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Weak Explicit Matching for Level Zero
Discrete Series of Unit Groups of p-Adic
Simple Algebras

Allan J. Silberger and Ernst-Wilhelm Zink

Abstract. Let F be a p-adic local field and let Ai>< be the unit group of a central simple F-algebra A;
of reduced degree n > 1 (i = 1,2). Let R? (Aix) denote the set of irreducible discrete series repre-
sentations of A ,X . The “Abstract Matching Theorem” asserts the existence of a bijection, the “Jacquet-
Langlands” map, L4, 4, : R2 (A1>< ) — R? (Az>< ) which, up to known sign, preserves character values
for regular elliptic elements. This paper addresses the question of explicitly describing the map JL,
but only for “level zero” representations. We prove that the restriction gLy, 4, : fR%(Al>< ) — SR(ZJ(AZ>< )
is a bijection of level zero discrete series (Proposition 3.2) and we give a parameterization of the set of
unramified twist classes of level zero discrete series which does not depend upon the algebra A; and is
invariant under JL4, 4, (Theorem 4.1).

0 Introduction

This paper gives the Jacquet-Langlands correspondence (JL) explicitly for level zero
discrete series up to unramified twist (see Theorem 4.1). In particular, we prove that
JL restricts to a bijective correspondence of level zero discrete series (see Proposi-
tion 3.2). The subtler question of giving JL precisely on each inertial class is left
to our next paper, which depends upon this one. In this paper we use the Abstract
Matching Theorem (AMT) (see Section 0.3), so our results are of the nature, “AMT
implies that JL gives this correspondence”

0.1 Some Structure and Notation

This section fixes some notation and terminology. Our notation will be consistent
with that of [GSZ]. Equation numbers are always in parentheses.

Let F be a p-adic local field and n > 1 an integer. For d > 1let D := D, denote a
central F-division algebra of index d and let A := M,,(D) a central simple F-algebra
of reduced degree n := dm.

Let 0 := oF denote the ring of integers of F, wr denotes a prime element of 0, and
Pr := twro the maximal ideal of 0. Let k := kr denote the residual field of F with
q := |k| its order.

Let O := Op denote the ring of integers of D, @ := wp a prime element of O such
that w? = wp, and let p := pp = wO be the prime ideal of O. We fix a maximal
unramified field extension F; C D which is normalized by w. The residual field
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kp := O/pis of order g and may be identified with kg, the residual field of F;. More
generally, for £ > 1 we write F, for an unramified extension of F of degree ¢, o, for
its ring of integers, and k/ for a finite field extension of k of degree /.

We write X (kéX ) for the group of multiplicative characters of k; and X, (F /X ) for the
group of tame multiplicative characters of F;. Thus x € X,(F)) has the reduction
X € X(k)) (see (2.3)).

For any ordered partition s,,...,s, of m we call the block diagonal subgroup
M = GL;, x --- x GL,, a standard Levi subgroup of GL,, and we call the parabolic
subgroup P = M x U which contains the upper triangular subgroup of GL, a stan-
dard parabolic subgroup of GL,,. When necessary we write G(R) to denote the group
of R points of the algebraic group with respect to the ring R. Usually we abuse nota-
tion to identify algebraic subgroups of GL,, with their D-points.

For a hereditary order A C A = M, (D) we write P := Py for its Jacobson
radical. Fix the maximal hereditary order A, = M,,(O) C A and write ¥, =
Por, = M, (p). We call U standard if A C A, (hence P, C Py) and if (A/P,)* is
a standard parabolic subgroup of GL,,(kp). Most of the time we consider standard
principal orders U,, with Jacobson radical *3,, which are determined by the period
r | m and which are such that (U, /%P,)* is the standard Levi subgroup [GL,(kp)]" of
GL(kp).

0.2 The Category of Level Zero Representations

Consider the Bernstein spectrum §2(A*), the set of A* conjugacy classes [M, 7] of
cuspidal pairs in which M is a standard Levi subgroup of A* and r is an irreducible
supercuspidal representation of M. Each irreducible smooth representation IT of A*
has a well defined supercuspidal support CS(II) € Q2(A*) and thus we have a surjec-
tive finite to one map

C8: Trr(A*) — Q(A™).

The partition of Q(A*) into connected components {2 pulls back to a partition
Irr(A*) = |, Irr(Q2), where Irr(Q2) := {II : C8(II) € Q}. This partition gives
rise to the Bernstein decomposition

(0.1) M@A*) = [[m@)
Q

of the category of smooth representations of A* into subcategories M(£2). The set of
objects of M(€2) consists of those representations which have all irreducible subquo-
tients in Irr(€2).

Let C := C(D) be a set of representatives for the set of unramified twist classes
of irreducible unitary supercuspidal representations of GL(D) for all s > 1, and let
Div*(€) be the set of effective divisors on C. For every D = Zﬂee m,7 € DivF(C)
we consider the cuspidal pair

(Mo =TT GLuw (D)™, 7 = @ 7™ )

el el
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and the connected component (D) generated by the A* orbit of (Mp, 7). The
mapping

D= Z m;m — Qp = the connected component of [Mp, mp] € Q(AX)

defines a one-one correspondence between the set of divisors of degree d(D) =
>~ mgd(m) = m and the set of connected components of (A*).

Let %y, P4 as in Section 0.1. Then the unit representation 1.y, is a type for A
and the subcategory Mo(A*) of level zero representations of A* has as its set of
objects the set of representations (II, V') which are generated by the set of (1 + P;)-
fixed vectors in V. It follows either from [BD, Corollaire 3.9] or, more explicitly, from
[GSZ, 5.5] that My(A*) is closed under forming subquotients. Moreover,

(0.2) M) = @ M@

Q level zero

is a finite partial sum of (0.1). (For a general result see [BK2, beginning of Section 4,
especially Theorem 4.3].) In the decomposition (0.2) the level zero components may
be further represented as 2 = Qg for divisors D = > m, 7 such that all 7 from the
support have (1 + *B,)-fixed vectors [GSZ, 5.5].

More precisely, consider the residual field kp and the set C(kp) of irreducible cus-
pidal representations of GL,(kp) for all s > 1. With respect to the action of Gal (kp k)
on matrix elements in GL,(kp), hence on the set of cuspidal representations, let C(kp)
denote the set of Gal(kp|k) orbits in C(kp). Using [GSZ, (24) and 5.5(ii)], we have
the bijection

(0.3) Clkp) «— €y [0] — o)

onto the subset of level zero unramified twist class representatives €, C €. The
bijection is given by choosing one representative 7[,) from the uniquely determined
unramified twist class of irreducible representations of GL;(D) which contain the
representation o of GL;(kp). From (0.3) we obtain a bijection of divisors A — D,
Div*(C(kp)) — Div*(Cp) (see [GSZ, 5.3]). We write QO = Qy if D corresponds
to A and note that (0.2) becomes M(A*) = @, M(Q4), where A runs over the
finite set of degree m divisors on C(kp).

0.3 The Abstract Matching Theorem (AMT)

The Abstract Matching Theorem (AMT) of Deligne/Kazhdan/Vigneras [DKV], Ro-
gawski [Ro], and Badulescu [Ba] asserts that for any two central simple F-algebras
Ay = M, (Dg,), Ay = M, (Dy,) of reduced degree n = dym; = dym, there exists a
bijective mapping, the “Jacquet-Langlands correspondence”,

(0.4) ILpa,: RAAY) — RIAS) T o= Gy, 4, (TT),

where R?(A) denotes the set of discrete series representations of the unit group
A = GL,,(Dg,) (i = 1,2), such that the characters Oy, satisfy

(0.5) (=™ 'O (x) = (=)™ 'O, (%)
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for all regular elliptic x. (We assume an identification of the regular elliptic conjugacy
classes among all the unit groups of reduced degree n simple F-algebras.)

0.4 The Weak Explicit Matching Theorem

Let R2(AX) C R*(A*) denote the set of level zero discrete series representations and
let Q2 denote a level zero Bernstein component. In Proposition 2.8 we prove:

(i) Irr(Qa) NRIAX) # @ <= A = r[o] € Div'(€(kp)) is a simple degree m
divisor, i.e., rd([o]) = m.

(ii) For A a simple divisor as in (i) let 84 := Irr(Qa) N RI(A*). Then 84 is com-
prised of precisely one unramified twist class of discrete series representations.

We say that two representations II, I’ € R?(A*) are inertially equivalent and
write IT ~ II” if there exists an unramified character u of A* such that IT = IT’ ® p.

