) (where the last inequality comes from the fact that

U, acts as a scalar on M7 ®n6 if py|ay, is Steinberg). But now as p, is unramified at
each v € 5, it corresponds to a Hilbert modular form f, of level not d1V1Slble by any
v € Sy. Standard properties of Hilbert modular forms now imply that dlmQ T ®n Q =

dimg Qp [Uplv € Sy] = 21941 we are using here that the U, for v € S, act as independent
P

nonscalar endomorphisms on the 2/%7! dimensional (Q -) vector space generated by the
image of f,, under the standard degeneracy maps arising from the places v E Sy Thus
dlmQPT ®y Q, = = 215l > dlm— R™®,, and so as the map R™ ®, Q, — T ®,,Q

surjective, it must be an 1bomorph15m This completes the proof of (4), and thus of the
theorem. O

Combining this with Proposition 3.32 and the computations in Section 5 gives the
following generalization of [BKM21, Theorem 10.1]:

Theorem 6.5. In setting described in this section, we have:

. . 2n, 3n, Ny
S(RT)=6(T7)= ) o+ > — -,

r=>3 ’UEE‘P‘"“i UEZ““i

where n, s as above, and e is the ramification index of E/Q,.

Proof. Theorem 6.4 implies that the map 6 : S,, — R7 satisfies property (P), and so
Theorem 3.25 implies that implies that

5)\(TT) = 5)\(RT) = (5)\(Rgo Qs O) = (SA(R;)
Now, by Proposition 3.32 and Proposition 3.28 we get
5A(R;) = 5)\(Rf:)c[[:rl, [N 7‘T9]D = 6>\(Rf—oc) +6>\(O[[$17 s 7x9]]) = 5A(Riroc)

SN ( (@RZ”) ®o (@RE) ) =D O(Ry)+ Y _a(Ry

vED v|p veED vlp
:Z(;A 7'1/ —|—Z(5>\ []}1’ .’L'g+ [Fy: Qp 26)\
veD v|p veED
_ Z 6>\(R;§1in)+ Z (5)\(Rf,t)+ Z 5>\(Rf—uni)+ Z 5>\(R|’jn1)+ Z 6A(RE)
pexmin vest vENP-uni pexuni vesD
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Now, Proposition 4.6 implies that R™™ and RE’ are complete intersections, and so Propo-
sition 3.28 gives dx(R™™) =0 = 65 (RY). Thus, the claim follows by the computations in
Theorems 5.18, 5.26 and 5.33. O

Remark 6.6. While Theorem 6.5 only computes the ‘noncohomological’ Wiles defect,
and [BKM21, Theorem 10.1] computes both the cohomological and noncohomological
defects, we still have these defects are equal in the minimal level case (i.e., £U" = S@-uni =
5 = @) by [Man21, Theorem 1.2] and [BKM21, Theorem 3.12].

In the next section, we show that in fact our work here, which determines the defect of
Hecke algebras and deformation rings, can be used to show an equality of cohomological
and noncohomological defects in many situations.

7. Cohomological Wiles defects and degrees of parametrizations
by Shimura curves

The main theorem of this paper, Theorem 6.5, that we have proven above computes Wiles
defects of Hecke algebras acting on the cohomology of modular curves and Shimura curves.
We use this to compute in the present section the Wiles defect of the modules of the Hecke
algebras of Theorem 6.5 that are given by the cohomology of the Shimura curve on which
the respective Hecke algebras acts faithfully; Theorem 7.5 and Proposition 7.7 below.

Our methods here also allow us to improve on the results of [RT97] about degrees of
optimal parametrizations of elliptic curves over Q by Shimura curves: See Corollaries 7.9
and 7.10 below. (By optimal we mean as usual that the induced maps on the Jacobian
of the Shimura curve has connected kernel.) Our approach diverges considerably from
the one of [RT97]. Our proofs are rather indirect but fill in a lacuna caused by the basic
problem that one does not know in generality surjectivity of maps on p-parts of component
groups at primes ¢ (of multiplicative reduction), induced by optimal parametrization of
an elliptic curve E over Q by a Shimura curve which has multiplicative reduction at ¢ (the
prime ¢ divides the discriminant of the quaternion algebra from which the Shimura curve
arises). The difficulty of proving the surjectivity alluded to above is specially vexing when
considering component groups at a prime ¢ that is trivial for E[p] (and thus in particular
¢ isnot 1 mod p). Both corollaries are deduced from Theorem 7.5 and Proposition 7.7. We
only consider non-Eisenstein primes, namely primes p such that E[p] is irreducible. The
arguments in [RT97, page 11113] rely on auxiliary hypotheses: for instance, that there
is a prime ¢ such that the image of an inertia group I, at ¢ acting on E[p| has image
of order p. This hypothesis is fulfilled when F is a semistable elliptic curve over Q and
E|p] is irreducible, our methods allow one to consider all elliptic curves over Q provided
El[p] is irreducible as a Gq(c,)-module. We work with the setup in [BKM21, Section 5]
and thus operate (mainly for simplicity) at less generality than the work in the previous
sections (for instance, we will assume F' = Q.) There are slight differences between the
setup here and that of [BKM21, Section 5] that we begin by highlighting.

