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Abstract. It is shown that any group isomorphism between the C* diffeomorphism
groups of two finite-dimensional, boundaryless paracompact manifolds is induced
by a C* diffeomorphism between the manifolds (1 <k = 00).

1. Introduction

In [1] Whittaker proves that for a certain class of topological spaces any group
isomorphism between the homeomorphism groups of two such spaces is induced
by a homeomorphism between the spaces themselves. Since the class of spaces he
considers contains all topological manifolds it is natural to ask whether the same
result holds in the differentiable category. We will answer this question in the
affirmative by means of the following theorem:

THEOREM. Let M and N be smooth (i.e. C™) manifolds without boundary and let
Diff’ (M) and Dift? (N) for 1<p, q =00 denote the groups of C” diffeomorphisms
of M and C* diffeomorphisms of N. If

¢ : Diff” (M)-Diff? (N)
is a group isomorphism then p = q and there is C® diffeomorphism w : M - N such that
é(Nn)=wfw'(n)
for all fe Diff’ (M) and n e N.

The idea behind the proof is the same as that of Whittaker in that we will show
that the isomorphism ¢ induces a bijection between the stabilizer subgroups of M
and N. In other words if we consider the subgroup
Sm={feDift’ (M)|f(m)=m}
for m € M, we will show that there is a point w(m) e N such that
& (S7) =S%im)

The mapping w:M - N so constructed is easily seen to be a homeomorphism
inducing ¢. Takens showed in [2] that if p = g = c0 then w must be a C* diffeomorph-
ism. To complete the proof we will appeal to a deep result of Montgomery and
Zippin [3] concerning Lie groups acting by diffeomorphisms on manifolds to show
that p =q and w is a C” diffeomorphism.

In order to handle the differentiable case several of the arguments of § 2 of [1]
have to be modified to avoid the infinite patching methods employed by Whittaker
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to classify the minimal normal subgroups of the homeomorphism group of a space.
These, weaker, results are presented in § 2. In order to keep this paper as self-
contained as possible we reproduce, in § 3, the proofs of the key lemmas used in
[1] to prove the main result. Finally, in § 4, the theorem stated above is proved.

Independently, and using completely different methods, in [4] M. Rubin has
shown the existence of a homeomorphism inducing an isomorphism between
diffeomorphism groups. However in this paper he was unable to show that the
homeomorphism was differentiable. Subsequently he has managed to achieve this
but I have not yet seen the proof [5].

Notation.

(i) M and N will denote connected, paracompact, differentiable manifolds
without boundary with dim (M), dim (N) <co. We will assume, in addition, that
both M and N are smooth (i.e. C™). This involves no loss of generality as any
differentiable manifold has a compatible C™ structure.

(i) If 1=k <oo then Diff* (M) will denote the group of C* diffeomorphisms of
M and Diff§ (M) the subgroup of Diff (M) consisting of those diffeomorphisms
compactly isotopic to the identity.

(iii) If g € Diff* (M) then

Supp (g) = {x e M|g(x) # x}
Fix (g) ={x e M|g(x) =x}.

(iv) D7 will denote the closed ball of radius a in R" and D} its boundary.

(v) B(M) will denote the collection of open subsets U <M such that
U = h(Int (DY)) for some embedding h : D7, > M with £ >0. _

(vi) If U =M is open then Diff& (U) will denote the subgroup: {g € Diff* (M)|g
is compactly isotopic to the identity by an isotopy whose support lies in U}.

(vii) If Fc<Diff* (M) is a subgroup let B(F) denote the subcollection
{U = B(M)|Diff; (U) = F} of B(M).

(viii) The commutator subgroup of a group H will be denoted [H, H] and if
f, g€ H then [f,g]1=fgf 'g". The identity element of any group will be denoted

[P

e

II. Minimal normal subgroups

We will now proceed to prove two theorems which are weaker analogues of the
results of § 2 of [1]. The first states that if F < Diff* (M) is a subgroup containing
enough local subgroups Diff& (U,) with U, a neighbourhood of x e M then F
contains almost all of Diff§ (M).

LEMMA 2.1. Let € be a covering of D7 by open subsets of R". Then if a € (0, 1] there
are f;, g € Diffg (R") for 1 <i <r such that:

(a) For each i there is an element C; € € such that f, g; € Diffy (C)).