To prove (ii) as well as a certain multiplicity one statement for discrete series rep-
resentations we reduce to the unramified split case where these facts are well known.
For this we use our description of the Hecke algebras of level zero types [GSZ] and
establish a reformulation of [BK1, (7.7.5)] for our context. The Appendix is devoted
to these reformulations of Bushnell/Kutzko’s work.

Now let A}, A; be as in Section 0.3; in particular, assume that dym; = dym, = n.
To give a natural identification of the simple degree m, divisors on C(k,, ) with the
simple degree m, divisors on C(ky, ) we use Proposition 1.1, which constructs out of
Green’s parameterization of the cuspidal representations of the general linear group
over a finite field a natural bijection

(0.6) (@) \ X(k)) « the set of simple degree m divisors on C(kg)[x] — A([x])

for any factorization n = dm. The left side consists of the set of Gal(k,|k) orbits of
e . A._ QA
ch.artalcters of the multiplicative group k. Using (0.6) we may set 8¢ := 87 (;)) and
this is meaningful for any algebra A = M,,,(D;) of reduced degree n.
Our main result, the “Weak Explicit Matching Theorem”, see Theorem 4.1, asserts
that the Jacquet-Langlands correspondence (0.4) restricts to a bijection

L, A, RIAT) — RE(AS)

oflevel zero discrete series sets such that S?(l maps to S?(Z forall [y] € (¢)\X(k)). We
actually prove a slightly finer result: Since AMT implies that JL 4, 4, preserves central
characters, we have partitions of Sﬁl , 8’)-22 into finite subsets 8‘21 , 8‘;2, respectively, of
cardinality e := n/f, f := |[X]|, where x € X;(F)*) has the reduction Y and xr :=
X|px is the common central character of all the representations in 8‘21 US‘;Z. We prove
that JL(84') = 8.

Let us conclude this section by explaining why Theorem 4.1 is called “explicit”.
Let v € (¢) \ X(k)) correspond to the simple degree m divisor r[c] on C(ky) (o
constructed via the correspondence (0.6); cf- Proposition 1.1) and let A = M,,(Dy).
Then we give two characterizations of the representations IT € 84, which distinguish
this class from all other discrete series representations of A, each characterization
being sufficient to determine the inertial class of IT € R3(AX):
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(a) Let U, be the standard principal order of period r in A; thus 2 /(1 + P,) =
[GLs(kg)]" (m = rs). Then Il € 8‘)‘3< if and only if IT contains the lift of 7®" to an
irreducible representation of 2 <.

(b) Let M be the standard block diagonal Levi subgroup [GL(D)]" of A*. Then
IT e 8’)% if and only if the supercuspidal support of II is the conjugacy class of
an unramified twist of the representation 71'% of M. By [GSZ, 5.1], the super-
cuspidal representation 7, of GL¢(D) is “explicitly” given by induction from a
compact mod center subgroup of A*.

Finally, Theorem 4.1 is “weak” in the sense that it is explicit only up to the inertial
ambiguities which remain to be resolved.

1 Parameters for the Set of Level Zero Simple Components of (2(A*)

In Proposition 1.1 we prove (0.6), which gives a natural parameterization for the
set of Bernstein components corresponding to level zero simple divisors. Only such
components can have level zero discrete series subquotients associated to them.

Proposition 1.1 Let k,|k be a degree n extension of finite fields with generating auto-
morphism ¢ and let n :== dm. Then Green’s parameterization of the cuspidal represen-
tations of finite general linear groups in terms of orbits of regular characters [Gr] induces
a natural bijection

(1.1) Su: (0) \ X)) < | ] GL(ka)ly / ()

s|m

between the set of (¢)-orbits in the group of characters X(k;\) and the set of orbits of
cuspidal representations of the groups GL(kg) for all s\m. If [X] is a character orbit
of length f and f | n, then the corresponding Galois orbit of cuspidal representations
[0] consists of representations of GLy/(ka) (f' := f/(d, f)) and the length of (o] is
(d, f). In particular, |[x]| = d(o)|lc]| = f'(d, f), d(o) = f' being the degree of the
divisor o.

Remarks

(i) Form = 1 and d = n the correspondence G, is the identity. For m = n and
d = 1, since there is no Galois action on the right side of (1.1), we see that
G, gives the usual Green’s parameterization of the cuspidal representations of
GL4(k) for s | n.

(ii) On the right in (1.1) it would be enough to let ¢ be a generator of the Galois
group Gal(k,|k).
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Proof Given a (¢)-orbit [y] C X (k) of length f we writelem(d, f) = df’, and we
use the following diagram of finite fields:

ky

I

kf —_— kdf'

I I

kap —— ka

I

k
Since f | df’ and df’ | n, forany y € X(k) such that [Y] = f, we have a unique k-
regular character Xq/ € X(k;f,) such that y4¢/ o N, kypr = X- Therefore, by [Gr],
we also have the unique cuspidal representation 0 = o (xas/) of GL¢/(kg) which
has the character values 6, (x) = (—l)fl_1 ZﬁeGal(kdﬂ k) Xy
k;f,. Observing that the bijection of Green (¢7) \ X(k;f,)kd_reg —» GLf/(kd)lep,
which maps orbits of k;-regular characters in X (k;f,) to cuspidal representations of
GL/(ka), is compatible with the action of (¢) on both sides, we see that the (¢)-orbit
[0(Xarr)] has length (d, f). Conversely, an orbit [0] € GLS(kd)QlSp (¢) determines
an orbit of k;-regular characters [1),] € (¢)\X (k}.) and a unique orbit [x,] C X(k;)
such that X, = b, o Ny |k, These orbits are of the same length; specifically, we have

‘[12}(7]‘ = ‘b—(a” :SHGH ||

A(x) for ks-regular x €

For x € X(k)) wewritee := n/f and e’ := (e, m). From the equation dm = ef it
follows that m = e’ f'. Via G,, the character orbit ] determines the simple divisor
e’[o], which has the degree m.

Now consider the central simple algebra A = M,,(D), D := D, a central division
algebra of index d over F. From [GSZ, (24)] (see (0.3)) we know how to associate to
[o] a unitary supercuspidal representation 7,) € C(D) such that d(7,)) = d([o]).
Thus [¥] determines both a degree m divisor D,,([Y]) = e'my) € Div(C) and a
simple level zero component Q) := Qop,, (7)) C QUAX).

Proposition 1.2 The mapping (9) \X(k)) 2 [x] — Qg = Qo,,(x)) gives a bijection
from (¢) \ X(k)) to the set of simple level zero connected components of QA™). If [x]
corresponds to the degree m divisor e'[o], then (U, o®')isa type for the component
Q. IfII € Irr(Qyy) is an irreducible representation with cuspidal support in Q5),
then its central character wry is a tame character of F* with o = Y|ix € X(k™).

Proof The proof follows from [GSZ, 5.4 and 5.5]. In particular, the central char-
acter wyy is tame because II is a level zero representation and the reduction wyy is
constructed by restricting to the units of F* and factoring mod the principal units.
It is obviously determined by the type. From Proposition 1.1 we obtain wy =

()_(df/)el|k>< :X‘kx. u
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2 A Parameterization of the Set of Inertial Classes R3(A*)/ ~

We shall continue to use a “bar” over a Greek letter to denote a multiplicative char-
acter of a finite field; e.g. if  is a tame multiplicative character of a p-adic field, then
X usually will denote its “reduction”, i.e., the reduction of its restriction to the group
of units.

Proposition 2.1 Let Q) = Q(D) be a level zero Bernstein component and assume that
D is not a simple divisor. Then R*(AX) NIrr(Q) = 2.

Proof Let Q C Q(AX) be a level zero connected component. Assume that Q =
Q(D), where the degree m divisor D is not simple. By [GSZ, 5.3 and 5.4], the
types (A, 7) associated to €2 all have the same divisor A(7) = Z[U] 101(7)[o] with
ris} > 0 for at least two distinct orbits [o]. Then we consider the proper Levi sub-
group M = H[U] GL,,,(n-d@o)(D) C A*. Using the Hecke algebra isomorphism
[GSZ, 1.9] we obtain from [BK2, (8.4)] that the parabolic induction from Mto Gis
an equivalence between the categories M ;(£2) and M (£2), where 2 = Q(D) is in-
terpreted as a connected component of the Bernstein spectrum (M) in the obvious
way. This implies that IT € Irr(£2) is always parabolically induced from M and there-
fore IT cannot be a discrete series. Indeed either by AMT (or, to give a local argument,
by Harish-Chandra’s Selberg principle) the character of a discrete series representa-
tion cannot completely vanish on the regular elliptic set, whereas the character of a

parabolically induced representation does vanish for regular elliptic elements. ]
Corollary 2.2 If RI(AX) N1rr(Q) # @, then Q) = Qg for some Galois orbit [x] €
X(k$).

