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Abstract

Let G be a locally compact Hausdorff abelian group and X be a complex Banach space. Let C(G, X)
denote the space of all continuous functions f : G — X, with the topology of uniform convergence
on compact sets. Let X’ denote the dual of X with the weak* topology. Let M (G, X’) denote the
space of all X'-valued compactly supported regular measures of finite variation on G. For a function
f € C(G, X) and u € M (G, X"), we define the notion of convolution f » u. A function f € C(G, X)
is called mean-periodic if there exists a non-trivial measure # € M (G, X’) such that f = 4 = 0. For
neM(GX),lete MP(u) = {f € C(G,X) : f »uu =0} and let MP(G,X) = U,‘ MP(u). In
this paper we analyse the following questions: Is M P(G, X) # 9? Is MP(G,X) # C(G,X)? Is
M P(G, X) dense in C(G, X)? Is M P(u) generated by ‘exponential monomials’ in it? We answer these
questions for the groups G = R, the real line, and G = T, the circle group. Problems of spectral analysis
and spectral synthesis for C(R, X) and C(T, X) are also analysed.

2000 Mathematics subject classification: primary 43A45; secondary 42A75.
Keywords and phrases: Convolution of vector valued functions, spectrum, vector valued mean-periodic
functions, spectral synthesis.

1. Introduction

The notion of mean-periodic functions was introduced in 1935 by Delsarte [5]. It
is well known that every solution of a constant coefficient homogeneous ordinary
differential equation is a finite linear combination of solutions of the type t*e*, where
A € C, and k € Z,. Delsarte was interested in knowing whether this result is still true
for convolution equation of the following type

) /f(s—t)k(t)dt:O, VseR,
R
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where k is a continuous function which is zero out side some interval. For t > O,
periodic continuous functions of period t are solutions of the convolution equation

s+1/2
2) —f fdt=0, VseR.
T Js—t2
For this reason Delsarte called the continuous functions which are solutions of equation
(1) as mean-periodic. In [35], Schwartz observed that the mean-periodicity of a
continuous function does not depend upon the function &, and he extended Delsarte’s
definition as follows:

DEFINITION 1.1. A continuous function f : R — C is said to be mean-periodic if
there exists a non-trivial regular measure w of compact support and finite variation
such that (f * u)(s) = [ f (s — ) du(@®) =0,V s e R.

Schwartz also gave an intrinsic characterization of mean-periodic functions. Let
C(R) denote the vector space of complex valued continuous functions on R with the
topology of uniform convergence on compact sets (u.c.c.). Let M.(R) denote the space
of all regular measures of compact support and finite variation on R. For f € C(R),
let T(f) denote the closed translation invariant subspace of C(R) generated by f.
Schwartz in [35] showed that f € C(R) is mean-periodic if and only if 7(f ) # C(R).
Further, if f * 4 = 0 for some non-zero i € M (R), then f is a limit of finite linear
combination of exponential monomials t*¢*' which satisfy t*¢*' » 4 = 0. More
generally, convolution equation of the type

3 fxu=g,

where u € M (R) and g € C(R) are given, can be analysed as in the case of ordinary
differential equations. If p is a particular solution of the equation (3), then every other
solution is of the form A + p, where & is a solution of the homogeneous equation
f *»u = 0. In general, equation (3) need not have any solution in C(R). For
instance, let u be such that d.(t) = ¢(¢) dt, where ¢ € CZ(R), space of all infinitely
differentiable functions on R, and g is a nowhere differentiable continuous function
on R. Some particular cases of (3) were analysed in [31, 32]. In general, no necessary
and sufficient conditions for the existence of solutions of equation (3) are known. A
variant of the above problem is the following: Consider the following convolution
equation

4) Sixuy = —fau,,

where iy, u, € M (R) are given. Equation (4) can be written as a convolution equation
for vector valued functions: let f = (fy, f2) : R > Crand pu = (1, p2) : B - C.
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Then equation (4) is a homogeneous equation f » u = 0. This leads to consideration
of vector valued mean-periodic functions, the main content of this paper. We consider
such equations in a more general setting and analyse their solutions.