7.1. Cohomological Wiles defects

Fix @ a finite set of primes, and let Dg be the quaternion algebra over Q considered
in [BKM21, §5]: It is definite if @ has odd cardinality and indefinite if @ is of even
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cardinality. (By abuse of notation, we will also frequently use @ to denote the product
of all the primes in the set @. The context will make clear which meaning is intended.)
We assume here that () has even cardinality and thus D¢ is an indefinite quaternion
algebra. For a positive integer N with (N,Q) =1 let F(C)Q (N) be the congruence subgroup
for Dg, which is maximal compact at primes in @, and upper triangular mod ¢ for all
{|N. We consider also the usual congruence subgroups I'o(NQ) and T'o(N2Q?) of SLa(Z).
Let Ko(N2Q?) C GLy(Aq.s) and KZ(NQ) C D¢ (Aq,f) be the corresponding compact
open subgroups. Let N’ be the squarefree part of N.
We consider XOQ (N) the (compact) Riemann surface

DFQ\ (D (Aaus) < 1) /KE(N)

(where H is the complex upper half plane). Give XOQ (N) its canonical structure as an
algebraic curve over Q. Let as before p be a prime not dividing 2N@, and we fix a
finite extension E/Q,, with O the ring of integers in FE, w a uniformizer, k = O/w
the residue field, and e the ramification index of E/Q,. We will assume below that
E is sufficiently large so that O contains the Fourier coefficients of all newforms
in S3(To(N2Q?)). Consider the finite free O-modules SQ(F?(N)) = HI(X(?(N),O),
S(N2Q?) = H'(Xo(N2Q?),0) and S(NQ) = H(X,(NQ),0). Let T(N%Q?), T(NQ) and
TY(N) be the O-algebras at level ['o(NQ?), To(NQ) and Fg) (N), respectively, generated
by the Hecke operators T} for primes r coprime to N@Q acting on S(N?Q?), S(NQ) and
SQ(FOQ (N)). (We call such Hecke algebras deprived of operators U, for dividing the level
anemic Hecke algebras.) Note that by the Jacquet-Langlands correspondence, T (N) is
a quotient of T(N2Q?), and this quotient factors through T(NQ).

Let f € S2(To(NQ)) be a newform of level N@ such that all its Fourier coefficients
lie in E, and consider the corresponding O-algebra homomorphisms Ay : T(N2Q?) — O
and (abusing notation slightly) Ay : T(NQ) — O. We will fix this newform and our main
results will be in relation to f. By the Jacquet—Langlands correspondence, this also gives
a related homomorphism T?(N) — O that we again denote by the same symbol Af. We
denote the corresponding maximal ideals which contain the prime ideal ker(As) by the
same symbol m. Let ps : Gq — GL2(O) be the Galois representation associated by Eichler
and Shimura to f and assume that the corresponding residual Galois representation py =
p: Gq — GLy(k) is absolutely irreducible. By enlarging O if necessary, we may assume
that k contains all eigenvalues of p(o) for all ¢ € Gg. The Galois representation py :
Gq — GLy(E), with irreducible residual representation p, is locally at primes g € @ of

the form
Ep ¥
0 1)’

up to twist by an unramified character x of order dividing 2. The 3, € {£1} of Section 4
(see discussion after Equation (4.1)) will be chosen so that ps|g, gives rise to a point
of Spec Rflt in what follows (and thus depends on whether x is trivial or not). Let Ay
stand for the isogeny class of the abelian variety Ay (which is an optimal quotient of
Jo(NQ)). The residual representations arising from the class Ay with respect to the fixed
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embedding Ky — Qp are all isomorphic to our fixed absolutely irreducible p. Consider
the representation py : Gq — GL2(O) arising from Ay. As in [BKM21, Definition 7.7], we
define the invariants mg,ng for ¢ € @ as follows. The representation py|q, : G4 — GL2(O)

is of the form
ep *
0 1

up to twist by an unramified character of order dividing 2 and is ramified (i.e., generic).
We define the local invariants m, (respectively, n,) to be the largest integer n such that
pa(Iy) (respectively, px(G,)) mod w™ has trivial projective image.

There is an oldform fV% in Sy(Io(N2Q?)) with corresponding newform f which is
characterized by the property that it is an eigenform for the Hecke operators T, for ¢
prime with (/,NQ) =1 and U, for /|/NQ and such that a,(fN?) =0, that is, f¢|U, =0,
for {|NQ. Let Apvo : TM(N2Q?) — O be the induced homomorphism of the full Hecke
algebra T (N2Q?) acting on H'(Xo(N2Q?),0) which is generated as an O-algebra by
the action of the Hecke operators Ty for ((,NQ?) =1 and U, for /|NQ on S(N2Q?) =
H(Xo(N2Q?),0). We denote by mg the maximal ideal of T™!(N2@Q?) that contains the
kernel of Ayne.

The homomorphism A; : T?(N) — O extends to the full Hecke algebra T@(N)M!
(which has operators U, for r dividing NQ) acting on S?(I'$(N)), and we denote by mg
again the maximal ideal of T%(NN)™M!! which contains the kernel of the extended homomor-
phism. We define T, T"" (resp. T5"¥) to be the image of T(NQ?) (resp. T?(N)) in the
endomorphisms of the finitely generated O-modules S(N?Q?) = H'(Xo(N?Q?),0)m,
S(NQ) = H'(Xo(NQ),0)w (resp. ST (N))me)-

We denote by R, R™, R"@ the corresponding universal deformation rings and thus we
have surjective maps R — T, R™ — T" and R*" @ — T5%@ of 0-algebras. (Thus, in each
of these cases the type 7 = (7,,) for v|N'Q is such that 7, is unrestricted, or unipotent, or
unipotent at v|N and Steinberg at v|Q.) We have the corresponding universal modular
deformation p™°?: Gq — GLa(T) by results of Carayol [Car94] which is a specialization
of a universal representation Gq — GL2(R).

Define

M(N?*Q*) = HomT[GQ](med,S(NQQQ)iLQ),
M(NQ) = Homr(gq) (0™ S(NQ)i),
M9 (N) = HomT[GQ](pm°d75Q(F§ (N))ing)-

As in Lemma 5.1 of [BKM21], we have using [Car94] that the evaluation map
M(N?Q?) @ p™°? = S(N?Q?)%,, is an isomorphism, as is M*Q(N) @g pm°? —
SQ(Fg(N)):nQ. In particular, as T-modules we have S(NQQQ);Q = M(N2Q*)%? and
ST (V) = M Q(N) 2,

We have the following lemma proved using Proposition 4.7 of [DDT97] (see proof of
Theorem 5.2 of [BKM21]).
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Lemma 7.1.
(i) The Hecke module M(NZQz)[%] is free of rank one over T[%]
(ii) The T-modules
M(N?Q*),M(NQ),M**?(N)

are self-dual.

