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UNIVALENT HARMONIC RING MAPPINGS 
VANISHING ON THE INTERIOR BOUNDARY 

WALTER HENGARTNER AND JAN SZYNAL 

ABSTRACT. We give a characterization of univalent positively oriented harmonic 
mappings/ defined on an exterior neighbourhood of the closed unit disk { z : | z\ < 1} 
such that lim i^^ j f(z) = 0. 

1. Introduction. Let K be a compact continuum of the complex plane C such that 
C \ K is simply connected. Denote by D a domain of C containing K. We shall call 
D\K = Ve(K) an exterior neighbourhood of K. 

Suppose that/ = u+iv is a univalent (one-to-one) harmonic (A/ = 0) mapping defined 
on Ve(K). Then/ is either orientation preserving or orientation reversing on Ve(K). With 
no loss of generality we may assume that the first case holds, since if not, replace/(z) by 
f(z). This yields to the fact that the function 

(1.0) a(z) = jy{e H(Ve(K)) and \a(z)\ < 1 on Ve(K), 

where H(E) stands for the set of all analytic functions on an open neighbourhood of E. 
The fact that/ is univalent and orientation preserving on Ve(K) implies that 0 ^fz{Ve{K)\ 
[1], and that the Jacobian determinant J = \fz\

2 — |/f |
2 > 0 on Ve(K). Moreover,/ and 

fi are analytic on Ve(K) [3]. Hence,/ is locally quasiconformal and pseudoanalytic of 
the second kind (in the sense of L. Bers [1]) on Ve(K). But contrary to the case of qua­
siconformal mappings it is possible that lim Z^K f(z) = 0. For instance, the harmonic 

zeVe(K) 
function 

(1.1) /(z) = z - 3 + 2 A l n | z | , |A| < 1, 

maps the complement C\U of the unit disk U one-to-one onto C \ { 0} (see [4]). 
Let x be the conformai univalent mapping from C\K onto C\U normalized by 

X(z) = az + O(l), a > 0 in a neighbourhood of infinity. Then/ o x is univalent, har­
monic and orientation preserving on an exterior neighbourhood Ve(0) of D. Therefore, 
we may restrict our attention to the case K = Û and Ve(0) — VR = {z : 1 < \z\ < R} 
for some R > 1. 

The following notion will be used often. 
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UNIVALENT HARMONIC RING MAPPINGS 309 

DEFINITION. We say that a harmonic mapping is positively oriented on an exterior 
neighbourhood VR of dU iff is orientation-preserving and Jy dargf > 0 on any simply 
closed curve 7 in VR winding in the positive sense around the origin. 

REMARK. A positively oriented harmonic mapping on VR is orientation-preserving. 
But the converse does not hold as the example 

/ (* )= - , K \z\ <2 
z 

shows. 
As in the case of analytic functions, we say that/ is harmonic on a set E iff is harmonic 

on open neighbourhood of E. 
The purpose of this paper is to characterize univalent, positively oriented harmonic 

mappings/ defined on an exterior neighbourhood VR (R is not prescribed) of Û such that 

(1.2) lim/(z) = 0. 

z—>elt 

In connection with this problem, a modified version of the following result was shown 
in [4, Theorem 3.3]. 

THEOREM A. Let f be a harmonic mapping defined on {z : \z\ > 1}. Thenf is 
positively oriented and univalent on {z : \z\ > 1} satisfying f(\z\ > I) = C\{0} if 
and only iff is of the form 

(1.3) f(z) = C\z + Bz + 2A\n\z\ 1, 
L z zJ 

whereC eC,B = cd,A = c + d, \c\ < 1, \d\ < 1. 

Observe that we allow that \d\ — 1 but that |c| has to be strictly less than one. Put 

h(z) = C[z--\ g(z) = C[Bz--] 

and 

</Hz) = zfz(z) = zh\z) +AC =C\z+- +Al 
1 z J 

Then h and g belong to H(C \ { 0} ) and we have the following properties: 

(1.4) h(z) = -g(j) in C\{0}\ 

(1.5) ^'(z) — C\\ -1 does not vanish on the unit circle dU\ 

(L6) piz)=lM = TTTfr = 1+ E PJ^H(\Z\>D 
lp{Z) 1 + ? + 7 7'eZ\{0} 
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310 W. HENGARTNER AND J. SZYNAL 

satisfies Re/? > k > 0 on |z| > 1 for some k > 0. 
Indeed, we have for \z\ > 1: 