(b) [fr> g e - -olf1, &2](DT) = Do
Proof. Let A ={a e (0, 1]| lemma 2.1 is true for a}. Then A # ¢ since 1€ A. If the
lemma is true for a; <1 then it is true for all a €[a;, 1]; hence A is an interval.
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Let ap = Inf (A): we wish to show that ap = 0. Assume thatitisnotandlet Vy,..., V;
be a finite covering of aD 3, by elements of € and let ¢ >0 be less than its Lebesgue
number. For each x € 3D, choose g, € Diffg (B(x, £)) and a neighbourhood U, of
x in R" such that:

(1) Ui <cDgyses2 —Day-es2 and U, = B(x, €).

(ii) g(Ux) CD:o—s/2 and g;l (Uy)=R” _D:0+5/2-
Let{U.}:-, be a finite covering of D, by these neighbourhoods with corresponding
diffeomorphisms {g;} and let £’ <¢/2 be such that

(Daprer —Dgye) = U1 U.
Choose
feDiftg (Int (DZyse —D3yc))
such that
f(Dagre2) © Doy
If ¢’ is small enough and f is sufficiently near the identity in the C™ topology we
can use the techniques of lemma 3.1 of Palis and Smale {6] to factor f as a product
f=foo- - -ofs with f; e DIff® (U}) for 1 =i =<r. If we now set h; =[f, g/] we have:

filx) ifxe U,
hix)={ g:fi'g:' ifxeg(U),
X otherwise,

since by (i) and (ii) the sets U, gi(U)), g: ' (U;) are pairwise disjoint. It follows that

if -
" X GD:0+5’ tzo—e'
we have
heot s ohi(x)=f,o+ ofi(x) =f(x);
hence

heosohi(Dg) = Dgyepa.
Now, by construction, for each i there is an x; € 4D, such that
f» 8: € Diffg (B(x, €))
s0, since ¢ is smaller than the Lebesgue number of the covering 4, it follows that
there exists C; € € with
f» 8 € Diffg (C)
for 1=i=r. Hence ap<ao—¢'/2 <ao which is a contradiction. O

THEOREM 2.2. Let F be a subgroup of Diff* (M) and suppose that for each x e M
there is a neighbourhood U, of x in B(F) such that

[Diffs (U,), Dift* (U,)]<F.
Then

[Dift§ (M), Dift§ M)]  F.

Proof. Let H be the subgroup of [Dift§ (M), Diffs (M)] generated by the groups
[Difts (U), Diff§ (U)] as U ranges over B(M). Then H is normal in Diff* (M) so
by Epstein [7]

H =[Difi§ (M), Diff§ (M)).
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Hence we need only show that if W € B(M) then
[Diff§ (W), Diffs (W)]<F.
Let W e B(M) be the image of Int (D?1) under an embedding 4 : D7,. > M. Then,
by hypothesis, we can cover W by Uy, . .., U, € B(M) such that
[Difts (U}), Dift* (U)] < F.

If we set
Vi=h {U)
then the V; cover D] and we assume that 0 e V;. For some a >0 we have D}, c V;
and so by lemma 2.1 we can choose commutators [ f;, g;] (1 =j =r) with
fi» & € Diftg (Vi)
and such that
[fr, gr]o' ° 'o[flv gl](D?) CD:-
Now, since
f» g€ Diffg (Int (D1..))

for 1 =j=r we can define

7, & e Diffs (M)
as follows:
2 _[hfh Y (x) ifxeh(D%.),
fitx) = {x otherwise.
§(x)= {hgfh‘l(ﬂ if x € (D),
! X otherwise.
Then

[f,, &< [Dift§ (Ui ), Difi§ (Us(p)]
and, if we define ¢ to be [ f,, g.Jo o[ fl, £1], we have ¢ € F, by hypothesis, and
(W) < U;. It follows that
[Diff§ (W), Diffs (W)] < ¢ ~'[Diff; (Uy), Dift6 (U1)]w < F. o
Following Whittaker we will now attempt to classify the minimal normal subgroups

of a subgroup F of Diff“ (M). Let B(F) denote the union of all the open sets in
B(F). We define a relation R on B(F) as follows:

If x,y e B(F) then xRy iff there are U;cB(F) with 1<i=<k such that x € U,
yeUrand U nU#D for 1=i=k—1.
This is clearly an equivalence relation. The equivalence classes, which are open
and connected, will be called F-components.