(iii) The O-modules

M(N*Q®)[ker(Apxa)],M(NQ)[ker(Af)], M P (N)[ker(Ay)]

are each free of rank 1 over O.

Proof. The first part follows from the arguments in Proposition 4.7 of [DDT97] (see proof
of Theorem 5.2 of [BKM21]). For the second part, we use that f is a newform of level
NQ and the explicit description of fN© and the corresponding maximal ideal m¢ that is
used to define M(N2Q?). O

Remark 7.2. In general the modules M(NQ),M*"%(N), because of the presence of
oldforms, are not generically free over the anemic Hecke algebras acting on them that do
not have the operators U, for v|NQ in them. This generic freeness holds for Ms“%(N)
if N|N(p) which was the assumption in [BKM21]. They are generically free over the full
Hecke algebras acting on them that have the operators U, for v|N@ in them.

Remark 7.3. The definition of the modules M (N2Q?), M(NQ) and Ms“%(N) differs
slightly from the definition of the modules M7; see (6.1) from Section 6. In particular, we
do not quotient by the elements S, — e, (Frob,) (or even explicitly use the Hecke operators
Sy). The definition of M7 from Section 6 is needed when F' # Q in order to make the
patching argument work (for subtle reasons involving the unit group O ). In this section,
we are only considering the case F'= Q for convenience, and so we are still able to use
patching arguments with the simpler definitions of the modules given in this section.

Also, here we ‘factor out’ the Galois representation p™°¢ as above, while we do not do so
in Section 6. This also does not significantly affect the patching argument. See [BKM21,
Theorem 6.3] or [Man21, Section 4] for more details on patching arguments in which the
Galois representation is factored out.

One can prove completely analogous versions of Theorems 6.4 and 6.5 for the modules
defined in this section by applying the patching arguments applied there to the modules
MT instead to the modules M (N2Q?), M(NQ) and M*%Q(N). We will leave the details
of this to the interested reader, and for the remainder of the section we will simply cite the
results of Section 6 as if they literally applied to the modules considered in this section.

We denote by (, ) certain O-valued, perfect T-equivariant pairings on the T-modules
M(N?Q*),M(NQ),M*?(N)

that are induced by Poincare duality (see [BKM21, §9]). We then recall from [BKM21,
§3, Lemma 3.5], that if X,Y,Z are generators of the rank one O-modules

M(N?Q?)[ker(Apvo)],M(NQ)[ker(Af)], M@ (N)[ker(\y)],
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we have the following relationship:
UA(M(N?Q%) = O/((X,X)),UA(M(NQ)) = O/((Y,Y)), UA(M*P(N)) = 0/ ((Z,2)).

Here, we are abbreviating all the augmentations arising from the newform f to A.
We recall the definition of the Wiles defect for modules from [BKM21]. (As we did not
consider defects of modules till now we have deferred the definition till this section.)

Definition 7.4. Let R denote a finite, local (O-algebra, which is w-torsion free and
reduced. Let M be a R-module, that is finite free over O and with ranky M =d > 0.
The Wiles defect of M is the quantity
_ dlog |5, | —log ¥, (M)
dlog|O/p| ’

which we will denote by d,(M) when R is clear from context.

oxr(M)

Recall from [BKM21, Definition 3.3] that the congruence module ¥ (M) is the cokernel
of the composition

Mker \] = M = Homeo (M*,0) — Home (M*[ker \],0).

We should remark that the Wiles defect is normalized differently in [BIK23]; the
definitions differ by a factor of dlog|O/p|. The interest of studying defects of the modules
considered in Theorem 7.5 is that, besides the intrinsic interest, this is directly responsible
for our improvements to the result of Ribet—Takahashi about changes of degrees of optimal
parametrizations when we switch between Shimura curves. We have recalled above the
definition [BKM21, Definition 7.7] of the inertial invariants m, for ¢ € Q.

Theorem 7.5. Let N’ be the squarefree part of N. We have the equality of lengths of

O-modules:
Lo(UA(M(N?Q?)) = Lo(UA(M*HC(N) + Y ordo (2~ 1)+ Y (mg +ordo(¢” — 1)),
L|N’ qeqQ
and
lo(UA(M(NQ))) = Lo(TA(MUC(N))+ D my.
q€Q
We have equality of defects 0y st.a (Ms%Q(N)) = Ox,Tst.@ (Ts4Q) = ZélN' ¥+
2n4
ZQGQ e -

Proof. The proof follows from the following facts:
1. We use the exact computation of the length of a relative cotangent space, namely

Lo(Pr/pre) =Lo(Pr pee) = Y (ordo(l® —1) —ng)+ > (mg+ordo(q® — 1) —2ny)
£|N’ q€Q

by a slight variant of the arguments in the proof of [BKM21, Corollary 7.15] using
as key input Theorem 6.4 (there the level considered when we relax ramification

https://doi.org/10.1017/51474748024000021 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000021

Wiles defect of Hecke algebras via local-global arguments 2529

conditions is N@Q? rather than N2Q?, and it is assumed that N|N(p), but the
arguments carry over to our slightly different situation mutatis mutandis);

2. S\ 1(T) = S r(M(N?Q?*) = 0. This follows from the arguments in [BKM21,
Theorem 5.2] (see also [BKM21, Remark 5.3, 5.4]) which is proved using the
arguments of [Dia97, Theorem 3.4].

3. The inequality

Lo(UA(M(N?Q)) < Lo(UA(M™ P (N)) + ) _ (ordo(¢* 1)+ ) _ (my +ordo(q” ~ 1)
¢|N’ q€Q

that follows from the following two inequalities:
[}

Lo(UA(M(NQ))) < Lo(UA(MUP(N)))+ > m,
q€Q

which follows from [RT97, Theorem 2]. To justify this, as noted above as a con-
sequence of [BKM21, §3, Lemma 3.5], we have Lo (Ur\(M(NQ))) = ordo((Y,Y))
and Lo (VA (M@ (N))) =ordp({Z,Z)). Further, the ideals generated by the inner
products ((Y,Y)) and ({Z,Z)) can be read off from the optimal quotients £ and
&' of the isogeny class of abelian varieties Ay by the Jacobians of Xo(NQ) and
X(? (N) as follows. The composition £,£* of the pullback £* and pushforward of
the maps induced by ¢ on the Ta,(A)m = O? is identified with multiplication
by a scalar in O. We denote the ideal of O generated by this scalar by
(£.£*). Then ((Y,Y)) = (£.£%). Similarly, ((Z,2)) = (£.€'"). Then using [RT97,
Theorem 2] in the case when Ay is an isogeny class of elliptic curves, and its
generalization to optimal abelian variety quotients in [Kha03] we deduce that
the ideal (£.£*)(£.¢")~! divides the ideal (Il;cqw™2) of O which justifies our
claim.

