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THE FIELDS OF MODULI FOR POLARIZED ABELIAN
VARIETIES AND FOR CURVES

SHOJI KOIZUMI

In the study of moduli of polarized abelian varieties and of curves
as well as in the theory of complex multiplications, the notion of fields
of moduli for structures plays an essential role. This notion was first
introduced by Matsusaka [7] for polarized varieties with some pleasing
properties and later was given a more comprehensible treatment by
Shimura [10] in the case of polarized abelian varieties or polarized abelian
varieties with some further structures. Both authors discussed fields of
moduli not only in algebraic geometry of characteristic zero but also in
that of positive characteristic, but in the latter case the definition of
fields of moduli seems somewhat artificial and there have been no essential
applications of them so far.

The purpose of the present paper is, despite our pretensions to
achieve generality in §1, to prove the following fact, which is known in
geometry of characteristic zero.

(I) Assume that the characteristic of the universal domain is not
two. Let S be a polarized abelian variety or a complete non-singular
curve; then the field of moduli for S coincides with the intersection of
all possible fields of rationality for all possible structures isomorphic to S.
(Corollary 3.2.2)

We have followed the definition of “field of moduli” given by Matsu-
saka and Shimura in the above statement, but in this paper the fields of
moduli are defined in a somewhat different way and hence the expression
of our Corollary is adjusted to our definition. We shall now give a
summary of the contents of this paper.

After giving some fundamental notations we recall some properties
of a Picard variety of a complete variety with no divisorial singularities,
which are used in Example 1.2.3 and in the proof of Proposition 3.1.
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In this part we followed the notations and formulations in Lang’s book
[3] as a general principle, where we find proofs of all our statements
except the duality theorem of abelian varieties (i.e., the fact that the
map &, is an isomorphism), which actually is not used in the paper (§0.).
In §1, we start by defining FM-structures S for which the notions of
fields of rationality, the transform S’ by an automorphism ¢ of the uni-
versal domain and the isomorphy relation are given with very natural
axioms (fm). We then define the notion of the ‘“field of moduli for S”,
which is different from the old definition in appearance but will be shown
the same in the case of polarized abelian varieties. By several examples
we try to explain how our notion works in algebraic geometry. Before
studying polarized varieties we consider an «/-structure U consisting of
a complete non-singular variety and an algebraic equivalence class on it
satisfying some conditions (see 2.1) and see the existence of the field of
moduli for % under a condition (A) (see 2.1). This is discussed in §2
and since that section does not include any new results, most proofs are
omitted or only sketched. In §3, we prove the existence of the field of
moduli for a polarized variety under the assumptions (T) and (P) (see
Theorem 3.2). These assumptions seem too strong for general theory of
polarized varieties, though they are general enough for our purpose as
far as we are concerned with polarized abelian varieties or curves. Using
our new definition of “fields of moduli” the statement (I) can be rewrit-
ten in the following way: (I) The assumptions and S being as in I),
the field of moduli for S in our sense exists and it coincides with the
old field of moduli for S (in spite of their difference in appearance).
Statement (I) is reduced to a special case of Theorem 3.2 on account of
Proposition 3.1.

§0. Terminology and notations.

We follow the terminology and definitions in Weil [13, 14]. Through-
out the paper the universal domain is fixed and denoted by K. Any field
we consider is a subfield of K, and a variety is an absolutely irreducible
variety rational over a field. For a field F, Aut(K/F) means the sub-
group of the automorphism group Aut(K) of K consisting of elements
acting as the identity of F.

Let V be a complete variety non-singular in codimension 1; then we
denote by 2(V), 2,(V) and 2,V), respectively the group of V-divisors,
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the group of V-divisors algebraically equivalent to zero and the group of
V-divisors linearly equivalent to zero. For a divisor X € 2(V), the linear
equivalence class determined by X is denoted by ClU(X).

When we regard an abelian variety A as a variety without consider-
ation of its composition law, we call it the underlying variety of the
abelian variety A and sometimes denote it by the same letter A. Thus
an abelian variety is a couple of its underlying variety and its composi-
tion law. An abelian variety is rational over a field k if and only if
both the underlying variety of A and the origin 0 of A are rational over k.