1*(J) — (1 + ÇX1 + 7) 
z z 

= l R e f l - ^ 1 _ , 1 - * ^ 1 1 - l f k 11 
Vl + W 2 Vi + ^ - 2 1+ c- - 2 1+ c 

Let / be a harmonic mapping defined on an exterior neighbourhood VR of U. Then 
(Lemma 2.1) l i m ^ ^ /(z) = 0 if and only iff is of the form 

z—>e" 

(1.7) f(z) = h(z)-h(-) + 2A\n\z\, A G C , 

where A G / /(£ < |z| < /?). 
A second version of our main result, Theorem 3.2, states the following: The mapping 

(1.7) is univalent and positively oriented in VR for some R > 1 if and only if ( 1.4), ( 1.5) 
and (1.6) hold in V̂  for some R > 1, where i/j (z) = zfz(z) = zh'{z) + A. 

The property (1.5) can be replaced by the following condition (Remark 3.5): 

(1.8) ip has at most one zero on dU, which is of order one. 

Furthermore, (Lemma 2.5), the statement (1.6) can be replaced by the condition 

(1.9) / </argt/> = 1, p E( l ,#)and Rep(z)>k> 0 on V̂  

or by 

(1.10) i/j is univalent on VR satisfying Rtp(z) > k > 0 

w h e r e p ( z ) = ^ f . 
The functions which appear in our considerations are closely related to the 

Carathéodory class 

Pq = {peH(q<\z\<l):p(z)=l+ £ Pj* 
./ez\{o} 

and Rep(z)> 0 on {z : q < \z\ < 1} }, 0 < q < 1, 

which has been studied by several authors (e.g.) [5], [6], [7]. The class S* of starlike 
functions defined by the relation: 

was considered in [2] and in [7]. 
In order to simplify a rather lengthy proof (Section 4) of Theorem 3.1 we state several 

lemmas in Section 2. Finally, in Section 5 we discuss the region of values of A. 
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2. Some auxiliary lemmas. We start this section with the following lemma. 

LEMMA 2.1. Letf be any harmonic function on VR (for some R > 1 ) satisfying (1.2). 
Thenf has a harmonic continuation across dU = { z : \z\ = 1} which is of the form 

(2.1) f(z) = h(z) - h(-) + 2AIn |z|, A G C, 
z 

where h(z) = E7GZ atf E H(± < \z\ < R). Observe thatf(\) = -f(z) on {z : {- < 
\z\ < R}. 

Conversely, each harmonic mapping on dU satisfying (2.1) has the property (1.2). 

PROOF. Since/ is harmonic onVR,f admits the representation 

(2.2) /(z) = A(z) + i ( 3 + 2Aln|z|, 

where A G C, h(z) = E/ez atf G H(VR), g(z) = E/ez brf G //(V/?). This implies that 

1 
r - / 0 >(^)1 2 A=EI«; + *-7l2 = 0, 

and therefore /i and g admit an analytic continuation onto { z : ^ < \z\ < R} satisfying 

(2.3) £( i ) = -W) and h(-_) = - ^ ) . . 
z z 

In the next Lemma we consider again harmonic mappings having the properties stated 
in Lemma 2.1. We give a necessary and sufficient condition in order that/ is orientation-
preserving on an exterior neighbourhood of Û. 

LEMMA 2.2. Let 

f(z) = h(z) - h(-) + 2A In \z\, A G C 
z 

be harmonic on {z : \z\ — 1 } , / ^ const. There is an exterior neighbourhood VR oft) 
such thatf is orientation-preserving on VR if and only if there exists a constant k > 0 
such that ijj (z) = zh!(z) + A satisfies 

(2.4) +oo > Re ;, \ > k > 0 
yj (elt) 

whenever xjj (elt) ^ 0. 