Lo(UA(M(N?Q?))) < Lo(UA(M(NQ)))+ > ordo(t*~1)
(N'Q

This statement, in the stronger form of an equality follows easily from the
arguments in Step 2 of proof of [BKM21, Proposition 9.1].

4. The inequality
Lo(Tx(M*9)) < Lo(¥A(T*™9)),
which is equivalent to the inequality
BA(IMO(N)) 2 65(T2).

This follows from [BKM21, Theorem 3.12].

5. The equality ) pst.0 = ZélN’ " +Zq|Q 2% which is a consequence of our main
theorem, Theorem 6.5. (To deduce this from our main theorem, we use for £|N’ the

local deformation condition described by Ry™ and for ¢ € @ that described by RZt.)
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Using the first three points (1), (2) and (3), we conclude that &y(M*“%(N)) <
Z@lN’ oL +Zq|Q 2% Using (4) and (5) we deduce the series of (in)equalities

e

e 2n s s Ty 2n
S ) ) < T 5

e
oN a€Q (N’ q€Q

and hence

n 2n
Orrere(MUQ(N)) =0y peva (TH9) = ?’“’ +>° =L
2N’ q€Q

From this, using (1) and (2) we conclude that

Lo(UA(M(N?Q%))) = Lo(UA(M™2(N)))+ > ordo(* — 1))+ Y (my +ordo(¢g* 1))
LN’ qeQ

Finally, using the two inequalities that occurred in proof of (3) above we deduce that

Lo(UA(M(NQ))) = Lo(TA(M*2(N))+ > my,
q€Q

finishing the proof of all parts of the theorem. O

Remark 7.6.

e The first part of Theorem 7.5 was proved in [BKM21, Proposition 9.1], using the
methods of [RT97], in particular [RT97, Theorem 1]. We have reverse engineered
the arguments of [BKM21, Proposition 9.1] and are able to deduce [RT97, Theorem
1] below by a different method which is more robust. We still use [RT97, Theorem
2] to prove upper bounds on change of congruence modules (or equivalently degrees
of parametrizations)

Lo(VUA(M(NQ))) < Lo(Ux(M*“C(N))) + Z mq
9€Q

but not the less robust and delicate methods of the proof of the second part of
[RT97, Theorem 1, see also page 11113], which show that these upper bounds in
fact give exactly the change of lengths of the congruence modules. We view the
correct upper bounds on change of congruence modules, when we relax deformation
conditions at primes in @ (from Steinberg to unrestricted with fixed determinant)
as ‘easier’ than the corresponding correct lower bounds (correctness lying in the
fact that the bounds are expected to turn into equalities). In the analogous case
of lengths of relative cotangent spaces, the inequality

Lo(Pr/Rpst) < Z(ord(g(f2 —1)—ny)+ Z(mq +ordo(¢> — 1) —2n,)
¢|N’ q€Q

follows purely from local arguments: See [BKM21, Proposition 7.9] for the local
computation, and also note that the surjectivity of the map ®y r__ /st — P r/Rst
of [BKM21, Theorem 7.14] is elementary. The injectivity of this map which is
proved in [BKM21, Theorem 7.14] lies deeper and uses patching arguments. Thus,
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the heuristic that we justify by our work here is that (correct) upper bounds on
change of congruence modules, or change of cotangent spaces, are ‘easy’ and our
methods allow one to convert these upper bounds to equalities using the methods
of this paper.

e Using (a straightforward modification) of [BKM21, Theorem 5.2] and [BKM21,
Theorem 8.1, Cor. 8.3] (which considered M (NQ?) rather than M(N2Q?)), and
under the assumption that N|N(p) of [BKM21, §2] we know from [BKM21] that

Uy (M(N2Q?)) = Uy (T), U (MHQ(N)) = U, (TR,

On the other hand using Theorem 6.5, together with [BKM21, Proposition 7.9,
Corollary 7.15] we know that

Lo(UA(T)) =Lo(TA(T )+ ordo (£ —1)+ > (my+ordo(q> —1)).
LN’ q€Q

Combining this we can deduce the first part

Lo(UA(M(NQ?))) = Lo(UA(M*MP(N))) + Y ordo(®* = 1)+ ) (mg+ordo(q” — 1))
2|N’ q€Q

of the theorem above. The arguments given in Theorem 7.5 use Theorem 6.5
to deduce numerically the equality of cohomological and ring theoretic defects
or equivalently of lengths as (O-modules of ring theoretic and cohomological
congruence modules seem more versatile and apply in cases where the arguments of
[BKM21, Corollary 8.3] do not apply and do not use the assumption that N|N(p).

e We assumed in this section that f was a newform of level N@Q, and so in particular
py ramifies at each prime dividing N. It it possible to prove the equality of
cohomological and ring theoretic defects somewhat more generally by using the
arguments of [Dia97].

Specifically, assume that f is a newform of level Ny @ for some integer Ng. Then
Theorem 7.5 gives an equality §x(MS4?(Ng)) = 6x(T*H?(Ny)).

Now, let 3 be a finite set of primes not containing any primes dividing Ng@,
and let Ny be the level considered in [Dia97, Section 3.2]. The inequalities given
in the proof of [Dia97, Theorem 3.4] (which in our case rely on Thara’s Lemma for
the Shimura curves X (N)) then show that 6x(Ms"@(Ng)) < 65 (M@ (Ng)).

