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The Spherical Functions Related to the
Root System B,

P. Sawyer

Abstract. In this paper, we give an integral formula for the eigenfunctions of the ring of differential
operators related to the root system B,.

1 Introduction

In [13], Jiro Sekiguchi gave an Euler type formula for the spherical functions ® ,, of
the symmetric space SO¢(2,m + 2)/ SO(2) x SO(m + 2). He used that formula to
propose a generalization of the functions ®) ,, for other values of the parameter .
He conjectured that these generalized spherical functions would satisfy a system of
differential operators related to the root system B,.

These generalized spherical functions are connected to the work of G. J. Heckman
and E. M. Opdam in [2], [3], [7], [8] and to the work of R. ]. Beerends in [1]. We did
a similar investigation for the root system A,,_; in [11].

In [12], we found a new expression for the spherical functions of the space
SOu(p, q)/ SO(p) x SO(q), g > p. Based on that expression, we will propose in Sec-
tion 2 a generalization of these spherical functions for p = 2 and for q with $q > 3.
We will show that these generalized spherical functions satisfy a system of differential
operators related to the root system B;.

In Section 3, we will show that our definition and that of Sekiguchi are equivalent
thus proving his conjecture. This gives an added relevance to the results of [13] whose
interest relied on the validity of his conjecture.

2 Spherical Functions on B,

We are concerned with the symmetric space G/K = SO¢(p, q)/ SO(p) xSO(q) where
q=p.

If A € a*, the space of complex-valued functionals on the Cartan subalgebra a,
the corresponding spherical function is ¢y(e") = [, e~ R gk where g =
ke’*®n € K AN (the Iwasawa decomposition of G).

From [12], we know that the element H € a is of the form

Opo DPXP OPX(q—p>
H=| Dpxp 0pxp 0px(g—p)
Og-pyxp  Og—pixp  Otg—p)x(q—p)
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Spherical Functions and Root Systems 437

where the subscripts indicate the size of the matrix blocks and where D =
diag[Hy, ..., Hp].

Suppose A € a* is defined on a by A(H) = Y.F  AHi. In [12], we gave a
relationship between the spherical functions on SO, (p, q)/ SO(p) x SO(g) and those
on the symmetric cone GL.(p,R)/SO(p). If @, denotes a spherical function on
GL:(p,R)/ SO(p), then

1) @(eH):/ 2 (cosh D + (sinh D)A(k)) dk
SO(q)

where A(k) denotes the left-upper p X p submatrix of k and A(H) =
SF (A +i(q — 1)/2) Hy. The relationship between A and A will be assumed
throughout the paper.

Except when otherwise stated, we will assume from now on that p = 2.

Remark1 Let H = diag[H,, H,], ki, k, € SO(2) and g = k;e'k,. We recall from
[10] that

eiAz(Hl +H,) H, ei(A] —A2)(8)

@ oa(g) = 1, v/snh(H, — &) sinh(€ — H)) d

€.

LetE = 8%1 + BLHZ and A be the Laplace-Beltrami operator on GL.(2,R)/ SO(2).
We then have Egy = i(A; +Ay)dp and Ady = —(A2+ A3 +1/4)P,. It will be useful
later (in Definition 14) to note that every symmetric polynomial in A; and A, can be
written in a unique way as a polynomial in i(A; + A,) and —(A? + A2 + 1/4).

It will be necessary to integrate with respect to A = A(k) in (1). Lemma 2 and
Proposition 4 will let us do that.

Lemma 2 Let dv stand for the rotation-invariant measure on the sphere with total
mass 1. Suppose J(x) is a matrix of size ¢ X (q — 1) which depends smoothly on x €
S9! and is such that [x J(x)] € SO(q). Suppose also that J(x,y) is a matrix of
size g X (q — 2) which depends smoothly on (x,y) € ST' x 8172 and is such that
[(x Jx)y J(x,5)]€SO(q). Then

(3)
/ flk) dk = / / / f( x J®y Jkx, Y)ko]) dv(x) dv(y) dky.
SO(q) SO(g—2) Jsi—2 Jsi—1

Proof Every element of k € SO(q) can be written as k = [x J(X)y J(x,y)ko].
Indeed, x corresponds to the first column of k and the columns of J(x) span x+ so
choosing y appropriately gives us the second column of k. The columns of J(x,y)
span {x, J(x)y}* so choosing ko appropriately gives us the rest of k. It now suffices
to show that the right-hand side integral is invariant under the action of k € SO(q).