LEMMA 2.3. Let C be an F-component and {x:}i=1, {y:}i=1 two collections of k
distinct points of C. If dim (M) =1 assume, in addition, that x; <x; implies y; <y;.
Then there is an f € F such that f(x;)=y: for 1=i=k.

Proof. 1t is clear that F acts transitively on C. The result follows by induction on
k (replacing M by M —{x,, ..., xi}). O
THEOREM 2.4. Let F be a subgroup of Diff* (M), G a normal subgroup of F, and
C an F-component. If there is an xo€ C and a go€ G such that go(xo) # xo then

[Diff§(C), Difs (C)]= G.
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Proof. If go(xo) € C we must have go(C)C = I since go(C) is an F-component.
We choose an f e F with Supp (f) = C and f(xo) # xo. Then if we set
g=1g5'f 'go
we have ¢ € G, since G is normal in F, and
&(x0) = f(x0) # xo.
Hence we can assume, without loss of generality, that
golxo) e C.
We now wish to show that G is transitive on C. Let
Yo = go(xo)
and let y € C be point distinct from yo. If dim (M) # 1 then by lemma 2.3 there is
an f € F such that f(y) = xo and f(yo) = yo. Then

f'go ' feolxo) =y

If dim (M) =1 we have two cases:

Case 1: (xo<yo and y <y,) or {(xo>ye and y > yo).

By lemma 2.3 there is an f € F such that f(yo) = yo and f(y) = xo. Then
80" fgo(x0) =y.

Case 2: (xo<yo and y >y,) or (xo>yo and y <yo).
By lemma 2.3 there is an f € F such that f(xo) = xo and f(y) = yo. Then

f_lgof(xo) =Y.
Since G is normal in F we have shown that for all y € C there is a g € G such that
g(xo) =y; hence G is transitive on C.

L_et X1, X2 be points of C distinct from x, and choose g1, g2 € G with g;(xo) = x;for
i=1,2. Let U, be a neighbourhood of x, such that Us, g1(Uo), g1 (Us), g2(Ub),
gz ' (Uy) are pairwise disjoint. If

hl, hz € Dlﬁg (Uo)
then, setting ¢; =[h;, g;] for i =1, 2 we have
hi(x) if xe U,
cilx)={ghi'gi ' (x) if xegi(Uo),
x otherwise.
Hence [cy, ¢3]=[h1, h2]. Therefore
[Diff§ (Uo), Dift§ (Uo)} = G.
Since G is transitive on C it follows from the previous paragraph that for each
x € C there is a neighbourhood U, of x in C such that
[Dift; (Uy), Diffs (Us)] = G.
From theorem 2.2, since C is an open submanifold of M, we conclude that
[Diff&(C), Diff§(C)] = G. a
We finish this section with the following refinement of the results of Epstein in [7].

THEOREM 2.5. [Diff§ (M), Diff§ (M)] is the unique minimal normal subgroup of
Diff* (M).
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Proof. Clearly by Epstein [7] [Diff§ (M), Diff§ (M)] is a minimal normal subgroup
of Diff* (M) so it remains to show that if H is any normal subgroup of Diff“ (M) then
H n[Difts (M), Dift§ (M)] # {e}.

To see this choose h € H and U € B(M) such that U, h(AU ), R Y(U) are pairwise
disjoint. If f, g e Diff§ (U) are such that [f, g]#e we set f=[f, h]and § =[g, h]. It

is clear that

P

f, 8 € H NDiff§ (M)
and, by the choice of U,
[f, 1) =Lf, g)x)
for all x € U. Thus [f, §]#e and
[£, §1e H n[Dift§ (M), Diff§ (M)]. O

III. Characterization of stabilizer subgroups
In this section we will reproduce the proofs of a number of lemmas due to Whittaker

[1]. This will enable us to give an algebraic characterization of the stabilizer subgroup
of a point of M.
Definition. For x € M the group defined by
Sx ={g e Diff* (M)lg(x)=x}
is called the stabilizer of x.

LEMMA 3.1. Let f, g, h € Diff* (M) —S¥ for some x € M. Then:

(a) Diff* (M)-S% =8k uskrsk.

(b) geSkSk and fg, gfe SE implies that fg, gf € SYfSk.

