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Abstract

‘We address a core partition regularity problem in Ramsey theory by proving that every finite coloring of the positive
integers contains monochromatic Pythagorean pairs (i.e., x, y € N such that x% + y% = z2 for some z € N). We also
show that partitions generated by level sets of multiplicative functions taking finitely many values always contain
Pythagorean triples. Our proofs combine known Gowers uniformity properties of aperiodic multiplicative functions
with a novel and rather flexible approach based on concentration estimates of multiplicative functions.
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1. Introduction and main results
1.1. Introduction

A fundamental problem in Ramsey theory is to determine which patterns must appear in a single cell
for every partition of N = {1,2,...} into finitely many cells. A famous example is provided by an
early theorem of Schur [44], which states that every finite partition of N has a solution to the equation
x +y = z where all variables x, y, z belong to the same cell. Equations (and systems of equations) that
satisfy this property are called partition regular.

In 1933, Rado significantly extended Schur’s theorem by characterizing all systems of linear equations
that are partition regular [41]. Polynomial equations, however, have proven to be much more difficult to
tackle. In particular, the following notorious problem of Erdds and Graham [23, 24] remains unsolved.

Problem. Determine whether the equation x* + y> = 7> is partition regular.

Integer solutions to the equation x> + y? = z? are known as Pythagorean triples, so the problem is
colloquially referred to as the partition regularity problem for Pythagorean triples. Graham in [23] places
the origin of the problem in the late 70’s and offered $250 for its solution, noting that ‘There is actually
very little data (in either direction) to know which way to guess’. While this was perhaps true a decade
ago, in the last few years there have been some positive developments. The case where one allows only
partitions of N into two sets was verified in 2016 with the help of a computer search [31]; this endeavor
was hailed as the ‘longest mathematical proof” at the time, occupying 200 terabytes of data [36].

Pioneering work in nonlinear partition regularity goes back to the famous theorems of Furstenberg
[22] and Sarkozy [42], culminating in the influential polynomial Szemerédi theorem of Bergelson and
Leibman [6]. While these results apply only to shift-invariant configurations, there are now also several
non-shift invariant configurations that are known to be or not to be partition regular. Bergelson showed
in [3] that the equation x> + y = z is partition regular, and the equation x> + y = z? was shown to be
partition regular by the third author in [39]. However, the equation x + y = z> was shown not to be
partition regular by Csikvéri, Gyarmati and Sarkozy in [12] (however, it is partition regular if we restrict
to 2-colorings [28, 40]). Resolving an old conjecture, Khalfalah and Szemerédi [33] showed that the
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equation x+y = 72 is partition regular if we only require x, y to be of the same color and allow any z € N.
Other partition regularity results of similar flavor can be found in [1, 2, 5, 14, 15, 16, 37]. Lastly, we
remark that in the case of more variables, a result by Chow, Lindqvist and Prendiville [1 1] establishes
that the equation x7 + x3 +x3 +x; = X2 is partition regular (see also [8, 10] for related results).
Despite these developments, even the question of whether in any finite partition of N there is a
Pythagorean triple with two terms in the same cell was still open. We will say informally that (x, y) € N2

is a Pythagorean pair if there exists z € N such that either

+yr=2 or x2+r=y2

An attempt to address the question of whether Pythagorean pairs are partition regular was made by
the first author and Host in [21], where an approach using Gowers uniformity properties and related
decomposition results of multiplicative functions was proposed. This approach covered pairs (x,y)
satisfying, say, the equations 16x? + 9y? = z? or x> + y> — xy = 72, but missed the case of Pythagorean
pairs for reasons that we will explain later on. Extending these ideas, Sun in [45, 46] established partition
regularity in (x, y) for the equation x> — y? = z2, when N is replaced by the ring of integers of a larger
number field, such as the Gaussian integers. However, the methods used there do not apply to N.

In the present paper, we develop a general approach to partition regularity questions of pairs,
by combining the method of [21] together with a new input related to concentration estimates of
multiplicative functions. As a consequence, we show (among other things) that Pythagorean pairs (and
related pairs) are partition regular (see Theorem 1.1) and density regular (see Theorem 1.2). We also
show that partitions generated by level sets of multiplicative functions taking finitely many values
always contain Pythagorean triples (see Theorem 1.5). The exact statements are given in the following
subsections, and our proof strategy and comparison with the previous approach in [21] is described in
Section 2.

1.2. Partition and density regularity of Pythagorean pairs

Our first goal is to prove partition regularity and density regularity results for Pythagorean pairs, a case
covered by taking a = b = ¢ = 1 in the next two results. Our results also answer the first part of Question
3 from [21] and Problem 34 from [18].

Theorem 1.1. Let a, b, ¢ € N be squares. Then for every finite coloring of N, there exist

1. distinct x, y € N with the same color and z € N such that ax® + by* = cz>.

2. distinct y, z € N with the same color and x € N such that ax* + by* = cz>.

Remarks. o In [21, Corollary 2.8], part (1) was covered under the additional restriction that a + b is
also a square, thus missing the case of Pythagorean pairs.

o In fact, Theorem 1.2 implies that all four elements x, y and y’, z’ in part (1) and (2), respectively,
can be taken to be of the same color.

o We can also extend [21, Theorem 2.7], covering more general homogeneous equations of the form
p(x,y,2) = ax>+by* +cz> +dxy+exz+ fyz = 0, where a, b, ¢, d, e, f € Z. Our method allows to show
that if e> — 4ac and f? — 4bc are nonzero squares, then for every finite coloring of the integers, there
exist distinct monochromatic x, y and an integer z such that p(x, y,z) = 0.' In contrast, [21, Theorem
2.7] assumes in addition that (e + f)? — 4c(a + b + d) is a nonzero square.

o The assumption that a,b,c € N are all squares is not sufficient for partition regularity of the
equation ax” + by*> = cz*. For example, the equation x> + y> = 4z is not partition regular, so in this
case, our result is optimal, as only pairs and not triples can be partition regular. See Section 1.6 for more
details and conjectural necessary and sufficient conditions for partition regularity of such equations.

TArguing as in Step 2 of [21, Appendix C], we get parametrizations for x, y of the form covered in Section 1.5.
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We establish a stronger density version of these partition regularity results. It is clear that the set of
odd numbers, which has additive density 1/2, does not contain integers x, y such that X2+ y2 = 72 for
some z € N, ruling out a potential density version using additive density. However, since the equation
x2 +y* = 7% is homogeneous, the set of solutions is invariant under dilations, and using a dilation-
invariant notion of density turns out to be more fruitful.

To this end, we recall some standard notions. A multiplicative Fglner sequence in N is a sequence
® = (®k )y _, of finite subsets of N asymptotically invariant under dilation, in the sense that

@ L@
VxeN,  lim [®x 0 (- 2k)|

1.
K—co |Pk |

An example of a multiplicative Fglner sequence is given by (2.11). The upper multiplicative density of
aset A C N with respect to a multiplicative Fglner sequence ® = (®g)g_, is the quantity

. |®k N A
do(A) :=limsup ————
K— |(DK|

)

and we write dg(A) if the previous limit exists. We say that A C N has positive multiplicative density
(or, more precisely, positive upper Banach density with respect to multiplication) if de(A) > 0 for some
multiplicative Fglner sequence ®. A finite coloring of N always contains a monochromatic cell with
positive multiplicative density; thus, the next result strengthens Theorem 1.1.

Theorem 1.2. Let a,b,c € N be squares. Then for every A C N with positive multiplicative density,
there exist
1. distinct x,y € A and z € N such that ax* + by* = cz?.

2. distinct v,z € A and x € N such that ax® + by* = ¢z?.

Remarks. o In fact, we prove the following stronger property: If do(A) > 0, then there exist a sub-
sequence ¥ of @ and distinct x, y € N such that ax® + by2 = ¢z? for some z € N, and

dy((x'A) N (y'A)) > 0.

A similar statement also holds with the roles of x and z reversed.

olfa+b # c,itis not true that every A C N with positive multiplicative density contains x, y, z
such that ax? + by?> = cz?. To see this when ¢ = b = ¢ = 1 (the argument is similar whenever
a+b # c), let ® be any multiplicative Fglner sequence and « be an irrational such that the sequence
(n’a) is equidistributed (mod 1) with respect to a subsequence ®’ of ® (such an « and @’ exist by
the ergodicity of the multiplicative action T,,x = nx, n € N, defined on T with its Haar measure). Let
A :={n e N: {n®a} € [1/5,2/5)}, which has positive upper density with respect to ®". If x, y, z € A,
then {(x> + y*)a} € [2/5,4/5) and {z%a} € [1/5,2/5); hence, we cannot have x*> + y> = z>. This
example was shown to us by V. Bergelson.

We remark that the previous results also resolve the first part of Problem 3 in [21] and also Problem

6 in [21]. The latter implies that the starting point in Sarkozy’s theorem [43] (or the variant in [33]
dealing with the equation x + y = n?) can be taken to be a square, as the following result shows.

Corollary 1.3. For every finite coloring of N, there exist

1. distinct m,n € N such that the integers m? and m? + n? have the same color.
2. distinct m,n € N such that the integers m? and n* — m?* have the same color.

To prove part (1), let Cy, ..., Ci be a coloring of N. Using part (2) of Theorem 1.1 for the coloring
Cl.’ = {n e N: n? e C;},i=1,...,k, we deduce that there exist ip € {1,...,k} and x,z € Cl.'0 such
that x2 +y2 =72 Thenx2,72 € Ci,. Letting m := x and n := y, we get that m2,m?+n? e Ci,. The proof

of part (2) is similar and uses part (1) of Theorem 1.1.
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A coloring Ci,...,Cy of the squares induces a coloring C{,...,C; of N in the natural way:
C/l:={neN: n* € C;},i=1,..., k. Applying Theorem 1.1 for the induced coloring, we deduce the
following result.

Corollary 1.4. For every finite coloring of the squares, there exist

1. distinct squares x,y with the same color such that x +y is a square.
2. distinct squares x,y with the same color such that x —y is a square.

1.3. Pythagorean triples on level sets of multiplicative functions

Our second objective is to lend support to the hypothesis that Pythagorean triples are partition regular
by proving that the level sets of multiplicative functions that take finitely many values always include
Pythagorean triples. Since the equation x? + y? = z? is homogeneous, one might expect that a presumed
counterexample to partition regularity would have ‘multiplicative structure’, so Theorem 1.5 below
addresses the most obvious possibilities. We also remark that Rado’s theorem implies that a given linear
system of equations is partition regular as soon as it has monochromatic solutions in every coloring
realized using a (finitely valued) completely multiplicative function; but of course this result does not
apply to the Pythagorean equation.

Theorem 1.5. Let f: N — S! be a completely multiplicative function that takes finitely many values.
Then there exist distinct x, y, z € N such that

Payt= and f(x)=[(y)=f()=1

Remarks. o There is nothing special about the value 1 in Theorem 1.5. If £ € S' is any other number
in the range of f, then since the equation x” + y? = z? is invariant under dilations of the variables x, y, z,
we get that there exist distinct x, y, z € N, such that

X+yP=72 and f(x)=f(y)=f(2)=¢.

o With a bit more effort, we can extend Theorem 1.5 to cover more general equations of the form

axz+by2 =72, (1.1)
where a, b, ¢ € N are squares and we have either a = ¢, or b = ¢, or a + b = ¢. We outline the additional
steps needed to be taken to prove such a result in Section 8.3. Note that having one of these three
identities satisfied is a necessary condition for the partition regularity of (1.1). For more details and
related problems, see the discussion in Section 1.6.

Related linear equations ax + by = cz on the level sets of completely multiplicative functions
f N — {-1, 1} have been studied in the works of Briidern [9] and more recently by de la Breteche
and Granville [7]. One consequence of such results [7, Corollary 2] is that the number of Pythagorean
triples (x, y, z) modulo any prime p > 3; that is, solutions to x + y = z, where x,y,z < N < p are
quadratic residues, is at least %(k’ + 0N o0o(1))N?, where k’ = .005044... is a sharp constant.

1.4. Parametric reformulation of the main results

To prove our main results, it is convenient to restate them using solutions of (1.1) in parametric form.
Our assumptions give thata = a%, b= b%, c= cé for some ag, by, co € N. Then a simple computation
shows that the following are solutions of ax? + by? = cz?:

x:kfl(mz—nz), y =k, mn, z=k£3(m2+n2), m,n €N,

where € := agbc, €y :=2abgc, {3 := abcy.
So in order to prove Theorem 1.2, it suffices to establish the following result.
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Theorem 1.6. Suppose that A C N satisfies do(A) > 0 for some multiplicative Fplner sequence ®.
Then for every €,{’ € N, there exist

1. m,n € Nwithm > n such that € (m*> — n®) and £’ mn are distinct and

do((€ (m* = n®)"'An (¢’ mn)™'A) > 0.
2. m,n € N such that € (m2 +n2) and €’ mn are distinct and

do ((€ (m* +n*)' A0 (¢ mn)™'A) > 0.
Remark. Since 2(m? +n?) = (m +n)> + (m — n)? and 4mn = (m + n)*> — (m — n)?, applying (2) with
2¢ in place of ¢ and 4¢’ in place of ¢’, we can add
(iii) m,n € N such that £ (m? +n?) and ¢’ (m? — n?) are distinct and

do((€ (m* + ) 'An (¢ (m* —n?))'A) > 0.
In order to prove Theorem 1.5, it suffices to establish the following result.

Theorem 1.7. Let f: N — S! be a completely multiplicative function that takes finitely many values.
Then there exist k,m,n € N, with m > n, such that the integers m? — n?, 2mn, m? + n? are distinct and

f(k (m*=n?) = f(k2mn) = f(k (m*+n%) = 1. (1.2)

1.5. Other results
Our methodology is flexible enough to allow us to handle a variety of other dilation-invariant pairs. We

record a few cases next.

1.5.1. A question from [16]
The next result is related to [16, Question 7.1]. It is only here that we use logarithmic averages

log o 1 L
et = Togh? | 24
in order to have access to a result from [47].

Theorem 1.8. Suppose that A C N satisfies do(A) > 0 for some multiplicative Fplner sequence ®.
Then

el 7 - -
I%n_}?cfEfne[N] do((n> +n)'An (m*)~'A) > 0.
Remark. Our method also implies the following ergodic version of the previous result, as posed in [16],
using Cesaro instead of logarithmic averages: If (Tg)gcn is a measure-preserving action of (IN, X) on a
probability space (X, u) and A C X is measurable with p(A) > 0, then

el - -

liminfE,* vy u(To, ANT 5A) >0,

m,ne[N

This follows from property (6.16) that we prove below.

Our argument also allows us to replace n” + n and m?> by n*> + an and m”, respectively, where r € N
and a is a nonzero integer. The proof of Theorem 1.8 follows closely the argument used to prove part
(2) of Theorem 2.2. We will outline this argument in Section 6.2.
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1.5.2. General linear forms
We can also prove variants of Theorem 1.6 that cover more general patterns of the form

(k Ll (m,n) : Lz(m’ n)’ k L3 (m’ I’l) : L4(m,n)),

where L;(m,n) = a;m + b;n for some a; € N, b; € Z,i = 1,2, 3,4, and at least one of the forms, say
L4(m, n), is not a rational multiple of the others.

Suppose we want to show, under the previous assumptions, that if A C Z satisfies dg(A) > 0 for
some multiplicative Fglner sequence @, then there exist m,n € Z such that Lj(m,n) - Ly(m,n) and
L3(m,n) - Lsy(m, n) are distinct integers and satisfy

do((Li(m,n) - Ly(m,n))"' A0 (L3(m,n) - Ly(m,n))"'A) > 0.

Without loss of generality, we can assume that b4 # 0. By making the substitution m +— bsm and
n — n — aqm (an operation that preserves our assumptions about the forms L;), we can assume that
as = 0. Since the form L4 is not a rational multiple of L; for i = 1,2, 3, we have a; # 0 fori = 1,2, 3.
We do another substitution n + ai a, a3 n. We then factor out a; from the linear form L; fori =1, 2, 3.
We see that it is sufficient to consider the case where the L; are integer multiples of forms satisfying
ay =az =a3 =1and aq =0, by # 0. Making a last substitution m — m — b3 n, we get that it suffices
to prove that

do((€(m+an) - (m+bn))'An (" mn)"'A) >0

whenever ¢,¢’ € N and a, b € Z. This case can be covered by repeating the argument used to prove
Theorem 1.6 (which covers the case a = 1, b = —1) without any essential change.