Now, kJ(x) = J(kx)ky with ky € SO(g — 1) and l%](x,y) = J(kx, kxy)kxy with

https://doi.org/10.4153/CMB-2002-046-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2002-046-x

438 P. Sawyer

kyy € SO(q — 2). The existence of kx comes from the fact that both kJ(x) and J(kx)
span (kx)*. A similar reasoning apply to the existence of kyy.

The rest then follows from the invariance properties of the measures dv(x), dv(y)
and dk. [ |

The author is indebted to Ken Richardson of Texas Christian University for his
suggestion to parameterize the first two columns of an element of SO(q) using ele-
ments of ST x 8972,

Remark3 We give here a simple construction of the maps J(x) and J(x,y) (we
are excluding a set of measure 0 in $77! x §972). Given x € $77!, we apply the

Gram-Schmidt process to the columns of the matrix [x e, --- ¢;] to obtain
[x J(x)] € O(q). Giveny € $77% and J(x), we apply the Gram-Schmidt process to
the columns of the matrix [x J(x)y e --- e]toobtain[x J(x)y J(x,y)]€

O(g). In each case, it may be necessary to multiply the last column by —1 to obtain
matrices in SO(q).

Proposition4  Let f: SO(q) — R be a function of the upper left corner p X p sub-
matrix. Abusing notation, write f(A) = f((aij)lgiﬁjgp). Then, if p = 1,2 and
q>2p—1,

(4) / f(A(k)) dk = (CP)—I / f(A)(det(I - AAT)) (g—1)/2—p JA
SO (@) 7 I,

where M, is the set of matrices A with ||A|, < 1 and dA is the Lebesgue measure on
M,. Recall that ||Al|, is the largest singular value of A or, equivalently, the square root

of the largest eigenvalue of AAT. Note that C! = fMp (det(I — AAT)) @DR7P g

Proof Since the case p = 1 is simpler, we will only discuss the case p = 2.

Let x = (x;) with x; = (H;(: sinag) cosaj, 1 <i<q—1,andx, = HZ: sin aj
where 0 < a; < mforj <g—1and0 < g, < 27 Lety = (y;) with y; =
(H;{: sinbg) cosb;, 1 <i < q—2andy, = HZ;IZ sin by where 0 < b; < 7 for
j<q—2and0 < b, <27

We now describe the matrix J(x) = (Ji;) of size ¢ x (g — 1):

0 i<j
—sina; i=7

Jij i1 . .
& cos aj(H;(:}H sinag)cosa; j<i<gq
q—1 . .
cosa; ]_[k:]jrl sin ag i=gq.
We only need the upper left corner 2 x 2 submatrix A which we compute using
(3). Written in the (a;, b;) coordinates,

5) A ( cos a; —sinay cos by )

sina; cosd, €osaj cosa, cos by — sin a, sin by cos b,
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Using Lemma 2, the Haar measure on SO(q) is given by

q—1 q—2
C(TTsint=~"a) (TTsin™" ;) das - - dagdby - - b, >dky
i=1 i=1

if dky represents the Haar measure on SO(q — 2) (the measure dv is given in [4,
p. 223]). Integrating out the variables that do not intervene in A, we have

/ F(A®K)) dk
SO(q)

. g—2 . g— . g— . g—4
=C f(A)sin?™? a; sin? a, sin?~° b, sin?™* b, da, da, db, db,
[0,7]4
where A is as in (5). Let a;; = cosay, a;; = — sina; cos by, ay; = sina; cosa, and
ay; = €osaj Cos a, cos by — sina, sin by cos b,. It is a simple calculus exercise to show

that

(q—5)/2

rlaw) ak=c [ on(ae - aan) an,m

SO(q)

Corollary 5  Using the same notation as in the lemma, we have for p = 2

(6)

1 plal
AK)) dk = (Ct)™! K O]k)
/SO(q)f( ( )) ( q) /50(2) /50(2)/—1/0 f( ! |:0 X2 :

(1= )21 = x2) a2 (2 — $2) dx, dx, dk, dk,.