PROOF. By Lemma 2.1. h G H(± < \z\ < R\) for some R{ > 1. Therefore, the 
dilatation function 

(2.5) a(z) = Jf-i 
Mz) V>(|) 
fz(z) HZ) 
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312 W. HENGARTNER AND J. SZYNAL 

is meromorphic on { z : jf < \z\ < R\}. We may choose R\ so close to one such that 

the only possible zeros of I/J in { z : ^- < |z| < R\} are on dU. Furthermore, we have 

i ib (elt) i 
I / it\\ r Ve / -, 

I ^ (yr) I 
whenever -0 (e'r) ^ 0. Therefore, the zeros of 0 on 31/ are removable singularities of the 
function a(z) and we conclude that 

(2.6) a£H(— < \z\ < / ? i )and |a ( / ) | = 1 for all r G [0,2TT1. 
R\ 

Moreover, by the reflection principle, we have 

(2.7) fl(z)==. 

(a) Suppose now that/ is orientation-preserving on VR. Then, by (2.7), | a(z)| < 1 on 
VR and |a(z)| > 1 on {z : £ < N < 1}, from which follows that a V ) ^ 0 for all 
r G [0,27r] and therefore ^ y is a nonvanishing analytic function on dU. We have, for 
alUG3£/, 

(2.8) ^ = R e ^ » • « < „ , 
a(z) fl(z) 2 d|z| 

which implies that there is a constant c > 0 such that 

(2.9) —— = Re ——- = - 3 — - < -c < 0 for all z G df/. 
fl(z) a(z) 2 d\z\ 

Finally, we have from (2.5), whenever ip (z) ^ 0, 

( 2 10) ^ rz0^z) + i rl>'(\) 
a(z) L 0(z) z i/;(I) 

which implies that 

(2.11) 00 > Re—^-—- = — > - = k> 0, 
T/>(e,f) 2 a (^) ~ 2 

for all eu for which ip {elt) ^ 0 and (2.4) holds. 
(b) Now, suppose that the function xjj satisfies (2.4). Then, by (2.11) and (2.9), we 

have in the case of -0 (£*') ̂  0 

(2. .2, "%L."MLrt<-2K0. 
a{elt) 2 d\z\ 

Since, by (2.6), a G / / ( ^ < |z| < R\) and |a(^'r)| = 1, we conclude that (2.12) holds 
for all t G [0,27r] .Put /?G(l , /? i )suchthatRe^ <-kon{z: {-< \z\ < flj.Then, 
the relation 

an, 'M; = ^ R e 2 ^ 
2 d\z\ \z\ a(z) 

shows that \a(z)\ < 1 on VR, and Lemma 2.2 is proved. • 
For the completeness we give a short proof of the following lemma. 
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LEMMA 2.3. Let O be in H{j < \z\ < R)for some R > 1, such that O is real on 
dU and ^ jfz| = p d arg zO' = 1 for all p G ( 1, R). Then O' has exactly two zeros ondU 
which are of order one. 

PROOF. By the reflection principle, we have 

O(-) = O(z) and - -O ' ( - ) = zO'(z). 
z z z 

Since <£>(dU) is a bounded real interval, there exists an el(3 and an e11, elf3 ^ en, such 
that <&(elP) = O'O'7) = 0. Applying the argument principle, we get for p G (1,/?) 

— / da rgzO ' - — / dargzO' = 2 - — / dargzO' = 2 
Z7T J\z\=p Z7T • ' | z | = ^ Z7T ^ | z | = p 

and the result follows. • 
The next lemma gives the important relation of some auxiliary analytic function O to 

a given harmonic mapping/. 

LEMMA 2.4. Let 

f(z) = h(z) - h(-) + 2Aln \z\, A G C 
z 

be harmonic on {z : ^ < \z\ < R} and suppose that f is orientation-preserving on VR. 

Put 
^ = ;Â/\A\ i f A ^ o 

1 if A = 0, 

and define 

0(z) = eiah(z) + e'iah(-). 
z 

Then/ is univalent on VR{ for some R\ G (1, R) if and only if O is univalent on V^ for 
some #2 G (1,JR). 