Let G be a locally compact abelian group. Let X be a complex Banach space and
X’ denote the weak*-dual of X. We denote by % the o-algebra of Borel subsets of
G. We recall some results on integration of functions f : G — X with respect to
X’-valued measures on &, denoted by M (G, X'). For details one may refer Schmets
[34]. Let © € M(G, X’) and for every x, let u, denote the scalar measure on &,
defined by u,(E) := {(x, u(E)) for every E € %B¢;. The measure u is said to be
regular if p, is regular for every x € X. For E € B, if E = |J]_, E; for some
E\,E; ... ,E, € Bssuchthat E;(\E; =@ fori # j,wecall {E(, E;,...,E,}a
measurable partition of E. Let 22(E) denote the set of all measurable partitions of
E. Let

V.(E) :=sup { Y " lW(E) : (E1, Ea, ... , Ex} € P(E) | .
i=1

The scalar measure V, is called the variation of 1. We say p has finite variation if
Vu(E) < +oo for every E € %B. Let M(G, X’) denote the set of all regular Borel
measures i on G such that u has finite variation. For u € M (G, X’) the smallest
closed set S with u(E) = O forevery E € 9B, with EN S = @ is called the support of
. We write § = supp(y) if S is the support of n. Let M (G, X') denote the set of all
@ € M(G, X’) such that support of p is compact. Let C(G, X) denote the space of
all X-valued continuous functions on G with the topology of uniform convergence on
compact sets. Let f € C(G, X) and p € M (G, X") with supp(u) € K, a compact
set. Then there exists a sequence P (K) := {B{,B{,..., Bi} of measurable
partitions of K with the following property : for arbitrary choice of ¢, € By, the
sequence {Y7_, (f (1), u(B{))},., is convergent and is independent of the choice
of #/s. This limit is called the integral of f with respect to u and is denoted by
[ fdu. For f € C(G, X) and u € M.(G, X') the scalar valued function

f *w)(g) = ff(g ~hyduh), VgeG
[¢]

is called the convolution of f with u, thatis, (f * n)(g) = u(f,) = (i, f,), where
fe(h) = f(g+h)and (u, f) = u(f) = [, f(—g) du(g) is the duality pairing of
M. (G, X') with C(G, X). ’

DEFINITION 1.2. Wesay f € C(G, X) is mean-periodic if there exists a non-trivial
i € M.(G, X") such that (f » u)(g) = fo(g —h)duh) =0,VgeG.

The aim of this paper is to answer the following questions: let M P(G, X) denote
the space of all X-valued mean-periodic functions on G.
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o Is MP(G, X) # @7 That is, when does there exist non-zero mean-periodic
functions?

e IsMP(G, X) # C(G, X)? That is, do there exist continuous functions which
are not mean-periodic?

e Is MP(G, X) dense in C(G, X)? That is, how large is MP(G, X) as a
subspace of C(G, X)?
We answer these questions for the particular cases G = R, in Section 2 and G = T,
circle group, in Section 3. Analysis of such questions for more general groups remain
open.

The problem of analysing mean-periodic functions is also related to the problem
of ‘spectral analysis’ and ‘spectral synthesis’. In order to carry-out the analysis, we
define next vector valued exponential monomials and exponential polynomials.

An additive function on a locally compact abelian group is a complex valued
continuous function a on G such that a(g; + g,) = a(g) + a(g,) for all g, and g;
in G. A polynomial on G is a function of the form p(a,, a,, ... , @), where p is a
polynomial in m variables and a,, a3, . .. , a,, are additive functions on G. A monomial
on G is a function of the form p(a,, a5, . .. , a,), where p is a monomial in m variables
and ay, a3, ... , a, are additive functions on G. An exponential on G is a non-zero
continuous complex valued function w such that w(g, + g2) = w(g:)w(g:) for all g
and g, in G. An exponential monomial is a point-wise product of a monomial and an
exponential. An exponential polynomial is a point-wise product of a polynomial and
an exponential. The set of all exponentials is denoted by Q. Note that Q C C(G).

We define exponential polynomials in C(G, X) as follows:

DEFINITION 1.3. (1) Wecall f € C(G, X) an X -valued exponential if for every
g€, f(g)=w(g)x forsomew € Qand x € X.

(i) Wecall f € C(G, X) an X-valued exponential monomial if for every g € G,
f(g) = p(g)w(g)x for some x € X, p a monomial in C(G) and w an exponential in
C(G).

(iii) Wecall f € C(G, X) an X -valued exponential polynomial if forevery g € G,
f(g) = p(g)w(g)x for some x € X, p a polynomial in C(G) and w an exponential
in C(G).

EXAMPLE 1. (1) Let f € C(R, X). Then f is an exponential if and only if for
everyt € R, f (1) = e*'x forsome A € Candx € X. f is an exponential monomial if
and only if forevery t € R, f (¢) = t*e*'x forsome A € C, k € Nand x € X. Finally,
f is an exponential polynomial if and only if for every t € R, f(#) = p(t)e*'x
for some A € C, polynomial p(¢) and x € X. Thus the exponentials, exponential
monomials and exponential polynomials are the scalar multiples of the ones defined
by Schwartz [35].
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(2) A function f € C(T, X) is an exponential if and only if for every t € R,
f (&) = ¢'x for some non-negative integer n and x € X.