But now for each prime ¢ € ¥, one has that szni“ and RqD are both com-
plete intersections. Theorems 6.4 and 6.5 of Section 6 (that express defects of
global deformation rings as sums of local defects) give that §y(T*?(Ngy)) =
Sx(T*%?(Nx)). One then deduces that

SA(T*"?(Nx)) < 61 (M ?(Nx)) < O3 (M P (Ng)) = 6x(T*?(Ng)) = (T*"?(Nx))

and 5o 0y (TS" 9 (Nx)) = 6, (M*+Q(Ny)) for all ¥, generalizing Theorem 7.5. By a
similar argument, one can also generalize Proposition 7.7.

We note a variant of the result above which computes defects for the module M (NQ)
when considered as a module for an anemic Hecke algebra and a full Hecke algebra. (We
assume for simplicity for the result below that N’ =1.) The module M (N Q) is a module
for the (anemic) Hecke algebra T"", and it is also a module for the (full) Hecke algebra
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Tui (and thus U, € T for all primes v dividing NQ) that acts faithfully on M(NQ).

The augmentation A : T" — O extends uniquely to N’ T O, and X (U,) = £1 for

v|NQ. We determine next the defects 5)\,7Tuni(M<NQ)) and 0 uni (M(NQ)).

Proposition 7.7. Assume that N' = 1.

(1) 0y s (M(NQ)) = 0\ (T™) = 52, o 22
(i) O, muni (M(NQ)) = 0y muns (T™) = 37, v "2

Proof. (i) By Theorem 6.5, ) (Tum) = Z'I}lN’Q 3”?” Using arguments pioneered by Mazur
to prove mod p multiplicity one statements (see, for instance, [Wil95, Theorem 2.1] for
an example of this type of argument, note that under our hypothesis (p, NQ) = 1), one
sees that M(NQ) is a free T -module, and thus y i (M(NQ)) = 6 (™™,

(ii) In this case, we argue as in the proof of Theorem 7.5 except that the proof is easier.
Namely, we first observe that

Lo(Ppr puni) = Z (orde (€2 —1) —ny)
(N'Q

by a slight variant of the arguments in the proof of [BKM21, Corollary 7.15]. Further,

Lo(UA(M(N?Q?))) = lo(UA(M(NQ))+ Y ordo(f*—1).
ge)
This together with o (M (N2Q?)) =0, proves that 6 pui (M (NQ)) = > ung - Theo-
rem 6.5 gives that 65 (T) =3_, n/q %, and thus altogether we get that 0y puni (M (NQ)) =

G, mun (TU) =32, v 76 -

Remark 7.8. We could prove Proposition 7.7(i) by a different method that exploits
the equality of congruence modules \IIA,Tuni(M(NQ)) = U, puni (M(NQ)). This should
follow from [BKM21, Lemma 3.4] (see also [BIK23, Lemma 3.7]) on using the fact that
M(NQ)ker(N)] = M(NQ)[ker(\)] = O. Then we have to compute the change of the local
cotangent space at v when we consider the induced augmentations of the map of local
deformation rings R™ — R,". We have not done this computation, but one can make
the educated guess that the difference of the lengths of the respective cotangent spaces
is 2n,,. This would also compute the defects when we consider M (NQ) as a module for
Hecke algebras that have U, in them for only a subset ¥ of places that divide N'Q, and
our educated guess for this defect is

3Ny, Ny
Do D o

€
vex v|[N'Qugs

7.2. Change of degrees of parametrizations by Shimura curves

From Theorem 7.5, it is easy to deduce the formula for the change of degrees of optimal
parametrizations of elliptic curves by Shimura curves which may be summarized in the
following formula (compare to [RT97, Theorem 1]).
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Corollary 7.9. Let £ be an isogeny class of elliptic curves over Q of conductor N and p
be a prime such that the mod p representation arising from & is irreducible as a Gqc,)-
module. We also assume that p is prime to N. Consider a factorisation N = D -(N/D)
with D a positive squarefree integer with an an even number of prime factors, and an
optimal parametrization XY (N/D) — E with E € £, and let p be its degree. Then for
primes q,r such that qr|D, the p-part of

5D/qr
0p

and the p-part of cqc, are equal where cq,c, are the orders of the component groups of
any E € £ at the primes q and r.

Proof. The result follows from the first part of Theorem 7.5 and the well-known
relation between congruence modules and degrees. For instance, ord,(dp) is the same
as ord,((X,Y)), where X,Y is a O-basis of H'(XP(N/D),O)ker\], where X is the
augmentation of the Hecke algebra acting on H'(XF (N/D),0) arising from E. We leave
the details to the interested reader. O

We get results about the surjectivity of maps on component groups at primes g of
multiplicative reduction of elliptic curves E that are induced by parametrizations of £
by Shimura curves whose Jacobians have purely toric reduction at ¢ (compare to the the
arguments on [RT97, page 11113]).

Corollary 7.10. With the notation of the previous corollary, for a prime q|D, the map
induced by an optimal parametrization X (N/D) — E on the p-parts of the component
groups ¢,(JP(N/D)) — ¢4(E) is surjective.

Proof. This follows from the corollary above and [RT97, Proposition 2]. O

Remark 7.11.

e The proof of [RT97, Theorem 1, part 2] on page 11113 depends on the hypothesis
that N/D is not prime (that is used to ‘permute’ primes around there) and uses
the hypothesis that F is semistable to ensure the hypothesis:

(*): There is a prime ¢ dividing the conductor of E (of semistable bad reduction)
at which the order of the group of components at ¢ is not divisible by p.
Equivalently the mod p representation p arising from E is such that p(l,) is
either not finite flat (in the case ¢ = p), and ramified (in the case ¢ # p), with I,
an inertia group at q.

We can dispense with these hypotheses in Corollary 7.9.

e The results of this section should in principle generalize to the cases of totally real
fields F. (The main theorems of this paper, for instance Theorem 6.5, on which
our results depend are written in the setting of such F.)