Proof From Proposition 2.1 we know that, if R3(A*) N # &, then Q = Q(D)
for some simple divisor D. From Proposition 1.2 we have a parameterization of the
set of all simple level zero components such that each is of the form €2y for some
X € X(k)). ]

Definition 2.3 We write 8 C Irr(Qy)) for the set of irreducible discrete series
representations which have supercuspidal support in .

In the following we are working toward Proposition 2.8, toward proving that in
the level zero case 8‘)‘1( = RIAX) N Irr(Qyy)) is not empty and consists of a single
unramified twist class. As already mentioned in Section 0.4 our proof of these asser-
tions makes use of level zero types and their Hecke algebras; it does not depend upon
AMT. The notation is as explained in the paragraph prior to Proposition 1.2.

Proposition 2.4 Assume that D,,([x]) = €'y, i.e., Qz) C QAX) is the connected
component which contains the cuspidal pair (M, W%T/ ) with respect to the Levi subgroup
M = [GLy/(D)] xe' = AX. For any Il € S’;i( the normalized Jacquet functor ryy 4x (II)

is ir'red‘ucible; speczﬁcally, ryax () = Tr[%fl - ) for some unramified character v of M
which is not unitary.
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Proof The type (U5, 7) for Q) is a cover of (M N A, o®¢"), which is a type for the
supercuspidal component Q) (M) C Q(M) (see [GSZ, 5.3 and its proof]). There-
fore, by [BK2, (7.9)(ii)], we have a natural isomorphism of complex vector spaces

(2.1) Hommxl(T,H) = HOmMX,mM(T,rM’AX (H)).
Let w denote the central character of II. Then we also have the natural isomorphism
(2.2) Hommx/<wF>(Tw, II) = Hommx/ (7, 1I0).

Since Il is irreducible, Homy,x (wr) (7., IT) is a finite-dimensional simple module over

the Hecke algebra H{(A*, A (wwp), 7,). Since our type has the form 7 = @' the
considerations of the appendix can be applied (see the text before (a.2)). In particular
we may apply Proposition A9 with (K, p) = (‘Jlex, (wr), 7.,) because IT is a discrete se-
ries representation. This implies that the modules in (2.2) are complex vector spaces
of dimension one.

Considering now the right side of (2.1), we see that ry; 4x (1I) contains the type
(M N, 7) with multiplicity one and therefore ry/ 4x (II) contains an irreducible
component 77%:' -7 and indeed only one. The character 1) cannot be unitary, since
if it were unitary, then II would be a subrepresentation of a unitarily induced rep-
resentation and therefore not a discrete series representation. Moreover, any other
component of 7, 4x (II) has to be supercuspidal and conjugate to WE?;‘]ZI -1 under the

normalizer of M, i.e., it has to be of the form x® . ¥’ (see e.g. [BR, IIL.2 Theo-

[o]
rem 18]). Any such component contains 7|y;gx . By [BK2, (7.9)] this is impossible

!
since T occurs as a component of IT|yx only once. Thus ry 4 (II) = 71'% -1 and is

irreducible. n

Remark 2.5 Since r 4x (II) is irreducible, it belongs to the supercuspidal support of
IL. Therefore, we have ry; 4x (II) = (77[0]77’)@/1/)1, where 1)y is a positive, real-valued
character and 7’ is a unitary unramified character.

Let (U, 7) be the type such that 7 = ¢®¢" and set 74~ := ¢ @ ... ®@ 0¥,

el
The set of tuples (11, .., ve) € (Z/(d, f)Z)° parameterizes the (d, f)¢" conjugates
of 7.

Corollary 2.6 Let (I1,V) € 81 and let V4% denote the subspace of V consisting of
all (14 B+ )-fixed vectors, where B, denotes the Jacobson radical of U,,. As a represen-
tation of A5 the space V'™ decomposes as @ 71", where, for 0 < vy, ..., Ver <
(d, f), each representation occurs with multiplicity one.

Proof From [GSZ, 5.5(i)] we know that each of the above types occurs and with the
same multiplicity. As we have seen in the proof of Proposition 2.4, 7 occurs simply
in IT|yx . Therefore, the same is true for each of the types 71"’ ]
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We consider the unramified extension F,|F of degree n and we write X;(F,) for
the set of tamely ramified characters of F,‘. Then we have a reduction map

(2.3) X(F}) > x— x € X(k)),

where Y denotes x| x regarded as a character of k. Here we identify k, with the
residual field of F, and we use the assumption that x is a tame character. Under
these assumptions Y is well defined; we call x the reduction of x. Noting that F,

has a prime element in F, we see that (2.3) is compatible with the Galois action of
Gal(F,|F) = Gal(k,lk) = (&), the lengths of orbits being preserved. Moreover,
the character xy € X,(F)‘) is uniquely determined by its reduction ¥ € X(k; ) and
its restriction xp € X,(F*). For II € 84 it follows from Definition 2.3 and from

X
the last statement of Proposition 1.2 that the central character wyy € X;(F*) has
the reduction Wy = ¥[ix. From this we obtain a partition 8¢ = J, 8%, where

X € X,(F,*) runs over all tame characters which have the prescribed reduction x:

Definition 2.7 For x € X;(F)) set 8% := {II € 8% : wn = xr}.

. Like 8‘;‘%, cf. Definition 2.3, the definition of 8‘;‘; depends only upon the (¢)-orbit
of x.

Proposition 2.8 If x € X,(F)) generates a (¢)-orbit [x] of length f, then 8% is a set
of order e = n/ f. In particular, the group of unramified characters of order dividing n
acts transitively on S)A;. The set S)Ai( is a single unramified twist class.

Proof We note that 8‘;2 consists of all IT € 8‘% which have a fixed central character. By
Proposition 1.2 the representations contained in 8¢ admit the type (A, 7), where
7 = 0®¢ . Therefore, we may apply Corollary A10 w1th r=¢ and! = (d, f), since
Proposition 1.1 implies that (d, f) = |[o]|. Since dr/l = de’/(d, f) = e, it follows
that SA consists of e representatlons Ifn € X(F*) and ) = noNrd 4, then we know
that wngy = wn ® 1", which implies that the group of unramified characters 7 of
order dividing n acts on each set 8‘; Therefore, it suffices to show that, for IT € 8‘; we
have I[I ® xr = Il if and only if X; = 1. If this is so, then, since n/ f = e, it will follow
that all e inequivalent discrete series representations with the same central character
lie in a single unramified twist class. Since the group of unramified characters of A*
transitively permutes the set of all SA for which the reduction of x is , it will follow
that, if SA is only one unramified twist class for each y, then the same is true for SA
Let us proceed with the proof that for an unramified character n € X(F*) we have
I ® 7 = [ if and only if n/ = 1. From Remark 2.5 and the comments above Propo-
sition 1.2, which explain how to construct a degree m simple divisor from a cuspidal
divisor e’[o], where e’ d(a) = ¢’ f’ = m, it follows that the supercuspidal support of
IIe SA has the form 7r - 1), where 1) is some non-unitary unramified character of

= (GL f/(D)) ) By Jacquet’s subrepresentation theorem IT C Inds (7r[0] ),
where P = M x Up is a parabolic subgroup of A* and the induction is normalized.
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Thus, II-7 is contained in IndﬁX (W%‘f/ -1p+7|p). From the irreducibility of the Jacquet
module we see that I ® 7 = IT implies that

(2.4) Tr% = 71'% M-

Furthermore Nrd 4 | = (Nrd g )®e/, where Nrd ¢ denotes the reduced norm map-
ping M;/(D)|F. Therefore from (2.4) we obtain 7,; = 7[s] - (1 © Nrdy) for the
supercuspidal representation 7[5 of GL /(D). With this justification we reduce to
the supercuspidal case Il = 7}, f' = m, and ¢/ = 1. In this case from [GSZ,
5.1] we know that IT = cInd(&), where & is an extension of o to (cw')U*. Here
and in [GSZ] I = |[o]]| (see Section A.1). Moreover we have seen (loc. cit.) that
& +— cInd(G) is a bijection between the possible extensions of ¢ and the unramified
twists of m,) € €y (see (0.3)). Therefore f ® cInd(6) = cInd( ® &) also equals
cInd(4) if and only if ) ® & = &, so we must consider representations of (zo') x A,
Note that I = |[o]| = (d, f), since o corresponds to [x] of length f (see Proposi-
tion 1.1). The reduced norm Nrd 4 induces an injection (') /A — F* /off
with image of index ml = f'(d, f) = f. Therefore } ® & = &, if and only if nf = 1.

|

Writing R3(A*)/ ~ for the set of inertial equivalence classes of level zero discrete
series representations, we now have the bijection

(2.5) (D) \ X(k;) 3 X 7 85 € RGAX)/ ~.
In concluding this section, we lift (2.5) to a bijection
Gal(F,|F) \ X,(F)) 3 [x] — 8 € R{(A™)/ =,

where we set I1; ~ I, if IT; = II, ®7 for some unramified character 17 of A* which is
trivial on the center of A*. To formulate our result, which summarizes what has been
proved to this point, we also extend (U5, 7) to (A, F*, 7,,), Ty, being the extension

of 7 = 0®¢ to W (wp) = W F* such that xx1, is the restriction of 7,, to F*.