1.5.3. More general expressions and averages
The methods used to establish part (2) of Theorem 1.6, would also allow to cover patterns of the form

(e (n? + )" ﬁ Li(m,n), k ]l_[ Ljm,m),
i=1 i=1

where k € N, [,I’,r € Z, are such that |/| +|/’| > 0,2 and at least one of the linear forms L;, L] is not a
rational multiple of the others. It should also be possible to cover variants of Theorem 2.2 below in which
the averages over squares E,, ,c[n] are replaced by averages over discs (i.e., E,2,,2<y). However, we
do not pursue these directions here.

1.6. Further directions

Our approach opens the way for studying several other compelling partition regularity problems that
were previously considered intractable. We note here some promising directions.

A result of Rado [41] implies that if a, b, ¢ € N, then the linear equation ax + by = cz is partition
regular if and only if either a, b, or a + b equals ¢, in which case we say that the triple (a, b, ¢) satisfies
Rado’s condition. 1t follows that a necessary condition for the partition regularity of the equation (1.1)
is that the triple (a, b, ¢) satisfies Rado’s condition. Perhaps this condition is also sufficient, but very
little is known in this direction; in fact, there is no triple (a, b, ¢) for which the partition regularity
of (1.1) is currently known. We state a related problem of intermediate difficulty along the lines of
Theorem 1.5.

2The case [ = I’ = 0 is covered in [16, Theorem 1.5].
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Problem 1. Suppose that the triple (a, b, c) satisfies Rado’s condition. Then for any completely multi-
plicative function f: N — S taking finitely many values, there exist distinct x, y, z € N, such that

ax> +by*=cz* and f(x)=f(y)=f(z) =1.

Theorem 1.5 solves this problem when a = b = ¢ = 1, and as we mentioned in the second remark
following the theorem, a similar argument applies to triples that satisfy Rado’s condition and consist of
squares. It would be interesting to solve Problem 1 for some other triples such as (1, 1,2) and (1,2, 1).
The first one corresponds to the equation

which was conjectured to be partition regular by Gyarmati and Ruzsa [29] and has parametric solutions
of the form

x =k (m? —n*+2mn), y = k (m*> = n® = 2mn), z = k (m* +n?).

The second one corresponds to the equation

K +2yt =7

with parametric solutions of the form
x =k (m*=2n?), y =k (2mn), z = k (m*> +2n?).

Both parametrizations involve at least two quadratic forms that do not factor into products of linear
forms. This is a problem for our method, since a useful variant of Proposition 2.15 is not known in this
case, not even if fi, f>, f3 are all equal to the Liouville function.

Another interesting problem is to relax the conditions on the coefficients a, b, ¢ in Theorem 1.1. We
mention two representative problems that seem quite challenging.

Problem 2. Show that for every finite coloring of N, there exist

1. distinct x,y € N with the same color and z € N such that x* + y* = 22%.

2. distinct x,y € N with the same color and z € N such that x* + 2y* = 7°.

Show also similar properties with the roles of the variables y and z or x and z reversed.

Remark. More generally, we believe that if for a, b, ¢ € N at least one of the integers ac, bc, (a +b)c is
a square, then for every finite coloring of the integers, there exist distinct x, y € N with the same color
and z € N such that ax? + by? = cz?. Theorem 1.1 verifies this if both ac and bc are squares. We also
expect that if at least one of the integers bc, (¢ — a)b is a square, then for every finite coloring of the
integers, there exist distinct x, z € N with the same color and y € N such that ax? + by?> = cz>. It may
also be that stronger density regularity results hold, as in Theorem 1.2 and Theorem 1.6.

The broader issue is to find conditions for the polynomials P, Q € Z[m, n] such that the following
holds: If A c N satisfies dp(A) > 0 for some multiplicative Fglner sequence ®, then there exist
m, n € N such that the integers P(m, n) and Q(m, n) are positive and distinct, and

do((P(m,n)) ' AN (Q(m,n))"'A) > 0.

Equivalently, using the terminology from [16], the problem is to determine for which polynomials
P,Q € Z[m,n] we have that {P(m,n)/Q(m,n): m,n € N} is a set measurable multiplicative recur-
rence.
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1.7. Notation

Welet N :={1,2,...},Z; :={0,1,2,...}, Ry := [0, +00), S! be the unit circle, and U be the closed
complex unit disk. With P we denote the set of primes, and throughout, we use the letter p to denote
primes.

For t € R, we let e(t) := >, For z € C, with R(z), J(z), we denote the real and imaginary parts
of z, respectively.

For N € N, we let [N] := {1, ..., N}. We often denote sequences a: N — U by (a(n)), instead of
(a(n))nen.

If A is a finite nonempty subset of the integers and a: A — C, we let

Eneaa(n) := ! Z a(n).

|A| neA

We write a(n) < b(n) if for some C > 0, we have a(n) < C b(n) for every n € N.
Throughout this article, the letter f is typically used for multiplicative functions and the letter y for
Dirichlet characters.

2. Roadmap to the proofs

This section outlines how we prove our main results in their parametric reformulation, which is given
in Theorems 1.6 and 1.7.
For various facts and notions concerning multiplicative functions, we refer the reader to Section 3.3.

2.1. Reduction of Theorem 1.6 to a positivity property for multiplicative functions

We first use a version of the Furstenberg correspondence principle (see [4]) to reformulate the results in
an ergodic language.

Theorem 2.1. Let £, ¢’ € N, let T = (Ty,)nen be a measure preserving action of (N, X) on a probability
space (X, u),” and let A C X be measurable with u(A) > 0. Then there exist

1. m,n € N withm > n such that £ (m* — n®) and ¢’ mn are distinct and

#(Tg(lm AN T,! A)>0. 2.1)
2. m,n € N such that £ (m* + n?) and £’ mn are distinct and

,u(T[_(Imzmz)A N7, A)>o0. (2.2)

In fact, the set of m,n € N for which (2.1) and (2.2) hold has positive lower density.

Remarks. o The reduction to the previous multiple recurrence statement is merely a convenience. It
facilitates the purpose of getting a further reduction to a positivity property for completely multiplicative
functions that we describe in Theorem 2.2. Alternatively, one could carry out this last reduction directly,
asin [21, Section 10.2].

o Using the terminology from [16], Theorem 2.1 can be rephrased as saying that for every ¢, ¢’ € N,
both subsets of Q>°

{t’(m2 -n®)/('mn): mneN, m > n} and {t’(m2 +n%)/('mn): m,n € N}
are sets of measurable multiplicative recurrence.

3Meaning, T,,: X — X, n € N, are invertible measure preserving transformations such that 77 := id and T;,,; = T;, © T, for
every m,n € N.
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A function f: N — U, where U is the complex unit disk, is called multiplicative if
f(mn) = f(m) - f(n) whenever (m,n) = 1.
It is called completely multiplicative if the previous equation holds for all m,n € N. Let
M = {f: N — S!is a completely multiplicative function}.

Wherever necessary, we extend multiplicative functions to the non-positive integers in an arbitrary
way. Throughout, we assume that M is equipped with the topology of pointwise convergence. It
easily follows that M is a metrizable compact space with this topology. We can identify M with the
Pontryagin dual of the (discrete) group of positive rational numbers under multiplication. Note that the
map r/s — u(T7'ANTA), r,s,€ N, from (Qy, X) to [0, 1] is well defined and positive definite.
Using a theorem of Bochner-Herglotz, we get that there exists a finite Borel measure o on M such that
o ({1}) > 0 (in fact, o-({1}) > 6%, where § = u(A)) and for every r, s € N,

/M F0) - TG do(f) = w(T AN T A).
In particular, we have
Wy A Ty ) = [ 70 =) - ) dor( 1)
for every m,n € N with m > n, and
BT iy A T ) = [ (e 40 - T ()

for every m, n € N. Therefore, Theorem 2.1 follows from the following result.

Theorem 2.2. Let o be a positive bounded measure on M such that o-({1}) > 0 and

/ f(r) ~md0'(f) >0 foreveryr,seN. 2.3)
M
Then for every £,{" € N,
1. we have
lin By e 1en | P =) T dor(f) >0, 2.4)
N >0 M
2. we have
lim inf By e[ / F(e(m® +n®) - f(€'mn)do(f) > 0. (2.5)
—00 M

Remark. The limit in (2.4) exists by [20, Theorem 1.4] and the bounded convergence theorem.*
However, the limit in (2.5) may not always exist.

The reduction up to this point is similar to that in [21]. The methods in [21] were only able to
address a variant of (1) in which the expressions under the integral were products of linear factors

4The statement of [20, Theorem 1.4] does not have the restriction m > n in the averaging, but the argument used there also
covers this case without essential changes.
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and were ‘pairing up” when n = 0 and becoming nonnegative.> This positivity property is not shared
by the expressions in (2.4) (and (2.5)), which is the main reason why it was not possible to deal with
Pythagorean pairs in [21]. To overcome this obstacle, we do not use a decomposition result that covers
all elements of M simultaneously (as was the case in [21]), but rather work separately with aperiodic
and pretentious multiplicative functions (these notions are defined in Section 3.3). In particular, coupled
with some measurability properties, this allows us to exploit the uniform concentration estimates of
Propositions 2.5 and 2.1 1, which are not shared by all elements of M. We outline our approach in the
next subsections.

2.2. Proof plan for part (1) of Theorem 2.2
We prove Theorem 2.2 by taking an average over the grid
{(@m +1,0n) : m,n e N},

where Q € N is chosen depending only on o. In view of (2.3), it suffices to prove positivity in (2.4)
when the average is taken along this subset of pairs. With £, ¢’ € N fixed, we introduce the following
notation: for 6 > 0, f € M, and Q,m,n € N, let

As(f.Qsm,n) = ws(m,n) - f(€((OQm+1)* = (Qn)?)) - £(£’ (Qm + 1)QOn), (2.6)

where wg : N2 — [0, 1] is the weight defined in (3.2) of Lemma 3.3 for reasons that will become clear
in a moment (at a first reading, the reader could just take w s = 1). We also remark that the weight w s is
supported on the set {m,n € N: m > n}, so to compute As(f,Q;m,n), we only have to compute f on
positive integers. Then part (1) of Theorem 2.2 follows immediately from the next result, the fact that
0 < ws(m,n) < 1, and the positivity property (2.3).

Theorem 2.3. Let o be a Borel probability measure on M such that o({1}) > 0. Then there exist
60 > 0 and Q¢ € N such that

N —o0

im Eynepn] /M Asy (. Qo:m.n) der(f) > 0. @7

Remark. The values of 6y > 0 and Qp € N depend on o but not on ¢, £’.

To analyze the limit in (2.7), we use the theory of completely multiplicative functions. When f is
aperiodic, the mean values of As(f, Q;m, n) vanish for every Q. This is a consequence of the following
result, which in turn follows from results in [21] (see also [38] for related work). We shall explain later
on how.

Proposition 2.4. Let f: N — U be an aperiodic completely multiplicative function. Then for every
6 >0and Q € N, we have

A}E“mEm,ne[N] As(f,Q;m,n) =0. 2.8)
Furthermore, for every completely multiplicative function f: N — U, the previous limit exists.
Let

Mp={f:N—> S!: f is a pretentious completely multiplicative function}; 2.9)

SFor instance, to establish partition regularity of pairs x, y that satisfy the equation 16x2 +9y? = z2, it suffices to study

averages of f (m(m+3n)) - f ((m+n)(m—3n)) for f € M. The key convenient property these expressions have is that they
are nonnegative when n = 0.
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we show in Lemma 3.6 that M, is a Borel subset of M. It follows from Proposition 2.4 and the
bounded convergence theorem that in order to establish (2.7), it suffices to show that there exist g > 0
and Qp € N such that

lim Em,nE[NJ/M As,(f.Q0:m.n) do(f) > 0. (2.10)

N —o0
P

If f is pretentious, then it ‘pretends’ to be a twisted Dirichlet character, and thus exhibits some periodicity.
We exploit this periodicity by choosing a highly divisible Q for which the averages of As(f, Q;m,n)
take a much simpler form. More precisely, we make use of the following concentration estimate, which
is an immediate consequence of [35, Lemma 2.5].

Proposition 2.5. Let f: N — U be a multiplicative function such that f ~ y - n'* for some t € R and
Dirichlet character y with period q (see Section 3.3 for definitions and notation). Let also K € N be
large enough so that q divides all elements of the set

D = { [1r%: K <ap< 2K}. 2.11)
pP<K

Then

limsup max Byein][f(Qn+1) = (@) - exp (Fi (f.K))| < D(fox s K,e0) + K77,
K

N—ooo Q€

where the implicit constant is absolute and

Fv(hK) = Y S (fp) X -p — 1), @.12)

K<p<N

Remarks. o It is important for our argument that the implicit constant is independent of K and the
quantity F (f, K) does not depend on Q as long as Q € @k and ¢ | Q.

o We will also need the following variant from [35, Lemma 2.5]: For any fixed Q € N such that
q[1,<k p | Q, we have

limsup Ee(n | £(Qn +1) = (Qn)" - exp (Fn (f, K))| < D(f, x - n'"; K, 00) + K~'/2.

N —o0

olf f ~ y-n'", then the sequence A(N) := 1., <n % [1=f(p)-x(p)-p~""|, N € N, is slowly varying,
in the sense that for a fixed pretentious f, we have for every ¢ € (0, 1) that limy o SUp,e(ye v |A(1) —
A(N)| = 0.° Keeping this in mind, if we use partial summation on the interval [N¢, N] and then let
¢ — 0%, we deduce that the main estimate of Proposition 2.5 still holds if we replace E, (x| With

log
EnE[N]'

In order to establish (2.10), we divide the integral into two parts. The first is supported on mul-
tiplicative functions other than the Archimedean characters (ni’ Jnen, I € R, in which case we show
using Proposition 2.5 that for a highly divisible Qg, the contribution is essentially nonnegative. The
second is supported on Archimedean characters. We show that this part is positive using our assump-
tion o-({1}) > 0 and by taking ¢ small enough so that the weight w5, neutralizes the effect of the
Archimedean characters that are different from 1. To carry out the first part, the key idea is to average
over ‘multiplicatively large’ values of Q. More precisely, for each K € N, let @ g be the set described in
(2.11). The sequence (@) is a multiplicative Fglner sequence with the property that for every g € N,

SIf ap := 1= f(p) - x(p) - p~", p € P, we note that sup,,c[yc | |A(n) = A(N)| < (BN - Cn)'/?, where By =

2
Y pe[N°,N] ‘a,‘:l ,CN = X pe[N©,N] %,N € N. The sequence Cy is bounded and limpy 00 BN = O because 3 ,ep

+o00.

|ap‘2
P

<
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as soon as K is large enough, every O € @k is divisible by ¢q. It also has the property that for every
Q € Ok and a prime p € P, we have p|Q if and only if p < K. Let also

A= {(n")pen: t € R}. (2.13)

Note that A is a Borel subset of M since it is a countable union of compact sets (we caution the reader
that A is not closed with the topology of pointwise convergence; in fact, it is dense in M). The most
important step in establishing property (2.10) is the following fact.

Lemma 2.6. Let f € M, \ A, 6 >0, {,{’ €N, and ®k be as in (2.11). Then
KliinooEQech IgznwEm,nE[N] As(f,Q;m,n) =0.

(Note that the inner limit exists by Proposition 2.4.)

Roughly, to prove Lemma 2.6, we use the concentration estimate of Proposition 2.5 to deduce that
for Q € @k, the average E,;, ,c[n] As(f, Q;m,n) is asymptotically equal to Cp ¢ (K) - £(Q) - Q' for
some Cr(K) € Uand ¢ € R. Since f ¢ A, by Lemma 3.2, the average of the last expression, taken
over Q € Dk, converges to 0 as K — oo.