Proof We write what is essentially the singular value decomposition of A:
__|cos@ —sinf| [x; O] [cosyp —sing !
~ |sinf cosf | |0 x| |sinyy  cosy

| x1cosfcostp +x;sinfsint)  x; cosfsingy) — x; sin 6 cos P
x;sinf cosy — x; cosfsiny  x;sinfsiny + x, cosf cos |’

(7)

and compute day, day, day; day, = (X3 — x3) dx; dx, dO dvp, with —1 < x; < 1,
0 <x <|x/|and 8,v € [0,27]. [ ]

Corollary6 Ifp =1or2andq > 2p — 1 then

o) = (Cfi’)_1 / QBA(coshD + (sinh D)A) (det(l —AAT)) (a=D/2=p dA
M,

where A, = A, +i(q — 1)/2.

Proof A direct consequence of (1) and of Proposition 4. ]
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Remark7 1If p =1 then

f_ll(coshH+ (sinhH)x) i’\(l —x2)a=/2 gy

NCHE I (e dx

We are now ready to propose a generalization of the spherical functions related to
the root system B,,.

Definition8 For A € a* and Rg > 2p — 1, let

(8)
¢E\q)(eH) = (Cé’)_1 / QZ)A(COSh‘D + (sinh D)A) (det(I _ AAT)) (q—1)/2—p JA.

4

Although Definition 8 is given for all integers p > 1, we continue to focus on the
case p = 2. We still need to explain in which way the ¢E\Q)’s generalize the ordinary
spherical functions.

Definition 9 Let D(G/K) denote the commutative algebra of left-invariant differ-
ential operators on G/K.

Definition 10  Adapting [13, p. 99] to our notation, let

qu) = 88;% + aa;% + [(g — 2) coth H; + coth(H, + H,) + coth(H; — HZ)]aiHl
+ [(q — 2) coth H, + coth(H; + H,) — coth(H, — H,)] aiHZ,
L = aa_}% - 66—;,% +(q—2) coth(Hl)aiH1 —(q-2) coth(HZ)a%z,
o _
2 T 9H} OH:
+ (2 coth(H; — H,) + 2 coth(H; + H,) + (q — 2) coth(H))) aiHl

+ (2 coth(H; — Hy) — 2coth(H; + Hy) — (@ — 2) coth(Hz)) %
2

+ (g — 2)( coth(Hy) (coth(H) — Hy) + coth(H, + Hy))
+ coth(Hy) (coth(H — Hy) — coth(Hy + Hy)) )
+4 COth(Hl - H2) COth(Hl + Hz),

Aiﬂ) _ ngqu).
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Remark 11 In Remark 1, we gave the two generators of D(GL+(2,R)/SO(2)) ,
namely E and A. The two generators ofD(SOO(Z, q)/ SO(2) x SO(q)) are A(Z‘Z)

and Aff) . The generators of D(G/K) are given in [6] in all rank 2 cases except for
G,/ SU(2) x SU(2).

The following result is mentioned in [13, Lemma 9] without proof.

Lemma 12 We have

(@) 7@y _ 1 1 (@)
[Az ’Ll ] - 2(sinhz(Hl—Hz) + sinh?( )Ll .

N @ 7@ @ et

q 97 q 1 1
2. [A, L] = 2Ly o (sinhz(Hl—Hz) T sinhz(Hl—Hz))'
3. (A Al =

Proof The proof of 1. and 2. is rather tedious but can be done using a system such
as Maple or Mathematica (we did both). To alleviate some of the computations, one
applies the differential operators to the function e 1722 and then we factor out that
function. Proving those equalities then becomes a matter of checking the equality of
polynomials in the a;’s of degree at most 3.

The proof of 3. follows directly from 1., 2. and [AY, LPL?] = LYP (ALY 1(7] +
A0 L. .

Remark 13 There are some mistakes in the statement of [13, Lemma 9]. Referring
to the notation in [13]: the terms coth(2h;) and coth(2h,) that appear in the 0 order

term of L(ZV’“ ) should be interchanged and the sign preceding 4v in (i) should be +.

Definition 14 Let D9 be the algebra generated by AY and A'?. Let x(AYW)(\) =
— (VX (@ 12+1) /2) and X(A)A) = (i =A)*+1) (Ar+22)*+1) and
extend y on D@ as an algebra homomorphism (refer to [13, p 99] with A replaced
by il).

We define the map T: D(SO(2,9)/SO(2) x SO(q)) — D(GL4(2,R)/SO(2))
the following way. Let D ¢ D(SOO(Z, q)/SO(2) x SO(q)) . We have
D¢y = x(D)(A)¢py. We define T(D) to be the un~ique differential operator in
D(GL4(2,R)/SO(2)) such that T(D)¢y = x(D)(A\)Ps (recall the relationship be-
tween A and A). This is possible by the end of Remark 1.