PROOF. Observe that O G tf(£ < \z\ < R) and that O is real on 3*7. Furthermore 
we have 

z&(z) = zJ°\h\z)-e-7iaW{\)\ 
zz2 + \A\ 

n 1A, = ^ [ ^ ( z ) + A] - e~ia \-h'(\) +Â 
(2.14) U z 

z 

where ^(z) — zfz(z) — zh'(z)+A and a(z) = ip(j)/ ip(z). Since/ is orientation-preserving 
on VR, \a(z)\ < l OÏÏVR. Therefore Or and / vanishes simultaneously. In other words, 
O is locally univalent on VR if and only if/ is locally univalent on VR. 
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(a) Suppose first that <î> is univalent in VR2 for some Rj G ( 1, R). Put w — u + iv = f(z) 
and £ = £ + irj = <I>(z). Define 

(2.15) 
= C -2Re{e'°'/z(4)} +2|A| ln|z| 

= c - 2 R + r a HFW)) + 2 | A | l n r ' ( ( ) l 
'(C) 

= C-<?(CX 

where g is real on 0(V/f2). Put J = 0(3t/) and let 7 be a convex closed Jordan around 
J, 7 G <IKV*2). 

Denote by G the doubly connected domain bounded by 7 and J. Then, F is locally 
univalent on G satisfying 

(2.16) v(C) = I m F ( C ) = I m C = i / , 

and 

du fl+a(<ïH(0)i 
(2-17) ^ = R e ( i - V ' ( C ) ) ) > 0 o n G -
It follows that F is univalent on G\ {C • Im£ = 0} . Let £1 and £2 belong toGH {( : 
ImÇ = 0} such that, £1 < £2- Note that F(£i) and F(£2) are real. We will show that 
F(£i) < F(^)» from which it follows that F is univalent in G. We can find closed intervals 
r„ = [£1 + irjn9 ii + iTjn] in G with j\n —> 0 as n —> 00. Since, by (2.17), Re F is strictly 
increasing on Tn, we conclude that F(£i) < F(£2)- On the other hand, ^|f^(£i) > 0, 
1 = 1,2, implies that F(£i) < F(£2). 

Choose now R\ G (1,/?) such that VRX C 0 - 1(G). Then/ is univalent on VRX and in 
one direction Lemma 2.4 is proved. 

(b) Suppose now that/ is univalent on VRX . Then, by the same reasoning, we get that 
O is univalent on an exterior neighbourhood VR2 of Û. 

Indeed, 

( = f^\w) = ®of-\e~iaw) = w + qi(w), 

where qx = 2Rt{eiah(l/f-l(e-iaw))} - 2\A\ \n\f-\e-iaw)\ is real on/(V*,). Define 
G1 = { w : 0 < | w | < 7 } C/(V*2). Then, from the equality 

Tf — Im F~l (w) = Im w — v 

and the condition | | > 0, it follows that -£ > 0. The rest of the proof goes as in (a) by 
reversing the role of w = u + /v and £ = £ + /r/ and by replacing F by F - 1 . s 

The next lemma is known [7]. For completeness we give a short proof of it. 
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LEMMA 2.5. Let F be analytic on A = {z : r\ < \z\ < ri\, 0 < r\ < rç, such that 

(2.18) 0 < R e ^ - ^ < oo on A. 

Then the following statements are equivalent: 
(i) F is univalent on A; 

(ii) ^$z\=p daigF= 1, for some p G(n,r2) ; 

(Hi) p(z) = ^ = 1 + E;€Z\{o} PjZJ e H(A). 

PROOF, (a) The fact (ii)^(iii) follows from the relation 

zfiz) dz 1 / p(z) . 
- A dz. — é a arg F — é • — = é 

2ir J\Z\=P
 fe 2iriJ\z\=p F(z) z liri J\i 2ir M=P 2niJ\z\=p F(z) z 2iri J\z\=p z 

(b) The implication (i)=>(ii) is trivial since (2.18) excludes the case ^ f[z\=p d arg F — 
- 1 . 

(c) Going to prove (ii)=>(i), observe first that F and F' do not vanish on A. Indeed, if 
F has a zero of order m at zo G A, then, by (2.18), F1 also has to have a zero of order m at 
Zo which is impossible. We conclude therefore that F is locally univalent on A and that 

— é dargzF* = —— é d arg F = 1 
:TT J\Z\=P B 2TT Jlzhp 6 2TT 

for all p G (n,r2). 
Furthermore, using (2.18) and (ii), we conclude that for each p G (n, r2) F is univalent 

on {z : |z| = p} and that Tp = {F(plt) : 0 < t < 2n} is a simple closed analytic and 
strictly starlike curve which winds once around the origin. Moreover, for each r\ < 
Pi < pi < f2 we have rpi Pi TP2 = 0. In fact, F is analytic and hence bounded on 
{ z : P\ < | z| < pi) and the image of it has to be a domain. Therefore, F is univalent on 
{ z : p\ < |z| < P2} • This holds for all r\ < p\ < P2 < 7*2 and hence F is univalent on 
A. • 

We will close this section with the following lemma. 