Theorem 2.9 Let x € X,(F)) be a unitary character generating the Gal(F,|F)-orbit
[x] of length f and set xr := X|px.

(i)  There are precisely e = n/ f discrete series representations Iy, . .. II, of A with
central character wn, = X such that Il; € Sg, i.e, such that Ii|gx px D Tyye

This set of representations comprises an equivalence class S? € RI(AX)/ ~. The
finite set 8%, consists of the set of all elements in the inertial class 8% with the central
character xr.

(ii) The representations II; € SQ have supercuspidal support in Qg. In particular,
these representations are supercuspidal if and only if e’ = 1.

(iii) The map x +— S)A; induces a bijection Gal(k,|k) \ X;(F)) < R3(A*)/ ~ which
lifts the bijection (2.5).
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Remark 2.10 1In the case A = D, the injection
(2.6) Ey /(1 +pg,) — Op F* /(1 +pp,) — D) /(1 + pp,)

gives 7, = x € X;(F)°) as a character of Oj; F* /(1 + pp,). Thus we may regard 82"

as the set of irreducible components of the representation IndgX x (x)-
Du

3 The Characters Rj(A*) at Very Regular Elements

Let (IL, V) € R3(A*) and assume that the supercuspidal support of II lies in Qy).
Let (A, 7), where 7 = 0®°', be the corresponding type. In Corollary 2.6 we consid-
ered the ?_Iex, representation on V'*¥¢/, Now we want to study the 2 representation
on V1*¥1 " As always M(G) denotes the category of (smooth) representations of a
group G.

Lemma 3.1
(i)  The Jacquet restriction mapping EEREE JV[(‘J_IIX) — JV[(Q_I:,) induces a bijection

between the set of irreducible constituents of V'*®1 and the set of G, -orbits of
irreducible constituents of V'*¥e' | In particular, V*¥1 decomposes simply.

(i) Ifan S, -orbitin V'*™¥' has length greater than one, then the corresponding con-
stituent of V'*¥1 is induced from a proper parabolic subgroup of A and its char-
acter vanishes on the regular elliptic set of A*.

(iii) If an orbit has length equal one, then the corresponding constituent of V'*¥1 is a
generalized Steinberg representation with cuspidal support (c® )®e’

Proof (i) Since (U}, 7) isa type in (II, V) and any cuspidal level zero type of (I, V)
corresponds, up to conjugacy, to a representation of ‘jlex,, the mapping r := T g
does not annihilate any irreducible 2} -submodule of V'*¥1. Obviously, we may
regard V¥ = r(V1*¥1), Therefore, since, by Corollary 2.6, the A5 -module V1 *¥/
decomposes simply, it follows that the 9 -module V!*¥! decomposes simply too. Let
7 be an irreducible A representation occurring in V'*¥1. Every constituent of (1)
occurs with multiplicity one and if 7/ is any other constituent of V'**1, then () and
r(m’) are disjoint. By Frobenius reciprocity a constituent 7/ of VI8 occurs in ()

X . .
ifand only if 7 C Indi‘X 7/.Fori =1,2let7; = 0] ® --- ® o, be a constituent of
VIR Let T; := {o},..., 0, } be the corresponding multiset, i = 1,2. If Ty # T,

(i.e., the two representations 7 and 7, are not just rearrangements of the same tensor
factors), then, as is well known, it follows from the Bruhat decomposition of the

5 . . AxX C
group A, the two induced representations Indg; 7 are disjoint. Therefore the set
el

of constituents of r() lies in a single S,/ -orbit, i.e., 7 has associated to it by r a single
multiset T. On the other hand, assume that T; = T, and assume that 0,1 = 0’,% for all
k# j, j+1and that o, = aj’ﬂ fori #i’and1 <i,i’ <2.LetW C M, (My/(Op))
be the standard hereditary order which differs from U, only in that the block j+1, j

is allowed to consist of arbitrary matrices in My/(Op). Then p := Indgjx n =
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i, . o . . Dite A .
Indgx/ T, is irreducible and, by transitivity of induction, IndQI‘X T = IndQI‘X T3 if
e e/ e/

A . .
T C IndQ[‘X/ T;, then p C T (7). Since r‘ux/ e (1) = 1 + 7, it follows that r(7)

contains 7; if and only if it contains 7,. Since the set of transpositions of the form
j e j+1(1 < j<e) generate S, it follows that the set of constituents r(m)
consists of one full &,.-orbit of constituents of V1*¥.

(ii) First, if a representation of A = GL,,(ky) is induced from a proper parabolic
subgroup of GL,,(ks), then certainly its character vanishes on the regular elliptic set
of GL,,(k;). To prove all of (ii) it is enough to check that the intertwining number of

the induced representation Ind" w0 .. @0, whereay, ..., o are inequivalent
cuspldal representations of GL f/(kd) andry +--- +r, = €, is equal to the product
1T j=1 Sy, |. We omit this argument (see e.g. [DM, p. 58, 6.5]), which implies that the
correct intertwining number is already obtained after inducing to H j=1 GLy; 7 (ka);

by transitivity of induction each component of the representation of H§:1 GL,,f/(ka)
induces an irreducible representation of GL,,(k;), since further induction does not
produce more intertwining.

(iii) If the irreducible constituent 7 of V1*¥ is fixed by &,/, then from Corol-
lary 2.6 and from (i) we conclude that 7 = (0¢'/)®el and 7 = r(m) for some con-
stituent 7 of V*¥1. Let w be the central character of (IT, V) € R2(A*). Then obvi-
ously Hommfx/ (r,m) C Hommfx/ (r,1I) = Hommfx/ (wr) (7w, II). Again 7 has the special
form on which the considerations of the appendix apply (see the text before (a.2)).
Therefore we may argue as below (2.2) that the right side of this inclusion has com-
plex dimension one. This, together with the fact that the inclusion is non-zero, im-
plies that the inclusion is an isomorphism of one-dimensional complex vector spaces.
Now let H = FH(A™, A (wp), 7,) (w = wn), H* the completion of H (see (a.11)
and subsequent remarks), Ho = H(U; (@), A (wp), 7,), and H, the reduction of
Ho modulo (1+P;)(coE). Since IT is discrete series, we see from Proposition A7 that
the H°PP-module Hommx (7,1I) can be embedded into J%. The module structure

on H = Hommx (7,1II) carries over to a convolution action on a subspace of .

In the unramified split case this embedding sends H to the space C - eg;, where eg;
denotes the J bi-invariant matrix coefficient of a Steinberg representation. Via our
isometric isomorphisms we bring this function back to a function, also to be denoted
est, for the general case. For ¢ € H we have ¢ *x ey = A(p)esy, where A: H — C
is the character of JH{ associated to our one-dimensional module. By restriction we
obtain a character Ay of Hy. Since convolution by ¢ € H, commutes with restriction
to A (wwp), this character can also be represented by ¢ * es.g = Ao()est 0, where
est o denotes the restriction of e to A} (zwp). Now we can pass to the reduction Ho
and observe that ¢ x ey, = )\o(ga)est, where esr denotes the reduction of eg; o. Since ey
is the Steinberg idempotent in F,, we see from [SZ, 4.2] that the character Ao which
we obtained by restriction and reduction corresponds to a generalized Steinberg rep-
resentation of the finite field group. This implies that the constituent 7 of V*¥1 is
the generalized Steinberg representation of ¢ with cuspidal support 7 = (0" )®e’,

|
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Proposition 3.2 The map JLa p,: R(D)) — RE(A™) is a bijection.