Let V and A be as above and let D be an (A x V)-divisor. A V-divisor
D(a) for ¢ € A is defined by

D-(a X V) =a X D)

if the intersection on the left side is defined on 4 X V. When the inter-
section is not defined, D(a) denotes a V-divisor belonging to

ClD(—z + ¥ + @) + D(x) — D(y))

where # and y are two points on A such that D(—z + y + a), D(x) and
D(y) are defined in the old sense. We know that CI(D(a)) depends only
on the point @ and does not depend on the choices of # and ¥ in the
latter case. Thus D(a) is defined at any point e ¢ A. If & is a common
field of rationality for V,A and D, D(a) is rational over k(a) in the former
case and D(a) can be chosen such that it is rational over k(a) in the
latter case if V has a k-national simple point. Especially if V is an abelian
variety too, an A-divisor !D(b) for be V is defined by

D-(AXb)="D®) Xb

if the intersection is defined on A X V; the definition of *D(d) is gener-
alized in the same way as that of D(a).

Let V be now a complete variety non-singular in codimension 1,
rational over a field & and having a k-rational simple point; then we
have a Picard variety (V,D) of V, rational over % where V is an abelian
variety rational over k¥ and D is a (V x V)-divisor rational over k, which
is called a Poincaré divisor of V [4]. If we define a map 6 of V to
D2.(V)|2,V) by 6(x) = CUD(x) — D(0)), 6 is a group isomorphism. A
group homomorphism @, (or simply @) of 2,(V) onto V is defined by

, = 0 'or where r is a natural surjection of 2,(V) to 2,(V)/2,V) and
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obviously the kernel of @, is equal to 2(V). We consider a special case
where V is an abelian variety and denoted by A. It is trivially true
that a map of A defined by £ — &(D(£) — D(0)) for £e A is the identity
automorphism 1; of A and furthermore we know that a map k£, of A
to 2 defined by £, (x) = @;¢D(z) — tD(0)) for xe A is an isomorphism
[9]. For an A-divisor X, a homomorphism ¢, of A to A is defined by
pr(x) = O(X, — X) where X, is the image of X by a translation map of
A:zr 2+ 2z For two A-divisors X and Y, ¢y = ¢y if and only if X
is algebraically equivalent to Y. Let B be another abelian wvariety
rational over k, let 2 be a homomorphism of A to B, and let Y be a
B-divisor. An A-divisor A7(Y) is defined in the usual way when the
intersection I';-(A X Y) is defined on A X B where I', is the graph of 1;
and if 27%(Y) is not defined in the usual way, 27%(Y) denotes a divisor
belonging to CI(A"'(Y")) where Y’ is a B-divisor linearly equivalent to Y
such that 17(Y’) is defined in the usual way. If Y and 1 are rational
over k, A7*(Y) is rational over k& when it is defined in the usual way;
and when 27Y(Y) is defined in the generalized way 1-%(Y) can be chosen
as a divisor rational over k. The dual homomorphism A of 1 is a map
of B to A which is defined by A(@x(Y)) = @, %(Y)) for any Y e 2,(B).
Especially for a homomorphism ¢, of A to A defined above, we have
an equality ¢yor, = ¢x. Let A; be another abelian variety rational over
k and let (A,, D, be a Picard variety of A, rational over k. A map &
of 2,4 X A)/9,(4 X A) to 2,4)/2,4) X 2,(4,)]2,4, defined by
E(CUX)) = CIUX(0)) X CUX(0)) for any X e D,(A X A, is an isomorphism
and if we denote, by D (resp. D)), a divisor on A X 4, X A X A, which
is the image of a divisor D X Al X A, (resp. Ax Ax D)) by a permuta-
tion isomorphism of AxAx Al x A, to A x /il X A X A,, then (4 x fi,,
D + D) is a Picard variety of A X A, rational over k. The homomor-
phism @ 4,4, of 2,(A X A,) to A x A, is given by 0,,,(X) = 0,0X(0)) X
0,,(X(0) for any Xe 2,4 X 4).

§1. FM-structures.

We start with defining FM-systems © over a field F and FM-structures
S in &, where we can discuss the field of moduli for S.

DEFINITION 1.0. Let F be a field; let © be a collection of geometric
objects S,S’, ---, together with the following three laws:
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i) Given an object S and a field % containing F, it is defined whether
or not k is a field of rationality for S. (When % is a field of rationality
for S, we say that S is rational over k.)

ii) Given two objects S and S’, it is defined whether or not S is
isomorphic to S’ (noted by S = ).

iii) Given an object S and an automorphism ¢ in Aut(K/F), the
transform S° of S by ¢ is defined and belongs to .

When the pair (&, F) satisfies the following conditions, © is called
an FM-system over F and an object S in © is called an FM-structure
(in ©).

fm i) If an object S is rational over a field %k, S is rational over
any field k¥’ containing k.

fm ii) The relation of isomorphy = is an equivalence relation.

fm iii) Given S and S’ in © and given two automorphisms ¢ and
r in Aut(K/F), we have

1) S° =S8 if ¢ acts as the identity on a field of rationality for S.

2) S° is rational over k° if S is rational over a field k.