LEMMA 2.6. Let F be in H(\z\ = 1) such that 
(i) \F(eil)\ = 1 andF'ie11) f 0 for all te [0,2TT]; 

(ii) ^ifz|=i dargF= 1. 
77ief2 f/zere ejnsta a« 7?i > 1 swc/i r7i£tf F /s univalent on 

{z:^<\z\<^}. 

PROOF. The fact that ^ G R \ { 0} on 3f/ and that 

1 /• 1 /• 
— <t dargzF — —- i d arg F = 1, 
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implies that there is a k > 0 such that y^- = Re y& > k > 0 and is finite on 

dU. Hence, there is an R\ > 1 such that F is analytic and 0 < Re ~^- < ooon 

{z : Y < \z\ < R\}. Applying Lemma 2.5, we conclude that Fis univalent on {z : 

£ < N < * i } -

3. A characterization theorem. 

THEOREM 3.1. Let 

/(z) = A(z) + ife) + 2Aln|z|, A e C , 

be a harmonic mapping defined on the unit circle dU — {z : |z| = 1}. Put 

rl>(z) = zh\z)+A = &(z). 

Then there exists an exterior neighbourhood VR of Û such thatf is univalent and posi­
tively oriented on VR and l im^^j f(z) = 0, if and only if the following conditions are 

z-Vf 

satisfied: 
(a) h and g admit an analytic continuation across dU such that h(\) — —g(z)for all 

z, )i < \z\ < R; 
(b) if) has at most one zero ondU which is of order one; 
(c) there exists an exterior neighbourhood V^ of Û and a constant k > 0 such that 

zib'iz) 
(3.1) oo > Re ^ - ^ >k>0onV*, 

V>(z) ~ 

and 

(3.2) — f dzrg^j = I for all p G (1,^). 
2TT J\Z\=P 

Let us give some remarks about this Theorem. 

REMARK 3.1. The statement (c) says that xjj(z) = zfz(z) maps {z : |z| = r } , 1 < 
r < R, univalently onto an analytic strictly starlike Jordan curve with respect to the 
origin. 

For r — 1, xpidU) is still an analytic curve, but it may pass through the origin as the 
following example shows: the mapping 

f(z) = z-j+2ln\z\ 

is univalent, harmonic and orientation-preserving onC\U and 1/; (z) = \+z vanishes at 
z = — 1. Observe that this zero is of order one. 

https://doi.org/10.4153/CJM-1992-021-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1992-021-x


UNIVALENT HARMONIC RING MAPPINGS 317 

REMARK 3.2. The next example shows that (3.2) is essential. Let 0(z) = z + z2. 
Then ijj satisfies (b) and (3.1) with k = | but not (3.2). The function h(z) = z + z2/ 2 is 
analytic in C, but 

z2 l l 

2 z 2zl 

is not univalent on any circle {z'.\z\ — r} ,r> \. Indeed, we have 

r 2r 

Putting d = ^ > 1 we see that the equation r\\ + drj2 — 772 + dvfe has a solution for 

h i | = \m\ = 1,771 ^ 7̂2-

REMARK 3.3. The condition (3.1) cannot be replaced by 

Re ; v ; > 0. 
ip(elt) ~ 

Indeed, consider the function xjj (z) = z + 5Z2. Then we have 

a(z) = -T 
1 z + ^ 

zJ 1 + ^z 

and, for e positive close to zero, 

a ( - ( l + e)) = 1 + 2£3 + 0(e4) > 1. 

Therefore/ is not orientation-preserving on VR. 

REMARK 3.4. Put/?(z) = ^ | ^ . By Lemma 2.5 the statement (c) is equivalent to: 

(c7) There exists an exterior neighbourhood V^ of 0 and a constant k > 0 such that 

p G H(Vk), p(z) = 1 + £ ^ and Rep(z) > k on fy. 
7€Z\{0} 

REMARK 3.5. The statements (b) can be replaced by 
(b') V>V')^0foral l f G[0,2TT]. 