(c) ghe S,’ffo implies that there are s1, t; ef_Ing AS* and s,, tzef_Ith NSk
such that s1s, = tat4.
Proof. Since S¥ is n-transitive on M —{x} for all n if dim (M)>1 and this is not
true for dim (M) =1 the proof will be done in two parts.
(i) dim (M)>1. Choose s € S¥ such that sg(x) = f(x). Then

flsglx)=x
sof 'sg=reS¥ and g =s'ft. Thus
Diff* (M) -S¥ = s¥fs%

which implies both (a) and (b).

Settingu =f '(x), v = g'l(x), w =h"'(x) we have:

f8:8nSs={seSils(v)=u}
f"IS';h NnS¥={se S’,f|s(w) =u}.
Now choose ye M such thaty #x, y =v iff w =u, y = w iff v = u. Choose
s2ef 'S A Sk
such that s,(y)=v ar'ld
t ef‘IS’,fg Sk

such that 7,(y) =w. If we set £, =g,8,¢;" for arbitrary s, ef_Ing ~S* then teSk
and #,(w) = u which shows (c).

https://doi.org/10.1017/50143385700001486 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700001486

Isomorphisms between diffeomorphism groups 165

(i) dim (M) =1. If f(x), g(x) lie in the same component of M —{x} we can apply
the method of (i)(a) above to show that g e §¥fS%. If they lie in different components
then f~'(x), g(x) lie in the same component so we can find s € $* such that
sg(x)=f""(x).
Then t =sfge S% so
g=s'flteS¥SE
This proves (a).

To prove (b) we need only remark that by the proof of (a) above geS’;fo
means that f(x), g(x) lie in the same component of M —{x} and hence so do the
pairs (f(x), fg(x)) and (f(x), gf(x)).

To demonstrate (c) we first note that M is diffeomorphic to the real line or the
circle. If M is diffeomorphic to the real line then g, & € SXfS¥ implies that g 7" (x),
f’l(x), h™'(x) all lie in the same component of M —{x}. If M is diffeomorphic to
the circle then we choose an orientation of M to induce an ordering of M —{x}.
The proof of (i)(c) will now work as before if we add the condition: y>viffw>u
andy >w iff v >u. a

For the rest of this section let
¢ : Diff* (M) - Diff? (N)
be a group isomorphism. The next two lemmas will show that if S7 is the stabilizer

of a point y e N then ¢ '(S?) behaves very much like the stabilizer of some point
xeM.

LEMMA 3.2. Let F = o (S 1) for some y € N and let A be a proper closed subset of
M. If f(A)= A for every fe Fthen A ={x} and F =S¥ for some x € M.

Proof. If A —1Int (A) consists of a single point x then f(x) = x for all f€ F and hence
F <= §%. By lemma 3.1(a) and the fact that ¢ is a group isomorphism we see that
both F and §% are maximal subgroups of Diff’ (M); hence F = S=%.

Now assume that there are two distinct points

x1, x2€ A—Int(A).

Choose U,, U, e B(M) with x;e U; for i =1, 2 and Uyn U, = &. Since x;€ Int (A)

we have
U-A#J

sO we can choose
h; € Dift§ (U:)
such that A;(x;)2 A for i =1, 2. By hypothesis h;¢ F for i =1, 2 so lemma 3.1(a)

implies that
82€ FhyF,

where g, =h; or h3'. We will set g1=h,. Now g1g, and g,g, € F so from lemma
3.1(b), since we have g, € Fg,F and g € Fg,F, it follows that

g3 =g182€ FgiF
ie gieFg,Ffori=1,2,
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Let g; for i =1, 2, 3 be as in the previous paragraph and set
Ai=Ang ' (M-A).
ThenA; # Jsincex;€ A, A;cUfori=1,2andA;=A;UAsinceUnU,= .
Choose
t,eg; ' FginF.
Then
gti(A;))=fg(A)cM-A
for some f;e F and i = 1, 2. Now ¢; € F means that
so l;(A;)c Az fori=1, 2. Similarly
gitfl (As) =fi_183(A3) cM-A
SO t,-_l(A3)CA,~. Thus 1;(A;) =As and so, since we know that A, # &, it follows

that the three sets A, A,, A3 are non-empty.
By lemma 3.1(c) there are
Si, Li € gs_ngi NnF
such that
s;lsl—l — tl—lt;l
and so, by the results above we have
52's1 (As)=s7" (A1) =53 (A3) = A,y
and
1R (A =17 (A) =1 (A3) = Ay,
which contradicts the fact that

AiNnA,=J.
Hence A —Int (A) must reduce to a single point. O
LEMMA 3.3. Let F = ¢_1(S‘§) for some y € N. Then there is an f € F, f # e, such that
Int(Fix (f)) # &.
Proof. Let U; e B(M) for 1 =i =4 be such that
Un0=0 for i #j.