Proof based on AMT For the proof we want to compare the characters IT” Sg"
and IT* € S at very regular elements.

First we recall that very regular elements x € A* are defined by the following
properties:

(i)  F[x]|F is an unramified extension of degree 7 in A,

(ii) xisa unit of F[x], and

(iii) the reduction x of x modulo the prime ideal of F[x] generates the residue class
field extension k, |k.

Letx € A* be very regular; we may assume thatx € U} C A*. Let ¢, € o[T] be
the minimal polynomial of x over F and let @5, € k[T] be the reduction modulo pg.
Obviously for x = x mod B; we have @p,(X) = ppx(x) = 0 € Ay /P,. Therefore
Pry = @rx forallx” € x(1 + P;) = x + Py, i.e., the whole coset consists of very
regular elements.

Lemma 3.3 Letx,x' € A bevery regular. Then r,, = P, ifand only if yx'y ™" €
x(1 4+ PB,) for some y € (wp) x A.

Proof It suffices to prove “only if”. By Skolem/Noether, @, = @y, if and only if
x,x" € (Uy/P1)* = GL,(kp) are conjugate up to an action of the Galois group
Gal(kp|k). Since conjugation by a prime element wp € D which normalizes the
maximal unramified field extension F; C D generates Gal(k,|k), there exists y €
(wop) A such that 7%’ 7! = &. But this pulls back to yx'y~! € x(1 + B). [

Let 114 = JL A,D”(HD"), where IIP" is a level zero representation. Recall that the
character Oy of an admissible representation II of a p-adic reductive group G is de-
fined as a linear functional on the space of complex-valued, compactly supported,
locally constant test functions defined on G. By Harish-Chandra’s result [HC, Sec-
tion 4, Cor.], O is represented by a locally constant function on the regular set of G.

For the following we use AMT:

Lemma 3.4 Letx € A be very regular. The character Oy is represented on the coset
x(1 + Py) by a constant function.

Proof Since the character Oy, is a level zero character, its value at any very regular
element x depends only on the reduction x and only on the reduction of the minimal
polynomial @g,. By AMT the same is true for the values of ©p. at very regular
x € A, From Lemma 3.3 it therefore follows that Oy is constant on cosets x(1+% )
of very regular x € A}, [

Lemma 3.5 Letx € A be very regular. The character Oy is represented on the coset
x(1 +By) by the finite sum ¥ := ), 0, where 0 is summed over the irreducible level
zero characters of A" which occur in II*|y« and each is counted once. Moreover, the

two constant functions Opa (1) and X(u) on x(1 + PBy) are identically equal.
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Proof Since Y is a sum of level zero characters of A", it is constant on x(1 + P). Let
p denote the characteristic function of the coset x(1 + ;) and let “vol” denote the
volume of this open compact set. Then 3(x) = X(p)/ vol. On the other hand from
Harish Chandra’s result (loc. cit.) combined with Lemma 3.4 we see that ©14 has on
x(1+ %) the constant value Opa(x) = O (p)/ vol. But O (p) = tr(HA(p)) is the
trace of the finite rank operator IT#(p). By Schur orthogonality on the compact group
A only level zero components of I1#]y x contribute to that trace. The multiplicity
one assertion in Lemma 3.1 (i) implies that O (p) = X(p). [ |

Let us complete the proof of Proposition 3.2. From Remark 2.10 it is easy to see
that the character of IT” € SV at a very regular argument x € A} is O, (x) =
> nely) 1(%). This is the division algebra case of (3.4) below. According to [SZ, 1.1
(ii)], no character sum of the form Zfzeb‘c] 7)(%) on k,* is identically zero on the set
of regular elements. Therefore, there exists a very regular element x € D, such that
Op. (x) # 0. By AMT Ou(x) = Ogpqmn(x) # 0 (we identify regular elliptic
conjugacy classes of D¢ and A* with the same minimal polynomials). Again by
Schur orthogonality we may conclude that HA|‘HIX contains level zero components,

so IT# is a level zero representation. Therefore JL A.D, gives an injection of Ry(D,’)
into R3(A*). By AMT this injection preserves the central character, i.e., J 4 p, takes
Ro(D)¢,w) into RA(A*,w), where w is a fixed central character, i.e., a fixed character
of F*. On the other hand, for all A we know that R3(A*,w) = |J 8‘2, where x¥ €
X, (F)) runs over all characters such that yr = w. From Theorem 2.9 (i) we see
that R3(D,w) and R3(A*,w) are finite sets of the same cardinality, so L4 p, is
surjective too. [ ]

Proposition 3.6 For Il € S;‘; and x € A* very regular

(3.1) Om ) = (="' > ().

nelx]

Proof Let IT* € 8‘% and assume that x € A* is very regular. Without loss of gener-
ality we may assume that x € ;. Then we know from Lemma 3.3 combined with
AMT that Oy is constant on x(1 + ). By Lemma 3.4, ©p = O 1.9, at very regular
elements. We pass to 2. Using Lemma 3.1 (ii), we see that it is enough to compute
the character at very regular elements by summing the characters of the generalized
Steinberg components occurring in V'*¥1. Thus, by Lemma 3.1 (iii), we have a single

Galois orbit of GS representations of ‘I_IIX = GL,,(k4) corresponding to the S,/ -orbits
. q . . . . ‘i®e/
of length one in VvitPe e, corresponding to the set of representations 7/ = ¢¥

0 <i < (d, f). From [SZ, 6.1] we see that the character 6; of the GS representation
. ,-®e'

of GL,, (k) which has cuspidal support 7/ = ¢ is 0;(%) = (=1)""1 3" f(x) for

X € ky regular with respect to the degree m extension k,|ks, where 7) runs over a

Gal(k,|k4)-orbit of characters of k¢ corresponding to o? of GL £ (kq). (In terms of
(1.1) this refers to the case k = k;.) Therefore we obtain

Om(x) = ()" Y Yoo a®m=En"t Y fE. .

X' €Gal(kg|k)-x nEGal(ky|kq)-x’ neGal(k,|k)-x
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4 Weak Explicit Matching Theorem
Now we prove our main result.

Weak Explicit Matching Theorem 4.1 Let x € X,(F)), let D, be a central division
algebra of index n over F, and let A be a central simple F-algebra of reduced degree n.
Then HLAD”(S?") = S’; (cf. Definition 2.7), i.e., the Jacquet-Langlands map gL 4 p,
defines a bijection of $P to §% and of 87" to 82.

Proof LetIT* € 8 and set IT”" := JLp, (IT*). The idea of the proof is to compare
the characters Op4 and Oypp, on the corresponding sets of very regular elements x.
From (3.4) and (0.5) we obtain

(4.1) O (x) = > (%)

nelx]
for x very regular. On the other hand, Proposition 3.2 implies that IT”" is a level
zero representation of D¢, and this implies that TP € 8,1)27 for some x' € X, (F)).
Applying (3.4) to ITP" € 8?'} we obtain

(4.2) O (x) = > 7',

7' €lx’]

again for all very regular elements x. Thus the character sums (4.1) and (4.2) are equal
for very regular arguments. By [SZ, 1.1 (i)] this implies that [¢] = [¢’]. Moreover,
Xr = X7 because IT* and 1" = JLp, 4(I14) have the same central character (AMT).
Therefore, since x € X;(F)) is determined by its restriction x|px and its reduction
% IX] = [X'] € (¢) \ Xo(F)). Thus JLp, 4 maps 8% into 8. Since these finite sets
contain the same number of elements, by Proposition 2.8, and since, by AMT, JLp, 4
is injective, we conclude that JLp, A(SQ) = S?”. [ |

Remark 4.2 Since the inertial class of discrete series representations 8’)% corresponds
to a single Bernstein component {2y and since associated supercuspidal supports

(M, W%T/ - 1)) also correspond to the same orbit [y], Theorem 4.1 implies that, up to
unramified twist, the Jacquet-Langlands map commutes with parabolic induction.

A Appendix: Mod Center Hecke Algebras and R%(A*)

In order to justify assertions needed for the proofs of Propositions 2.4 and 2.8 we
reformulate some parts of [BK1] and extend some of the results of [GSZ]. We re-
view some of the connections between finite-dimensional mod center Hecke algebra
modules and discrete series representations.

