Bull. Aust. Math. Soc. 97 (2018), 480491
doi:10.1017/S0004972717001216

THE HARDY AND HEISENBERG INEQUALITIES IN
MORREY SPACES

HENDRA GUNAWAN™, DENNY IVANAL HAKIM, EIICHI NAKAI
and YOSHIHIRO SAWANO

(Received 25 September 2017; accepted 12 December 2017; first published online 28 March 2018)

Abstract

We use the Morrey norm estimate for the imaginary power of the Laplacian to prove an interpolation
inequality for the fractional power of the Laplacian on Morrey spaces. We then prove a Hardy-type
inequality and use it together with the interpolation inequality to obtain a Heisenberg-type inequality in
Morrey spaces.
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1. Introduction

Inspired by the work of Ciatti et al. [1], we are interested in obtaining an estimate
for the Morrey norm of the fractional power of the Laplacian, in order to prove
Heisenberg’s uncertainty inequality in Morrey spaces. Let (~A)¥? be the complex
power of the Laplacian, given by

[(~AYPfI(€) = [EFF(&), £€R, (1.1)

for suitable functions f on R”, where the Fourier transform is defined by

1) = 5 fe ™ dx, £eR".

Our first aim is to show the following Morrey norm estimate for the imaginary power
of the Laplacian:

D)2 Fliyg < (L + )™ fllags  f € MGR™,
for every u € R, provided that 1 < p < g < co.
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[2] Hardy and Heisenberg inequalities in Morrey spaces 481

For 1 < p < g < co, the Morrey space MJ(R") is the set of all f € Lﬁ)c(R”)
for which

Y 1/p
Ifllpg == sup |B(a,n)|' ”(fB( )If(y)l”dy)

acR”,r>0

is finite. We refer the reader to [15] for various function spaces built on Morrey spaces.
Based on [9], let us explain why (—A)*/? should be bounded on M (R"), for

1 < p < g < oo, with bound C(u) < (1 + |u])/?. We define Mg(R”) to be the closure
of CX(R") in MY(R") or, equivalently, M} (R") is the closure of LY(R") in MJ(R")
(see [16, page 1846]). We know that (~A)™/?> maps LY(R") boundedly into LZ(R") [2].
We also establish in Lemma 2.1 that ||(—A)i”/2f||Mg < C(M)||f||Mg; for f e C(R"),
keeping in mind that CZ°(R") € LY(R") ¢ MJ(R") and that (—A)"/? f makes sense for
f€CZ(R") by (1.1). This means that (-A)"*/? : ME(R") —» ME(R") is bounded (see
Definition 2.2 and Lemma 2.3). From [1 1, Theorem 4.3], the space 7—(5,/ (R™) is the dual
of MS(R”) if 1/p+1/p"=1/q+1/q" =1. Here, Wg,l(R”) is the set of all functions
f € LY(R") for which
F=> 44, (1.2)
=1
where {/lj};":1 e (' and {A j}j‘;l is a sequence of functions supported on balls with
lAjllz+ <1 for every j € N. The norm of f € ﬂq’ﬂ is defined by
Il = inf{z 1 £ (4,52, and (A}, satisfying the condition for (1.2)}.
=1
The dual of H 5,/ RY 1s MZ (R™) [17]. In general, the dual mapping of a bounded linear
mapping T from a Banach space X to Y is bounded from Y* to X*. Since (—A)™/?
is formally self-adjoint, we see that the boundedness of (—A)™/? : MZ R" - Mg R™
established above entails that of (—A)™/2 : H. 5,, R" — 7{5' (R™) (see Definition 2.4 and

Lemma 2.5), which in turn entails the boundedness of (—A)*/? : M{(R") - ML (R")
(see Definition 2.6 and Proposition 2.7).

We note that | - | f does not make sense for some f € MZ (R™). As indicated above,
the operator (—A)™/? which is initially defined on CZ°(R") is then defined on MJ(R")
by the duality relation

(0" f,8) = (f,(~A)™g), g e HL (R,

because the dual of 7-{5,/(R”) is M{(R") (see [17, Proposition 5] and Definition 2.4).