REMARK. We shall use the following convention: When X = C we choose the x €
X appearing in the exponential, exponential monomial and exponential polynomial to
be the scalar constant 1. The generality is not lost due to this choice, since if a closed
translation invariant subspace contains an exponential or exponential monomial or
exponential polynomial if and only if it contains their scalar multiples.

DEFINITION 1.4. Let V be a closed translation invariant subspace of C(G, X). We
say
(i) spectral analysis holds for V if V contains an exponential;
(ii) spectral synthesis holds for V if the linear span of the set of all exponential
monomials in V is dense in V;
(iii) if spectral analysis (synthesis) holds for every closed translation invariant sub-
space V of C(G, X), then we say that spectral analysis (synthesis) holds in C(G, X).

DEFINITION 1.5. Let V be a closed translation invariant subspace of C(G, X) and
f € C(G, X) be mean-periodic. Let t(f) denote the closed translation invariant
subspace of C(G, X) generated by f .

(i) The spectrum of V is defined to be the set of all exponential monomials in V
and is denoted by spec(V) or o (V).

(ii) The spectrum of f is defined to be spec(z(f)) and is denoted by spec(f ) or
o(f).

Some of the known results for spectral analysis and spectral synthesis for G = R”*
are as follows: Let E(R") be the space of all infinitely differentiable functions on R”
in the topology of compact convergence of functions and their derivatives. Then its
dual E(R") is the space of all compactly supported distributions on R”. Schwartz
[35] proved the following theorem:

THEOREM 1.6 ([35]). In E(R), every closed translation invariant subspace is the
closure of finite linear combinations of the exponential monomials in it.

As a consequence of this theorem, the linear span of exponential monomials in
every closed translation invariant subspace V of C(R) is dense in V. That is, spectral
analysis and spectral synthesis hold in C(R). Using this Schwartz {35] described
mean-periodic functions on R.

Let V be the closed translation invariant subspace of E(R") generated by the solu-
tions of the homogeneous constant coefficient partial differential equation p (D)f = 0.
Malgrange [28] proved that spectral synthesis holds for V.
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In 1975 Gurevich [17] proved that Theorem 1.6 cannot be extended for R", n > 1.
Though Theorem 1.6 fails for R”, n > 1, spectral analysis and spectral synthesis hold
in C(G) for certain groups, for example, for G = Z" (see [26]) and for discrete abelian
groups (see [12, 13]). Consider the following example from [15].

EXAMPLE 2 ([10, 15]). Define f,, f, : R? = C by
filx,x) =1 and fo(x;,x2) :=x, +x3, VY (x1,x) € R%

Let V be the closed translation invariant subspace of C(R?) generated by f, and f,.
Then the spectrum of V is {f,}. But the closed linear span of the spectrum of V is a
proper subspace of V. Thus spectral synthesis fails in C(R?) and spectral synthesis
fails for V even if V is finite dimensional.

However, for certain closed translation invariant subspaces V C C(R?) the linear
span of all exponential polynomials in V is dense in V. These subspaces are described
in the following three theorems.

THEOREM 1.7 ([4]). Let V be a closed translation and rotation invariant subspace
of C(R?). Then the linear span of exponential polynomials in V is dense in V.

THEOREM 1.8 ([16]). Let u € M.(R"). Then the linear span of ex;ionential poly-
nomials in t, := {f € C(R") : f » u = 0} is dense in t,,.

THEOREM 1.9 ([14]). Let V be a finite dimensional translation invariant subspace
of C(R"). Then every element of V is a finite linear combination of exponential
polynomials.

The following question is raised in [15] and the answer is not known: Let V be
closed translation invariant subspace of C(R?).

e Does there exist an exponential in V?

In Section 4, we answer this question affirmatively when V is either finite dimensional
or rotation invariant or V = 1, := {f € C(R?) : f * u = 0} for some pu € M.(R?).

Let V be a closed translation invariant subspace of C(G, X). Then the problems of
spectral analysis and synthesis are the following:

Is every exponential monomial in C(G, X) mean-periodic?
Are exponential monomials dense in C(G, X)?
When does there exist an exponential monomial in V ?
When is the linear span of exponential monomials in V dense V?
e Does there exist an exponential monomial solution for the convolution equation
f »u =0foragiven u € M.(G, X')?
We analyse these problems for G = R in Section 2 and G = T in Section 3.

https://doi.org/10.1017/51446788700036788 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700036788

{7] Mean-periodic functions on groups 369

2. Mean-periodic functions on G = R

For G = R and X = C, itis known (see Schwartz [35]) that f € C(R, C) is mean-
periodic if and only if 7(f ), the closed translation invariant subspace of C(R, C) is
proper. We first extend this result to X, arbitrary Banach space.