A.1 The Setting

We keep the notation and re-introduce some of the context of [GSZ]. From [GSZ,
Part 4] we have the Hecke algebra 3(r, z) of type A,_; (cf. [BK1, (5.4)]). Thus we have
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W = W x(h), an extension of the Coxeter group (W, S), where S is a set of cardinality
rand W is an extension of W by the infinite cyclic group (h). The group (h), acting
on the normal subgroup W by conjugation, stabilizes S C W and cyclically permutes
the elements of S: hs;h™' = s;_; (r — 1 > i > 0) and hsph~! = s,_;. The group
W is equipped with a length function / which extends the length function on W and
satisfies I(h') = 0 for alli € 7.

Fact A.1 For any z € C* the vector space C[W] has one and only one C-algebra
structure H (W, z) such that:

(i) [s]> = (z—=1)[s] +2z[1] fors € Sand
(i) [w1] - [w2] = [wyw,] whenever [(wyw,) = I(wy) + I(wy) (w1, w2 € W).

Remarks (i) From (ii) we have [h] - [w] = [hw] and [w] - [h] = [wh] forallw € W.
The algebra
H(W,2) = H(W,2) @c C[([h])]

is a twisted tensor product of the algebra for the Coxeter group W with the group
ring C[ ([h])]

(a.1) ([wi] @ [H])([w2] @ [W]) = [mi][Hwsh '] @ [K]

forallw,,w, € Wandi,j € Z

(ii) The center of H(W, z) is the subalgebra Z := C [ <[h’]>] .

Now consider A = M,,(D) and the distinguished pair (F;, @), where F4|F is a
maximal unramified extension of F in D and w denotes a prime element of D which
normalizes Fy; thus @? = twp, a prime element of F. The group W, denotes the
extended relative affine Weyl group of A*; concretely, W, consists of all monomial
matrices with entries which are either zero or powers of w.

Let 7 be the irreducible unitary representation of the principal order unit group

A which is lifted from the cuspidal representation o ®" of ﬁrx = GL,(kp)*" (rs = m,
kp = kg). Let I be the cardinality of the Galois orbit Gal(k,|k) - o. Let W denote the
set of monomial m X m matrices of the form w = T®I,, where T is an r X r monomial
matrix with non-zero entries which are powers of @' and I, denotes the s x s identity
matrix. Let W be the subgroup of W consisting of all elements with reduced norm
+1 and let

I
(a.2) hi= LDZIS ( “}

Then the support of the Hecke algebra H(A*, AX, 7) of operator-valued 7-spherical
functions consists of the union of the set of double cosets A WA over w € W,
where W = W x (h) C Wy (see [GSZ, 2.1]).

Slightly restating [GSZ, (4.2)], we have:
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Fact A.2 Fix any non-trivial function ¥ € H(A*, X, 7) which has support on
AX KA X. Then there is a uniquely determined isomorphism of algebras

Dg: H(W, q%) = H(AX, A, T)
such that:

(i) Forallw € W the element [w] € H(W, g*) is mapped to a function ¢,, which
has support on A wA <.
(i) ¢n = Px([h]) =9F.

A.2 Algebra Involutions and Isomorphisms of Hilbert Spaces

Let W be a representation space for the irreducible unitary representation 7 and write
(', )w for the inner product on W. For F € End (W) let F* denote the adjoint of F
with respect to (, )w and define the involution x on H(A™, X, 7) by setting

(a.3) ©*(g) =g )"

forallg € A*, o € HAX, X, 7T).

Clearly, the involution % defined by (a.3) sends a function with support on
WnwAX (w € W) to a function with support on A w~'AX. Moreover, (Ap)* =
Ap* for o € HAX,UX,7), X € C, and (1 * ;)" = @5 * @} forall 1, ¢, €
F(A*, WX 7).

For the algebra H (W, z) we assume that 0 < z € R and define the involution *
such that (A\[w])* := A[w™!] (A € C, w € W) and such that (x + y)* = x* + y*
(x,y € H(W,z)). Again we have an anti-commutative conjugate linear involution.

Next we define inner products on the algebras H(A*, A, 7) and H(W, 2):

On H(A™, WX, T) we set

h(pr,¢2) = (dim )" / trw(21(@) - 22(g)") dg

AX
= (dlm 7')_1 trw(apl * @;)(1Ax )
On H(W,z) (0 < z € R) we define the inner product ( , ) by assuming that the
set W is an orthogonal basis for H(W, z) and setting ([w], [w]) = 2™, In particular,
this implies that ([h'], [h']) = 1 foranyi € Z.

Let F € H(AX,UX, 7) be a function supported on A hAX. We know that F €
F(A>, W 7)*. By Fact A.2, there is a unique isomorphism

Og: H(W, q%) — H(A™,AX, 7)
such that ®4([h]) = F. Bushnell/Kutzko [BK1, (5.6.16)]) call @4 a unitary isomor-

phism if 7* = F~1,
On pp. 193-195 of [BK1], beginning at (5.6.17), Bushnell/Kutzko prove:

Proposition A.3 Assume that @ is a unitary homomorphism. Then:
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(i) ®g is a x-homomorphism, i.e., P (x*) = ®g(x)* for all x € H(W, g%).

(ii) If the Haar measure on A* is normalized such that ﬂnx dx = 1, then @5 is
an isometry of pre-hilbert spaces, i.e., h(@g(x), @g(y)) = (x,y) forallx,y €
H(W, q*).

Proof (i) Since @ is linear and both the involutions x are conjugate linear, it follows
that, in order to show that ®5 is a x-homomorphism, it is enough to show that
S5 ([w]*) = ®5([w])* for all w € W. Indeed, since ([w] - [w2])* = [w,]* - [wy]* for
allw;, w, € Wand (fixfo)* = f*f; forall i, , € H(AX,U,, ), it suffices to show
that ®4([s]*) = ®4([s])* for all s € S and that ®4([h]*) = P4 ([h])*. Since [s]* =
[s], we must show that ®5([s])* = ®([s]). Let f := f, denote the obviously unique
function in H(A*, AX, 7) with support AXsA X such that f f = q¢* 15+ (q* —1)f.
Since ®5([s]) has support in X sA* and [s]> = q*[1] + (¢ — 1)[s], it follows that
®4([s]) = f. Thus we must show that f* = f. On the one hand, we know that
tr(f * f)(1) = ¢*dim(7) > 0. Since s = s~!, f* also has support AXsA*. Thus,
f* = cf with ¢ € C*; since f** = f and « is conjugate linear, we have |c| = 1. Since
f(x)f(x)* is a positive operator on W for every x € UXsW, we see that

tr(f = f*)(1) = tr(/ fx) f(x)* dx) > 0.
AX

Therefore, c = 1 and f = f*. Finally, if ®5([h]) = F, where 5* = F~!, then
&5 ([h])* = Pg([h]), since [h] * [h7!] = 1 and ®5 is an isomorphism. Since
[h]* = [h™!], we have shown that ®([h])* = ®5([h]*), which completes the proof
of (i).

(ii) We begin with the following:

Lemma A4 Forallw,,w, € W
(a.4) ([wi], [wa]) = ([w1] - [w]7, 7).

Proof First we observe that any w € W can be written in the form w'h’ =
Si, ++ Sigyh's where i € Z is unique and w' = s; ---5;, is a reduced expression
forw’ € W. If w, = wih' and w, = Wz/hi/ with i # i/, then both sides of (a.4)
are zero, since [w]* = [w!] and we may apply (a.1). Thus we need check only the
case i = i’ and it is clear that without loss of generality we may assume i = 0, i.e.,
wi, wy € W. Now we argue by induction on [(w,), assuming that I(w;) is arbitrary.
The case I(w,) = 0, i.e., w, = 1 is trivial, so we assume I(w,) > 0 and that (a.4) is
true for all w; and wj with I(w}) < I(w;). Let w, = wys withs € Sand I(w;) < I(w;).
By associativity in H(r, z) we have

(Iwi]- [wa)" 1) = (Iwi] - [wss]*, 1) = ([wa] - [swg "1, 1) = (D] - [s]) - Tws ™', 1),
There are two cases to consider: Assume [(w;s) > I(w;). Then [w;] - [s] = [w;s].