3) S =& implies S° = §”.

4) S = (S).

When F is the prime field ,F, © is called an FM-system. Sometimes
in this paper we simply say that a geometric object S is an FM-structure,
without explicit explanation about the FM-system & to which S belongs,
when the situation is clear enough.

In many cases, as you see later, an FM-structure S is defined by a
set of a variety and cycles and a field of rationality for S is a common
field of rationality of the variety and some cycles constituting S. But
still we have another type of FM-structures such as PEL-types or
especially CM-type in the theory of abelian varieties, which are defined
and discussed by Shimura and Taniyama [11,12].

1.1. Let © be an FM-system over a field F and let S be an FM-
structure in ©. A subset G(S,8) (or simply G(S)) of Aut(K/F) is
defined by

G(S,®) = {o e Aut (K/F)|S* = S} .

We can easily see that G(S,S) is a subgroup of Aut(K/F) depending
only on © and the isomorphy class (S of S (from fm ii) and fmiii 3,4)).
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DEFINITION 1.1. Let kg be a field containing F. If kg satisfied the
following two conditions, it is called the field of moduli for S over F
(or simply the field of moduli for S).

FM 1) For an automorphism ¢ ¢ Aut (K/F), ¢ is contained in G(S,S)
if and only if the restriction of ¢ on kg is the identify.

FM 2) ks = NK

where K runs over the set of all fields of rationality for all S’ isomor-
phic to S, (containing F).

1.1.0. An FM-structure S has at most one field of moduli for it.
The field of moduli for S depends only on the isomorphy class of S (noted
by <S>). In other words, if S and S’ are isomorphic to each other, a
field k, is the field of moduli for S over F' if and only if it is the field
of moduli for S’ over F. Thus the field of moduli ks for S over F is
sometimes called the field of moduli for the isomorphy class {S> over F
and is denoted by k.

1.1.1. Let %, be a field containing F and satisfying the condition
FM1 for S, let K be a field of rationality for S’ isomorphic to S; then
k, and K-k, are purely inseparable respectively over K N k, and K, and
especially there exists a purely inseparable extension of K which con-
tains k,. In fact, we have only to prove that k, is purely inseparable

over K N k, because the other parts are straight forward from it. We
have

GK/K) = {sc Aut (K) | 0| K = 15} C G(S) = G(K/Fy) .

This inclusion relation implies

UK > kg™

v=0 »=0

where p is the characteristic of K. Thus for any element ac k, there
exists a non-negative integer p such that a?” is contained in K.

1.1.2. Assume that the characteristic of K is zero. For an FM-
structure S, there is at most one field %, which satisfies the condition
FM1, and the field &, (if it exists) is contained in any field of rationality
K for any S’ isomorphic to S. Furthermore we can easily see that the
field NK on the right side of the equality in FM2 is a Galois (especially

https://doi.org/10.1017/50027763000015063 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000015063

FIELDS OF MODULI 43

algebraic) extension of %k, Thus if there is a field of rationality for S’
which is a regular extemsion of k, the field k, satisfies the condition
FM2 and becomes the field of moduli for S.

1.1.3. Let S be an FM-structure. If there exists an FM-structure
S’ isomorphic to S, which is rational over a finite algebraic extension of
the prime field, then we have one and only one field k, which satisfies
FM1 for S, and the field NK on the right side of the equality in FM2
is a Galois extension of k,.

1.2. Examples. We start with a rather trivial example.

1.2.1. Let © be the collection of affine (or projective) varieties. For
a variety V in ©, a field of rationality for V and the transform V° by
an automorphism ¢ c Aut (K) are defined in the usual way. For two
varieties V and V' in &, we say that V is isomorphic to V’ if and only
if V is identical with V’. Then obviously © becomes an FJM-system over
the prime field and for each V in &, the field of moduli %k, for V exists.
In this case V is rational over k, (see [13]).

1.2.2. Let V be a variety rational over a field F'; let © be the total
set of cycles on V. In the same manner as in 1.2.1 we can define an
FM-system (&, F), especially in this case the isomorphy relation means
the identity relation. It can be proved that the field of moduli k; for
X over F exists for any X €¢® and X is rational over k5 if X is a divisor,
but for a cycle of lower dimension the same statement is not true. If
the ambient variety V is projective, ky is generated by the Chow point
associated to X over F. (see [15]).