Remark 15 The map x is well defined since A(f) and Aff) commute and are alge-
braically independent. Note that for g > 2 an integer, D'? corresponds to
D(S00(2,9)/SO(2) x SO(q)) and D¢ = x(D)(A\)$» whenever D € D“. Note
also that in the notation of [13], D@ = Apgoa.

We justify our statement that (b&q) is a generalized spherical function of the root

system B, by showing that D¢'? = x(D)(\)¢'? for every D € D@, This is done in
Theorem 20 given toward the end of this section. Our strategy to prove that result is
simple. First, we show that for an important range of \’s, qbf\q) is a rational function
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of g which is known when q > 4 is an integer. The next step is to show that the other

¢(Aq)’s can be approximated by the smaller class.
To this end, we need to know more about integration on M, as given in (4).

Lemma 16 If p(A)
Jrg, P(A) (det(I — AAT))

plai,a12,a,02) is a polynomial then

-5)/2 . . . .
@I Gaisa rational function of q.

Proof It is enough to show this for terms of the form ai}'ai}a}}'ayy. If Y n;;
is odd, then we can show that the integral is 0 using the invariance properties of
(det(I — AAT)) WA, 1 Z”u is even then af}'a{}?ay?ay? will be a sum of
terms x{x3F(6,¢) with r + s = Y n;;. If r and s are both odd then the integral is
0. We can therefore assume that r and s are both even. Note also that p(x;,x;) =
f()z’r OZﬂ plai, ay, az, az) df dip is symmetric in x? and x3. To see this, it suffices to
replace 6 by 8 + w/2 and v by ¢ + w/2 in (7). We also note that every symmetric
polynomial in x? and x3 can be written as a linear combination of terms of the form
(o3 + ka)(l (1= 3) (if i < j, then iy’ +x7/x3 = (V" + 977 -
(1 — x3) (1 — x3)'+terms of lower degree). It is therefore enough to show that

R (v) = // (x1 +x2 —x%)(l xl)” (1= x2)” U dx, dx;

is a rational function of v for every fixed integer k > 0.

Let y1(t) = (t,1), —72(t) = (¢t,1) and —y3(¢t) = (0,¢) where 0 < ¢ < 1. Let
P = (1 — 21— x3)r! and Q = (1 — x3)"71(1 — x%)” and note that
o gf [Qv+2k+ 1)(x1 +x3k+ S (6, x3)) | (F —x) (1 — D) (1 —xB)v !
where Sk_1 is a symmetric polynomial of degree at most k — 1 (in particular, if k = 0

then S_; = 0). Using Green’s theorem, we have

/ / ( 6P ) dXZ dx1 / (del —dez).
I 8x2 NURUs

The latter expression is rational in v. The result follows then using induction in k.

|
2 _ 1
Corollary 17 We have C; = e
Proof This requires a simple computation using P and Q with k = 0O and v =
(q—3)/2. ]

We state a Weierstrass theorem for functions of several variables. The explicit
construction of the polynomials allows us to say something about the derivatives of
order at most 2.

Lemma 18 Let f: R* — Rbesuch all that its derivatives up to order 2 are continuous.
Let K be a compact set. Then there exists a sequence of polynomials (f,) such that f,,
(7fn &> fn

and - converge uniformly to f, ax respectively fori, j = 1, 2.

Bxx
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Proof By scaling and by multiplying by an appropriate cutoff function, we may
assume that K C {x: ||x|| < 1/2} and that f vanishes when ||x|| > 1/2.
Let p,(x) = c,(1 — ||x||?)" where n is chosen so that f”x”<1 pu(y)dy = 1. Let

£ = [ 0= dy = [ flx=yptndy.

The first equality ensures that f,, is a polynomial while the second equality shows
that the relationship between the derivatives of f, and those of f is the same as that
between f,, and f. It is therefore enough to show that the sequence (f,) converges
uniformly to f on the set ||x|| < 1/2. The rest of the proof is very close to [14,
p. 117]. n

Remark19 1If f = f(xi,x;) is symmetric in x; and x, then we can choose
symmetric polynomials. Indeed, it suffices to replace f, from the proof by

(fulxr,x2) + fa(x2, 1)) /2.
Theorem 20  Let p = 2 and suppose Rq > 3. Then for every D € D9, we have

©) D\ = X(D)N)ey.
Proof We will proceed in two steps. It is useful to refer to (2).