We claim that this definition of (—A)™/? f coincides with the one given by the Fourier
transform, whenever the Fourier transform of f makes sense. Indeed, we show that

YEF (A" FIE) = YEOWEI"F f(£)
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for every y € CZ°(R") and O ¢ supp ¢, where # denotes the Fourier transform. Observe
that if g € 7{(‘;, (R™), then ¥~y F g] € 7{5, (R™). In fact,

F Y Fgl(x) = Qn)"F 'y = g(x) = 2n)" i Fly()g(x —y) dy.
As a result,

IF W gl < )" f Il = g dy

n

<@n" | 1T wOiglly dy = Cligllyr < o0
R» q q

and F [y Fgl € qu,' (R™). It follows that
(0" £, F Y Fgly = (f, (D) " *F [y F gl

or, equivalently,
(FHYFIED"211,8) = (fo A PF [y gl
Since g € L7 (R"), ' .
A PF Y F el =F I - Y F gl
Consequently,

A PF YTl = (fF - T Fgly = (F 'l - [*F £, 8)
and therefore
FWFIEN" 119 = (F Wl - ["F 1. g).
Since g is arbitrary, FYF(-A)™2f]] = F'[yl - [“Ff], so that we obtain
UF(=A)M2f] = | - |“F f, as claimed.

In the following sections, we prove the Morrey norm estimate for the imaginary
power of the Laplacian and its consequence for the fractional power of the Laplacian.
We also prove a Hardy-type inequality and use it together with the estimate for the
fractional power of the Laplacian to obtain Heisenberg’s uncertainty inequality in
Morrey spaces.

2. Morrey norm estimates for the fractional power of the Laplacian

For each u € R \ {0} and on LP(R") for 1 < p < 2, the operator (~A)*/? (defined by
(1.1)) admits an integral kernel K, given by

R

+W|x|fnfiu — C(u)|x|7nfiu’ xeR"
2 ()

K, (x):=
(see [14, page 51]). Here, 7(;(5) = |£|™ in the distribution sense. A close inspection of

the above constant shows that

ICw)| < (1+|u)"?, ueR.
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As shown in [2, 13],
=AY fllr < QA+ )™ flly < (L + ) flls,  f € LP(RY)

for every u € R, provided that 1 < p < 2. By duality, the same inequality also holds for
2 < p< oo,

Based on the discussion in Section 1, we shall now prove that the inequality above
also holds in Morrey spaces (see [9] for similar results). We need several lemmas and
definitions.

Lemmva 2.1. Letu € Rand 1 < p < g < co. Then, for every f € CZ(R"),
=82l < (1 + a1l -
Proor. To prove the inequality, it is sufficient to establish that
. 1/p
|B(a, r)|/711P ( f (=D fol? dx) < A+ )1 llpe
B(a,r) !
for all fixed balls B = B(a, r). To do so, we adopt the technique used in [6]. For a fixed

ball B = B(a,r), we decompose f := f + f>, where fi := fxpuo2r and fo := f = fi. By
the boundedness of (—A)™*/2 on LP(R"),

. 1/
1BGa, 1o f AR iCoP dx)
B(a,r)
. 1/
< |B(a, r)|a-11 ( f (—AY"2f ()P dx) ’
R’l

1/
< (1 + [ul)"?|B(a, r)|/1~4/P ( f lAiOIP dx) ’
RVK

I/p
~ (B 20 ([ ipeop ax)
Bla2r)
< (L4 1) fll g
For each x € B,
i fO) S Q)
carepisico [ sy, [ o1,
R\ B(x,r) |.X' _y| =0 B(x, 251 )\ B(x,2¢r) |x —yl

SR
<1Cw) | F0ldy
kz_(; 24" It

> 1 1/p
sicl Y (i [ O dy)
kzz(; kryr Ikt Bt

SIC@Ifllyg D @50 < r aC@l I llpg.

k=0
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Thus,
1 juf2 1
B ([ sy o dx)
B(a,r)
Va1 1/p
< [Bla,n)|"/e 1 ( f M IC@)! 1l Y dy)
Bla,r) !

= 1B(a, N7 INC @)l 1 fll vy

~1C@fllye < (1+ a1 fllpg -
Combining the two estimates, we obtain the desired inequality. O

Using Lemma 2.1 and density, we give the following natural definition.

Dermnition 2.2. Given f € Mg (R™), we define
(=) f 1= lim (=AY,
where f; € CX(R") and f; — f in the M}-norm.
The next lemma is a direct consequence of Lemma 2.1 and Definition 2.2.