1.2.3. Let V be a complete variety rational over a field F, non-
singular in codimension 1. The field of rationality for a divisor X € 2(V)
and the transform X° of X by an automorphism o ¢ A (K/F) are defined
in the usual way, and we say that two divisors X and X’ on V are iso-
morphic if they are linearly equivalent. Thus (2(V),F) makes an FM-
system. Assume that V has an F-rational simple point. It is known
that there exists the field of moduli kg, for any X e 2(V) and that
there exists a divisor X’ rational over k¢, linearly equivalent to X.
Let (V,D) be a Picard variety of V, rational over F, and let @ be the
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homomorphism of 2,(V) to V defined in § 0; then for any divisor X € 2,(V)

1.2.4. Let V be a projective non-singular variety rational over a
field F having an F-rational point P; let Z(V) and Z,(V) be the group
of zero-cycles on V and the group of zero-cycles on V which are of degree
zero; and let (¢, A(V)) be an Albanese variety of V rational over F where
A(V) is an abelian variety rational over F' and ¢ is a map of V to A(V),
rational over F, with ¢(P) = 0. We say that for two cycles X and X’
in Z(V), X is isomorphic to X' if X — X' e Z (V) and > me(P,) =
> njp(P;) where X = 3 n,(P;) and X’ = > nj(P,). The field of rationality
for X and the transform X° of X by o€ Aut (K/F) being defined in the
usual way, we have an FM-system (Z(V),F). In this case we can also
prove the existence of the field of moduli %y, for X e Z(V) and that
koix, is the extension of F' generated by the point 3 n,0(P;,) on A(V),
where X is as above. The problem whether there exists a zero-cycle X’
isomorphic to X and rational over kg, is not settled so far. (see [1]).

1.2.5. We shall give one more example which is of rather different
type from the previous ones. Every detail is proved by Shimura [11] and
we follow his definitions and notations without precise description. We
consider a PEL-type £ in the sense of Shimura. The transform Q° of
Q2 by oe Aut (K) and the isomorphy between two PEL-types are defined
in his theory. We say that £ is rational over a field K if there is a
PEL-structure of type £ which is rational over K. It is proved that 2
is an FM-structure and that the field k, in [11, 5.1] is the field of
moduli for 2 in our sense.

On the other hand although a CM-type £’ in the sense [12] is an
FM-structure in the same manner, the field of moduli for £’ does not
exist in general. Actually the dual field of 2’ satisfies FM1 for £’ and
does not satisfy FM2. In order to treat this case in our line some
modifications are needed in the condition FM2, but we do not discuss
them.

§2. Fields of moduli for .o7-structures.

2.0. Let V be a complete non-singular variety; let 2(V), 2,(V) and
2,V) be as in §0. For a divisor X ¢ 2(V), #(X) and £(X) are the set
of positive V-divisors algebraically equivalent to X and linearly equivalent
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to X respectively, and L(X) is a set of rational functions on V defined by
LX) = {f|div(f) + X > 0} where div (/) implies the V-divisor of the
function f. We know that L(X) is a finite dimensicnal vector space over
the universal domain K and that if k£ is a common field of rationality
for V and X, L(X) admits a linear base (f,, fi, -, f), each function f;
of which is rational over k. If we fix a base ([, f, -+, f) of L(X) as
above, we have a rational map ¢y, ..., of V into a projective space
P, of dimension ! defined by

Pexsfo,emsn s V—> P,
W w

v (fo(@), -+, ful@) .

X is called to be very ample if £(X) has no fixed component and ¢, s,...., 7
is an isomorphism of V onto the image variety, and a divisor X is called
to be ample if there is a positive integer m such that mX is very ample.
These notations will be used throughout the rest of the paper.

2.1. Under the assumptions and notations in 2.0, a pair % = (V, /(X))
is called an 7-structure if o/(X) is an irreducible family of divisors (i.e.,
an algebraic family of divisors, parametrized by a variety) and any divisor
in «/(X) is very ample, and V is called the underlying variety of the
o/-structure . We say that a field k is a field of rationality for U if
V is rational over %k and some X’ e «/(X) is rational over k. For an
automorphism ¢ ¢ Aut (K), the transform A° is defined by A’ = (V°, «7(X?)),
which is easily seen to be an «/-structure. Let %’ = (V/, &/(X’)) be an-
other «7-structure and let ¢ be an isomorphism of V to V’; then ¢ is
called an isomorphism of A to A if ¢ maps H(X) to #(X’). Under
these definitions .«/-structures become FM-structures and we can discuss
the problem of fields of moduli for .«/-structures.

Now we consider a condition (A) on an «-structure ¥ = (V, &/ (X)):

(A) For any <Z-structure ' = (V/, (X)) isomorphic to U, rational
over o field K, the irreducible family £ (X') is rational over K.