1. Letn; > ny, > Obeintegers. Let A(H) = —i(4n;+1)H; /2 —i(4n, —1)H, /2. This
ensures that @, (g) is a symmetric polynomial in 2 and €*%, i.e., a polynomial
inr, =trgg’ = e +e¥2 and in r, = (detg)? = 17212, These polynomials
are known as “Jack polynomials” (to know more about them, refer to [5]). If
g = cosh D + sinh DA then r; and r, are polynomials in sinh H;, cosh H; and in
the aij.
When we apply the operator D to ¢,, equation (8), Lemma 16 and the above
imply that both sides are rational functions of g. We know that they are equal

when q > 4 is an integer since then qﬁf\q) is a spherical function of a symmetric
space. This means that they have to be equal for every g. Therefore (9) holds for
the corresponding class of \’s.

2. Let T be as in Definition 14. We claim that

D f(cosh D + sinh DA) (det(] — AAT)) (@=3)/2 dA
M,

— / (T(D)f) (cosh D + sinhDA)(det(I —AAT)) (q—5)/2 A
M,

where f: R? — Ris such all that its derivatives up to order 2 are continuous.
This clearly implies the desired result (one just has to take f = ¢, ).

We know that the claim is true for every (Z)A with A chosen as in part 1, i.e., for
every Jack polynomial and, by linearity, for every symmetric polynomials. We
then use Proposition 18 to do the rest. ]
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Remark 21 We could have done much of the same thing with p = 1. We already
know that for p = 1, qS(Aq) can be described by an ordinary hypergeometric function
(see for instance [4, Problem 8, p. 484]).

The following lemma gives a crude estimate which will be useful next section.

Lemma 22  Suppose p = 2. Suppose K, and K, be compact subsets of a and a*
respectively and suppose § > 0. Then there exist a constant C = C(Ky, Ky, 0) such that

for Rq > 3+ 6, we have |60 ()| < Clq|~

—Proof Note first that the set {coshD + (sinhD)A : D € Kj,A € M,} is com-
pact. If we refer to (8) and to Corollary 17 then

1
|¢(q)(eH)| < —
A ICal
< L
G o,
C(Ky,K>)
- al v
CK1,K)Chy  C(K1,K)l(q — 2)(q — 3)|
e Rg-2)Rg-3)

/ ¢ (coshD + (sinh D)A) (det(I — AAT)) @=9)/2 1,
M,

)§R(q—5)/2

|§a (coshD + (sinh D)A) | (det(I — AAT) dA

) R(q—5)/2

(det(I — AAT) dA

3 On a Conjecture by Jiro Sekiguchi

As explained in the introduction, the work of Sekiguchi in [13] was the inspiration for
this paper. In Section 2, we accomplished the generalization of the spherical functions
he wanted but with another “candidate”. We will now show that our generalizations
are equivalent thus proving his conjecture.

We first recall some of the notation and results of [13]. Let

L(by, by, t) = {1 +bity + (1 + bibyty) (1 + _) ts}
1 ) bztz) }
e l+=fH+(1+—— 1+ ==t
{ by : ( blb2> ( b ’
+ (2(1 +t1) + {(1 + b1byty) (1 + t2>
bib,

byt bt
+<1+;—12) <1+;—22)}>t4+t§.

If m > 1is an integer, let @) , (a1, a,) = ¢ (M) = Jx eA=P D) gk where
a; = e, Suppose 0 < R(\; — N\y) < land —m/2 < R\, < m/2. In [13,
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Theorem 5], Sekiguchi showed that

(10)
Py mlar, @) = C(A, ’”)/ gy MR dtl/ t{mm/z*‘dtz/ £1/27
0 0 0

R an [ o ay
0

— 00

T(A\1 —=A)
where C(\, m) = 22" 2mm =T (241)? 1‘(,\2+;j;z)1‘(2—,\2+m/2)’ L, = L(a;,a,,t)and L, =
L(“Za ap, t)-

Definition 23 (Sekiguchi) Let @, ,, be as in (10) in the domain ®m > 0, 0 <
R(A1 — A\p) < land —Rm/2 < R\, < Rm/2.

Sekiguchi conjectured in [13] that the ®, ,,’s would be eigenfunctions of the op-
erators given in Definition 10 (modulo a change of variables).

To prove the conjecture Sekiguchi made, it will suffice to show that @ ,,(a;,a,) =
(b(_"g\z)(al, a,) whenever m > 1. We already know that this equality is valid when

m is an integer greater than 1. This will suffice once we show that the two functions
satisfy similar bounds.