Using the previous result, the fact that the limit limpy _co By ne[n] As(f, Q;m, n) exists (by Propo-
sition 2.4), and applying the bounded convergence theorem twice, we deduce the following vanishing
property.

Corollary 2.7. Let (Ok) and A be defined by (2.11) and (2.13), respectively. Let also o be a Borel
probability measure on M ,. Then for every 6 > 0, we have

lim Egeo, lim Ep ne(n) / As(f,Q;m,n)do(f)=0.
K—o N —o0 Mp\A

We are left to study the part of the integral supported on A. For such functions, the limits
limpy —co Em,ne[n]As(f, Q;m,n) do not depend on Q, and so the previous argument will not help.
It is the presence of the weight w s that will allow us to prove the following positivity property.

Lemma 2.8. Let o be a Borel probability measure on M such that o-({1}) > 0 and A be as in (2.13).
Then there exist 8¢, po > 0, depending only on o, such that

it inf R (Epnein) [ Ao(F. Qimom der() = po (2.14)

Remark. The weight ws(m, n) is introduced to force positivity in this case, since for some choices of
¢, ¢’ and measures o, the unweighted expressions have negative real parts. However, rather miraculously,
if £ = 1 and ¢’ = 2 (which is the case to consider for Pythagorean pairs), we get positivity even in
the unweighted case, and a somewhat simpler argument applies. We do not pursue this approach here
though because it lacks generality.

Finally, we will see how the previous results allow us to reach our goal, which is to prove Theorem 2.3,
thus completing the proof of part (1) of Theorems 1.2 and 2.2.

Proof of Theorem 2.3 assuming Proposition 2.4, Corollary 2.7 and Lemma 2.5. By combining Corol-
lary 2.7 and Lemma 2.8, we deduce that there exist §g, p9 > 0, depending only on o, such that

liminf Egeq, lim Em,ne[N]/ As,(f,Qim,n)do(f) = po.
K—oo N —oo Mp
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(There is no need to take the real part on this expression since it is real.) From this, we immediately
deduce that (2.10) holds for some Qp € N. As we also explained before, this fact, together with
Proposition 2.4, implies (2.7) via the bounded convergence theorem, completing the proof. O

To establish Theorem 2.3, it remains to prove Proposition 2.4, Lemma 2.6 (Corollary 2.7 is an
immediate consequence) and Lemma 2.8. We do this in Section 4.

2.3. Proof plan for part (2) of Theorem 2.2

The general strategy is similar to that used to prove part (1) of Theorem 2.2, but there are two major
differences. The first is the required concentration estimate, which is given in Proposition 2.11 below.
Unlike Proposition 2.5, this result is new and of independent interest, and its proof occupies a consider-
able portion of the argument. The second difference is that the limit in (2.5) may not exist, which causes
additional technical problems.

Arguing as before, we get that part (2) of Theorem 2.2 follows from the following positivity property.

Theorem 2.9. Let o be a Borel probability measure on M such that o ({1}) > 0 and (2.3) holds. Then
there exists 6 > 0 such that

1gninfEm,n€[N]w5(m,n)~/ F(€(m?+n?) - f(¢/ mn) do(f) >0, (2.15)
—00 M

where W s(m, n) is the weight defined in (3.3) of Lemma 3.3.

Again, to analyze the limit in (2.15), we use the theory of completely multiplicative functions. We
introduce the following notation: for 6 > 0, f € M, and Q,m,n € N, let

Bs(f,Q;m,n) :=ws(m,n) - f(((Qm+1)*+(Qn)%)) - f(¢' (Qm +1).(Qn)). (2.16)
If f is aperiodic, we have the following result, which we will deduce from the results in [21].

Proposition 2.10. Let f: N — U be an aperiodic multiplicative function. Then for every § > 0 and
0 €N, we have

Jim Epne(ny Bs(f, Qim,n) = 0. 2.17)

Remark. It follows that (2.17) also holds even if Q depends on N, but its values are taken from a finite
subset of N.

If f is pretentious, we will crucially use the following concentration estimate (which is a direct
consequence of a more general result proved in Section 5) to analyze the average (2.15). It features a
version of the pretentious distance that only considers primes’ congruent to 1 mod 4:

DK=Y (= RU) X p)
K<p, p
p=l  (mod 4)

Proposition 2.11. Let f: N — U be a multiplicative function such that f ~ y - n' for some t € R and
Dirichlet character y with period q. Let also @k be as in (2.11) and suppose that K is large enough so
that, say, Di(f, x - n'"; K, o) < 1 and q divides all elements of ®k. Then

7The reason we only need primes = 1 mod 4 is that these are the primes that split in the splitting field of m? + n?. In a
subsequent work, we extended these techniques to obtain concentration estimates to general binary quadratic forms.
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lim sup max Emne(n |F((Qm +1)* +(0n)?) = Q%" - (m* +n?)"" - exp (Gn (f, K))| <

N> Q€Pk

Di(f, x -n'"; K, 0) + K2,

where the implicit constant is absolute and

1 _ .
Gh(fK) =2 > —(f(p)-x(p)-pT 1) (2.18)
K<p<N, p
p=l  (mod 4)

Remarks. o It is important for our argument that the implicit constant does not depend on K and
that exp (Gn (f, K)) is the same for all Q € @ that are divisible by g. It is also important for our
applications that we get some uniformity over the Q € ®g.

o For the future applications in mind, we prove a somewhat more general and quantitatively more
explicit variant; see Proposition 5.1 below.

As in the proof of Theorem 2.3, in order to prove Theorem 2.9, we split the integral into two parts,
one that is supported on Archimedean characters and the other on its complement. To handle the second
part, we use the following result, which is proved using Proposition 2.11 and can be compared to
Corollary 2.7. Again, taking multiplicative averages over the variable Q is a key maneuver, but the non-
convergence of the averages E,, ne[(n] Bs(f,Q;m,n) causes considerable technical difficulties in our
proofs.

Proposition 2.12. Let (®k), A, Bs(f,Q;m,n) be defined by (2.11), (2.13), (2.16), respectively, and
0>0. Let also o be a Borel probability measure on M . Then

lim limsup |Egcox ]Em,ne[N]‘/ Bs(f,Q;m,n)do(f)|=0.
K- N 00 Mp\A

p

Remark. Unlike the case of Corollary 2.7, we cannot pass the limit over N inside the average over
Q. This will cause some minor problems in our later analysis, which we will overcome by using the
positivity property (2.3) of the measure o (this is why this positivity property is used in the statement
of Theorem 2.9 but not in Theorem 2.3).

We are left to study the contribution of the set .4 of Archimedean characters in which case the
presence of the weight W s allows us to establish positivity by taking ¢ small enough.

Lemma 2.13. Let o be a Borel probability measure on M, such that o({1}) > 0 and A be as in
(2.13). Then there exist 6y, po > 0, depending only on o, such that

lind i, R (Epncivy [ Bo(1.Qimn) dr(h) = o
We conclude this section by noting how the previous results allow us to reach our goal, which is to
prove Theorem 2.9, thus completing the proof of part (2) of Theorems 1.2 and 2.2.

Proof of Theorem 2.9 assuming Proposition 2.10, Proposition 2.12 and Lemma 2.135. We start by com-
bining Proposition 2.12 and Lemma 2.13. We deduce that there exist d¢, p9 > 0, depending only on o,
such that

liminfliminfEQEq)K‘R(Em’nem]/ Bs,(f,Q:m,n) da-(f)) > po.
© M

K—o0 N-—
P

In this case, it is a little bit tricky to deduce that (2.15) holds. We do it as follows. The last estimate
implies that there exist Ko € N and Qn € ®g,, N € N, such that
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tinint R (Speiy) [ Ba (/. Quimn) do (1)) > poy2

N —>o M,

Note that since O belongs to a finite set, Proposition 2.10 implies that in the last expression we can
replace M, with M. Hence,

lgninfEm,ne[N]/ Bes,(f,Onsm,n)do(f) = po/2. (2.19)
—00 M

(The real part is no longer needed since the last expression is known to be real by (2.3).) It is easy to
verify (following the line of reasoning at the beginning of Proposition 4.1 below) that

lim E,, ne[n] sup [Ws(Qm+1,0n) —Wws(m,n)| = 0.
N —o00 QeN

We deduce that if in the definition of Bs,(f,On;m,n) given in (2.16) we replace ws(m,n) with
ws(Qnm+ 1,0 nn), the limit on the left side of (2.19) remains unchanged. Keeping this in mind, and
since Qv takes values in a finite set with upper bound, say Qg, and by the positivity property (2.3), we
have

Wwes(m,n) - /Mf(f(m2 +n2)) - f(¢’mn)do(f) =20

for every m,n € N, and we deduce that

1;\rlninfEm,n€[N] Wes(m,n) / F(e(m*+n?)) - f( mn) do(f) = po/(20}).
—00 M

This establishes (2.15) and ends the proof. O

In order to establish Theorem 2.9, it remains to prove Proposition 2.10, Proposition 2.12 and Lemma
2.13. We do this in Section 0, after having established Proposition 2.11 in Section 5, which is crucially
used in the proof of Proposition 2.12.

2.4. Proof plan of Theorem 1.7

*

For notational convenience, when we write Ek oy In the following statements, we mean the limit
limg 0 Eg ey , Where (@) is an arbitrary multiplicative Fglner sequence, chosen so that all the limits
in the following statements exist. Since our setting will always involve a countable collection of limits,
such a Fglner sequence always exists and can be taken as a subsequence of any given multiplicative
Fglner sequence.

Our argument is divided into two parts. In the first part, we reduce the problem to a positivity property
of pretentious multiplicative functions, and in the second part, we verify this positivity property. To
carry out the first part, we note that to prove Theorem 1.7, it is only necessary to establish the subsequent
averaged version.

Theorem 2.14. Suppose that the completely multiplicative function f: N — S! takes finitely many
values and F := 1{1y. Then

lim inf By ne (N m>n By g F(f (k (m® = 1)) - F(f (k 2mn)) - F(f (k (m* +1%))) > 0. (2.20)

*

Remark. The ‘multiplicative average’ E; _ is needed in our analysis to ‘clear out’ some unwanted
terms.
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We write f = gh, where g has aperiodicity properties and 4 is pretentious (see Lemma 7.3 for the
exact statement). Since f is finite-valued, it follows that g takes values in d-roots of unity for some
d € N. Hence, we have

Fog=1g =Eocjcag’.

We use the previous facts to analyze the average in (2.20). The aperiodic part is covered by the next
result, which is a direct consequence of [21, Theorem 9.7].

Proposition 2.15. Let f1, f>, f3: N — U be completely multiplicative functions and suppose that either
fi1 or fo is aperiodic. Then

1\}12100 Em,nE[N],m>n fl (m2 - n2) : fz(m}’l) . f3(m2 + n2) =0.
Combining the above and some technical maneuvering, we get the following reduction, which
completes the first part needed to prove Theorem 2.14.

Proposition 2.16. Suppose that for every finite-valued completely multiplicative function h: N — §!,
with h ~ 1, and modified Dirichlet character §: N — S! (see Section 3.3 for the definitions), we have

lim inf By e v ].m>n By A(K (m* = n?)) - A(k 2mn) - A(k (m* +n?)) > 0,
where
A(n) = F(h(n)) - F(¥(n)), neN, F:=1,.
Then for every finite-valued completely multiplicative function f: N — S', we have
Hninf By e v ).mon By F(f (k (m® = n%)) - F(f (k 2mn) - F(f (k (m® + %)) > 0.

Therefore, it remains to verify the assumption of this result. For this purpose, we will make crucial
use of the following concentration estimates, which easily follow from Propositions 2.5 and 2.11, as we
will see later.

Corollary 2.17. Let f: N — U be a finite-valued multiplicative function such that f ~ y for some
Dirichlet character y with period q. Then for every € > 0, there exists Qo = Qo(f, €) € N such that the
following holds:

1. Forall Q € N such that Qg | Q, we have
limsup Epen|f(Qn+1) - 1| < &,
N —o0

where the implicit constant is absolute.
2. For all Q € N such that Qg | Q, we have

HmSup B, pe(n £ ((Qm + 1)* +(0n)?) - 1| < &,

N —c0
where the implicit constant is absolute.

Finally, using the previous concentration estimates and the key maneuver of taking multiplicative
averages over O € N, which was also a crucial element in the proof of Theorem 2.2, we verify the
assumptions of Proposition 2.16.
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Proposition 2.18. Let f: N — S! be a finite-valued pretentious multiplicative function and y: N — S!
be a modified Dirichlet character. Then

iminf By, ne(N].mon Bf ey Ak (m? = n?)) - A(k 2mn) - A(k (m* +n?)) > 0,

N —o00

where
A(n) =F(f(n))-F(¥(n)), neN, F:=1g;.

Thus, to prove Theorem 2. 14, it remains to verify Propositions 2.16 and 2.18. We do this in Sections 7
and 8 (the other results mentioned in this subsection are needed in the proofs of these two results and
will also be verified).

3. Background and preparation
3.1. Some elementary facts
We will use the following elementary property.

Lemma 3.1. Let a: Z — U be an even sequence and 11,1, € Z, not both of them 0. Suppose that for
some & > 0 and for some sequence Ly : N — U, we have

limsup Epeqnila(n) — Ly| < &.

N —co

Then

limsupE,, nenyla(lim +Ln) — Liy| < 2|e,

N —co
where | = |l1| + |2|.

Proof. We have

1
Enneivila(im+hn) = Lin| < —5 > wi (k) la(k) = Liy]. 3.1)
|k|<IN

where for k € Z, we let
wa (k) == [{(m,n) € [N)*: lim + lon = k}|.

For every k € Z and m € [N], there exists at most one n € [N] for which /ym + [;n = k. Hence,
|wn (k)| < N forevery k € Z. Since a is even, we deduce that the right-hand side in (3.1) is bounded by

21 Erepnyla(k) = Lin|.
The asserted estimate now follows from this and our assumption. O

The next well-known property of multiplicative functions will also be used several times.

Lemma 3.2. Let (®g ) be a multiplicative Fplner sequence. If f : N — U is a completely multiplicative
function and f # 1, then

lim E,ca f(n) =0.

Downloaded from https://www.cambridge.org/core. IP address: 13.201.136.108, on 01 Aug 2025 at 07:31:59, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/fmp.2024.27


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fmp.2024.27
https://www.cambridge.org/core

Forum of Mathematics, Pi 19

Proof. Since f # 1, there exists p € P such that f(p) # 1. By the definition of ®g, we have

D N - D
lim| kN (p-Px)| _

1.
Koo |Dk |

From this and the fact that f(pn) = f(p) - f(n), we get

Encog f(n) = Enepaog f(1) + 0k (1) = f(P) - Encog f(n) + 0K oo (1).

Since f(p) # 1, we deduce that E,ca, f(n) = 0k 5o (1). O

3.2. Some useful weights

In the proof of Theorems 1.1 and 1.2, we will utilize weighted averages. The weights are employed to
ensure that the averages E,,, ne(n| As(f, Q,m,n) and E,, ne(n| Bs(f,Q,m,n), where As, B are as in
(2.6), (2.16), respectively, have a positive real part if f is an Archimedean character and ¢ is sufficiently
small.

We will now define these weights. If § € (0, 1/2), we consider the circular arc with center 1 given by

Is:={e(¢): ¢ € (-0,0)}.

Lemma 3.3. For every 6 € (0,1/2), let Fs: S' — [0, 1] be the trapezoid function that is equal to 1 on
the arc 15/ and 0 outside the arc Is. Let also

ws(m,n) = Fs((€(m* =n?)" - (€mn)™") - Lysn, m,neN, (3.2)
and
Wws(m,n) = Fs((€(m* +n?)" - (C'mn)™), m,neN. (3.3)
Then

I\}im Enneinyws(m,n) >0 and ]\}im Epnen) Wwes(m,n) > 0.

Remark. We opted for a continuous function for Fs instead of an indicator function, to make it easier
to prove Propositions 4.1 and 6.1 later on.