N.B. We say that the irreducible family «/(X’) is rational over K
if the family admits a parameter variety W and a correspondence divisor
I on W x V’, both rational over K. If V' is a projective variety, this
condition is equivalent to the fact that the Chow variety c(«/(X’)) as-
sociated with «/(X’) is rational over K. The «/-structure ¥ satisfies the
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condition (A) if for any «/-structure A’ = (V’, «/(X’)) isomorphic to ¥,
rational over K and with a projective variety V’ as its underlying variety,
the family «/(X’) is rational over K.

Concerning the condition (A) have the following proposition.

ProOPOSITION 2.1.1. An o-structure U = (V, (X)) satisfies the con-
dition (A) in either case of the following four cases:
i) V is a curve,
ii) V is the underlying variety of an abelian variety,
iii) the set {X' — X|X’' e #(X)} covers a complete set of representa-
tives of 2,(V)]|2,V),
iv) the characteristic of the universal domain is zero.

We may assume that % is rational over a field of ¥ and V is pro-
jective. The case i) is just trivial and case iii) is a theorem of Matsu-
saka [4, II, Prop. 1]. Under the assumption of «/-structures it is easily
seen that the Chow variety ¢(«/(X)) is rational over a purely inseparable
extension of a field of rationality k& for . This proves the case iv). In
the case ii) if an abelian variety A with the underlying variety V is
rational over k, it is easy to see that the variety c(«/(X)) is rational
over k. In general case c¢(A(X)) is rational over the field k(x) where z
is a generic of point of V over k and since z is an arbitrary generic
point of V over k, we can conclude that ¢(«/(X)) is rational over k.

2.2. Following Matsusaka and Shimura’s idea we can prove

THEOREM 2.2. Let W = (V,L(X)) be an «-structure satisfying the
condition (A). Then the field of moduli kg for A exists and there is an
o-structure Y’ isomorphic to A and rational over a regular (or o finite
separable algebraic) extension of k%.

Since the theorem is not new but is perfectly proved in [7,10], we
shall sketch the idea of the proof which appeared in the literature. Let
k be a field of rationality for % and let X be a generic divisor of «7(X)
over k, which is rational over a regular extension k(z) of k. Let (f,, f,
.++,f1) be a linear base of L(X) such that each f; is rational over k(z).
Put f, = >t owyf; G=0,1,.--,0), where (u;) are a set of (I 4+ 1)* in-
dependent variables over %(z). V denotes the image variety of the map

PE;Fopeee, 70 V— P,
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and is a projective variety rational over k(z,u;;), isomorphic to V. Let
W be the locus of the Chow point ¢(V) associated to V over k. The
smallest field of rationality (or the field of moduli in the sense of
Example 1.2.1) for W is the field of moduli kx for A.

2.2.1. When % = (4, /(X)) is an «/-structure where A is the under-
lying variety of an abelian variety A, we can define a new FM-structure
%, on the same pair (4, /(X)) i.e., a field k£ is called a field of ration-
ality for ¥, if it is a common field of rationality for the /-structure %A
and the abelian variety A ; the transform U of U, by se Aut(K) is a
pair (A4°, «/(X°)) where A° is an abelian variety; for another «7-structure
Ay = (A, Z(X’)) with an abelian variety A’, an isomorphism ¢ of % to
the «/-structure A’ = (4’, #/(X’)) derived from ¥} is called an isomorphism
of ¥, to U if ¢ is an isomorphism of the abelian variety A to the abelian
variety A’. Under these definitions the pair (4, 2/(X)) becomes an FM-
structure ¥, different from the /-structure %. We shall call the new
FM-structure an 7 -structure. Thus a pair (4, (X)) of an abelian
variety A and an irreducible family «/(X) of very ample A-divisors
determines two FM-structures—</-structure % and .o/ -structure %, and
according to Proposition 2.1.1 and Theorem 2.2 we know that the field
of moduli ky for the «/-structure U exists.

COROLLARY 2.2.2. An o -structure ¥, = (4, (X)) admits the field of
moduli kx, for A, and there is an o -structure isomorphic to U, and rational
over a regular (or o finite separable algebraic) extension of ky,. Further-
more if W is the /-structure consisting of the same pair (A, L (X)) as
Ay, then ky, coincides with the field of moduli ky for U.

We are going to prove that the field of moduli kg for U satisfies
the conditions FM1 and FM2 for %, Let ;= (4’, /(X)) be another
o -structure. It is easily seen that (4, «(X)) and (4’, #(X’)) are isomor-
phic as o/ -structure if and only if they are isomorphic as «/-structure.
This proves ky satisfies FM1 for %,. Concerning the equality NK = ky
where K runs over the set of all fields of rationality of all % isomorphic
to %,, the inclusion relation NK D ky is obvious from the condition FM2
for 9. To prove the opposite inclusion relation NK C ky, it is sufficient
to see that if K’ is a field of rationality for the underlying variety V
of an abelian variety, K’ = K'(x) N K’(y) where « and y are two indepen-
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dent generic points of V over K’ and that each of K'(x) and K'(y) is a
field of rationality of an abelian variety with underlying variety V. This
proves that there exists a field of moduli for %, and it coincides with k.
The other part of our corollary is straightforward from Theorem 2.2
and what we have proved above.