Theorem 7.5 should generalize without too much difficulty to the case of
newforms of weight k > 2. There are some related results in [KO23]; they only
consider situations where the Hecke algebras are complete intersections and hence
of defect 0. The results given here are more illustrative than exhaustive.
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Appendix. A formula of Venkatesh

By N. Fakhruddin and C. Khare

The results of this section are inspired by unpublished notes of A. Venkatesh [Venl6].
Venkatesh’s formula was stated (as a conjecture, but it was checked in many cases) for
certain derived commutative rings, but we prove a version in the context of ordinary
commutative algebra; we briefly explain the connection in Section A.1. The invariants
¢o and ¢; are essentially the same as those defined in [Venl16], but our method of proof
is different from the approach taken there. The main result is Proposition A.6. This is
used in the main text to compute the Wiles defect for certain Hecke algebras that are
not complete intersections.

Let O be a complete discrete valvation ring (DVR), and let B be a complete local
Noetherian O-algebra with dim(B) =1 with an augmentation 75 : B — O. Let E be the
quotient field of O which we view as a module over any augmented ring using the augmen-
tation. We assume that the augmentation has a finite cotangent space, by which we mean
that ker(mp)/ker(r)? is a finite length O-module. Let C be the largest Cohen—Macaulay
quotient of B — if B is finite over O, then this is simply the quotient of B by its O-torsion
(which is an ideal) — and let ¢ : C' — O be the augmentation of C' induced by 7p.

Definition A.1. ¢y(B) :=4(O/nc(Ann(ker(nc)))).

Since B is complete, we may write it as a quotient of S = O[[x1,2za,...,2,]] for some
n > 0. Then by the prime avoidance lemma ([BH93, Lemma 1.2.2]), we may find a quotient
A of § through which the map to B factors and such that A is a complete intersection
ring with dim(A) = 1. Denote this map A — B by ¢p and the induced map A — O by
ma. We may (and do) choose A such that ker(m4)/ker(m4)? is a finite length O-module.
Furthermore, if B is finite over O the lemma also allows us to choose A finite over O.

Let x be a sequence of generators of ker(¢p) of length 6 and consider the Koszul
complex'’ K 4(x). It is a graded-commutative differential graded A-algebra whose
homology modules are B-modules. Let Hjs(Ka(x)); be the submodule of Hs(K4(x))
generated by products of elements of H; (K 4(x)). The Koszul complex is functorial for
ring homomorphisms, so we have a map

Tax: Ho(Ka(x)) = Ho(Ko(X)),

where X denotes the image of the sequence x in O. However, all terms of this sequence
are 0, so H, (Ko (X)) is the exterior algebra in ¢ generators (in homological degree 1). In
particular, Hs(Ko (X)) = O.

Definition A.2. ¢1(B) = {(ra(Hs(KA(x)))/mas(Hs(KA(x))1)).

We see that this is finite by localizing at the prime ideal corresponding to the kernel of
74 and observing that this localization map factors through 7 4.

From the definition of the Koszul complex, it follows that Hs(K 4(x)) is the annihilator
of the ideal I generated by the sequence x. The A-submodule of Hs(K 4(x)) generated

10We use the notation and standard properties of the Koszul complex as in [BH93, §1.6].

https://doi.org/10.1017/51474748024000021 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000021

Wiles defect of Hecke algebras via local-global arguments 2535

by products of elements of H; (K 4(x)) is precisely the Fitting ideal of I (sitting inside its
annihilator). It follows that

c1(B) = ((ma(Ann(ker(¢5))) /7 a(Fitt(ker(65)))). (A1)

We show below in Lemma A.5 that ¢1(B) is independent of all choices. For a fixed A
as above, the Koszul complex only depends on the minimal number of generators of the
kernel. Moreover, adding more elements in the kernel to the sequence of generators has
the effect of tensoring the Koszul complex with an exterior algebra ([BH93, Proposition
1.6.21]) in which case it is easy to see that ¢; does not change.

To show that it is independent of the choice of ¢p: A — B, we will need the following
elementary lemma.

Lemma A.3. Let O be any commutative ring, A1,As,B be local Noetherian O-algebras
and ¢; : A; — B, i=1,2 surjections of O-algebras. Then

1. A:= Ay xp Ay is also a local Noetherian O-algebra and dim(A) = max{dim(A4,),
dim(Ag)}.
2. If Ay and Ay are complete, then so is A.

3. Let P be any prime ideal in B, P; = gb;l(P) the corresponding prime ideals of A;
and Py = ¢~ 1(P) that of A (where ¢: A — B is the surjection induced by ¢;). Then
Ap, = (A1)p, XBp (A1) P,

Proof. We have A = {(a1,a2) € A1 X Aa : ¢1(a1) = ¢2(az)}. The ideal my of A consisting
of all pairs (a1,a2) with a; € my4, is the unique maximal ideal of A since the surjectivity
of ¢1,¢o implies that the complement consists of invertible elements, so A is local. The
two projections induce surjections p; : A — A;. If I is an ideal of A, then p;(/) is an ideal
of A;. The kernel of the map I — p;(I) is naturally an ideal of As. Since A; and A, are
Noetherian, this implies that A is Noetherian.

Now, since A is a subring of A; x As which is finite as an A-module (it is generated by
(1,0) and (0,1)), it follows from the going-up theorem [Mat80, Theorem 5, (i), (ii) and
(iii)] that dim(A4) = dim(A4; x Ag) = max{dim(A;), dim(Az)}.

Suppose A; and A, are complete. To show that A is complete it suffices to prove that
the m s-adic topology on A is the same as the topology induced from the inclusion of A
in A; x As. Since m Cmf, xmY, for all n >0, we only need to show that given any
n' >0,

(mly, xml,)NAC m’}{ for all n > 0.

This follows immediately by applying the Artin—Rees lemma [Mat80, Theorem 15], with
I'=ma, M=A; x Ay and N = A since I"M =m[y xmf .