In fact we have: 
(a) (a), (b) and (c) imply (a), (b') and (c). 
If eit0 is a zero of order 1 of -0 then evidently V V'°) 7̂  0. Let ^{e") ^ 0. By (a), 

x/j is analytic and hence bounded on dU and by (c) we have 0 < k < Re g' f ' ^ r ' } < 00, 
which implies that 0 V ) 7̂  0 for all t G [0, 2TT]. 

(/3) (a),(bO,(c)imply(a),(b),(c). 
Note that xjj G H(dU) and that all zeros of 0 on 3U are of order one. On the other 

hand, if -0 (e") ^ 0, then we conclude by (c) that 

(3.3) 0 < k < Re ; , Vx
 ; < 00. 
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Furthermore, for p E( l ,^ ) ,we have 

2TT J\Z\=P 2TT J\Z\=P & 

and, from (t/), we conclude that ^ J|z| = 1 dargzi/j' = 1. Suppose that r]k = eltk, I < k < 
N, are the zeros of ̂  on 3£/. Then, by (3.3), 

1 r \ r 1 
— / </arg(z^')(*") = 7T- I , dargzip' > - , r/̂ +i = *7i, 
Z7T Atk,tk+\) Z7T J(rjkM+i) Z 

and therefore 

1 = T - ft. , dargzt/;' 
Z7T ^|z| = l 

1 N r l N 

= ^rllf, , dargz^' + r - E A[arg(zV')07*)]. 

Since the zeros of -0 are of order one, we get A arg(z^ 'X^JO — 0. Therefore TV = 0 or 1. 
Together with Remarks 4 and 5, Theorem 3.1 can be restated as follows. 

THEOREM 3.2. Let 

/(z) = A(z) + £(5 + 2Aln|z|, A G C, 

Z?e a harmonic mapping defined on the unit circle dU = {z : |z| = 1}. Put ip(z) — 
zfz(z) = zh!{z) + A and p(z) = ^jfrj. TTẑ n r/i^re ex/ste a/i exterior neighbourhood VR of 
D such thatf is univalent, positively oriented on VR and lim |z|> i f(z) = 0, if and only if 

the following conditions are satisfied: 
(a) h and g admit an analytic continuation across dU such that h(j) — —g(z), z G 

{z:ji < \z\ < R}; 
(bf) V V ' ) ^ 0 for all t e [0,2TT]; 

(d) there is an exterior neighbourhood V^ and a constant k > 0 such thatp G H(V^)y 

is of the form p(z) — 1 +E/ez\{o} Pj&and satisfies the condition Re p(z) > k > 0 
on Vfc. 

4. Proof of Theorem 3.1. Necessity: suppose that / is a univalent, positively 
oriented and harmonic mapping defined on an exterior neighbourhood VR of 0 such that 
lim|*|>i/(z) = 0. 

z-V 
The statement (a) has been already proved in Lemma 2.1. 
Let us prove (3.2) of the statement (c). Since/ is univalent and positively oriented we 

have for p G (1,/?): 
1 = T~ L argfe£-^z] . 

27T J\z\=p 

Recall that/z ^ 0 on VR and, since/ is orientation-preserving, we have 

7?(z) 
a(z) = f(z)e H(VR) a n d | f l ( z ) | K h Ze VR' 
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Therefore, we get for p G (1,/?) 

1 = ±- f dKg[izfz-m = ^ - i dargtfz[l-â-ff] 

= — i dargzfz = —- i dargifj, 
Z7T J\z\=p Z7T J\z\=p 

and (3.2) is shown. 
Next we show (b). We apply Lemma 2.2. By (2.6), we have \a(elt)\ = 1 for all t G 

[0,27r], and (2.9) implies that 

(4.2) ± { J a r g a = - L f ^ > • * < 0. 
2TT ./|Z| = I 27TJ J|z| = i a(z) z 

Now, by Lemma 2.4, we know that O is univalent on VRx for some R\ G (1, R) and, from 
the formula 

(2.14) M z ) = ^ U ) ( l ~ flfe)^) = eia^(z) - e~ia^{-_\ 

we obtain 

— i dargzO' = — i dzrgip = 1 for all p G (l,/?i). 
27T ^|z|=P 27T ./|z|=p 

Lemma 2.3 implies that the function O' has exactly two zeros on dU which are of order 
one. This information together with (4.2) leads to the conclusion that either 