Assume that
Int (Fix (f)) =&
for all fe F and choose A; # e in Diff® (U;) such that
Fix (h;) = (M - U)vuix;}

for some point x; € U; (1 =i =4). It is clear that A, and ks = h3h,4 are not conjugate
since their fixed point sets are not homeomorphic. Similarly the pairs (4, hsh),
(ha, hs), and (h2, h5') are not conjugates.
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Since Int (Fix (k;)) # & for 1 =i =5 we have h;¢ F. By lemma 3.1(a) there are s;,
;e F for i =1, 2 such that s;ist; = g, where g; = h; or k7! If there is an
xet;i'" (M-Us)n(M-T,)

then sit;(x) = s:hsti(x)=gi(x)=x so
Int (Fix (s:it;)) # .

Since g; and A5 are not conjugate we have s;t; # e contradicting the assumption. It
then follows that

i M-Us)< T,
whenever
L e h;ng,- NF.
By lemma 3.1(c) there are s;, t; € h;ngi A F such that

-1 _-1 -1_.-1
$2 8§y =11t .

But then we have
s2'si (M ~Us)=s3 (O es;' (M~Us) = U,
and
1 M=UOs) e (Oy) <ty (M- Us) < U,
which contradicts the choice of U, n U, = &. Hence we must have Int (Fix (f)) # &
for some f #e. O

‘IV. Main theorem
THEOREM 4. Let

¢ :Diff’ (M) - Diff? (N)
be a group isomorphism. Then p =q and there is a C"-diffeomorphism w.:M >N
inducing ¢. In other words ¢(h)(n) = whw " (n) for all h e Diff® (M) and n e N.

Proof. The proof will proceed in three steps. First we will show that there are points
moe M and no€ N such that

&(STo) =S80
Then w will be constructed and shown to be a homeomorphism. Finally, using

some arguments from the theory of Lie groups, we will show that p=q and w is
a C? diffeomorphism.

Step 1. For noe N consider the subcollection €., of B(M) defined by:
%n,={U € B(M)|[Diff§ (U), Diff§ (U)) < ¢ " (S%,) = F.}.
If €,, covers M then by theorem 2.2
[Dift§ (M), Diff§ (M) < F,,
and so, since theorem 2.5 implies that ¢ maps [Diff§ (M), Diff§ (M)] onto [Diff§ (N),
Diffd (N)], we must have
[Diff§ (N), Diffg (N)] <= S7,.
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But [Diffg (N), Diffd (N)]is normal in Diff? (N) and stabilizers are sent to stabilizers
by conjugation; hence it follows that

[Dift§ (N), Diff§ (N)]=S? forallneN.

This is a contradiction since

) S ={e}

neN

and Diff§ (N) is not abelian. Thus €., cannot cover M. Now let U € €,,, and set
V =f(U) for some f € F,,. Then

V eB(M)
and
[Diff§(V), Dift§ (V)] = f[Difi§ (U), Dift§ (U)If " < F,
Hence V € €, and €, is invariant under F,,. If we now set

Co=M- U U

Ue%,o

we see that C,,, is a closed non-empty subset of M invariant under F,. If 6,,,# &
then C,, # M and so, by lemma 3.2, we must have F, =S5, for some moe M i.e.