Lemmva 2.3. Letu e Rand 1 < p < g < oo. Then, for every f € MZ(R"),
=)l < (1 + )1 £l
Derinition 2.4. For every g € ‘H{f (R™), we define
(=AY, hy = (g, (~A)™"hy  for every h € ME(R™).
Lemma 2.5. Letu e Rand 1 < p < g < oo. Then, for every g € 7{5,'(]&”),
=Ygl < (1 + 1 lgl
Proor. For every h € Mg RM,
K(=A)"2g. 1) = Kg. (=A) ™)1 < gl I-A) ™Rl (1 + "2l Il .
Since (W)*(R”) ~H 5 (R™) [17], we get the desired result. O

We use Lemma 2.5 to give the following definition.

DeriniTioN 2.6. For every f € Mg (R™), we define
(=N f, ) = (f,(~A)™g) forevery g € Wg(R”).
ProposiTioN 2.7. Letu e Rand 1 < p < g < oo. Then, for every f € M‘Z(R”),

=20 fllye < (1 + )21 {1l -
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Proor. For every g € H 5,' (RM),
K=" £, )| = [(f, (=A)™?g)| < ||f||Mg||(—A)7i"/28||¢,p/' S+ |M|)"/2||f||Mg||g||(Hp,’-
q q

Since (H’ ;’,/)*(R”) =~ ML(R™), we get the desired result. o

As a corollary of Proposition 2.7, we obtain the following result for the fractional
power of the Laplacian, which is analogous to the interpolation inequality in [1]. See
also [4] for further results on interpolation of Morrey spaces.

TuEOREM 2.8. Let @ > 0. Then, for0 <0 <1,
=2 Fllye < AR =AY AU s f € CE®Y), 2.1)
90 q1

where
1 1-6 0 1 1-6 0
—_ = + —, —_ = + —
p Po P1 q q0 q1

withl < py<qgo<ooandl < p; <q <oo.

We remark that [12, Theorem 1.1] is a special case of Theorem 2.8. To prove
Theorem 2.8, we use the following observation, which is based on [5].

LEmMMA 2.9. Let 1 <w <00, 0<v <1, @ >0 and let B be any ball in R". Then, for
every f € CZ(RY),

=) flles < C,
where the constant C = C(n, a, B, f) is independent of w and v.

Proor. Let N :=|n + a] + 1. Then, for every x € R”",

[(=A)™2 f(x)] < f €™ f(&)l dé + f E™1f(&)l dé
{l€l<1} {l€1=1}

< 1 Al=1BCO, DI+ IF L= f I Lﬂ ) erNag. (22)

Let E := supp(f). Observe that
Il < 1Al < WAl E] (2.3)

and
IF TN Flllze < NN fll < MDA flls|EL. 2.4)
Combining (2.2)—(2.4) and f[lflzl} €172V dé = O(1/(2N — a — n)) gives
(=8 fllz=) < Cug,fs
where
Cuag = (1BO DIl + 32— -A) i

na,f +— 5 L IN —a-n L
with D > 1. Consequently, for 1 <w < oo,

(=N fll o) < Cra f1BI"" < Cpop max(1,|B)),

as desired. |
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Proor oF THEorREM 2.8. Let f € CZ(R"). We prove (2.1) by showing that

1/p
( f (A Fp dx) < 1B AL -2l (2.5)
B 490 q1

for every fixed ball B = B(a, r). Let pj, p| and p’ be defined by

1 1 1 1 1 1

—=l-—, —=l-—, —i=1--

Py Po P P1 p p
respectively. Define § :={z € C: 0 < Re(z) < 1} and let S be its closure. For every
z€ S and x € R", we define

Gz ) 0, g(x)=0,
Z,X) 1= , -
sgn(g(x))|g(x)|P' I=2/P6+</PD) | g(x) # 0,

where g is an arbitrary simple function with gl 5 = 1. We shall apply the three
lines theorem to the function F'(z), defined by

Fz):= ¢ f (=A% f(x)G(z, x) dx.
B

Note that F is continuous on S and holomorphic in §. Let z = v + iu, where v € [0, 1]
and u € R. Define w by 1/w:=1-(1 - v)/p; —v/p}. Then

IFO +iw)] $ e (1 + alu) (A" [l GO + itt, Nlpw sy (2.6)
Here, we have used the boundedness of (—A)*/? on L¥(B) and the fact that

(_A)Q/Z/Z — (—A)iau/2(—A)(w/2.