_L_ 
2TT J\z\ = \ 

j> _ darga = -2 andQ g ip(dU) 

or 
— i darga = —1 
2ir J\Z\ = I fe 2TT ijz| = i 

and then V> has exactly one zero of order one on dU. Therefore (b) has been established. 
It remains to show the statement (3.1 ). If xjj does not vanish on d U then, by Lemma 2.2, 

there is a k\ > 0 such that 

Re > k\ on dU. 
Hz) ~ 

Choose R such that Re ^ ^ > ifc = kx/ 2 on V̂  and (3.1) is shown. 

Suppose now that ^ ( ^ ) = 0, ^ V7* ) ^ 0 and 1/; (e'7) ^ 0 on 3*7\ { ̂  }. 
By Lemma 2.2 we have 

0 < £ < R e ^ ^ < ooondU\{e^} 
w(z) 

and therefore ijj'ie1*) =/=• 0 for all t G [0, 2TT] (by the same reasoning as in the first part of 
Remark 3.5). 
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Consider now the function 

m(z) — 

Then m G H(dU) and satisfies the condition 

Let K = { z : \z — elf3\ < ft }, where ft > 0 is so small that ra(z) is analytic and univalent 
on K and such that either m(K Pi { z : | z| < 1} ) or m(^ Pi { z : | z\ > 1} ) is in the disk 
{ w : | w — ^ | < ^ } (this is possible since m'{e'^ ) ^ 0). The condition el@ m'(e1^ ) = 1 
implies that the second case holds. 

Therefore, we have oo > Re ^ > k on [dU\ { ei(5} ] U [KH { z : | z\ > 1} ]. Hence 
there exists an exterior neighbourhood of Ù U K and hence an exterior neighbourhood 
VR2,R2 e (1,/?), such that Re ^ > k/ 2. 

Therefore (3.1) holds, and the proof of the necessity of the statements (a), (b), (c) is 
finished. 

Sufficiency: we now show the sufficiency of the statements (a), (b) and (c). Let h G 
H(dU) and suppose that ip (z) — zh'(z) + A, A G C, satisfies the statements (b) and (c) of 
Theorem 3.1, i.e. there is an R > 1 such that h G H(l < \z\ < R), oo > Re z^- > 
k > 0 on V ,̂ 27§[z\=p dargil) = 1 for p G (1,$) and ijj has at most one zero on dU 
which is of order 1. 

Put 
eia=lA/\A\ i f A ^ O 

11 if A = 0 

and define: 

O(z) = eiah(z) + e-iah(-), z G V*, 
z 

f(z) = h(z)-h(-) + 2A\n\z\, zeVÂ. 
z 

Evidently,/ is harmonic on { z : A < \z\ < R} and/(z) = 0 on dU. 
First, we observe that/ is orientation preserving on an exterior neighbourhood of 0. 

This follows from the fact that Re ^ 0 p > k > 0 for all t for which ^{elt) ^ 0 and 
from Lemma 2.2. Call this exterior neighbourhood VRl ,R\ G (1, R). 

Next, we will show that/ is univalent on VR for some R G (l,R\). Indeed, since by 
(2.14) zO'(z) = eiai;(z)(l-a(z)e-2ia), the condition (3.2) implies that for all p G (l,/?i) 

— é d arg zO7 = — é d arg xb = 1. 
2TT J\z\=P

 & 2TT J\Z\=P fe 

By Lemma 2.3, we conclude that <t>' has exactly two zeros of order one on dU; call 
t h e r n ^ , ^ 7 , ^ ^ j \ 
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Denote by / the bounded real interval 

0 (360= [0(^) ,0(e / 7 ) ] . 

Next, define the function 

0>(é>/7 ) - 0(e# ) / 1 0(^'7 ) + 0 ( ^ ) 
C ( 5 ) = 4 ( 5 + 7 ) + 2 ' 

and let s = g(( ) be the univalent inverse function of £ (s) which maps the exterior of 
(C \ J) onto the exterior of the unit disk. Put g = ^ o O . Then Q satisfies the conditions 
of Lemma 2.6 and we conclude that there is an R2 G (l,/?i), such that Q is univalent. 
Hence O is univalent on VRl. Finally, Lemma 2.4 shows that/ is univalent on some 
VR,Re(l,R2). 