Proof. We first cover the weight in (3.2). Note that the limit we want to evaluate is equal to
Jim Epnein F5((E((m[N)* = (n/N)*)" - (£'(m[N) - (0/N))™") - Ln/Nsn/n-
Let F5: [0,1] x [0,1] — [0, 1] be given by
Fs(x,y) = Fs (€O = y)" (Cx0)™) - Lesy, 2,y €[0,1].

Then Fs is Riemann integrable on [0, 1] x [0, 1] as it is bounded and continuous except for a set of
Lebesgue measure 0. Hence, the limit we aim to compute exists and is equal to the Riemann integral

1 1
/ / Fs(x.y) dxdy.
0 0

It remains to show that this integral is positive, and since Fs is nonnegative, it suffices to show that Fs
does not vanish almost everywhere.
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&+ (€)2+4¢2

To verify the nonvanishing property, note that if x = ay where a := ——;/—— > 1, thenx > y
and £(x> — y%) = £’xy, and as a consequence, (£(x> —y?))" - (¢’xy)™ = 1. Hence, Fs(x,y) = F5(1) = 1
on the line x = ay. Since F is continuous in the region x > y, this proves that it stays bounded away
from zero in a neighborhood of the line x = ay in that region, and hence, it does not vanish almost
everywhere. This completes the proof for the weight (3.2).

The argument for the second weight (3.3) is very similar, so we only summarize it. Let Fs: [0, 1] x
[0,1] — [0, 1] be given by

Fs(x,y) = Fs((L(* +y2)" - (Exy)™) - Lo.11x(0.1] (X, ).

Then the limit we want to evaluate exists and is equal to the Riemann integral

1 pl
/ / Fs(x,y)dxdy.
0 0

The integral is positive because F is nonnegative and does not vanish almost everywhere. To verify
the nonvanishing property, we argue as follows. Pick k € Z, such that b := ¢’/( - ¢**™ > 2 and let

a = b4 *2[’2_4'. Ifx,y € [0, 1] are such that x = ay, then x > y and £(x% +y?) = e?k7 ¢’xy, which implies
(L% +y2) - ('xy) ™ = ek = 1. ]

3.3. Multiplicative functions

We record here some basic notions and facts about multiplicative functions that will be used throughout
the article.

3.3.1. Dirichlet characters

A Dirichlet character y is a periodic completely multiplicative function and is often thought of as a
multiplicative function on Z,, for some m € N. In this case, y takes the value 0 on integers that are not
coprime to m and takes values on ¢(m)-roots of unity on all other integers, where ¢ is the Euler totient
function. If y is a Dirichlet character, we define the modified Dirichlet character ¥: N — S! to be the
completely multiplicative function satisfying

v Jx(), ifx(p)#0
x(p) = .
1, if x(p) =0.

We note in passing that the level sets of modified Dirichlet characters g, which can be seen as finite
colorings of N, are precisely the colorings that appear in Rado’s theorem when showing that certain
systems of linear equations are not partition regular. In particular, a system of linear equations is partition
regular if and only if it has a monochromatic solution in any coloring realized by a modified Dirichlet
character.

3.3.2. Distance between multiplicative functions

Following Granville and Soundararajan [25, 27], in this and the next subsection, we define a distance and
a related notion of pretentiousness between multiplicative functions. If f, g: N — U are multiplicative
functions and x, y € R, withx < y, we let

D(f.ginf = )] —(1=R(() -z (3.4)
X<p<y

Downloaded from https://www.cambridge.org/core. IP address: 13.201.136.108, on 01 Aug 2025 at 07:31:59, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/fmp.2024.27


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fmp.2024.27
https://www.cambridge.org/core

Forum of Mathematics, Pi 21

We also let

DI = 3 7 (1= R (1) - 2D (3.5)

peP

Note that if | f| = |g| = 1, then

D) = 5 D) = 1) = 5P

peP

It can be shown (see [26] or [27, Section 2.1.1]) that D satisfies the triangle inequality

D(f.g) <D(f.h) +D(h,g)

forall f,g,h: P — U. Also, for all fi, f>, g1,82: P — U, we have (see [25, Lemma 3.1])

D(f1/2,8182) < D(f1,81) +D(f2,82). (3.6)

3.3.3. Pretentious multiplicative functions

If f,g: N — U are multiplicative functions, we say that f pretends to be g, and write f ~ g, if
D(f,g) < +co. It follows from (3.6) that if fj ~ g; and f> ~ g», then fi f> ~ g1g2. We say that f is
pretentious if f ~ y - n'' for some ¢t € R and Dirichlet character y, in which case

> (=R () X (p) - p™)) < 4e0.

peP

The value of # is uniquely determined; this follows from (3.6) and the fact that n* + y for every nonzero
t € R and Dirichlet character y (see, for example, [27, Corollary 11.4] or [26, Proposition 7]).

Although real-valued or finite-valued multiplicative functions always have a mean value, we caution
the reader that this is not the case for general multiplicative functions with values on the unit circle. For
example, we have

Ene(ny 7 = N /(1 +it) + on (1),

so we have non-convergent means when ¢ # 0. But even multiplicative functions satisfying f ~ 1 can
have non-convergent means. In particular, if f ~ 1 is a completely multiplicative function, then it is
known (see, for example, [17, Theorems 6.2]) that there exists ¢ # 0 such that

Enern) f(n) = c-e(A(N)) +on (1),

where A(N) := X, <y zl? J(f(p)), N € N. Hence, we have non-convergent means when, for example,

S L8 (p) = +e0,
P

peP

which is the case if f(p) := e(1/loglog p), p € P. This oscillatory behavior of the mean values of
some complex-valued multiplicative functions has to be taken into account and will cause problems in
the proofs of some of our main results.

Finally, we record an observation that will only be used in the proof of Theorem 1.5.
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Lemma 3.4. Let f: N — U be a pretentious finite-valued multiplicative function. Then f ~ x for some
Dirichlet character y and

> 1= ()X (Pl < . 3)

peP

Remark. It can be shown using (3.7) that finite-valued pretentious multiplicative functions always have
convergent means.

Proof. Since f is pretentious, we have f ~ y - n'’ for some ¢t € R and Dirichlet character y. Then
D(n'’, g) < +oco, where g := f -y is a finite-valued multiplicative function. In particular, there exists
d € N for which gd is the constant 1, so from (3.6), it follows that D(ni‘” ,1) < 400, which in turn
implies that r = O (hence, f ~ x) and

3 117<+oo.

PEP: f(p)-x(p)#1

Hence,
1 S
DTSIS(f(p) - x(P))] < +oo.
pEP p
If we combine this with D( f, y) < 400, we deduce that (3.7) holds. O

3.3.4. Aperiodic multiplicative functions
We say that a multiplicative function f: N — U is aperiodic if for every a,b € N,

N

1

Jim Z flan+b) =0.
n=1

The following well-known result of Daboussi-Delange [13, Corollary 1] states that a multiplicative

function is aperiodic if and only if it is non-pretentious.

Lemma 3.5. Let f € M. Then either f ~ x - n' for some Dirichlet character y and t € R, or f is
aperiodic.

In our arguments, we typically distinguish two cases — one where a multiplicative function is
aperiodic; then we show that the expressions we are interested in vanish. The complementary one where
the multiplicative function is pretentious is treated using concentration estimates.

3.4. Some Borel measurability results

Recall that M is equipped with the topology of pointwise convergence. In the proof of Theorem 2.2, we
require certain Borel measurability properties of subsets of M and related maps. The second property
proved below will only be used in the proof of part (2) of Theorem 2.2.

Recall that if f is pretentious, then there exist a unique ¢ = t; € R and a Dirichlet character y such
that f ~ y - n*.

Lemma 3.6.

1. The set M, of pretentious completely multiplicative functions is Borel.
2. The map f + ty from M, to R is Borel measurable.
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Proof. We prove (1). For a, b € N, we let M, ;, be the set of f € M such that

limsup [E,eing f(an+b)| > 0.

N >0

Clearly, M, is a Borel subset of M. By Lemma 3.5, we have M, = U, pen Ma,p, and the result
follows.
We prove (2). By [32, Theorem 14.12], it suffices to show that the graph

L={(f,tr) e M, xR}
is a Borel subset of M, X R. If y, k € N, is an enumeration of all Dirichlet characters, and
Ty = {(f.ty) € Mp xR: f~ xp-n'r},

then
r= U Iy

Hence, it suffices to show that for every k € N, the set I'; is Borel. Note that
Tk := {(f.1) € M X R: D(f . xi - ) < oo}

Since for k € N the map (f,¢) — D(f, yx - n'") is clearly Borel, the set 'y is Borel. This completes the
proof. O

4. Type I Pythagorean pairs

As explained in Section 2.2, in order to complete the proof of Theorem 2.3 (and thus of part (1) of
Theorem 2.2), it remains to prove Proposition 2.4, Lemma 2.6 and Lemma 2.8. We do this in this section.
We start with Proposition 2.4, which we state here in an equivalent form.

Proposition 4.1. Let f: N — U be an aperiodic completely multiplicative function, let €,{’, Q € N and
5 > 0. Then, withws : N2 — [0, 1] described by (3.2), we have

lim Epe(v) wes(m,n) - f(€(Qm +1)* = (Qn)?) - £(£'(Qm + 1)(Qn)) = 0. (4.1)

N —o0
Furthermore, the limit in (4.1) exists for all multiplicative functions f: N — U.

Proof. Recall that
wi(m,n) = Fs((£(m*> =n®)" - (¢'mn)™) - Lpsp, m,n €N,

where Fs: S! — [0, 1] is the continuous function defined in Lemma 3.3. Since F5 can be approximated
uniformly by polynomials, using linearity, we deduce that it suffices to verify (4.1) with ws(m,n)
replaced by (m? — n*)** . (mn)™* - 1,,-,, for arbitrary k € Z. Furthermore, since lim,,_,, (log(Qn +
1) —log(Qn)) = 0, the limit in (4.1) remains unchanged if we replace (m? — n?)*" . (mn)=* . 1,,-, with
((Qm+1)2=(Qn)>)¥ - ((Qm+1)(Qn)) 7 -1,,-, (after we omit +1, the Q’s are going to cancel because
of the conjugate). Hence, in order to establish (4.1), it suffices to show that for every k € Z, we have

lim B, ey Lomsison - fi((Qm +1)* = (Qn)?) - fi.((Qm + 1)(Qn)) =0, (4.2)

N —c0
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where fi(n) := f(n) - n*!, n € N. Note that since the indicator function of an arithmetic progression
is a linear combination of Dirichlet characters, in order to establish (4.2), it suffices to show that for all
Dirichlet characters y, y’, we have

]\}iinmEm,ne[N] Lysn - x(m) - x'(n) - fi(m* = n?) - fi(mn) =0,
or, equivalently, that

Nim By nein) nsn - fie(m® =) - (fie - x)(m) - (fic - ") () = 0. (4.3)

Since f is aperiodic, so is f. Since f is aperiodic, so is Fi - x (and fr - x"). Combining [21, Theorem
2.5] and [21, Lemma 9.6], we deduce that (4.3) holds, completing the proof.

Finally, to prove convergence for all multiplicative functions, we argue as before, using the fact that
convergence in the case ws = 1 follows from [20, Theorem 1.4]. We note that although [20, Theorem
1.4] only covers the case without the weight 1,,~,,, exactly the same argument can be used to cover this
weighted variant. O

Next, we restate and prove Lemma 2.6. Recall that A5, M, and A were defined in (2.6), (2.9) and
(2.13), respectively.

Lemma2.6. Let f € M,\ A 6 >0, ¢ €N, and let (@K)KeN be the Fglner sequence described in
(2.11). Then

Jim Egeo, 1im Bycin) As(f,Q5m,n) =0. (“4)
Proof. Leté > 0and f € M, \ A. Then for some ¢ € R and Dirichlet character y, we have
f(n) =n"-g(n), whereg~ y, g # 1. 4.5)

For reasons that will become clear later, for 6 > 0 and Q € N, let
Ls(f.0)=1(Q)- Q™" lim By nciv) As(f,Q;m,n). (4.6)

Note that the limit in the definition of Ls(f, Q) exists by the second part of Proposition 4.1. The idea
to prove (4.4) is to show that Ls(f, Q) does not depend strongly on Q (it depends only on the prime
factors of Q), so that, as a function of Q, it is orthogonal to any nontrivial completely multiplicative
function with respect to multiplicative averages. Since the left-hand side of (4.4) is the correlation
between L( f, Q) and the completely multiplicative function Q +— f(Q) - Q~'*, which is nontrivial by
(4.5), the conclusion will follow.

Fix € > 0 and take Ky = Ky (¢, f) so that

)y 11,(1 —R(f(p)-x(p) - p7 )+ K, <&
p=Ko

Using Proposition 2.5 (and noting that the function K — D(f, x - n'’; K, N) is decreasing for any fixed
f and N), it follows that for every N > K > Ky and Q € Pk,

Enenvlf(Qn+1) = (Qn)" -exp (Fn (f,K))| < €. 4.7)

Using this identity and Lemma 3.1 with a(n) := f(Qn+1)-(Qn)™" and [ = 1, I, = —1, it follows that

lim SupEm,ne[N],m>n f(Q(m - I’l) + 1) - (Q(m - n))it exXp (FZN (f, K))| <e. (48)

N —o0
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Using (4.7) and Lemma 3.1 with a(n) := f(Qn+1) - (Qn)™" and I| = I, = 1, it follows that

1 SUp By e v (@ -+ 1) + 1) = (@ +m) " exp (Fan (£, K))| << & 4.9)

N —o

Combining (4.7), (4.8), (4.9), and since all terms involved are 1-bounded, we deduce that for every
K > Kpand Q € Ok,

F((Om+1)* = (Qn)?) - fF(Qm +1)

lim sup Em,nE[N],m>n

N —oo

= Q" (=)™ - exp(2Faw (f,K)) - exp(Fy (. K)))| < &

Multiplying by cpp - ws(m,n) - f(Qn) - Q7" - £(Q) = copr - ws(m,n) - f(n) - Q7%, where
cee = f(£) - f(£), we deduce that

lim sup Em,ne[N],m>n Aé(f: Q; m, n) : Qiit . f(Q)

N —c0

—ceo - wa(myn) - (m* =) - m™" - f(n) - exp(2Fan (f,K)) - exp(Fn (f, K))| < e.

This implies that for every K > Kj,

Lé(f’ Q)_

limsup sup
N—ooo Qedg

et Bpperny ws(m,n) - (m> = n®)'" -m™ - f(n) - exp(2Fan (f. K)) - exp(Fn (f. K))| < &.

Since the second term does not depend on Q, we conclude that for every K > Ky and Q,Q’ € Pk,
|ILs(f,Q) — Ls(f.Q")| < &. We can choose & arbitrarily small by sending K — oo, so it follows that

Jimmax |Ls(f. Q) - Ls(f,Q")|=0.

For K € N, let Qg be any element of @k . From the last identity and (4.6), it follows that

KliglmEQeq:K ]\}iglm]Em,ne[N] As(f,Q;m,n) = I(liglmza(f, 0k) Egeay f(Q) - Q™.

By (4.5), we have that Q — f(Q) - @~ is a nontrivial multiplicative function; hence, the last limit is
zero by Lemma 3.2. This establishes (4.4) and completes the proof. m

Lastly, we restate and prove Lemma 2.8.

Lemma 2.8. Let o be a Borel probability measure on M, such that o({1}) > 0 and let A be as in
(2.13). Then there exist 6y, pg > 0, depending only on o, such that

1}511j§oniIéka%(Em,ne[N] /AA(so(f,Q;m,n) dU(f)) > po- (4.10)

Proof. Leta := o({1}) > 0 and for 6 > 0, let

Mg = lim By, neinvywe(m,n).

N —o0

Note that by Lemma 3.3, we have us > 0. For T € R,, we consider the sets
Ar = {(n"an: t € [-T,T1}.