Lemma 24  Suppose fm > 0,0 < R(A; — Xy) < Land —Rm/2 < R\, < Rm/2.
Then ®) ,,(1,1) = 1.

Proof Takea; = a, = 1in (10). Wethenhave L; = L, = (1+t1 +t4+t3(1+t2)2) 2.
Using (10), we have

<1>A,m(1,1):cu,m)7r/ tl_(’\l_’\zﬂ)/zdtl/ t2_>‘2+m/2_1dt2/ £ dy
0 0 0

—(m+1)

oo
/ tf/2_1(1+t1+t4+t3(1+t2)2) dty.
0

Now, if we make the change of variables s3 = t3(1 + )%, 54 = t4/(1 + t; + 53),
s; =11 /(1 +s3) and s, = £,, then the computations become straightforward. [ |

Corollary 25  Suppose *'m > 0,0 < R(A;1—A;) < Land —Rm/2 < R\, < Rm/2.

Then | |

C(A, m)

D) (ay, < -1

[®amar a2)| < C

Proof It is not difficult to see that the minimum of L; and L, occur whena; = a, =

1. Noting that for a > 0, |a?| = a%, the result follows from the proof of the lemma.
| ]
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Corollary 26 Let M > 0and 0 < & < 1/2 be fixed. Suppose 6 < R(A\; — X)) <
1 =0, -M/2 < RN\, < M/2, |SN| < M/2,i = 1,2. Then there exists a constant
C = C(M, 0) such that on the domain *m > 2M + 1, we have

|® ) mlar, a2)| < Clm?|.

Proof We know that I'(z) ~ v/27z"~'/2¢™* when z — oo provided |arg| < 7 — §
for some § > 0. This means that in our domain, there exist constants C; > 0 and
C, > 0 such that C,|z|®~1/2¢7%2 < |T'(z)| < Cy|2|™~ /2%, This implies that

|\ m)| |m|?
C(RX,Fom) <C (Rm)? u

Lemma 27 Leta € R and suppose |f(z)| < |P(z)| where P is a polynomial and f
is an analytic function on Q8 = {z : Rz > a} which is 0 at every integer in Q. Then
f(z) =0forallz € Q.

Proof By taking a larger if necessary, we may assume that 2 does not contain any
zero of P (if f is zero on the smaller domain, it has to be zero on the larger one). Let
U denotes the unit disk and let T: Q — U be definedby T(z) = (z—a—1)/(z—a+1)
and note that 1 — T(n) = 2/(n — a + 1). Now, (f/P) o T~! is a bounded analytic
function on U with zeros at T'(n). Since Z( 1— T(n)) is divergent, we conclude from
[9, Theorem 15.23] that (f/P) o T~ is identically zero. [ ]

We now prove the conjecture made by Sekiguchi in [13].

Theorem 28  Suppose Rm > 1,0 < R(A\; — A2) < land —Rm/2 < RA; < Rm/2.
Then

(11) Dy m(e”) = P ().

Proof It suffices to show (11) with the following stricter restriction: ftm > 2(1+6)
withd > 0,0 < R(A1 =) < 16, —(1+9)/2 < Ry < (1+0)/2, |SN;| < (1+5)/2,
i = 1,2 and H in an arbitrary compact subset of a since the result will then follow
by analyticity. If we consider f(m) = ® ,\,m(eH ) — qﬁ’f}rf(eH ) only as a function of m
then it is analytic and it is bounded by a multiple of |m?| according to Lemma 22 and
Corollary 25. Since f(m) = 0 when m > 2 is an integer, we can use Lemma 27 to
conclude. ]

4 Conclusion

A natural question is whether this can be generalized to all p.

Let us outline what would need to be done. One would have to show that Propo-
sition 4 (or something similar) is valid for all p. On the other hand, a general version
of Corollary 5 would follow from the proposition without difficulty.

Defining the algebra D'? for an arbitrary p might be difficult to do explicitly but
all we really needed was the fact that the operators in D'? were rational (actually
polynomial) functions of gq. Note that a version of Lemma 16 for p = 1 would
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require the factor (C;)_1 in order to be valid. We presume that in general, it would
depend on whether p is even or odd. Lemma 18 is easily generalized to all p. If all
these “details” were taken care of, the proof of Theorem 20 would hold for all integers
p > landallgwith Rg > 2p — 1.
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