In this case, {[w1], [w,]) = 0, since I(wps) = I(w;) < l(w,) implies that w; # w;,.
Moreover, ([wys] - [w;]*, 1) = ([wis], [w5]), since I(w}) < I(w,). Again it is clear
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that ([w;s], [w]) = 0, since wis # wy, e, l(wys-s) = l(wy) < I(wis) and I(w} - s) =
I(wy) > I(wy). Thus (a.4) holds in the case that I(w;s) > I(w;). Now assume that
wys = w{ and that I(w]) < I(w). In this case,

((Iwi] - [sD) - Iws ™10, 1) = (Iw{) (1] + (2 = D)Is]) - [ws '], 1)

= z([wf] - (w5 1,1+ (2= D(wf] - [s] - [ws '], 1),
using the distributivity and linearity of the multiplication in H(r, z). Now we have
([w]]-[s]- Wi "1, 1) = ([w1] - (W3], 1) = ([w1], [W}]) = O, since wy # w}, and we
may use induction (I(w}) < I(w,)). Also by induction we have

—1 ’
zZ(fwi] - [wy 1,1) = z(w{,w;) =z~ zl(wz)éwlf,wz/ =26, . [
Let us complete the proof of Proposition A.3 (ii): It is enough to prove the case

x = [w] and y = [w,] with w;,w, € W and to observe that then (ii) follows via
linearity. Writing ¢,, := ®5([w]), we have

(dim 7)h(pw, ) = trw ((w * @})(1) = trw (@o((w] - [W])(1)) .
From (a.4) and the orthogonality of the basis W of 3{(W, g*) we obtain

[w] - [w]* = ([wl, W) 1+ > culwl.
w#1

Thus S ([w] - [w]*) (1) = ([w], [w])e(1)(1) = ([w], [w]) ()1 7(1). This gives
B( @ (), D ((w]) = ([wl, (W) p()

which proves (ii), assuming that the measure p(2) = 1. [ |

We must still prove that F may be chosen such that ®5 is unitary:

Lemma A.5 There exists a function € JH(AX, WX, 1) with support W hWA such
that F* = F~1.

Proof [GSZ, 1.1] implies that the function F has the value F(h) = ], where J €
Homypx (), 19x W7, 7" is an intertwining operator. In [GSZ, 4.3] we saw that if Fe
H(AX,AX, 7) has support AXh~'1AX and if F(h~') = J7!, then F+ F = Ay,
where A = p()p(AXAAX). Thus if we replace J by J; = A~'/2J as the value
of F(h) and J~' by , = A~Y2]! as the value of F(h~'), then F~! = F. Since
F*(h~') = F(h)* = J;, it suffices to show that ] € End¢(W) may be chosen to be a
unitary operator, since in this case Ji = A71/2J* = A\71/2]71 = [, i.., in this case,
F=F=9F1

Let us show that ] can be chosen to be a unitary operator in End¢(W). By the
definition of h (see (a.2)) we know that h¥/! = wgl,x, a central element of W (I is
the length of the Galois orbit Gal(k,|k)-o.). The representation 7 of M(kp) extends as
a unitary representation to the group M(kp) x C, where C = (h) mod h?/!, since C is
a finite cyclic group and h%/! is central. Clearly, the generator h of C must under this
extension map to an element of Homy x (), 191x (T, ) = Hom s, (T, 7). Thus J
can be chosen to be unitary. ]
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A.3 Discrete Series and Hecke Algebras with a Central Character

To reduce the description of discrete series in the general case to the unramified split
case we reformulate some parts of [BK1, (6.1)].

Let w be a character of (wp) and let 7, denote the extension of 7 by w to
WX (cop) = WX F*. We consider the projection maps:

(a.5) HW, q*) — H(W,q%) == HW, q%)/([ow] — [1])
and
@6)  IUAN A7) — KA U (r)om), o Fim PF,

where Pf(x) := ), w(wp ") f(whx). It is easy to see that the projection operator
P is a homomorphism of algebras, that the quotient algebra H(A ™, A (o), 7,,) has
the structure of convolution algebra with respect to the product

i+ f)x) = /

A* [{wrp

> AW LGy "x) dy.
The unit element is:

xX\—1 x
é(x) = {'g@If ) lr,(x)  forx € W< (wE)

otherwise.

We fix the normalization p(U}) = 1.

Lemma A.6 Let ] € Endc(W,) be constructed as in the second half of the proof of
Lemma A.5 and choose F € H(AX, W, 1) with support WX hAX such that

L
Ji

where ;1 = (X hAX) and ¢ is a root of unity chosen such that (/" = w(wp). Then
the isomorphism ®g of Fact A.2 induces an isomorphism

F(h) == —J¢,

g1 HW, q%) — HA™, W (wr), 70),
which implies the commutative diagram

HOW, q%) —22—  HAX, A, 7)

(a.S)l J{ (a.6)

FUW, q%) —2—s HAX, A (o), 7))

in which the horizontal arrows are the indicated isomorphisms and the numbers on the
vertical arrows are the projection homomorphisms (a.5) and (a.6) defined previously.
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Proof Since " = w'l,x, an operator which normalizes A, we have
A B W) = (WA = 1.

Therefore, since [ is the length of the Galois orbit of o, " (h") = J'(" intertwines the
representation 7 of A¢ and, in particular, since by hypothesis ¢ drfl — w(wE),

FM 1) = FR) = JUIC = (@)L, = ewrlax ).

Thus F9/! = ¢, We leave it to the reader to verify that the isomorphism of the affine
Weyl group algebra @ |4y 44) passes to the quotient and induces an isomorphism
P 5| 5¢w qv) Such that the resulting subdiagram is commutative. In fact the vertical
arrows for the affine Weyl group algebras are isomorphisms as well as the horizontal
arrows.

We must show that the vertical algebra homomorphisms from the isomorphic
cyclic group algebras C[([])] and C[(F)] involve the same polynomial relations,
i.e., that

FAS, WS 7)) (FU — e) 22 H(AX, W (wp), 7).

Since [h] — ®4([h]) = F generates a homomorphism of cyclic groups, it suffices to
show that no smaller power F* of F maps to a scalar multiple of & For this we note
that F¢ a root of the identity, i.e., a root of /! = ¢, implies that / | #. We therefore
assume that ¢ | %. If r 1 ¢, then the support of F* is a double coset XA A* such
that h’ does not normalize A5 in this case, h! cannot centralize the representation
7, so F cannot be a multiple of the identity element &. Assume that r | £. In this
case the support of the function F* is the double coset A*h’ and h* = w1 ,x;
since r | ¢, h* normalizes A and the double coset supported at h' is the same as a
one-sided coset. We see also that J/¢! = F/(h!) = F(w/" - 1,x). To complete the
proof of Lemma A.6 it is sufficient to show that the operator J, which intertwines the
representation 7, cannot centralize 7. In this case, F! cannot be a scalar multiple of é.

Let us show that J has to be conjugate to a non-trivial permutation matrix, which
implies that there exists x € A< such that JiT(x)J~" # 7(x), since the commuting al-
gebra of 7 consists of only scalar matrices by Schur’s Lemma. It is enough to show this
for 7|um(0), since the intertwining of this irreducible restriction already determines J*.
We give details only for the case r = 1, since the general case involves no additional
ideas. Recall that 7 is the lift of a cuspidal representation of M(kp) to M(O). By re-
sults of S. I. Gelfand, quoted in [SZ], the restriction Tq,) is irreducible, where Q(kp)
denotes the Gelfand subgroup of M(kp) = GL,,(kp). Moreover, the irreducible rep-
resentation of Q(kp) is independent of the choice of cuspidal representation and is
simply Ind&(é‘;j;) 1, where Uy(kp) denotes the upper triangular unipotent subgroup of
M(kp) and p denotes any generic character of Uy (kp). It follows that we may choose
a basis for the representation space of 7 which consists of generic vectors for con-
jugates of Uy(kp). The Galois group Gal(kpl|k) acts as a permutation group on this
basis of W, Since the set of generic vectors for Uy (kp) consists of a single orbit under
the multiplicative group of diagonal matrices T'(kp) acting by conjugation with only
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the center acting trivially, and the group Gal(kp k) acts on T(kp) mod the center with
only the identity acting trivially, it follows that

x — (@ %) = Jlr(x) ]! = T(x)

for all x € M(O) if and only if % | f, since no smaller power of o permutes the basis
for W, trivially. Thus only when % | £ can F* be a multiple of & We conclude that
F + T defines an isomorphism

C([AD] /(") = [1]) = C[(F)).