Downloaded from https://www.cambridge.org/core. IP address: 13.201.136.108, on 01 Aug 2025 at 07:31:59, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/fmp.2024.27


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fmp.2024.27
https://www.cambridge.org/core

26 N. Frantzikinakis, O. Klurman and J. Moreira

These sets are closed and, as a consequence, Borel. Since Ay increases to A as N — oo, and the Borel
measure o is finite, there exists Ty = Ty(o") > 0 such that

o(A\ Agp) < 5 4.11)

Note also that since limy, e SUpg ey | l0g(Qn + 1) —log(Qn))| = 0, we have

m  sup  Bpynen]msn|f(E((Qm+ 1) = (Qn)?)) - f(£'(Qm +1)(Qn))-

N= feAq ,QeN
fem* =n?)) - f(&'mn)| =0

and by the definition of ws given in Lemma 3.3, we have

lim limsup sup [Epnnein)we(m.n) - f(E0m* = n®)) - F(&mn) =By e ) ws(m. n)| =
6—=0" N oo feAr,

We deduce from the last two identities that if d¢ is small enough (depending only on 7 and hence only
on o), then for every Q € N, we have

O-(ATE)) T My > a- s,
2 -2 7

N —c0

lim inf 1nf ‘R( mne[N]-L\ A(So(f,Q;m,n)dO'(f)) 2
To

where we used that 1 € Mgy, ; hence, o(Ag,) > o({1}) = a. However, using (4.11) and the triangle
inequality, we get

,Ll 50

lim sup sup
N—-oo QeN

B | L, Aa(F@smn dor ()] <

Combining the last two estimates, we deduce that (4.10) holds with pg := MfT‘S‘).

5. Nonlinear concentration estimates

Our goal is to prove the concentration estimate of Proposition 2.11, which is a crucial ingredient in the
proof of part (2) of Theorem 1.2 and in the proof of Theorem 1.5. In fact, we will prove a more general
and quantitatively more explicit statement with further applications in mind.

Let f, g: N — U be multiplicative functions and let y be a Dirichlet character and ¢ € R. For every

Ko € N, we let
1 - .
Gn(fKo)=2 > —(f(p)-x(p)-n7" =1 (5.1
Ko<p<N, p
p=l  (mod 4)
and
1 -
Di(figixy?i= D, S (=R(() 5. (5.2)
p5f<p(§1)(]):i4)

Proposition 5.1. Let Ko, N € N and f: N — U be a multiplicative function. Let alsot € R, y be a
Dirichlet character with period q, Q =[], <k, p“? for some a, € N, and suppose that q | Q. If N is
large enough, depending only on Q and t, then for all a, b € Zwith—Q < a,b < Q and (a*>+b*,Q) = 1,
we have
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Enmne(n |F((Qm +a)* + (Qn +b)?) = x(a* +b*) - Q%" - (m?* +n*)" - exp (G (f, Ko))| <

(D1 + D) (o x - 0" Ko, VN) + 07 - Di(fo x - 0" N.30°N?) + Q- Dy (o x - n's VN, N) + K572,
(5.3)

where Gy, Dy are as in (5.1), (5.2), and the implicit constant is absolute.

Remarks. o Note thatif f ~ y-n'", wehave limy . D (f, x-n''; N,30%N?) = 0andlimy _,co Dy (f, x-
nit; \/N N) = 0. Hence, renaming K as K, taking the max over all Q € @k, and then letting N — oo
in (5.3) gives the estimate in Proposition 2.11.

o The averaging over both variables m,n € N is crucial for our argument and allows to overcome
issues with large primes. In fact, by slightly modifying the example of [34, Lemma 2.1], one can
construct completely multiplicative functions (both pretentious and aperiodic) f : N — {—1, 1}, such
that for every a € Z,, the averages

Enern] f((Qn+a)* +1)

behave rather ‘erratically’, and a similar concentration estimate fails. However, in [48], Terdvdinen
proved a version of the concentration estimates for values of f(P(Qn+a)), where P € Z[x] is arbitrary
and the multiplicative functions f satisfies f(p) = p” x(p) for p > N (with a somewhat more particular
choice of Q). In our setting, however, we cannot afford to make such assumptions on f.

The proof is carried out in several steps, covering progressively more general settings. Throughout
the argument, we write p || n if p | n but p? { n.

5.1. Preparatory counting arguments
The following lemma will be used multiple times subsequently.
Lemma 5.2. For Q,N € N, a, b € Z, and primes p, q such that p,q = 1 (mod 4) and (pq, Q) =1, let
1
wh.o(p.q) = — > L. (5.4)

N m,ne[N],
p.q || (Qm+a)*+(Qn+b)*

Then
wn.,o(p,p) = 1%(1 - 11—7)2+0(%), (5.5)

and if p # g, we have
wn.o(p.q) = %(1 - %)2(1 - 5)2 +0(%), (5.6)

where the implicit constants are absolute.

Remark. We deduce the approximate identity

1
wn.0(p.q) =wn.0(p.p)-wn.0(4q,q) + O(N)’
which is crucial for the proof of the concentration estimates. However, because of the O(%) errors,
these approximate identities will only be useful to us for sums that contain o(N) terms.
Proof. Throught the discussion, we use € to designate a number in {0, 1,2, 3,4}.
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We first establish (5.5). Let p satisfy the assumptions. Note first that if p | OQn+ b and p | (Om +
a)? + (Qn+b)?, then also p? | (Qm +a)* + (Qn+b)?; hence, we get no contribution to the sum (5.4) in
this case. So we can assume that p ¥ On+ b. Since p = 1 (mod 4), the number —1 is a quadratic residue
mod p, and we have exactly two solutions m (mod p) to the congruence

(Om+a)>+(Qn+b)*=0 (mod p). (5.7

Hence, for those n € [N], we have 2[N/p] + € solutions in the variable m € [N] to (5.7). Since there
are N — [N/p] + € integers n € [N] with p ¥ On + b (we used that (p, Q) = 1 here), we get a total of

2[N/p] (N = [N/p]) + O(N) = 2N?*/p — 2N*/p* + O(N)

solutions of m,n € [N] to the congruence (5.7). Similarly, we get that if p ¥ On + b, then the number
of solutions m, n € [N] to the congruence (Qm + a)*> + (Qn + b)? = 0 (mod p?) is

2[N/p*] (N = [N/p]) + O(N) = 2N*/p* = 2N*/p* + O(N).

(We used that —1 is also a quadratic residuemod p2.) These solutions should be subtracted from
the previous solutions of (5.7) in order to count the number of solutions of m,n € [N] for which
p || (Qm +a)? + (Qn + b)*. We deduce that

1 2 4 2 1y 2, 1y 1
— > 1=———2+—3+0(—)=—(1——) +0(—), (5.8)
N m,ne[N], p p p

p || (Qmira)*+(Qnsb)?

which proves (5.5).

Next, we establish (5.6). Let p, g satisfy the assumptions. As explained in the previous case, those
n € [N] for which p | OQn+ b or g | On + b do not contribute to the sum (5.4) defining wy o (p, q);
hence, we can assume that (pg, On + b) = 1. Let

Ay = % > 1

m,ne[N],
r,s|(Qm+a)*+(Qn+b)?, (rs,Qn+b)=1

and note that

WN,Q(p, q) = Ap,q - Apz’q - Ap’qz +Apz’q2. (5.9)

We first compute A, ,. Since p = ¢ = 1 (mod 4), the number —1 is a quadratic residuemod p and
mod ¢, and we get by the Chinese remainder theorem, that for each n € [N] with p,q t On + b, we
have 4 solutions m (mod pgq) to the congruence

(Om+a)’>+(On+b)>=0 (mod pg).? (5.10)

We deduce that for each n € [N] with (pg,QOn + b) = 1, we have 4[N/(pq)] + € solutions in the
variable m € [N] to the congruence (5.10). Since the number of n € [N] for which (pg, Qn+b) = 1is
N —[N/p] - [N/q] +[N/pq], we get that the total number of solutions to the congruence (5.10) with
m,n € [N] and (pgq,n) = 1is

4[N/(pg)] (N - [N/p] = [N/q] + [N/(pg)]) + O(N) =
N*-(4/(pq)) - (1-1/p—1/q+1/(pg)) + O(N). (5.11)

8If pg > N, these may translate to no solutions in m € [N ], but this is also going to be reflected in our computation below
since in this case, 4[N /(pq)] + € = € could very well be 0.
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Hence,

= - -2 vo(d),

and
4 1 1 1
) (R
rq p q N
Also,
4 1 1 1
A= ma(1=5)(1-7)+0(F)
poq P N
Using the last four identities and (5.9), we deduce that (5.6) holds. This completes the proof. ]

We will also need to give upper bounds for wx o(p, q) when p, g are not necessarily primes, and
also give upper bounds that do not involve the error terms O (1/N) that cause us problems in some cases
(this is only relevant when pg > N). The next lemma is crucial for us and gives an upper bound that is
good enough for our purposes.

Lemma 5.3. For[,Q,N € Nand a,b € Z with —Q < a,b < Q, let

1
wno(l) =15 > 1.
m,ne[N],
1|(Qm+a)*+(Qn+b)?

If L is a sum of two squares, then

2

wn,o(l) < T (5.12)
where the implicit constant is absolute. In particular, if wy o(p,q) is as in (5.4), taking | = p and

[ = pq where p, q are distinct primes of the form 1 (mod 4), we get

0? 0?
wn.o(p,p) < —, wn.o(p,q) < —. (5.13)
P Pq

Remark. These estimates will allow us to show later that the contribution of the m,n € [ N] for which
(Om +a)? + (Qn + b)? have large prime divisors (say > VN) is negligible for our purposes. In contrast,
we could not have done the same for the n € [N] for which n* + 1 have large prime divisors.

Proof. Recall that an integer is a sum of two squares if and only if in its factorization as a product of
primes, all prime factors congruent to 3 (mod 4) occur with even multiplicity. It follows that if / is a sum
of two squares and / | (Qm +a)? + (Qn + b)?, then the ratio ((Qm +a)? + (Qn +b)?)/1 is also a sum of
two squares. We deduce from this and our assumption |a|, |b| < Q that if / is a sum of two squares, then

1 2
o s > <L
k<302N2/I
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where r; (k) denotes the number of representations of k as a sum of two squares, and to get the second
estimate, we used the well-known fact }; ., 72 (k) < n. This completes the proof. O

5.2. Concentration estimate for additive functions

We start with a concentration estimate for additive functions that will eventually get lifted to a concen-
tration estimate for multiplicative functions.

Definition 5.1. We say that h: N — C is additive if it satisfies h(mn) = h(m) + h(n) whenever
(m,n) =1.

Lemma 5.4 (Turan-Kubilius inequality for sums of squares). Let Ko, N € N, a,b € Zwith—Q < a,b, <
0, and h: N — C be an additive function that is bounded by 1 on primes and such that

1. h(p) =0 forall primes p < Ky and p > N;
2. h(p) = 0 for all primes p = 3 (mod 4);
3. h(pk) = 0 for all primes p and k > 2.

Letalso Q = [1,<k, p“r for some a,, € N. Then for all large enough N, depending only on Ko, we have

Epnen [1((Qm +a)? + (Qn+b)?) = Hy (h, Ko)[* < D*(h; Ko, VN) + 0% - D*(h; VN, N) + K; ',

(5.14)
where the implicit constant is absolute,
h
Hy (h,Ko) :=2 Z hp) (5.15)
Ko<p<N p
o<p=
and
|h(p)|?
D?(h; Ko, N) := .
2

Ko<p<N

Proof. We consider the additive functions hp, hp, which are the restrictions of & to the primes
Ko<p< VN and VN < p < N.° More precisely,

h(p), if k=1andKy<p < VN

hy(p*) =
1(P) 0, otherwise
and
ke |h(p), if k=land VN <p <N
ha(p™) = . :
0, otherwise
We also define
h;
Hin (hi, Ko) =2 Z hilp) 2y 0, (5.16)

Ko<p<N

°If we worked with & only, we would run into trouble establsihing (5.25) below, since a non-acceptable term of the form
O(Zp.g<N N~") would appear in our estimates. For A, this term becomes O(Zp quN_l) = O((log N)~2%), which
is acceptable. We could have also worked with the restriction to the interval [Kp, N¢] for any a < 1/2. In the case of
linear concentration estimates, this splitting is not needed since the error that appears in this case is O(X ,q<n N7 =
O(loglog N /log N).
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and the technical variant

Hi 5 (hi;0.Ko) = > ww,0(p) - m(p), (5.17)
Ko<p<N
where
1
wn.o(p) = = Z 1. (5.18)
m,ne[N],

p || (Qm+a)>+(Qn+b)*

(Note that wy o(p) = wn,0(p, p), where wy o(p, g) is as in (5.4).) The reason for introducing this
variant is because it gives the mean value of /; along sums of squares. Indeed, using properties (1)—(3),

we have
2 2N
Emneiny M1 ((Qm +a)” + (Qn+b)°) = By nen] Z h(p)
P |1 (Qm+a)?+(Qn+b)?
1 ’
2 2. 2. 1=Hj y(h,0.Ko). (5.19)
Ko<p<N m,ne[N],

p || (Qm+a)>+(Qn+b)?

Using (5.5) of Lemma 5.2 and that ;(p) = 0 for p > VN and h;(p) is bounded by 1, we get

1 1 1 1
|[Hi N (h1, Ko) — H  (h1,Q,Ko)| < S +t—==—+—. (5.20)
" b Z P> VYN Ko N
K0<p5\/ﬁ

Hence, in order to prove (5.14), it suffices to estimate
, 2
Emnein] |l ((Qm +a)* + (Qn+b)*) — H{ \ (h1,0,Ko)| (5.21)
and
2
Enmnen|h2((Qm +a)* +(Qn+b)))|" + |Hao,n (hi, Ko) . (5.22)
We first deal with the expression (5.21). Using (5.19) and expanding the square below, we get
, 2
Emne[n] [h1((Qm +a)® + (Qn+b)*) - H \ (h1,Q.Ko)|" =
2 ’
Emnein] [11((Qm +a)* + (Qn+b)))|" = |H] (11,0, Ko)I>.  (5.23)

To estimate this expression, first note that since k; is additive and i1 (p*) = 0 for k > 2, we have

2 2
Buneint 11 (@m+a@? + @1+ 02 =Bppewr| Y, m)|. 524
p 1l (Qm+a)*+(Qn+b)>

Expanding the square, using the fact that 4;(p) = O unless Ky < p < VN, and the definition of
wn,o(p,q) given in (5.4), we get that the right-hand side is equal to

D@ wnopp)+ > () hig) - who(p.g).
Ko<p<VN Ko<p.g<VN, p#q
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Using equation (5.5) of Lemma 5.2, we get that the first term is at most

2
5. Z |h1(p)| o),
p

Ko<p$‘/ﬁ

Using equations (5.5) and (5.6) of Lemma 5.2, we get that the second term is equal to (we crucially use
the bound p, ¢ < VN here and the prime number theorem)

> mip) hi(q)  wh.o(pp) - wN.0(g,q) + O((log N)™2) <
Ko<p.q<VN, p#q

(Hi 5 (h1,0,K0))* + O((log N)7?),
where to get the last estimate, we added to the sum the contribution of the diagonal terms p = g (which

is nonnegative), and used (5.17) and the fact that h;(p) = 0 for p > VN. Combining (5.23) with the
previous estimates, we are led to the bound

Emne[n] |11 ((Qm +a)* + (Qn + b)) - H{ y(h1,0, Ko)|2 <
D?(hy; Ko, VN) + O((log N)™2). (5.25)

Next, we estimate the expression (5.22). Since h; is additive and satisfies properties (1)—(3), we get
using (5.24) (with h, in place of ;) and expanding the square

Emncivt [((@m+a +(@n+ b)) = 3" ha(p) ha(g) w0 (p. )-
VN<p,qg<N

Since h(p) # 0 only when p = 1 (mod 4), using (5.13) of Lemma 5.3, we get that the right-hand side
is bounded by

B S L CT

VN<p,g<N pq VN<p<N P
0. (( Z —|hzl()p)|)2+D2(h2;\/ﬁ, N)) <
\W<p§N

Q2-( Z LA Z %+D2(hz;\/N,N))<<Q2-D2(h2;\/N,N),

p
\W<psN \/ﬁ<p§N

where we crucially used the estimate

Similarly, we find

(Hon (2 Ko =4( ) M)2 <« D*(ha; VN, N).
\/ﬁ<psN P
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Combining the previous estimates, we get the following bound for the expression in (5.22):
2
Ene(n) (h2((Qm +a)* +(Qn+b)*))" + (Ho,n (h1.Ko))* < Q% -D*(h; VN,N). (5.6

Combining the bounds (5.20), (5.25), (5.26), we get the asserted bound (5.14), completing the
proof. O

5.3. Concentration estimates for multiplicative functions

Next we use Lemma 5.4 to get a variant that deals with multiplicative functions.