Combining (2.6), Lemma 2.9 and

. ((1— ’ ’ o
G + i, M gy = Mgl PPV gy = gl oy = 1

yields sup_.g |F(2)| < oo, that is, F is bounded on S. Next, we observe that

. —u? ju/2 1/po—1 :
|F(iu)| < e™ ”(_A)zau/ f”M53 |B| /po /qOHG(m")“L/’é(B)
S 1+ alu) Pl llygy B gl 70

0

S Il pgo | BP0 0
90

L'0(B)

and similarly
[F(1 + iu)| < ||(—A)"‘/2f||MZ1 R
1

It thus follows from the three lines theorem that

1-6 6
IF(0)] < sup|F(0 + iu)| < (sup|F(i)) - (sup|F(1 + iu)))
ueR ueR ueRk

<A1 1817
for 0 < 6 < 1. Accordingly,
U (=82 f(0)g(x) dx
B

Since g is any simple function with L”'(B)-norm 1, we conclude that (2.5) holds. O

_ 6 1-6 1, A\a/2 £110 1/p-1/q
= e IFO) S 1Lyl A7 FI g 1B,
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3. A Hardy-type inequality and a Heisenberg-type inequality

We shall now prove a Hardy-type inequality and Heisenberg’s uncertainty
inequality in Morrey spaces. According to [10],

IW - (=AY fllpe < IWlaellfllag  for f € MR™), 3.1)

where 0 <@ <n,1 <p<qg<n/a,u=np/aqg and v =n/a. This inequality goes
back to Olsen [8], so we call it Olsen’s inequality. Note that the inequality follows
from Holder’s inequality and the boundedness of the fractional integral operator 1, :=
(=A)~*/? from Mf;(R”) to M{(R") forO<a<n,1<p<qg<n/a, l/s=1/p—aq/np
and s/t = p/q (see also [3]). Note that through its Fourier transform, one may
recognise (—A)~™/2 as the convolution operator whose kernel is a multiple of | - [*7",
which is initially defined on C°(R") (see [14]).
The next proposition is a consequence of the inequality (3.1).

ProprosiTion 3.1. Let 1 < p< g <ooand 0 < a < n/q. Then, for every f € Mf;(R"),

- gllpe < =2 gllye. (3:2)

Remark 3.2. The inequality (3.2) may be viewed as a Hardy-type inequality in Morrey
spaces.

To prove the proposition, we need some lemmas.
Lemma 3.3. Let O < a <n. If g € CZ(R"), then
I(=8)"g(0)] < min(1, ]{ ™).
In particular, f = (-A)*?g € L'(R") N L™(R").

Proor. We have already seen that [(=A)?/?g(x)| < 1 in the proof of Lemma 2.9. Now
let y € CZ(R™) be such that y 1y < ¢ < x), where B(r) denotes the ball of radius r
centred at the origin. Define ¢;(¢) = ¢(277¢€) — y(27/*1£). We decompose

0
(") = F I 1M1 =9 F gl + D F I "0 F 210,

Jj=—00

Since 1 = F![| - |2(1 — y)F g] belongs to S(R"), we only need to handle the second
term. Using a crude estimate, ¥ g € L*(R") and so

F - 10, F gl s 270127 - " F gl ~ 277,
Let N € N be sufficiently large. Then, as before,
PVIF - 17, F 1ol = 17 AN - 1907 gl1(0)
s D, 11 e Tl

Be@u{oh, |BI=2N
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Here and below let 8 be such that |8| = 2N. Then
P LE @ (EF (O]l < Z 1P L1 11165 @ (116 F g (€)I.
Bi+Ba+B3=p
Since ¢;(¢) vanishes outside {2/72 < |¢] < 2/+2),

PE] = O(gl By, Prpi&) = O B, 0P F el s 1 s 27

as & — 0. Thus,
PUErHETF @ < Y P2 Py i) (€)
Bi1+B2+p3=0
< 27072y A<y (€)
and hence

191 - 1% F gl = O/ 2V)
as j — —oo. As aresult,
0
(- A)a/Z gl S " + Z min(|x|—2N2j(a/+n—2N)’2j((z+n))

j:—oo

S |x|—rl—n + |x|—af—n Z l,nin(|x|{1+}’L—2N2}‘((1/+n—21\/')7 |x|a/+n2j(a/+n))'
j:—oo