The rest of the proof involves checking that the conjugation action of F on the affine
part of the Hecke algebra H(A™, A, ) factors through the projection F +— F and
this we leave to the reader. ]

As a special case of the foregoing, we consider the algebra A’ := M, (F), where
the extension F|F is unramified of degree ds. In A’”™, we have the Iwahori subgroup
J7* = ' and for 7/ we take the trivial representation 1 := 1,,x. The support
of the Hecke algebra H(A’™, 7", 1) is the group of monomial matrices W, with
entries which are powers of wp. As before, we have the isomorphism

Oy s H(War, q®) — HA,971),

where B/ := [ "1 "1 ] F € H(A’, 9%, 1) has support I'h'T’ = I'h’ with
F'(h') = 1, and ®,(h’) = F'. (Note that H(A’™,J’™ 1) is an algebra of scalar-
valued functions, since “1” is one-dimensional. Put precisely, KA, T, 1) is the
convolution algebra consisting of all compactly supported functions which are con-
stant on J’ double cosets.)

Recall that a set of representatives for the 2 double cosets lying in the support
of the algebra H(1) = H(AX,UAX,7) may be chosen to be the set of all matri-
ces of the form wlvp ® I;, where w is the prime element of D which was fixed
earlier, I is the length of the Galois orbit Gal(kplk) - o, v = (v1,...,v,) € 7',
@ = diag(w™,...,@"), and p is an r x r permutation matrix. We note that the
extended Coxeter system W = (W, S) x (h) is naturally isomorphic to the extended

Coxeter system W’ := (W', S") x (h') via the map
(a.7) @"p @ I — wyp,

vand p as above. It is important to observe that the mapping (a.7) sends wgl,, € A*

to wz/ :

I, € A’*. We have the isomorphisms:
(a8) H(r) S5 HW, q%) = HW',q%) =5 H@A™,97, 1),

Using (a.7) we may regard these isomorphisms as support-preserving.
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Next, passing to quotients and using (a.7) again we have
(a.9) W, q*) = F(W', q%),
dfi

where H(W’, ¢*) = U{(W’,qu)/([wp ] — [1]). Instead of (a.5) we now use the
projection mapping

(2.10) FA™, T 1) — AT (), 1),

sending f' € H(A, 97, 1) to f/(x) i= ey f(@p %) € H@A™, 7 (@Y,
1). The projection mapping f’ ~ f is clearly an algebra homomorphism. From
(a.8), (a.10), and Lemma A.6 we deduce the diagram of isomorphisms

(a.11) H(r,) L FW, q%) = H(W’, q%) =5 30", 7 (@), 1),

in which H(7,) = HA*, WX (wr), 7,). Since the maps ®5 and ®; of (a.8) are
unitary according to Bushnell/Kutzko’s definition (see above Proposition A.3), (a.8)
preserves the prehilbert structures on 3(7) and H(A’™, "™, 1), respectively. To in-
troduce prehilbert structures on the algebras of (a.11) it is therefore enough to treat
any single quotient algebra and then transport the structure to the remaining alge-
bras, using the equivalence of the norms in (a.8). It is enough to treat the case of
H(W,q*). For w € W, the image under the projection [w] — [w] is a function
with support w € W/(wg). If [w;] = [wy] € F(W,q%), then it is clear that
|lwi]| = ||w2||. Therefore, we may use any set of representatives for W /(wwr) to de-
fine the norms of the projections to an orthogonal basis for H(W, g%), i.e., we set
[llw]|| = ||w||. Thus we may conclude that (a.11) induces isomorphisms between the
completions of the various constituents which are compatible with module struc-
tures with respect to the algebras. We denote the completions of an algebra and its
projection, respectively, by 3% and 2.

We consider the categories M := M(A*, wp,w) and M’ := M(A’X,wﬁ/l, 1)
of smooth representations, where, in the first case, wr acts via w(wpg) and, in the

/acts trivially. These categories are closed under forming subquotients.

Therefore, the pairs (2 (), 7,) and (J'™, <wz/ l}, 1) are types corresponding to
subcategories of M and M, respectively.

Simplifying our notation, we denote our pairs by (K, p) and the corresponding
Hecke algebras by H(p). Let M, denote the subcategory of M or M’ which consists
of all representations which are generated by their p-isotypic components. We have

the equivalences

d
second, wp

(a.12) M, 3 II — Homg(p, IT) € H(p)°*?-modules.

We may also interpret M, M as the category of H-modules, where H denotes the
algebra of functions on A*, A* respectively, such that f(wrg) = w(wr)f(g) and
f’ (wz/ Zg’ ) = f’(g’), respectively, and where the support is relatively compact. We
embed H in each case into the Hilbert space completion H?, where the condition
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of relative compactness is replaced by square integrability on A /{zog), A’™/ <w}i/ l>
respectively. Now we refer to the arguments of [BK1, (7.7.3)—(7.7.5)] and apply them
in the present context. We replace the notations H(G, w), 3?*(G, w), H(G, \w), and
H?(G, \w) of [BK1] with the notations H, H?, H(p), and H?(p) (see (a.11), (a.12)),
where (K, p) are the types we are interested in. Then we may obtain the following
formulation from [BK1, (7.7.5)]. In the following we write Mgnite C M, for the full
subcategory consisting of representations with finite composition series.

Proposition A.7 Under the equivalence (a.12) of categories a representation 11 €
Mf)‘““e is square integrable if and only if the H(p)°PP -module Homg (p, IT) can be em-
bedded into H*(p).

We wish to formulate a consequence of this assertion. Let (K, p) := (WX (wp), 7.,)
and (K’ p’) == (3" <wz/l>, 1). Let M, C Mand M/, C M’ be the corresponding
subcategories.

Corollary A.8 The isomorphisms of (a.11) induce a discrete-series preserving equiva-
lence of the categories Mf;‘“ite — M finite

Proof Let IT € J\/[Enite and consider the H(p)-module Homg(p, IT). Using (a.11)
we may consider Hom (p, IT) as an H(p’)-module. Since (K, p’) is a type, we also

obtain a representation I1’ € M;,ﬁnite such that
(a.13) Homg (p’,11') = Homg (p, IT)

as H(p’)-modules. By Proposition A.7, I is discrete series if and only if Hom g (p, IT)
embeds into H*(p). Since (a.11) implies that the isomorphism H(p) = H(p’) ex-
tends to a unitary isomorphism of H*(p) = H?(p’), it follows that Hom(p, IT)
embeds in H?(p) if and only if the isomorphic module Homg/(p’, II') embeds in
FH?(p’). This means that IT € Mgnite is discrete series if and only if the same is true

of IT" € M, ™. n

Proposition A.9 If Il € Mg“ite is an irreducible discrete series module, then
dim<C(HomK(p, H)) = 1, i.e., p occurs in 11 with multiplicity one.

Proof IfIlisirreducible and discrete series, then the same holds for the correspond-
ing representation IT" € M;,ﬁmte. But A’ = GL,(F) and for this split group Bern-
stein/Zelevinsky have proved that the discrete series which occur in Irr(2), where
is an arbitrary Bernstein component, occur as at most a single unitary inertial class
of representations [Ze, 9.3]. Therefore, the only discrete series which occur in the
unramified principal series of GL,(Fy;), i.e., in the set of irreducible discrete series
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representations associated to the Bernstein component of GL,(Fy;) for which (K’, p’)
is a type, have to be unramified twists of the Steinberg representation of GL,(F,;). For
the Steinberg representation St of an arbitrary p-adic reductive group G it is known
that the corresponding Iwahori bi-invariant matrix coefficient gives a scalar-valued
homomorphism of the algebra H{(G, J, 1) (see [Bo, Section 5], where a more general
result is given though only for semi-simple groups). This implies that 15 occurs sim-
ply in Sty and obviously also the same will remain true for any unramified twist of St.
This implies that Homg- (p’, II’) has C-dimension one as an H(p’)-module. From
(a.13) we obtain the proposition. ]

Corollary A.10 The number of irreducible discrete series representations 11 of A*
which contain (W (wg), 7,,) is dr/1.

Proof It is enough to count the number of irreducible discrete series representations

of A’ which contain (3" <w§/ l) , 1). As we have seen in the proof of Proposition A.9,
each of these representations is an unramified twist of the Steinberg representation
St of GL,(Fy,). Since the central character of St is trivial, it follows that the central
character of St ®Y, where  is an unramified character and { := x o Nrdu/g,, is

X" In order to have a central character which is trivial on <wg/ l> we therefore have

to choose x of F* such that x" is trivial on (wﬁ/ l}. We see that there are dr/I such
possibilities and this implies the result. ]
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