We will use the following elementary fact whose simple proof we skip: If A is any
commutative ring, S any multiplicative subset of A, My, My and N any A-modules
with maps M; — N, ¢ = 1,2, then the natural map M; xy My — (M2)s Xng (Ma)s of
A-modules induces an isomorphism (M Xy M3)s — (Mi)s Xng (M2)s. The statement
(3) follows from this by taking M; to be A;, N to be B and S = A\ P4 and by observing
that Ai@AAPA:(Ai)PHi:l,Q and B®4 Ap, = Bp. O
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It follows from Lemma A.3 and the prime avoidance lemma already used earlier, that
if A; are complete intersections of the same dimension with surjections to B, then both
of them may be dominated by a complete intersection A’ of the same dimension. The
condition on the finiteness of the cotangent space can also be preserved by (3) of Lemma
A.3. For the independence of the choice of A in the definition of ¢; (B) we will also need:

Lemma A.4. Let f: A" — A be a surjection of (complete) complete intersection local
rings and let ¢g : A — B be any surjection of rings. Let z be any finite sequence of
generators of ker(f), x any sequence of generators of ker(¢p), and x' a lift of x to A’.
Then H.(K a/((z,x"))) is isomorphic to H,(K 4(x)) tensored with an exterior algebra over
A with |z|+dim(A) —dim(A’) free generators.

Proof. Let g: S — A’ be a surjection from a regular local ring S (which exists because
A’ is complete), so both ker(g) and ker(fg) are generated by regular sequences. Choose a
sequence of generators y of ker(¢pfg) by first choosing a regular sequence of generators
w of ker(g) and then adding lifts z of elements of z and lifts X" of lifts x’ in A’ of elements
of x. We then set y = (w,x’,z) and consider Kg(y). Since the Koszul complex of a regular
sequence is a resolution of the corresponding quotient ring by applying this to w we see
that Kg(y) is quasi-isomorphic (as a differential graded S-algebra) to Kg((z,X')) ®g A4,
that is, K4/ ((z,x’)). On the other hand, since 4 is also a complete intersection ring, by
choosing a minimal generating set of ker(fg) from among the elements of (w,z), one
sees that Kg(y) is quasi-isomorphic to K 4(x) tensored with an exterior algebra (since
g9f(X') =x and the remaining elements of (w,z) become 0 in A). On taking homology, we
see that H,(K4/((z,x"))) is isomorphic to H,.(K 4(x)) tensored with an exterior algebra.
The minimal number of generators of this exterior algebra is easily seen to be |z|+
dim(A) — dim(A4’) since |w| = dim(S) —dim(A"). O

Lemma A.5. The invariant c1(B) is well defined.

Proof. By Lemma A.3 and the remarks following it, it suffices to show that if ¢p: A — B
is as above and we have a surjection f: A’ — A such that ¢’z := ¢pf also satisfies the
conditions analogous to those imposed on ¢p, then the number ¢;(B) defined using ¢p
is equal to the one defined using ¢'5.

Let x be a sequence of generators of ker(¢p), x' a lift of this sequence to A’ and
z a sequence of generators of ker(f). Let w = (z,x’), so w is a sequence of generators
of ker(¢/z). Thus, § = |x| and ¢’, the corresponding number of generators for ker(¢'s),
equals |w| =+ |z|. Note that Hs' (K 4/((2,x’))) is canonically isomorphic to Ann(ker(¢’;))
and Hs(K A(x)) is canonically isomorphic to Ann(ker(¢p)). From the result of Lemma
A4 (specialized to the case dim(A) = dim(A’)) that H.(K/((z,x"))) is isomorphic to
H,.(Ka(x)) tensored with an exterior algebra over A with |z| free generators, it follows
that there is an isomorphism of A-modules a : Ann(ker(¢';)) — Ann(ker(¢p)) such that
a(Fitt(ker(¢y))) = Fitt(ker(¢p)).

Now, we use the finite cotangent space assumption on A and A’. This implies that the
ideal 74 (Ann(ker(¢p))) C O is nonzero and equal to the image of Ann(ker(¢p))®4 O
in A®4 O =0 (and similarly for A" and also for the fitting ideals). The O-module
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Ann(ker(¢p)) ®4 O modulo its torsion is free of rank one (and similarly for A’) so the
lemma, follows from Equation (A.1) and the above by using the isomorphism a®4 0. O

For any map of rings Ry — Rs, an Ry-module M and ¢ > 0, we denote by Derﬁ%l (Ra, M)
the i-th André—Quillen cohomology group ([Iye07, Def. 5.8] or [And74, III a), Def. 11
and 12]) of Ry with coefficients in M. Let E denote the quotient field of O viewed as a
B-module via 7g.

The invariants ¢o(B) and ¢;(B) defined above are linked by the following proposition,
which may be viewed as a derived version of Wiles’s formula for complete intersections
[Wil95], [Len95], [FKR21, §A]; a variant of this formula was first discovered by A.
Venkatesh [Venl6].

Proposition A.6. Let O, E and ng: B — O be as in the beginning of Appendix A, and
let co(B) (resp. c1(B)) be the invariant of B defined in Definition A.1 (resp. A.2). Then

co(B) —¢1(B) = £(Der% (B, E/O)) — £(Dery (B, E/0)). (A.2)

Proof. We denote by J the ideal ker(¢p) with ¢ : A — B as above. The sequence of
maps O — A — B gives rise to an exact sequence of André—Quillen cohomology

0 — Der,(B,E/O) — Derdy (A, E/O) — Hom 4(J/J? E/O) — Dery (B, E/O) — 0.
(A.3)

The 0 on the left comes from the fact that Der (B, E/©) = 0 since ¢p is surjective (which
also gives that Hom4(J/J% E/O) is equal to Dery (B,E/O)). The 0 on the right comes
from the fact that Derg (A, E/O) = Derd(A,0) = 0, where the first equality is because
Derly (A, E) = 0 for all i (a consequence of the finite tangent space condition on 74) and
the second follows from [Avr99, (1.2) Theorem] because A is a complete intersection, O
is regular and we have a surjection from S onto A.