$(She) =80,

A similar argument to the preceding paragraph shows that if the subcollection
Dm, Or B(N) defined by:

D, ={V e BIN)|[Diff§ (V), Diffd (V)] < ¢(S7,)}

is non-empty for some moe M there is an noe N such that
& (S7o) =S7,

It remains to show, therefore, that €,,# J for some noe N or @,,, # & for some

MmMo€ M.
Choose npe N. By lemma 3.3 we can find go # e in F,,, such that Int (Fix (go)) =

A#D. Let
B =Fix (¢(go))
and define subgroups H and K of Diff’ (M) as follows:
H = ¢ '{h e Diff* (N)|h(B)=B}
K = ¢ '{h e Diff* (N)|B cFix (h)}.
Now B # J since noe B and both H and K are non-trivial since they contain go.
Also K is clearly normal in H. If
g € Diff§ (A)
then
8808 ' = go.
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Hence
¢ (g)(B) = ¢(g)(Fix (¢ (go)))
=Fix (6(g)b(go)d(g™"))
=Fix (¢(go))
=B
and so
Diff§ (A) < H.

Thus B(H) # J. We now have the following two cases:
Case (i): If there exist x € A and k € K such that k(x) # x then by theorem 2.4
we can find a non-empty open subset I/ = A such that

[Dift] (U), Diff§ (U)] =K.
But ¢(K)< S}, since noe B and so
[Dift§ (U), Diff§ (U)] < F,,

$0 €, #* .
Case (ii): If for all k € K we have A cFix (k) then, since

h € Diff§ (N —B)
implies that
¢~ '(h)eK,

the collection &, is non-empty for all x € A.
Thus we have shown that either €,,# & or there exists x € M such that 9, #
as required.

Step 2. Let my, no be the points defined in step 1 above and let g;, g, € Diff* (M)
be such that g;(mg) = g2(my). Then we have

81 8255,82 81=Sh,
and so
b(g1'82)Shd(82'81) =Sno;
hence
& (g1)(no) = d(g2)(no).

We can therefore define w : M - N as follows: If m € M choose g e Dift’ (M) such
that g(mo) = m and set

w(m) = ¢(g)(no).
It is easy to see that w is a bijection between M and N inducing ¢. Furthermore,
since w induces ¢, we have

Fix (¢(g)) =w(Fix (g)) forall ge -Diff® (M)
and so, since w is a bijection,
N —Fix (¢(g)) = w(M —Fix (g)).

But these sets form the bases for the topologies of N and M respectively so w!
is continuous. Similarly w is continuous.
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Step 3. First note that if w is a C* diffeomorphism and p <gq then k <p otherwise
w would induce an isomorphism between Diff” (M) and

Diff” (N) # Diff* (N).

Similarly if p >q then, considering ¢ ', we see that k <gq. Hence if p #q we must
have k <min (p, q). We will show, however, that min (p, )<k and so p =q and
w is a C? diffeomorphism.

For each moe M a result of de Rham (proposition 1, § 15 of [8]) gives the
existence of an embedding A:R%-> U <M with the following properties (d =
dim (M)):

(@) h(0)=myo;

(b) Weseta(x,m)=hTh 'iftmeU,xeR%anda(x, m)=mifme U (T, :R* >R*
denotes translation by x). Then a is a C* action of R¢ on M.

If w is the homeomorphism defined in step 2 the induced action d(x, n) of R? on
N defined by: d(x, n)=w(a(x, w~!(n))) is continuous. If xocR? is fixed the map
m > a(xo, m) is in Diff® (M) and so, since w induces an isomorphism between
Diff’ (M) and Diff? (N), the map n - d(xo, n) is in Diff? (N). Therefore 4 is a
continuous action of R? by diffeomorphisms. Since R? is a Lie group we can apply
theorem 3 of § 5.2 of Montgomery and Zippin [3] to conclude that a is a C? action.
Set no = w(my). It follows that the map x - a(x, mo) is a C™ chart around m, and
the map x - d(x, no) is a C? chart around no. We have i (x) = a(x, mo); hence

R 'w N d(x, no)) =h " w w(alx, mo))

=h""(a(x, mo))

=x
so w ! is C“ Reversing the roles of M and N a similar argument shows that w is
C”. Hence w is a C* diffeomorphism with k = min (p, q). d

We conclude by remarking that the following questions remain open:

Question 1. Is theorem 4 true if M and N are allowed to have non-empty
boundaries? The problem here lies in the fact that the minimal normal subgroup

is now the commutator of the group of diffeomorphisms compactly isotopic to the
identity whose support lies in the interior of M.

Question 2. Is theorem 4 true in the analytic case? The methods in this paper fail

completely in this case.
I would like to thank David Epstein for suggesting the problem considered in
this paper and for his patience and encouragement during its period of gestation.
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