2.3. Let V be a complete non-singular variety. It is known that
the torsion subgroup T of the group 2(V)/2,(V) is of finite order [6]
and we denote by t the order of 7. Let U = (V, /(X)) be an &/-structure
with underlying variety V. If (V,«(mX)) for a positive integer m is
also an «-structure, we denote it by A™.

PROPOSITION 2.3. Let U = (V,HL(X)) and Y™ = (V,L(mX)) be two
sZ-structures satisfying the condition (A). Then we have
i) the field of moduli ky for A is a finite algebraic extension of
the field of moduli ky~ for A™,
i) if m is prime to t, ky is purely inseparable over ky~,
iii) if m is prime to tp where p is the characteristic of the universal
domain, ky coincides with kym.

The first assertion i) is proved in [7, Lem. 8]. To prove the second
one ii) we have only to see the equality G@) = G(¥™), which is obvious
from the assumption that m is prime to ¢ (as for the definition of G(2), see
1.1). The third one iii) is a combination of ii) and Lem. 10 in [7].

§3. Fields of moduli for #-structures (polarized varieties).

3.0. Let V be a complete non-singular variety and X a divisor on
V. We denote by #(X) the set of all positive V-divisors X’ for which
there exist two positive integers m and m’ such that mX is algebraically
equivalent to m’X’. A pair B = (V, (X)) of V and #(X) as above, is called
a P-structure (or a polarized variety) if #(X) contains an ample divisor;
and V is called the underlying variety of the #-structure  in the case. In
the usual way and in the same way as in &/-structures (see 2.1) we can
define the notion of field of rationality for %, the transform P° of ¥ by
g e Aut (K) and isomorphisms of #-structures; then we know that £-
structures become FM-structures.

Now we consider a condition (T) on a complete non-gsingular variety V:

(T) The torsion subgroup of the group 2(V)]2.,(V) is trivial.

https://doi.org/10.1017/50027763000015063 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000015063

FIELDS OF MODULI 49

If the underlying variety V of a P-structure P = (V,2(X)) satisfies the
condition (T), there exists a V-divisor X, (not necessarily positive) such
that a positive V-divisor X’ belongs to #(X) if and only if X’ is algebraic
equivalent to mX, with some positive integer m. The divisor X, with
this property is uniquely determined by the Z-structure £ up to algebraic
equivalence and is called a basic polar divisor of . It is known that
there exists a positive integer m, for P such that (V, «/(mX,) is an /-
structure satisfying the condition iii) in Proposition 2.1.1 (and hence
satisfying the condition (A)) if m > m, [5,7].

We consider another condition (P) on a complete non-singular
variety V.

(P) Let V' be a variety isomorphic to V and rational over a field
K; then any coset of 2(V’) modulo 2,(V’) has a representative divisor
which is rational over a separable algebraic extension of K.

PROPOSITION 3.1. A complete non-singular variety V satisfies both
conditions (T) and (P) in either of the following two cases
1) V is a curve,
ii) V is the underlying variety of an abelian variety and the cha-
racteristic p of the universal domain is not equal to two.

The first case i) of our proposition is obvious. Since the triviality
of the torsion subgroup of 2(V)/2,(V) is known in the case when V is
the underlying variety of an abelian variety without any condition on the
characteristic (even in the case of characteristic 2) [3,9], it is sufficient
to prove that V satisfies the condition (P) in the second case ii). This
part of our proposition easily follows the following lemma, which comes
from an idea of Mumford [8, p. 121].

LEMMA 3.1.1. Let A and (A,D) be an abelion variety and its Picard
variety, both rational over o field k; let 2 be a homomorphism of A to
A rational over k. Then there exists an A-divisor X rational over k
such that ¢y = 2 + Aok,

We first consider the following three assertions, where we follow
the notations given in § 0 without any comment.

Assertion (I). Let B and (1§,E) be an abelian variety and its Picard

https://doi.org/10.1017/50027763000015063 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000015063

50 SHOJI KOIZUMI

variety; let o be a homomorphism of A to B; let Y be a B-divisor. Then
we have
Pa-1py = Aopyoa

Assertion (II). Let A, and (4,, D,) be an abelian variety and its Picard
variety (1 =1,2); let a; be a homomorphism of A to A, 1=1,2). A
homomorphism « of A to A, X A, is defined by a(x) = a,(®) X a(x) for

A

xeA. Then the dual homomorphism & of « is given by
Qd, X &) = &(#) + &k for &, X e A, X 4, .