THEOREM 2.1. The following are equivalent.

(i) f is mean-periodic;

(i) =(f) # C(R, X).

PROOF. We use the fact that C(R, X) is a locally convex space and its dual is
M. (R; X'). To show that (i) implies (ii): let u € M (R, X’) be non-trivial such
that f » 4 = 0. Then u(g) = 0 for every g € t(f). Hence t(f) # C(R, X),
for otherwise u(g) = O for every g € C(R, X), which is not possible, since f is
non-trivial. The implication (ii) implies (i) follows from the Hahn-Banach theorem
for locally convex spaces and the fact that 7 (f) is a proper closed translation invariant
subspace of C(R, X). (]

We show next that there exist nontrivial X -valued mean-periodic functions on R.
PROPOSITION 2.2. M P(R, X) # @.

PROOF. Let 0 # x € X and 0 # x' € X’. Choose g € M P(R), scalar valued
function mean-periodic with respect to some y € M.(R). Define v : Br — X’ by
V(E) := u(E)x’ and define f : R - C by f(z) := g(t)x. Then u is a X'-valued
measure and f is a continuous X-valued function with f v = (g * u){(x,x’) = 0.
Thus f is mean-periodic with respect to v. O

We prove next that existence of functions which are not mean-periodic is related to
the X being separable.

THEOREM 2.3. M P(R, X) is a proper subset of C(R, X) if and only if X is sepa-
rable.

PROOF. Suppose that X is a non-separable complex Banach space and f e C(R, X).
Since f continuous, f (R) is separable and hence [f (R)] is separable. Since, for every
get(f), g cf (R, t(f) # C(R, X). Hence f is mean-periodic.

Conversely, suppose that X is separable. We show that M P(R, X) # C(R, X).
Forevery n € N, let

(5) falt) =) aye™', teR,
j=1
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where A,; and a,; satisfy the following conditions:

(i) O0#a, €C.

(ii)) A, € [a, B] for some o < B.

(i) {Ay :j € N}N{A, 1 j € N} =0 for m # n and for every n, {A,;}}2, has a
limit A, € R.

(iv) The convergence in (5) is uniform on compact sets with each f, bounded by 1.

v X0 Z;.;I an | < 0o.
Let {x,, x5, ...} be a dense subset of X. Define f : R - X by

(o]

1
(6) f0%=§:5ﬁjmzmﬂMM,t€R

n=1

We show that f is not mean-periodic. Since {e** }ri=1 is an equicontinuous family,
{f»)32, is an equicontinuous family. Therefore, for u € M (R, X),

= 1 = 1
A=) ———————(fuXp)) *h = ) ———————fnx Uy,
Fr=2 i L ras i’
Thus f * u = 0 if and only if
= 1
PYOrEETETS n*#x,l)(t)=01 VteR,
L rarmnY
that is, for every ¢ € R,
o0 1 o0
)] )y fiy,(Ay)e™ = 0.
Z;ra+wm€;’“ ’
Let S,q(t) = Y.F_, 7:1 e*'ay i, (A)/2"(1 + ||x4l]). Notice that S,, is almost
periodic and its Fourier coefficients a(S,,; A) satisfy the following:
nj Ax )‘n'
Luba@u) ey s tsn<p 15)sa
(8) a(SpgsA) = 1 2*(1 + [ixalD)
0 otherwise.

Since the convergence in (6) is uniform, the convergence in (7) also is uniform.
Therefore S,, converges to O uniformly as p, ¢ — oo. Further, the Fourier coefficients
a(Spq; A) convergestoOas p, g — 00 ([27]). In view of (8), a(S,,; A) = Oforevery A.
Moreover, i, (A,;) = 0 for every n and j . Since {A,;}32, has limit point, this implies
iy, = O for all n. Therefore, 4 = 0. Hence f is not mean-periodic. O

Let f € C(R,X)andletx’ € X’. Then x’ o f € C(R). It is natural to ask the
following question: Is x’ o f mean-periodic for every x’ # 0O if f is mean-periodic?
We analyse this in the following theorem.
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THEOREM 2.4. For f € C(R,X) and x',y’ € X' with x' # y' the following
hold:

(i) Ifx’ o f is mean-periodic, then f is mean periodic.
(ii)) Ifx’of =y’ of, then f is mean-periodic.
(ii) IfX = C",n > 1, then f is a finite sum of mean-periodic functions.
(iv) There exists f € MP(R, C") such that x' o f is not mean-periodic for any
x'eX' x' #0.