Lemma 5.5. Let Ko, N € N, a,b € Zwith—-Q < a,b < Q, and f: N — U be a multiplicative function
that satisfies

1. f(p) =1 forall primes p < Ky and p > N;
2. f(p) =1 forall primes p = 3 (mod 4);
3. f(p*) = 1 for all primes p and k > 2.

Let also Q =[], <k, p“? with ap € N. If N is large enough, depending only on Ky, then

Emne(n|f((Qm+a)* + (Qn +b)*)=exp (Gn (f, Ko))| <
(D +D?)(f.1: Ko, VN) + Q- D(f. VN, N) + K, *, (5.27)
where the implicit constant is absolute and
1
Gn(f.Ko) =2 Y —(f(p)-1). (5.28)
Ko<p<N

Proof. Let h : N — C be the additive function given on prime powers by

h(p*) = f(p*) - 1.

We note that due to our assumptions on f, properties (1)—(3) of Lemma 5.4 are satisfied for #/2, which
is bounded by 1 on primes.
Using that z = e*~! + O(|z — 1|?) for |z| < 1 and property (3), we have

fm+nty= [T 705 =[] (exp(h(p))+0Un(p)).
pk || m2+n? p || m2+n?
Applying the estimate | []; <x zi — [1;<x Wil < X<k |zi — wil, we deduce that for all m,n € N, we have
o4y =exp(h(m® +n2) +0( Y h(p)P).
p || m2+n?

Using this and since G y (f, Ko) = Hy (h, Ko), where Hy (h, Kp) is given by (5.15), we get

Enne(n |£((Qm +a)* + (Qn +b)*) — exp (Gn (f, Ko))| <
Emne(nlexp (A((Qm +a)* + (Qn + b)?)) — exp(Hn (h, Ko)) |+

Epmneln | > Ih(p)IP. (5.29)
p 1 (Qm+a)?+(Qn+b)?
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Next we use the inequality |e?! — e®| < |z; — z2|, which is valid for Rz;, Rz, < 0, to bound the last
expression by

Emne[n1h((Qm +a)* + (Qn +b)*) = Hy (h, Ko)| + Ep,ne(n > Ih(p)IP. (5.30)
p |l (Qm+a)*+(Qn+b)?

To bound the first term, we use Lemma 5.4. It gives that for all large enough N, depending on Ky only,
we have

Emne[n |R((Qm +a)* + (Qn +b)?) = Hy (h, Ko)| <
D(h; Ko, VN) + Q - D(h; VN, N) +Kg% < D(f,1;Ko, VN) + Q0 - D(f, 1; YN, N) +K;%, (5.31)

where to get the last bound, we used that |2(p)|*> < 2 — 2R(f(p)), which holds since | f(p)| < 1. To
bound the second term in (5.30), we note that using properties (1)—(3) of Lemma 5.4, we have

Em,nen Z |h(p)* = Z |h(p)* wr.o(p) <
p |l (@m+a)?+(Qn+b)? Ko<p<N

|h(17)|2 +0((lo -1 2 . -1
§ E— gN)™) <D°(f,1;Ko,N) +O((logN)™"), (5.32)
Ko<p<N p

where wx_p(p) is asin (5.18) and we used equation (5.5) of Lemma 5.2 and the prime number theorem
to get the first bound. Combining (5.29)—(5.32), we get the asserted bound. O

We use the previous result to deduce the following improved version.

Lemma 5.6. Let Ko, N € N and f: N — U be a multiplicative function such that f(p) = 1 for all
primes p > N with p = 1 (mod 4). Let also Q = [],<k, p“? with a, € N. If N is large enough,
depending only on Ky, then for all a,b € Z with —Q < a,b < Q and (a*> + b*, Q) = 1, we have

Emne(N] |[f((Qm +a)* + (Qn+b)*) —exp (Gn (f. Ko))| <
(Dy +D%)(f, 1; Ko, VN) + QO - Dy (f, 1; VN, N) +K<;%’ (5.33)
where the implicit constant is absolute and
1
Gn(fK) =2 D, S (f()=D, (5.34)

Ko<p<N;
p=1l  (mod 4)

DI(f Ly = Y (=R
xX<p<y; p
p=1l  (mod 4)

forx < y.

Proof. We first define the multiplicative function f: N — U on prime powers as follows

f(pk) = {f(pk)9 if p > Ko

1, otherwise

Since p < Ko implies p | Q and (a” + b%, Q) = 1, we get that p  (Qm + a)*> + (Qn + b)? for every
p < Kop; hence,

F(Om+a)*+ (On+b)?) = F((Qm +a)* + (Qn+b)*) forevery m,n € N.
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Note also that Gy (f, Q) = Gy (f, Q) and D;(f, 1; Ko, N) = D (f, 1; Ko, N). It follows that in order
to establish (5.33), it is enough to show that for all large enough N, depending only on Kj, we have

Enmnen)|F((Qm +a)® +(Qn+b)*) —exp(Gn (£, Q)] <
(D) +D2)(f, 1; Ko, VN) + 0 - Dy (F, VN, N) + K, 2. (5.35)

In order to establish (5.35), we make a series of further reductions that will eventually allow us to
apply Lemma 5.5. For every p = 3 (mod 4), we have that p | m? + n? implies that p | m and p | n.
Consequently, the contribution to the average of those m,n € [N] for which (Qm + a)? + (Qn + b)? is
divisible by some prime p = 3 (mod 4) is (note that (Qm + a)? + (Qn + b)? is only divisible by primes
p > Ko)

N2

p

1
< —,
Ko

Ko<p<N

which is acceptable.

Next, we show that the contribution to the average in (5.35) of those m,n € [N] for which (Qm +
a)* + (Qn + b)? is divisible by p? for some prime p = 1 (mod 4) with p > Py (hence p 1 Q) is also
acceptable. Indeed, for fixed n € [N] such that p 4 On + b, there exist at most 2[N/p?] + 2 values of
m € [N] such that p? | (Qm +a)* + (Qn + b)%>. However, if p | Qn+b and p | (Qm +a)* + (Qn + b)?,
then also p | Om + a. Hence, the contribution to the average in (5.35) of those m,n € [N] for which
(QOm +a)? + (Qn + b)? is divisible by p? for some prime p = 1 (mod 4) is bounded by (note again that
(Qm + a)* + (Qn + b)? is only divisible by primes p > Kj)

2
1 N 1 1
<<—2( Z ([ﬁz +1)N+ Z [—] )<<K_+_1 N’
N\ Sin e Ko<p<n LP 0o 108

where we used the prime number theorem to bound % 2Ko<p<n 1.
Combining the above reductions, we deduce that in order to establish the estimate (5.35), we may
further assume that

f(p*) =1 forall peP, k>2, and f(p*) =1 forall p=3 (mod 4), k € N. (5.36)

We are now in a situation where Lemma 5.5 is applicable and gives that for all large enough N,
depending only on Ky, if D (f, 1; Ko, N) < 1, we have (note that (5.36) implies that D; (f, 1; Ko, N) =
D(f,1; Ko, N))

Emne[n1|f((Qm +a)* + (Qn+b)*) — exp(Gn (. Ko))| <
(D1 +D3)(f, 15 Ko, YN) + Q - Dy (f, 1; VN, N) + Ky 2.

Combining this bound with the bounds we got in order to arrive to this reduction, we get that (5.35) is
satisfied. This completes the proof. O

5.4. Proof of Proposition 5.1

We start with some reductions. Suppose that the statement holds when y = 1 and ¢t = 0. We will show
that it holds for arbitrary y and ¢. Let f := f - )¢ -n~*, and apply the conclusion for y = 1, = 0. We get
the following bound for f:

Emne(n | F((Om +a)? + (Qn +b)?) —exp (Gn (f, Ko))| <
(D1 +D3)(f, 1; Ko, VN) + Q2 - D1 (f, 1;N,30°N?) + 0 - Dy (f, 1, VN, N) + K; 2. (5.37)
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Note that since y is periodic with period g and ¢ | Q, we have y ((Qm+a)>+(Qn+b)?) = y(a*+b?) for
every m,n € N. Furthermore, since by assumption (a>+ 5%, Q) = 1 and ¢ | Q, we have (a*>+b?,q) = 1;
hence, |y(a® + b?)| = 1. Also, lim, ,—e0((Qm + a)? + (Qn + b)?) — Q%" . (m? + n?)"" = 0 and
Di(f, 1;x,y) = Di(f, x - n'*;x, y). Lastly, note that

s |- 1 - .
Gn(fK)=2 > —(fm-D=2 >  —(fp)-xp)-n" = 1)=Gn(f.Ko).
Ko<p<N, p Ko<p<N, p
p=l  (mod 4) p=l  (mod 4)

After inserting this information in (5.37), we get that (5.3) is satisfied.
So it suffices to show thatif Q =[], <k, p“» for some a,, € N, then if N is large enough, depending
only on Q, and Dy (f, 1; Ky, N) < 1, we have
Epne(n |£((Qm +a)* + (Qn +b)*) — exp (G (f, Ko))| <
(D1 +D?)(f,1; Ko, VN) + Q% - Dy (f, 1;N,30°N?) + 0 - Dy (f, ; VN, N) + K, '/2. (5.38)

For every N € N, we decompose f as f = fn,1 - fv,2, where the multiplicative functions
In.1, fn2: N — U are defined on prime powers as follows:

f 1(Pk) — f(p)a if kzlaﬂdP>N,P51 (m0d4)
M L otherwise ’
Fya(ph) = L, if k=landp>N,p=1 (mod4)
N2 = f(p%), otherwise ’

We first study the function fj ;. Following the notation of Lemma 5.3 for [, O, N € N, we let

1
wio(l) = o3 Z 1.

m,ne[N],
1|(Qm+a)*+(Qn+b)?

Lemma 5.3 implies that if / is a sum of two squares, then

Q2
WN’Q(Z) < T (5.39)
Since for N > Q we have fy.1((Qm +a)? + (Qn+b)?) — 1 # 0 only if (Qm +a)> + (Qn + b)?* is
divisible by one or two primes p > N, we get

Enneini v ((Qm+a)* +(Qn+b)*) - 1] <
D I = wno(p) + > 1£(pg) = 1lwn.0(pg), (5.40)

N<p<3Q’N?, N<p,g<3Q*N?2, p#q
p=1  (mod 4) p.q=1 (mod 4)

where we used that fx 1(p) = f(p) for all p > N, and in the second sum, we have ignored the
contribution of the diagonal terms p = g since, by construction, fy.i(p?) = 1 for all primes p. Using
(5.39) for I := p, which is a sum of two squares since p = 1 (mod 4), we estimate the first term as
follows: !

WFor m,n € [N]and —-Q < a,b < Q, we have (Qm + a)*> + (Qn + b)? < Q?N?, so if (Qm + a)® + (Qn + b)? was
divisible by three or more primes greater than N, we would have N3 <« Q2N 2, which fails if Q < N.

Bounding w0 (p) using (5.5) would lead to non-acceptable errors here, because the range of summation is much larger
than N.
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-1
S e -twwepm <0y L=l
N<p<30Q*N?, N<p<30°*N?, p
p=l  (mod 4) p=l  (mod 4)
1120\ 1\ 4
oy MDY <o),
N<p<30Q°N?, p N<p<30Q°N?2, p
p=l  (mod 4) p=1  (mod 4)

where we used that ).y <, <302 52 % < 1 for N > Q. Similarly, using (5.39) for [ := pg, which is a sum
of two squares since pg = 1 (mod 4), we estimate the second term in (5.40) as follows (note that since

p # q,wehave f(pq) = f(p)f(q)):

[f(p) =1+ 1f(@) = 1] _

> 1£(pg) = 1lwno(pg) < Q* >

N<p,q<3Q*N?, p#q, N<p,g<3Q0>N?, Pq
p.q=1 (mod 4) p.q=1 (mod 4)
-1 2,1 1 1
207 ( =10 — )7 < Q- Di(f, 15N,30°NY),
N<p,g<3Q*N?, pq N<p,qg<30°>N?2,

p.g=1  (mod 4) p.q=1  (mod 4)

where we used that 3 <, <302n2 % < 1 for N > Q. Combining the above estimates and (5.40), we
deduce that for N > Q, we have

Emne(n]|fv.1((Qm+a)* + (On+b)?) - 1| < Q> -Dy(f, 1;N,30°N?). (5.41)

Next, we move to the function f,. Since f>(p) = 1 for all primes p > N, Lemma 5.6 is applicable.
We get that if N is large enough, depending on K, we have

Ennein|fiv,2((Qm +a)* + (Qn+b)*) —exp(Gn (f. Ko))| <
_1
(D1 +D})(f.1:Ko. VN) + Q - Dy (f, . VN, N) + K, 2, (5.42)
where we used that fy 2(p) = f(p) for all primes p = 1 (mod 4) with p < N; hence, Gy (fn,2,Ko) =
GN(f,K()) and Dl(fN,Z, 1;K0,N) = Dl(f, 1;K0,N).

Finally, we use the triangle inequality and combine (5.4 1) and (5.42) to obtain that the left-hand side
in (5.38) is bounded by

Eunnein (1fv.1((Qm+a)* + (Qn+b)*) = 1 +|fiy 2((Qm +a)* + (Qn + b)*) — exp(Gn (f. Ko)))
< (D1 +D})(f, 1: Ko, VN) + Q% - Dy (£, 1;N,30°N?) + Q - D1 (f, 1; VN, N) + K 2.

Thus, (5.38) holds, completing the proof.

6. Type II Pythagorean pairs and more
6.1. Proof of Theorem 2.9

As explained in Section 2.3, in order to complete the proof of Theorem 2.9 (and hence of part (2) of
Theorem 2.2), it remains to prove Proposition 2.10, Proposition 2.12 and Lemma 2.13. We do this in
this section.

We repeat the statement of Proposition 2.10 and explain how it can be derived from results in [21].
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Proposition 6.1. Let f: N — U be an aperiodic completely multiplicative function. Then for every
6>0and,l',Q € N, we have

im By ey o (m.n) - f(E(Qm+ 1)+ (Qn)*) - f((@m+1)(Qn) =0, (6.1)

where W s(m, n) is as in (3.3).
Proof. Recall that

Wws(m,n) = Fs((€(m* +n?)" - (('mn)™), m,neN,

where Fs: S! — [0, 1] is the continuous function defined in Lemma 3.3. Using uniform approximation
of Fs by trigonometric polynomials and linearity, we get that it suffices to verify (6.1) when w s (m, n)
is replaced by (m? + n*)*" - (mn)~*! for arbitrary k € Z. Furthermore, the limit remains unchanged if
we replace (m? + n?)K - (mn)~% with ((Qm + 1)> + (Qn)>)** - ((Qm + 1)(Qn)) ¥ (the +1 makes no
difference asymptotically, so we can omit it, and then Q7 is going to cancel because of the conjugate).
Hence, it suffices to establish that for every k € Z, we have

im By nein fe((@m+ 1) +(Qn)?) - fie((@m +1)(Qn) =0, 6.2)

where fi(n) := f(n) - n*!, n € N. Note that since the indicator function of an arithmetic progression
is a linear combination of Dirichlet characters, in order to establish (6.2), it suffices to show that for all
Dirichlet characters y, y’, we have

Aim By ey x(m) - x" () « fi(m® +n?) - fic(mn) =0
or, equivalently, that

Jim By ey fe(m? +0%) - (fic- x) (m) - (fic - x') () = 0. 6.3)

Since f is aperiodic, so is fi - x (and fx - x"). By [21, Theorem 9.7] (applied to Q(m, n) := m? + n?),
we deduce that (6.3) holds, completing the proof. O

Recall that in (2.11), we defined the multiplicative Fglner sequence (®g ) by

¢Kzz{l_[p“P:K<ap§2K}, K e N.
pP<K

Note that every g € N divides all elements of ®x when K € N is large enough depending on g.
The next result is a key ingredient in the proof of Proposition 2.12 below.