It remains to show that / is positively oriented. We already have seen that / is 
oreintation-preserving. By (3.2), we have for p G (1,/?): 

-î- f dœg(izfz-izfd =^-(. dargï;(l-a(z)-ff) 
27T J\z\=p ZTT J\z\=p V ZJzf 

2TT J\Z\=P B y 

Since/ is univalent,/(|z\ = p), I < p < R, are disjoint positively oriented Jordan 
curves. It remains to show, that they wind around the origin. 

Since/ is harmonic on dU mdf(dU) = 0, fp(t) — f(plt) converges uniformly to 
f\ = 0 on [0,27r] as p [ 1. Using the fact that/ is univalent on VR we conclude that 

- / dzrgf= 1 for all p G (1,/?) 
;TT J\Z\=P 27T J\z\=p 

and Theorem 3.1 is proved. • 

5. On the region of values of A. Let h G H(dU) and consider the harmonic map­
ping 

f(z) = h(z)-h(\) + 2A]n\z\, AeC. 

Denote by Eh the set of all A G C for which/ is univalent and positively oriented on VR 
for some R > 1 (which may depend on A). Evidently Eh can be empty as the example 
h(z) = z+ {^z2 or h(z) = z2 shows. We have the following result. 

THEOREM 5.1. Let h G H(dU). If Eh is nonempty, then we have the following prop­
erties: 

(a) Eh is a convex set. 
(b) If in addition, zhf(U) is a convex set, then the bounded component G of 

C\[zh'(dU)] belongs to -Eh. 

PROOF, (a) Let A\ and A2 be in Eh. Since Eh is non-empty, we conclude from The­
orem 3.1 and Remark 3.5 that (a), (b;) and (c) are satisfied. Observe that (a) and (b7) are 
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independent of A. Therefore we have only to consider the relation (c). There is a k > 0 
and an R > 1 such that for / = 1,2 

1 f dzrg(zh'+Ai)= 1, pe(hR) 
J\z\=p 2TT 

and 

Put A = A Ax + (1 - A )A2 for some A G (0,1). Then we have for all z G VR. 

1 zh'(z)+Ai i)+At , , 1 , 1 , 

A t ) (zh'(z)) 

Since D is convex 
1 ^zhf(z)+A 

p(z) (zfc'(z))' 

and therefore, Re/?(z) > k. Furthermore, since Tp — zh'(\z\ — p), p G (1,/?), is a 
positively oriented Jordan curve which is strictly starlike with respect to —A\ and —A2, 
it is also strictly starlike with respect to —A. Hence, 

- i dzrg(zti+A)=l, 
7T J\z\=P 2n J\z\=p 

which shows that Eh is a convex set. 

(b) Put ifjo(z) = zh'{z). Since Eh ^ 0, ^o(dlf) is an analytic closed Jordan curve. (This 
follows from (b), (c), (b') and (c;) applied to ip0 + A for an A G Eh). Suppose, in addition, 
that i>o(dU) is also a convex curve, i.e. that the bounded component G of C \ iftoidU) is a 
convex domain. Let —A be in G and put \jj = i/>o + A. Since 0 $ ip(dU),0 $ ip f(dU) and 
Re ^ 7 ^ > 0 on 3£/, we conclude that (c) holds on V/̂ , for some R\ > 1. The statements 
(a) and (b) hold already, since Eh ^ 0. Therefore — G C Eh. m 

We finish this section with the following remarks. 

REMARKS 5.2. (i) Define i/?o(z) = z^'(z) and suppose that Eh ^ 0. Let, as before, G 
be the bounded component of C \ [ipo(dU)]. Then —Eh C G. Therefore, Eh is a bounded 
set. 

(ii) We cannot conclude that Eh is closed (and hence compact) as the following exam­
ple shows: Consider h(z) = y ^ . Then x/;0(z) = zh'{z) = \ • iX_z

z/2)i and | ^ | = { ^ . 
It follows then that 0 G Eh. There is even a disk {A : |A| < r}, r > 0, which belongs 
to Zîfc. On the other hand A — ^ ^ Eh. Let A = limsup{A : A > 0,A G £/*}. Then, A 
violates (3.1) and is therefore not in Eh. 
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