Now

0
Z min(|x|a/+n—2N2j(a/+n—2N) |x|(1+n2j({l+n))

Jj=—o

(e8] (o8]

< D@ Y @y

j=—00,2ilx<1 j=—00,2i]x]>1

2/]x]

2]+1‘X|
< Z f rz+n 1dt+ Z f (t+n—N—l dt
2

j=—co, 2ixi<1 ¥ 2/ jm—oo,2if>1 ¥ 21

<f a+n 1dt+f ta+n—N—1 dr <1
0 1/2

and we conclude that |(—=A)*/?g(x)| < [x|7*", as desired. O
Lemma 3.4, Let 1 < p< g < o0 and 0 < a < n. For g€ CX(R"), define f := (-A)*'*g.
Then f € MO(R™) and (-A)™*" f = g pointwise.
Proor. We have proved that f € L'(R") N L*(R"). Consequently,

1l < DA lee < I 0AN7 < oo
(This justifies the right-hand side of (3 2).)

Next, |- |"g € L'(R") and f = F~'(| - |"g) € L'(R"). Hence, f =1-|"g pointwise and
so |- |7 f =g pointwise. Thus, (~A)~%/?f = g pointwise. O

Now we come to the proof of Proposition 3.1.
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Proor oF Proposition 3.1. Denote u = np/ag and v =n/a. For 1 < p < g < oo and
0 < a < n/q, it follows that u < v. By computing its Morrey norm directly, we see
that W(-) := |- |7 € MIi(R"). Hence, for g € C(R"), we take f := (=A)*?g, which
is a function in MJ(R") by Lemma 3.4. Moreover, g = (-A)"*?f € M{(R"), where
1/s=1/p—aq/np and s/t = p/q, so that Olsen’s inequality (3.1) gives

-8l < W= gllye.

For 1 < p = g < n/a, we use the fact that f € LY(R") and g = (-A)"*?f € wL'(R")
for 1/t = 1/q — a/n with [[(=A)" "% flluzr < |Ifllze (Where wL!(R™) denotes the weak
Lebesgue space of exponent ¢). From [7, Proposition 4.1],

17 glheze = 1WA Flluze < IWo l=A) 2 fllr < IW oz flle

(where v = n/a). This inequality holds for every ¢ with 1 < g <n/a. By the
Marcinkiewicz interpolation theorem,

-1l < 1WA llze = IW oo I(=A)* gl

for 1 < g < n/a. This completes the proof. m|

As a corollary of Proposition 3.1, we obtain the following result (which is analogous
to [1, Corollary 5.2]).

THEOREM 3.5. Suppose that 1 < p<g<oo, 1 <py < gy <00, >0and0<vy<n/q.
If B+v)/po=B/p+v/p2and (B+7y)/q0 = B/q+7v/q, then

lgllge < 11~ Plly -0 glfy™
92

Jor every g € C2(R").
Proor. Write g(x) = [|xffg(0)]/®* x| 7g(x)F/®+». By Holder’s inequality and
Proposition 3.1,

e 7™ s 1 Pl I -0 26l

leilaen <111~ Pellyh o o e,
2 2

as desired. |

Finally, we use our estimate for the fractional power of the Laplacian in
Theorem 2.8 to prove the following Heisenberg uncertainty inequality (which is
analogous to [1, Theorem 5.4]).

THEOREM 3.6. Suppose that 1 < py <q) <oco, 1 < py <qp <oo and B,6 > 0. If the
conditions (8 + 6)/po = B/p1 + 6/ p2 and (B + 8)/q0 = B/q1 + 8/q> hold, then
Pl 1A gt

q?

w0 < ||| -
lglpgo < I

for every g € CX(R").
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Proor. The idea of the proof is the same as in [1]. If 6 < n/q;, we do not have to
do anything because the inequality is the same as in Theorem 3.5. Otherwise, we set
v = 66 and apply the interpolation inequality

 ANG8/2 1-0 11/ ANG/2 110
=27 gllng < Il =40l

for 0 < 6 < n/dqy, so that the inequality in Theorem 3.5 becomes

<11. YIB+Y) |1 ANO/2 o [BO1 B+ o BL=0)/(B+Y)
lellygy < 111 Pellye 1Al glfy .

Rearranging the expression gives the desired inequality. O

Remark 3.7. Note that the value of ¢ in the above proposition can be as large as
possible. This is the benefit we obtain from the interpolation inequality for the
fractional power of the Laplacian.
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