Lemma 6.2. Let f: N — S be a completely multiplicative function such that f ~ y - n'* for some
t € R and Dirichlet character y. Let also 6 > 0 be fixed, W s be as in (3.3), and (@) be as in (2.11).
For Q,N € N, we let

LsN(f,0Q) :=Eppeiv) Ws(m,n) - f(E((Qm+1)* +(Qn)?)) - f(L'(Qm+1)n)  (6.4)

and
Lsn(f,0) =07 - Ls.n(f, Q) (6.5)
Then
11“00112153}’ omax ILs.n(f.Q) = Lsn(f,0)=0. (6.6)
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Proof. For K € N, let Fy (f,K) and Gy (f, K) be defined as in (2.12) and (2.18), respectively.
We apply the concentration inequalities of Proposition 2.5 and Proposition 2.11. Since f ~ y - n!
for some ¢ € R and Dirichlet character y, we get that

Qim limsup max Epeiwlf(Qm +1) - (Qm)" exp (Fn (f,K))| =

K —o0 N >0

and

hm lim sup max En ne[lef ((Qm +1)* + (Qn)?) = Q*" - (m* +n*)" - exp (Gn (f, K))| =

Koo N0 Qe

We deduce that if

Msn(f) = (0 F()  Bpnein) Wolm,n) - (m* +n®)" -m™" - f(n),

then
Aim limsup max ILs,n(f,Q) = Ms.n(f) - exp(Gn (f,K)) - exp(Fn (f,K))| =0
K=o N 00
Using this identity and the triangle inequality, we deduce that (6.6) holds. O

Recall that M, and A were defined in (2.9) and (2.13), respectively. The next result follows easily
from Lemma 3.2 and the continuity of finite Borel measures.

Lemma 6.3. Let o be a Borel probability measure on M. Then for every & > 0, there exist a Borel
subset Mz of M, \ A and Ky € N, such that

c(Mp\ A\ M) <e (6.7)
and

fSlj\I/)t [Egeax f(Q)- Q7' | < & forall K > Ko, (6.8)
€

&

where ty is the unique real for which f ~ x - n''s for some Dirichlet character y.
Remark. The important point is that Ky does not depend on f as long as f € M.

Proof. Lete > 0. Form € N, we let
Mem ={f € Mp \ A: [Egeay f(Q) Q7| < & forall K > m}.

Note that by Lemma 3.6, the map f + ¢ from M, to R is Borel; hence, for every & > 0, the sets M, ,,
form an increasing family of Borel sets. Since for f ¢ A we have f - n™''/ # 1, we get by Lemma 3.2
that for every f € M, \ A, we have

Jlim Egco, f(Q)- Q7 =0
Hence,

Mp\A) = Mem.

meN
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It follows that there exists mg € N such that
o (Mp \ A\ Mg ) < &

Renaming M ,,,, as M, and letting K := mg gives the asserted statement. O

Using the previous two results, we are going to prove Proposition 2.12, which we formulate again
for convenience.

Proposition 2.12 . Let (®k), A, Bs(f,Q;m,n) be defined by (2.11), (2.13), (2.16), respectively, and
0>0. Let also o be a Borel probability measure on M. Then

K—oo N >0

Jim _lim sup (B coy Emne[N]/ Bs(f,Q:m,n)do(f)|=
Mp\A

Proof. Let 6,& > 0. By Lemma 6.3, there exists Ky = Kyo(o") € N and a Borel subset M . of M \ A,
such that

c(Mp\ A\ M) <e/4 (6.9)
and

sup |Egeay f(Q) - Q7| < g/2 forall K > K. (6.10)
€

&

Because of (6.9), and since |Bs(f,Q;m,n)| < 1, it suffices to show that

lim sup lim sup |[Egecay Em,ne[N]/ Bs(f,Q;m,n)do(f)| < e. (6.11)
M.‘;

K—o0o N-—>oo

As in Lemma 6.2, for Q, N € N, we let

Lsn(f.0):=f(Q) 0" -Epnein) Bs(f.Qim,n).
We also let for O, N € N

1(Q.N) := Ep ne( N]/M Ba(f,Q;m,n)dO'(f)=/M Q) -0 - LN (f,Q)do(f). (6.12)

Finally, for K € N, we let Qg be an arbitrary element of @, and define

Ii(Q,N) = /M f(Q)-07 -Lsn(f,Qk)do(f), Q€ ®g,NeN. (6.13)

Recall that by part (2) of Lemma 3.6, the map f + ¢ from M, to R is Borel, so the integral defining
1,(Q, N) is well-defined. Using (6.12) and (6.13), we get that

Juax l1(Q,N) - I,(Q,N)| < Juax ILsN(f.Q)— Lsn(f.Qk)l, KeN.

We deduce from this and equation (6.6) of Lemma 6.2 that

hm lim sup max [I(Q,N) - 1i(Q,N)| =

K=o N 500

It follows from the above facts that in order to show that (6.11) holds, it suffices to show that

limsup limsup |[Egea, 11(Q, N)| < &. (6.14)

K—oo N>
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Using the definition of 71 (Q, N) in (6.13) and the estimate (6.10), we get that for every K > K, we have

sup [Egea, 11(Q,N)| < sup [Egeo, f(Q) 07| <e.
NeN fem

&

Hence,
limsup limsup |Egea, [1(Q,N)| < &,
K—co N-oo
establishing (6.14) and completing the proof. O

Finally, we restate and prove Lemma 2.13.

Lemma 2.13. Let o be a Borel probability measure on M, such that o({1}) > 0 and A as in (2.13).
Then there exist 8¢, po > 0, depending only on o, such that

g inf nf R (B ety /A Bay(f.0:m.m) dor(f)) = po. (6.15)

Proof. Using the positiveness property of the weight W s(m, n) in Lemma 3.3, the proof is identical to
the one used to establish Lemma 2.8, and so we omit it. O

6.2. Proof of Theorem 1.8

We sketch the proof of Theorem 1.8. Following the reduction in Section 2.1, we need to show that under
the assumptions of Theorem 2.2, we have

lgnjngiZ%ne[N]‘//\Af(n(n+l)) - f(m2)do(f) > 0. (6.16)

To prove this, we follow the argument used in the proof of part (2) of Theorem 2.2.'> We will restrict
our average to the grid {(Qn,m): m,n € N}. This is why for f € M and Q,m,n € N, we let

B(f,Q:m,n) := f((Qn)(Qn+1)) - f(m?).

(For reasons that will become clear shortly, in this case, we do not have to introduce any kind of
weight ws.)
We first claim that if f € M is aperiodic, then for every Q € N, we have
. 1
A}@ME"g vy BUf.Qsm,n) =0.

m,ne

(This corresponds to Proposition 2.10.) Since f is completely multiplicative, it suffices to show that
. 1 . 1
]yinwE;g[N] f(n)-f(@n+1)=0 or lim E, % v f2(m) = 0. (6.17)

Suppose that £ does not have logarithmic mean value 0. Then by a consequence of a result of Haldsz
[30], we have f 2.1 Combining this with the following consequence of a result of Tao in [47], we
deduce that (6.17) holds.

12We follow part (2) of Theorem 2.2 and not part (1) because we do not know that the limit of the averages El;lgne[N] f(n(n+

1)) - f (m?) exists for every f € M.
3Haldsz’s theorem gives that f 2 ~ n'’ for some 7 € R, but for logarithmic averages, we have that if g ~ n'* for some ¢ # 0,
then g has mean 0.
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Lemma 6.4. Suppose that f € M is aperiodic and satisfies f> ~ 1. Then for every Q € N, we have
. It
1\}12100 E:S[N] fn)-f(On+1)=0. (6.18)

Proof. We say that f € M is strongly aperiodic if for every Dirichlet character y and A > 1, we have
limy oo miny<any D(f, x - n''; 1, N) = +oo. It was shown in [47, Corollary 1.5] that if f is strongly
aperiodic, then (6.18) holds for every Q € N. Thus, it remains to show that if f is aperiodic and f? ~ 1,
then f is strongly aperiodic. This can be shown exactly as in the proof of [19, Proposition 6.1]; the
assumption f2 ~ 1 in our setting replaces the assumption f* = 1 for some k € N that was used
in [19]. m]

Using the previous claim and the bounded convergence theorem, we get that it suffices to establish
(6.16) when the range of integration M is replaced by the subset M, of pretentious multiplicative
functions.

Next, we claim that if (@) is asin (2.11) and o is a Borel probability measure on M, then

lim limsup [Egea, B, v, /M o, B @imm do (] =0 (6.19)
P

K=o N 500

(This corresponds to Proposition 2.12. Note that .4 can be replaced by {1} in this case, which is the
reason why the weight W s is not needed for this argument.) To prove this, we argue as in the proof of
Proposition 2.12. If f ~ y - n''s for some ¢ r € R and Dirichlet character y, for O, N € N, we let

Ly(f,0) =07 -E% o f(n(Qn+1))- f(m?)
and show that

lim thUPQmaX ILs.N(f,Q) = Lsn(f, Q) =0

—® N-ooo

We do this exactly as in the proof of Lemma 6.2, using in this case the concentration estimate of
Proposition 2.5 for logarithmic averages (see the third remark following Proposition 2.5). Then (6.19)
follows exactly as in the proof of Proposition 2.12. The reason why we only have to exclude the
multiplicative function {1} in the integral in (6.19) (versus the set A of all Archimedean characters) is
because in our current setting, we have

Em,ne[N] B(f> o;m, n) = f(Q) . Qi[f ' Z‘N(f’ Q),

and Q — f(Q) - Q' is the trivial multiplicative function only when f = 1. Note also that the variant
of Lemma 2.13 is trivial in our case, since A is replaced by {1}. With the above information, we can
complete the proof of (6.16) exactly as we did at the end of Section 2.3.

7. Pythagorean triples on level sets - Reduction to the pretentious case

First, let us recall a convention made in Section 2.4, which we will continue to follow in this and the
next section. When we write E’,‘( e WE mean the limit limg _,co Exea, , Where (Pg ) is a multiplicative
Fglner sequence chosen so that all the limits in the following statements exist. Since it will always be the
case in our arguments that only a countable collection of limits needs to be considered, such a Fglner
sequence can be taken as a subsequence of any given multiplicative Fglner sequence.

As explained in Section 2.4, the proof of Theorem 2.14 splits in two parts, Propositions 2.16 and 2.18.
Our goal in this section is to establish the first part, which we now state in a more general form (we do
not assume that f takes finitely many values).
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Proposition 7.1. Suppose that for every completely multiplicative function h: N — S!, with h ~ n' for
some t € R, modified Dirichlet character ¥ : N — st and open arc I on St around 1, we have

tim inf B e[ ].m>n E; oy A(k (m? = n?)) - A(k - 2mn) - A(k (m* +n%)) > 0,
where
A(n) .= F(h(n))-F(y(n)), neN, F:=1j.
Then for every completely multiplicative function f: N — S' and open arc I around 1, we have

liminf By ne(n),mon By F(f (K (m* =n?))) - F(f(k2mn)) - F(f (k (m* +n?))) > 0,

where F is as before. Furthermore, if our assumptions hold for all finite-valued completely multiplicative
functions h, then the conclusion holds for all finite-valued completely multiplicative functions f.

7.1. Preparation
Recall that we write f ~ g if D(f, g) < +oo, where D( f, g) is as in (3.5).

Lemma 7.2. Let f: N — S! be a completely multiplicative function such that f ~ n' for some t € R.
Then for every d € N, there exists a completely multiplicative function g: N — S, such that g ~ n'*/4
and g% = f. Furthermore, if f takes finitely many values, then so does g.

Proof. Suppose first that f ~ 1. Then f(p) = e(0,), p € P, for some 6, € [-1/2,1/2) with

DipeP ﬂ < +co. Hence, Y ,cp if < +4o00. We define the completely multiplicative function
g:N— Sl by

g(p) :==e(,), where 8, :=6,/d, p €P.

We have g¢ = f. Also, Zpep < +o0; hence, g ~ 1.

Now suppose that f ~ n'?, and letd € N.Then f-n"" ~ 1, and the previous argument gives that there
exists #: N — S! with & ~ 1 such that k¢ = f-n™"" Let g := h-n'"/?. Theng? = fand g ~ n'*/4. 1

A similar statement is not always true when f ~ y where y is a Dirichlet character (not even when
f=x.

We remind the reader that modified Dirichlet characters y were defined in Section 3.3. If a completely
multiplicative function f: N — S! is such that f’ is aperiodic for every / € N, then things are easier for
us. If this is not the case (for example, it is never the case when f is finite-valued), then the next lemma
gives a useful decomposition to work with.

Lemma 7.3. Let f: N — S! be an aperiodic completely multiplicative function such that f¢ is
pretentious for some d € N, and suppose that d > 2 is the smallest such d. Then there exist completely
multiplicative functions g, h: N — S' and a Dirichlet character y, such that

1. f=g-h
2. g,...,8% "  are aperiodic and g = ¥.
3. h ~n' for somet € R.

Furthermore, if f takes finitely many values, then so does h and h ~ 1.

Downloaded from https://www.cambridge.org/core. IP address: 13.201.136.108, on 01 Aug 2025 at 07:31:59, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/fmp.2024.27


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fmp.2024.27
https://www.cambridge.org/core

44 N. Frantzikinakis, O. Klurman and J. Moreira

Proof. By our assumption, we have that f, ..., £ 1 are aperiodic and f¢ ~ y - n'* for some t € R
and Dirichlet character y. Then f¢ - ¥ ~ n'’, and Lemma 7.2 gives that there exists a completely
multiplicative function #: N — S! such that

h~n"'? and h=f¢. 7.

Letg:=f- h. Then obviously f = g - h. Also, for j = 1,...,d — 1, we have g/ = f/ - h/ is aperiodic,
since by assumption, f/ is aperiodic and h/ is pretentious. Moreover,

—d .
gl=r"n =x

Lastly, suppose that f takes finitely many values. Since g also takes finitely many values,and  := f-g,
we have that & takes finitely many values. Also, since & takes finitely many values and & ~ n'’ for some
t € R, we have that ¢ = 0. This completes the proof. O

Since y is a Dirichlet character, there exists » € N such that ¥ = 1. We gather some facts about g
that we shall use in the proof of Proposition 7.1:

e g"4 = " = 1; hence, g takes values in (rd)-roots of unity and the sequence (g/) jen is periodic with
period rd.

.gd:)?’gZd:)?Z,.”’g Z)Zr_l,grdzl.

e g/ is aperiodic if j # 0 (mod d).

(r-1)d

7.2. Proof of Proposition 7.1

In this subsection, we prove Proposition 7.1. For convenience, we use the following notation.

Definition 7.1. If / is a circular arc around 1 and d € N, we let
I/d .={e(t/d): e(t) el,t € [-1/2,1/2)}.

Let f: N — S! be a completely multiplicative function and I be an open arc around 1. Let also
F:S!' — [0,1] be a continuous function such that

11/4 <FK< 11/2.
It suffices to show that under the assumption of Proposition 7.1, we have

i inf By e[ 1 Byeg FOF(K(m? = n%))) - F(f (k2mn)) - F(f (k(m® +0%))) > 0. (7.1)

We consider three cases.

Case 1. If f is pretentious, then f = h- g, where i ~ n’ for some ¢ € R, and ¥ is a modified Dirichlet
character, and the conclusion follows from our assumption.