Assertion (III). Define o divisor D on AXA by D= —D + A x
D(0) + :D(0) X A. Then a homomorphism ¢5 of AXA to Ax A is
given by

o5& X @) = k(@) X & for X xeAXA.

The formula in (I) is well-known [3] and the assertion (II) can easily
be proved by recalling the definition of dual homomorphisms and how
A, x 4, is identified with a Picard variety of A4, X 4, (see §0). We shall
prove only the assertion (III).

For £ X ze A x A, we have

?D(-ff' X x) = QQXA(DJEXJ: — D)
= @ﬁxA(D:ixx - D:éxo + Da?xo - D)
= ¢2xA(D0xz - D) + QﬁxA(Da?xo - D)
We shall determine the first term @3, (Do — D),
D4x4Doxy — D) = @5({Dyxx)(0) — D(0)) X D 4(Dyx(0) — D(0)) (see §0)

where
(Do )(0) X 0 = Dy (A X 0) = {D-(A X (—0)}oxs
= {'D(=2) X (=®}oxz = ‘D(—2) X 0
and
0 X Dyy1(0) = Dyy,- (0 X A) = {D-(0 X A)}oxs
= {0 X D(}ox = 0 X D(0), .
Thus, we have
D4x4(Doxy — D) = @3((D(—2) — *D(0)) X @,(D(0), — D(0))
= — (%) X ¢pe,(®)
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In the same way, we have
034Dy — D) = Gy (@) X (—2)
Combining the above formulas, we get

P& X 2) = (—£4(2) + 01, () X (9p,(@) — 2 .

On the other hand, we easily see that

Vixpo(@ X ) = 0 X ¢pe(2)

and
Pip gy xal X ) = @1, (&) X 0

Our formula in (III) is just a direct consequence of the above three
formulas.

We are now ready for starting proof of Lemma 3.1.1. Let a« be a
homomorphism of A to A X A defined by a(x) = A(x) X ¢ for xe¢ A and
D be a divisor on A X A defined in Assertion (III); then « is rational
over k, and D can be chosen as a divisor rational over k. Therefore,
we can also choose o (D) as an A-divisor rational over k (see §0). Ac-
cording to our three Assertions, we have

SDa—l(B)(x) = dogppo a(x) (I)
= Qo pp(A(x) X ®) (definition of «)
= @k 4(x) X A(x)) (I1D)
= loks(®) + A(x) dD.

This proves that the divisor « (D) on A is a divisor which we want.

Proof of the last part of Prop. 3.1. Suppose that the underlying
variety V of an abelian variety is rational over k, and it is sufficient to
show that 2(V)/2,(V) has a complete set of representatives consisting
of divisors rational over separable algebraic extensions of k. We have
an abelian variety 4 with underlying variety V, which is rational over
a separable algebraic extension %' of k. Let (4,D) be a Picard variety
of A, rational over k. First we see that for any divisor X ¢ 9(A4), there
exists an A-divisor Y rational over a separable algebraic extension k"
of k and algebraically equivalent to 2X. In fact, by a Theorem of Chow,
a homomorphism ¢, of A to A is rational over a separable algebraic
extension k” of ¥’. Applying Lem. 3.1.1 to our case we have an A-divisor
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Y rational over k” such that ¢, = oy + ¢xor, = 20y = ¢,z and this
equality implies that Y is algebraically equivalent to 2X (see §0.).

For our purpose i.e., the existence of an A-divisor Z rational over
a separable algebraic extension of k¥ and algebraically equivalent to X,
we may assume that X is rational over a finite algebraic extension of
k. Under this assumption there is a positive integer 7 such that p’X is
rational over a separable algebraic extension £® of k. Since p is not 2,
there are two integers ! and m such that 2] + p™m = 1; and if we put
X, =1Y 4+ mp’X, the divisor X, is algebraically equivalent to X and
rational over the composite k&, of k" and k®, which is separable algebraic
over k. This complets our proof.

THEOREM 3.2. Let B = (V,2(X)) be a #-structure where V satisfies
both (T) and (P). Then there is o field of moduli kg for P and there is
a P-structure R’ isomorphic to B and rational over a regular (or a finite
separable algebraic) extension of ksy.