We claim that Hom(J/J?,E/O) and Derl, (A, E/O) are finite length O-modules and
that we have equalities £(Hom 4 (J/J?,E/O)) = (O (Fitt(J))) and £(Der% (A, E/O)) =
L(O/7a(Fitt(ker(m4)))). Assuming the claim, from sequence (A.3) we deduce

U(Der, (B, E/O)) — £(Derly(B,E/O)) = £(O 7 a(Fitt(ker(r 4)))) — £(O /7 a (Fitt(.]))).
(A.4)

By definition ¢o(B) = £(O/nc(Ann(ker(nc)))), c1(B) = l(ma(Ann(ker(¢p)))/ma
(Fitt(ker(¢p)))) by Equation (A.1), and Lemma A.9 below implies that

L(O)ma(Anng(ker(ma)))) =£(O/ma(Anna(ker(ép)))) +£(O/mc(Anng (ker(me)))).

Recalling that J = ker(¢p) and Fitt(ker(m4)) = Anng(ker(m4)) (since A is a complete
intersection), the proposition follows by inserting these three equalities in Equation (A.4).

We now prove the claim made above: For the first part, note that E/QO is an A-module
via T4, so that Homa(J/J? E/O) 2 Homp(J/J? @4 O,E/O), where O is an A-module
via 74, and it suffices to show that J/J?®4 O is a finite length O-module. The module
J/J?®4 O is of finite type over O because .J/J? is of finite type over A, and so we need
to show that J/J?[1/w]® a1 /] E vanishes. Now, the map ¢[1/w]: A[l/w] — B[l/w] is a
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map of finite-dimensional E-algebras and the (compatible) augmentations to 74[1/w] and
np[1/w] give rise to isomorphisms of a single factor with E, that is, ma[l/@] ® (1 /) £
is an isomorphism and J[1/w@] ®4[1/w) £ = 0 because J[1/w]| must then be supported
on the other factors, and hence J/J?[1/w] ®A[1/w] £ = 0. For the second part, we apply
the conormal sequence to O — A — O which gives the isomorphism ker(m4)/ker(m4)? =
Q470 @4 O due to the splitting of A — O. By construction the right-hand term in the
isomorphism is of finite O-length, and the second part now follows from

Der%(A,E/O) = HomA(QA/O,E/O) = HOHlo(QA/o ®4O,E/0).

For the first assertion on lengths, we need to show that J/J?®4 O and O/m 4 (Fitt(.J))
have the same lengths. Because m4(J) = 0, the image of J2®4 O in J®4 O is zero,
and hence J/J?®4 0 = J®4 O. Next, observe that ma(Fitt(J)) = Fitt(J @4 O), as
follows from the definition of the fitting ideal. The equality of length now follows because
for a finite length O-module over the DVR O the theory of elementary divisors gives
L(M) = L(O/Fitt(M)). The argument for the second length equality proceeds in the
same way. One reduces the equality to showing that ker(m4)/ker(ma)? = ker(ma) @4 O
and O/ Fitt(ker(m4) ® 4 O) have the same length. O

Remark A.7. The above proof shows in particular that the terms Dery, (B, E/0O) and
O/ma(Fitt(J)) are of finite O-length.

Remark A.8. If B is a complete intersection in Proposition A.6, we may take A = B,
so ¢1(B) =0, ¢o(B) =£(O/np) and Equation (A.4) shows that Proposition A.6 reduces
to Wiles’s formula. The proposition shows once again that ¢;(B) is independent of all
choices since all the other terms in the formula are clearly so.

The following lemma was used in the proof of Proposition A.6.

Lemma A.9. Let A be a Gorenstein local ring with an augmentation w4 : A — O such
that the length of ker(mwa)/ker(mwa)? is finite. Assume that 74 factors through a surjective
ring homomorphism ¢p: A — B, and let C be the largest quotient of B which is Cohen—
Macaulay, so there are surjections po: A —C, mg:B— O and g : C — O. Then

ma(Anny (ker(ma))) = ma(Anny (ker(¢p))) 7o (Anne (ker(7e))).

Proof. We may apply Lemma A.10 of [FKR21] to the map ¢¢ since C is Cohen—
Macaulay, to deduce that

ma(Anny(ker(ma))) = ma(Anny (ker(é¢))) 7o (Anng (ker(me))),

so it suffices to to prove that Anny(ker(¢c)) = Anng(ker(¢p)). We have ker(¢p) C
ker(¢¢) and the quotient is a finite length A-module by the definition of C. The quotient
map

Anny (ker(¢p)) ker(¢c) — Anny(ker(¢p))(ker(¢c)/ker(¢p))

is an isomorphism since Ann4(ker(¢p))ker(ép) = (0), so Anny(ker(¢pp))ker(¢pc), being
a submodule of a finite length A-module, is also of finite length. On the other hand,
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it is a submodule of 4 and depth(A4) =1, so it must be (0). Thus, Anng4(ker(¢c)) =
Ann 4 (ker(¢p)). O

A.l.
We briefly explain how the formula (A.2) can be viewed as a derived version of Wiles’s
formula:

Suppose we have a presentation B = Ol[x1,22,...,2,]]/(f1,f2,- -, fnts) With § > 0. We
may use this to construct a ‘derived’ ring

B= O[[l'l»x% fee van ®O[[y1,y2,...,yn,...,ynJr(;]] O;

where the tensor product is defined as in [GV18, Definition 3.3]. Here, the z;,y; are in
‘degree 0’ and the map from O[[y1,y2,--,Yn,---Yn+s]] to O[lx1,za,...,2,]] is given by
y; — f; and to O by y; — 0.

If we assume that A = O[[z1,...,2,]]/(f1,f2,...,fn) Is a one-dimensional complete
intersection, then the derived ring has ‘defect’ equal to 0. The invariant ¢; (B) may then be
viewed as coming from 7, (B), since this may be computed in terms of a Koszul complex.
Venkatesh views Equation (A.2) as an analogue of Wiles’s formula for the derived ring
B, which is a ‘derived complete intersection’. (However, as we have shown, all the terms
in the formula only depend on B = 7 (B), so it may also be viewed as a generalization of
Wiles’s formula to rings which are not necessarily complete intersections.)
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