Case 2. Suppose that f is aperiodic and f¢ is pretentious for some d > 2. We use Lemma 7.3 to get
a decomposition f = gh, where g takes values on rd roots of unity for some r € N, g,...,g% ! are
aperiodic and g¢ = ¥ for some modified Dirichlet character ¥, and & ~ n' for some ¢ € R. Note first
that in order to establish (7.1), it suffices to show that

i inf By e[ | mn By cry Cmn - F(g(k(m? = n?))) - F(g(k 2mn)) - F(g(k(m? +n%))) > 0, (7.2)
where
Ckomn = F(h(k(m? = n?))) - F(h(k 2mn)) - F(h(k(m* +n?))), k,m,n € N. (7.3)

This is so, since if g(n), h(n) € 1/2, then f(n) = g(n) - h(n) € 1.
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Main Claim. If for G := 1) and ¢ u,, as in (7.3) we have

tim inf By ne(n].m>n By Chomn - GUE(k(m? = n%)) - G (g (k 2mn)) - G (g (k(m* + 1)) > 0,
(7.4)

then (7.2) holds.
Note that (7.4) is satisfied from the hypothesis of Proposition 7.1. So to finish the proof of Proposition
7.1 in Case 2, it remains to verify the above claim.
We start with a simple identity. Since g takes values in rd roots of unity, we have
1g=1 = EOSj<rd gJ
Since F' > 11y, it suffices to verify (7.2) with Z;Zgl g’ in place of F o g. Let

J={0<j<rd:j#0 (modd)}.

Recall that g/ is aperiodic for j € J. Also, g¢? = ¥ and ¥ takes values on r-th roots of unity; hence,

rd-1 r—1
IIED N DI TS PRSI
=0 =0 jel jeJ
Hence, in order to verify (7.2), it suffices to show that
tim inf B e[ ].m>n E} oy Ckomon - H(k(m? = n?)) - H(k mn) - H(k(m* +n*)) > 0, (7.5)
where

H::r~li=1+2gj.
jeJ

After expanding the product, we get a finite sum of expressions of the form

1%511 inf B,y pe[N m>n B ey Chomon - Hi(k(m? = n?)) - Hy(k mn) - Hy(k(m* +n?)), (7.6)

where each Hy, H,, Hj is either of the form 7 - 13-, or of the form gf for some j € J.
With this in mind, we see that the positiveness property (7.5) would follow once we establish the
following three claims:

1. If Hy = Hy = H3 = r - 13, then the limit in (7.6) is positive.
2. If H = Hy =r - 13- and Hs = g/ for some j € J, then the limit in (7.6) is 0.
3. If H = g/ or Hy = g/ for some j € J, then the limit in (7.6) is 0.

(We do not combine the last two cases because the argument we use is different.)
We prove (1). This follows immediately from the assumption (7.4) of the Main Claim.
We prove (2). We will show that for every m, n € N with m > n, we have

E; o Chomn - Hi(k(m? = n?)) - Hy(k mn) - Hy(k(m? +n%)) = 0.

Using the definition of cg_,,, in (7.3) and uniform approximation of F, it suffices to show that for every
m,n € N with m > n, we have
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E; oy H| (k(m* = n?)) - Hy(k mn) - Hy(k(m* +n?)) =0,

where Hj := y/! - h/2, H := /3 - h/*, and H}, := g/5 - h/e, for some j1, j2, j3, 4, jo € Zand js = j € J.
Factoring out the multiplicative average E; _., we get that it suffices to show that
Ej o H(k) =0 where H := g/t*s . plotistis . gls,

Since g’ is aperiodic and /!*/3 - h/2*J+*Je js pretentious, we get that H # 1; hence, B} ; H(k) = 0.
We prove (3). Suppose that H; = g/! for some j; € J; the argument is similar for j,. Using the

definition of ¢k s, from (7.3) and uniform approximation of F, it suffices to show that

M By e[ N msn B g Hi (k(m® = n?)) - Hy (kmn) - Hy(k(m? +n%)) =0,

where H| := g/ - h/2, H} := g3 - h/* or g5 - e, H} := - 7 or g% - h', for some jy, ..., jo € Z.
Factoring out the multiplicative average E; _, (H| - H] - H})(k), we get that it suffices to show that

Nim By ne(ngmn H{ ((m? = n%)) - H) (mn) - Hy(m® +n%) = 0, (7.7)
where H{ is an aperiodic completely multiplicative function (since g/! is aperiodic and h/? is pretentious),
and H}, H} are completely multiplicative functions. The hypothesis of Proposition 2.15 is satisfied, and
we deduce that (7.7) holds.

This finishes the proof of the Main Claim and the proof of Case 2.

Case 3. Suppose that f/ is aperiodic for every [ € N. In this case, we claim that the following identity
holds:

0 (8 o By PR = 20) - ()« P el 4020 = ([ F )

If we prove this, then (7.1) holds, since f Fdmg > mgi(1/4) > 0.
Using uniform approximation of F, it suffices to show that

]\}ii)noo Em,nE[NJ,m>n EZEN Fl(k(mz - nZ)) . F2(k mn) : F3(k(m2 + nZ)) =0
when fori = 1,2, 3, we have F; = fji, Ji € Z, and at least one of the ji, j», j3 is nonzero.
We consider two cases. Suppose first that j; = j» = 0. Then j3 # 0. After factoring out the

*

multiplicative average By o it suffices to show that

E; o f7 (k) = 0.

This is the case since f7* is a nontrivial completely multiplicative function.
Suppose now that j; # O; the argument is similar if j, # 0. After factoring out the multiplicative
average B, ., it suffices to show that

Nim By ne(n)mon FI((m* = n%)) < Fy(2mn) - F3(m® +n?) = 0. (7.8)

By our assumption, F; = fJ! is aperiodic. Note also that all Fy, F, F3 are completely multiplicative
function. The asserted identity then follows again from Proposition 2.15.#

1]t is crucial for this part of the argument that we avoided working with an aperiodicity assumption on F3, since such an
assumption does not imply that (7.8) holds (but it does hold if F; or F5 are aperiodic completely multiplicative functions).
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8. Pythagorean triples on level sets - The pretentious case

Our goal in this section is to prove Proposition 2.18, which combined with Proposition 7.1 (Proposi-
tion 2.16 is a direct consequence) implies Theorem 1.5. We first restate Proposition 2.18 in a slightly
more convenient form. Let f: N — S! be a pretentious completely multiplicative function taking
finitely many values. Then for some d € N, it takes values on d-th roots of unity. We can assume that d
is minimal with this property, in which case, we have f/ # 1for j = 1,...,d — 1. In this case, we will
show the following.

Proposition 8.1. Let d € N and f: N — S! be pretentious multiplicative function taking values on d-th
roots of unity and : N — S' be a modified Dirichlet character. Then

minf By e (3 |mon By ey Ak (m* = 1?)) - A(k - 2mn) - A(k (m* +n%)) > 0,

N —c0

where
A(n) == F(f(n))-F(g(n)), neN, F:=1y,. 8.1

Remark. Note that in the argument that follows, we only deal with countably many choices of multi-
plicative functions and other choices of parameters, so we can choose a subsequence of positive integers
(N;) along which all the limits (as [ — oo) that appear below exist. We make this implicit assumption
throughout.

Before giving the proof of Proposition 8.1, we show how the concentration estimates of Corollary 2.17
follow from Propositions 2.5 and 2.11.

8.1. Proof of Corollary 2.17

We will deduce part (1) from Proposition 2.5. In a similar fashion, we can deduce part (2) from
Proposition 2.11.

Let € > 0 and € < 1. Since f is a finite-valued pretentious multiplicative function, we have by
Lemma 3.4 that f ~ y for some Dirichlet character y with period g and

S L 1) Xl < o0,
pePp

Hence, there exists Ky € N such that

1 —_— _
D == fp) x () +K, P <.
p=Ko p

This implies that

D(f, x: Ko, ) <& and |exp (Fn (f,Ko)) — 1| <&,

where Fy (f,Ko) = Skyepen 5 (F(P) - x(p) = 1).
We let Qo = q - [1,<k, p- If O € N is such that Q¢ | Q, then using the second remark following
Proposition 2.5 with ¢ = 0, we get that

li;]n sup Ene(n]f(Qn +1) —exp (Fn (f, Ko))| < e.

Since | exp (Fn (f, Ko)) — 1| < &, this completes the proof.
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8.2. Proof of Proposition 8.1

Recall that A(n) is given by (8.1). Since A(n) > 0 for every n € N, it suffices to show that there exist
Q € Nand N; — oo (which can be taken to be a subsequence of any given M; — oo) such that all limits
appearing below as / — oo exist and

Jim By e Ny B e ACK((Qm + 1) = (Qn)?) - A(k2(Qm + 1)(Qn))-
A(k((Qm + 1)* + (Qn)?)) > 0.

Since f takes values on d-th roots of unity and y takes values on d’-th roots of unity for some
d,d’ € N, we have

F(f)=1p21 =Bo<jca f/, F(¥)=1lpo = Bocjcar ¥’ (8.2)
Let m,n € N with m > n be fixed. In order to compute
E; o A(k(m? = n?)) - A(k 2mn) - A(k(m* +n?)),

we use (8.2), expand, and use thatby Lemma 3.2, we have E; _, g(k) = 0 for all completely multiplicative

functions g: N — U with g # 1 (in particular, this holds if g := f* - ¢*" # 1). We see that the previous

expression is equal to 1/(dd’)? times

ST =) (5 P @mn) - (£ ) (m® ),

ki k€K
where
K :={0 < ki, ko, ks < d, 0 < ki, ky, kfy < d’: fltkerhs . ghiskorky — 1y,

In what follows, we implicitly assume that all k;, k] belong to K.

Let g be the period of y, then y(gn + 1) = 1 for every n € N. Taking the previous facts in mind, we
see that in order to establish the needed positiveness, it suffices to show that there exists Q € N such
that ¢ | Q and

LQ) = ) R(Liykik(Q) >0, (8.3)

ke
where
Li ko ks b (Q) = i By e s £4 (@ + 1)2 = (Qn)?) - f12(2(Qm + 1)(Qn))-
FEU@m+ 1> +(0n)) - 7% (2(0n).  (84)
(We used that ¢(j) = 1for j € QZ + 1)

Claim 1 (% - g%2 = 1). For every & > 0, there exists Qo = Qo(f, ¥. €) € N with q | Qo, such that the
following holds: If Q € N satisfies Qo | Q, then for all ki, k2, k3, k7, € K with fl. 7% =1, we have

R (L iy ks (Q)) 2 1 — & (8.5)

As a consequence, there exists Qo := Qo(f, X), such that if Q € N satisfies Qg | Q, then

Z R (L ke k5,15, (Q)) = 1. (8.6)

ki ok i R gka=1
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We prove the claim. Let £ > 0. Note first that since f*2 - /\7"5 =1, we get using (8.4) that
Ly ier k3,15 (Q) 2= 1152, Emne(Ni].mon £ (Q(m —n) + 1) - fX1(Q(m +n) +1)
feQm+ 1) fo((@m+1)+(Qn)?). 8.7

Using this identity, Corollary 2.17 and Lemma 3.1, we deduce that there exists Qg = Qo(f, ), with
q | Qo, such that if Q € N satisfies Qg | Q, then for all ki, k7, k3, ké € K such that fk2 -)Zkﬁ =1, we have

| Lk ko sk (Q) = 1] <4 €.

This proves (8.5). Since Ly ,0,0 = 1, using (8.5) for € = 1/2, we deduce (8.6). This completes the proof
of Claim 1.

Claim 2 (pf*2 ')Zké # 1). Let Q¢ € N be such that (8.6) holds for every Q € N such that Qg | Q. Then for
every € > 0, there exists Q1 = Q1(f, ¥, €) € N such that Q¢ | Q1 (hence, (8.5) holds for Q = Q1) and

Z ‘R(Lkl,kz,k,z,ké(Ql)) 2 —&. (8.8)

Kuka ks, fH2 gt
We prove the claim. Let £ > 0. It suffices to show that
Jim Boeoy Li ko kois(Q) = 0. aslongas f. 75 # 1. (8.9)
Note that
Lt dodo ks (Q) = (2 ¥ (20) - Ly, 1, 410 (Q)-
where
Li ks i, (@) 2= HMEp ) mon f11(Q(m =) +1) - f4(Qm + 1) +1)
f2@m+1) - fBQm+ 1)+ (Qn)?) - f2n) - 2 (n).  (8.10)

We prove (8.9). Let & > 0. Using (8.10), Corollary 2.17 and Lemma 3.1, we get that there exists
0> = 01(f, &’) such that the following holds: If Q € N satisfies Q5 | Q, then, for all ky, k», k3, ké e,
we have

|L;<]’k2’k3’k£(Q) -] < &, (8.11)
where
Cho = Jim By, £ () - 72 (n).5

Hence, by (8.4), (8.10), and (8.11), we have

1Lty ko ks g (Q) = €ky - (F2 - 72)(2Q) < &' forall Q with Qs | Q. (8.12)
Since by assumption, f ka . )Zké # 1, we have

Aim Boco, (2 §9)(Q) =0.

Combining this with (8.12), we get that (8.9) holds. This proves Claim 2.

15The limit exists since f 2 - ¢*2 is finite-valued, but we do not have to use this.
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Putting together the two claims, in particular the estimates (8.6) and (8.8), we deduce that for every
& > 0, there exists Q1 = Q1(f, ¥,€) € Nwith g | Q1, such that L(Q;) > 1 — &; hence, (8.3) holds for
QO = Q;. This completes the proof.

8.3. More general equations

Our methods allow us to extend Theorem 1.5 and cover more general equations of the form
ax® + by* = ¢z, (8.13)

where a,b,c € N are squares satisfying Rado’s condition (i.e., we have either a = ¢, or b = ¢, or
a + b = c). We summarize the key differences in the argument.

Suppose first that a = ¢ (the case b = c is similar). Then, as in Section 1.4, we get parametrizations
of (8.13) of the form

x=0m*-n?), y=tmn, z=~0m*+n?),

for some ¢y, {5, 3 € N, and our hypothesis a = ¢ implies that we can take ; = £3. This fact is then used
to handle Claim 1 in the proof of Proposition 8.1, and the rest of the argument remains unchanged. To see
how Claim 1 is handled, note that in our setting, the expressions Ly ks s 1 (Q) in (8.4) take the form

Li ks 1,(Q) = Chy ko ks = HM By e s [ (@ +1)% = (Qn)?) - f2(2(Qmm + 1)(Qn))-
FAa@m+ 12 +(@n)?) - ¥4 2(Qn)), (8.14)

where

’

Chitonks = (FX - FD () - (F%2 - 7R (@) - (F5 - 1%)(63).

Using additionally that £; = ¢3 and that f% . gk = 1, fhitketks . ghitkotks — 1 which are standing
assumptions in Claim 1, we deduce that cg, x, x; = 1. With this information at hand, the proof of
Claim [ in our setting is exactly the same as in the case of Pythagorean triples.

Now suppose that a + b = ¢, in which case, the argument is a bit different and somewhat simpler. As
shown in Step 2 of [21, Appendix C], we can obtain parametrizations of (8.13) of the form

x=k(m+n)-(m+bn), y=k(m+bn)- (m+n), z=k(m*+sn)?),

for suitable ¢y, s, 63,84, 05 € N that satisfy €| # €5, {3 # €4 and {£1, 6} # {€3,{4}. Note that our
assumption a + b = ¢ was used to ensure that the coefficient of m is 1 in all linear forms. We average
on the grid {(Qm + 1,0n): m,n € N}. We will demonstrate how Claims 1 and 2 in the proof of
Proposition 8.1 can be established within our framework. The remainder of the argument remains
unaltered. In our context, the expressions Ly, , .k, K, (Q) in (8.4) take the form

L e ks by (Q) = M By ),mn FA(@On+€in) + 1)(Q(m + Lyn) + 1))

Fe((Qm +6n) + 1)(Q(m + &n) + 1)) - FS((Qm+1)* + (Q6sn)?).  (8.15)

Using the concentration estimates of Corollary 2.17, we can see that Claim 1 holds without assuming
that f*2 . g%2 = 1. Therefore, in our setting, Claim 2 in the proof of Proposition 8.1 is already addressed
by this case and requires no further explanation.
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