Let % = (V,«(X)) be an «/-structure satisfying the condition (A)
such that its underlying variety V is the same as that of  and «/(X)
is a subset of #(X). For brevity, such an /-structure is called a “good
&/ -structure included in B”. The existence of a good «/-structure included
in B is guaranteed in 3.0. Our proof of Th. 3.2 is divided into two
steps: i) the field of moduli ky for ¥ depends only on P and does not
depend on the choice of % as long as % is a good «/-structure included
in B, and ii) the field of moduli ky for a good «/-structure ¥ included
in P is the field of moduli for .

Let % = (V, (X)) and ¥, = (V, (X)) be two good «-structures in-
cluded in B. In order to prove the equality ky = ky, we may assume
that X, = mX i.e., %, =A™ for a positive integer because the general
case can be easily reduced to this special case. Since ky is purely in-
separable extension of kg~ (see Prop. 2.8 ii)), we have only a to show
that there exists a separable extension K of ky~, over which an «/-structure
A’ isomorphic to U is rational. According to Th. 2.2 there is an /-
structure %" = (V”, o/(mX")) isomorphic to Y™ which is rational over a
separable extension K” of kg~. Since the variety V” is isomorphic to V
and rational over K”, the condition (P) guarantees that there is a divisor
X’ which is algebraically equivalent to X’ and rational over a separable
extension K’ of K”. The pair (V/, /(X)) = (V",(X")) determines an
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& -structure which is isomorphic to ¥ and rational over K’ where K’ is
a separable extension of kg~. This proves i). We are now going to prove
the second part ii). Let ¢ be an automorphism of the universal domain
K, ¢ an isomorphism of V onto V<; then ¢ is an isomorphism of ¥ to
A if and only if it is an isomorphism of P to P°. In fact the “only
if” part is ovbious. Suppose that ¢ is an isomorphism of B to P°. Let
X, be a basic polar divisor of B and m a positive integer such that mX,
is algebraically equivalent to X; then X; is algebraically equivalent to
o(X,) because both X; and ¢(X,) are basic divisors of $° and we have

X = mX; = mp(Xy) = o(mX,) = p(X) (mod 2,(V°))

This implies that ¢ is an isomorphism of % to 2° and proves the “if”
part. This equivalence between two conditions % = %° and P = ° in-
duces the equality:

GA) = {o€ Aut (K) A = A} = {o e Aut (K)|$* = P} = GP) .

Thus the field kg satisfies the condition F/M1 for 8. Next we prove that
the field ky satisfies the condition FM2 for . Since a field of rationality
for an «/-structure isomorphic to U is a field of rationality for a -
structure isomorphic to 5, we have only to prove that a field of rationality
K for a #-structure ' = (V/, #(X’)) isomorphic to § is a field of ration-
ality for a good «7-structure &’ = (V’, &/(X”")) included in ’. V’ is rational
over K and we may assume that X is a V’-divisor rational over K. There
is a positive integer m such that a pair (V/, o/(mX’)) determines a good
o -structure 2’ included in P/, rational over K. This proves what we
mentioned above and also proves that ky satisfies the condition FM2 for .
Thus the proof of our theorem is completed.

3.2.1. From now on, by a curve we always understand a complete
non-singular curve.

If V is a curve, there is one and only one Z-structure = (V, Z(X))
with underlying variety V and 8 admits the field of moduli kg (see Prop.
3.1 and Th. 38.2). On the other hand, the notation of fields of rationality
for a curve V, the transform V° of V by oec Aut (K) are defined in the
usual way, and “isomorphisms” between two curves mean the usual
birational biregular isomorphisms between them. Under these definitions,
curves V become FM-structures but this new structure V is not different
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from the Z-structure (V,#(X)) at all in essential. Thus the field of
moduli Xy sx, for (V,2(X)) is at the same time the field of moduli %k,
for the curve V.

Let B = (4, 2(X)) be a #-structure where A is an abelian variety;
then the field of moduli kg exists if the characteristic of the universal
domain is not two. On the other hand the pair (4,#(X)) has another
kind of FM-structure called a Z-structure %, (or more customarily a
polarized abelian variety), which is defined just in the same way as .7,
structure in 2.2.1.

COROLLARY 3.2.2. i) For a curve V the field of moduli k, always
exists, and there is a curve V' isomorphic to V and rational over a regular
(or a finite separable algebraic) extension of k.

i) Assume that the universal domain is not of characteristic two.
For a polarized abelian variety R, = (A, P(X)) the field of moduli ks,
always exists, and there is o polarized abelian variety Py isomorphic to
B, and rational over a regular (or a finite separable algebraic) extension
of kg,. Futhermore if P is the P-structure consisting of the same pair
(A, 2(X)) as P, then kg, coincides with the field of moduli kg for %.

The first assertion i) has already been seen above. The second as-
sertion ii) can be proved in the same way as in Cor. 2.2.2.
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