PROOF. (i) By Theorem 2.1, it suffices to show that t(f) # C(R). For this,
let g € C(R), g # Obe such that g & 7(x’ o f). Choose v € X such that
(x’,v) # 0and define h : R — X by h(t) = g(r)v/(x’, v). Then h is continuous and
(x" o B)(t) = g(¢). We show that h is not in (f ). If possible let, h € 7(f). Then
there exists ) _ ¢;f, — h, which implies x'(}_ ¢;f,,) =& x’ o h = g, a contradiction.

(ii) Choose g € C(R, X) such that x'(g) # y'(g). We show that g ¢ t(f).
If possible, let g € ©(f). Since Y ¢f, —> g = x’Qcfy,) — x'(g) and
Yy (Ccif) = ¥'(g), and also since x'(f) = y'(f), x'(X c.f‘, =y (X af).
This implies x'(g) = y’(g), a contradiction.

Gi)Letf = (f1, f2,..., fn). Obviously (0, ... ,0, f,0, ..., 0)is mean-periodic
for every i with respect to u = (i1, ... , ) where 0 # u; € M (R) are arbitrary
and for j =i, u; = 0. Hence f is a finite sum of mean-periodic functions.

(iv) Choose a non zero, compactly supported complex valued continuous function g.
Letf = (g,g,---,8) Then f is a C"-valued continuous function on R. Clearly f
is mean-periodic with respect to u = (vy, —1,,0, ..., 0), where 0 # v, € M (R) is
arbitrary but x’ o f is not mean periodic for any 0 # x’ € X’. O

REMARK. When X = C, M P(R, X) is a subspace of C(R, X). It follows from
Theorem 2.4 (iii) that sum of mean-periodic functions in C(R, X) need not be mean-
periodic and hence M P(R, X) in general need not be a vector subspace of C(R, X).
Moreover, the same argument works for separable complex Hilbert spaces.

THEOREM 2.5. M P(R, X) is dense in C(R, X).

PROOF. Case (i): X = C. It suffices to show that the annihilator of M P(R) is {0}.
Let u € M (R) be such that (M P(R)) = {0}. In particular u(e*) = i(r) = O for
every A € C. Hence u = 0.

Case (ii): Let X be finite dimensional, X = C". Consider C(R) x C(R) x

.- x C(R). This is a finite product of locally convex spaces. Hence it is a locally
convex space in the product topology. It is easy to see that C(R, X) is isomorphic to
C(R)x- - -x C(R) as locally convex spaces. AlsoM P(R)xMP(R)x---xMP(R) C
MP(R, X) and M P(R) is dense in C(R). Thus it follows that M P(R, X)) is dense in
C(R, X).
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Case (iii): X is not finite dimensional. Consider the set Exp(R, X) = {e*x : A €
C, x € X}. We show that the linear span of Exp(R, X) is contained in M P (R, X) and
it is dense in C(R, X). Let f (t) = e*'xy, g(t) = e*'x, € Exp(R, X) and o, B € C.
Choose 0 # x’ € X’ such that x'(x;) = x'(x;) = 0 and u,, u; € M (R) such that
eM owpy =0 = e x py. Define u(E) = (u, » uy)(E)x’', for every E € PBp.
Then (af + Bg) * u = 0. To prove the denseness, let © € M (R, X’) be such that
w annihilates the linear span of Exp(R, X). Then &i,(A) =0, Vi e C(,Vx e X. It
follows that & = 0. This completes the proof. O

‘We analyse next the problem of spectral analysis and spectral synthesis in C(R, X).
Let V be aclosed translation invariant subspace of C(R, X). For X = C, Schwartz{35]
proved that V contains exponential monomials and the linear span of exponential
monomials in V is dense in V. It is well known [17] that spectral synthesis fails
for R", n > 1. Further, it holds for certain locally compact abelian groups, namely
for Z" due to Lefranc [26] and discrete groups due to Gilbert [16, 15] and Elliott
(12, 13]. However, nothing is known for vector valued functions. In this section, we
extend Schwartz’s result for finite dimensional closed translation invariant subspace
of C(R, X), X an arbitrary Banach space. For this we need the following lemmas.

LEMMA 2.6. Let v', v?, ... ,v" € X", v' = (v}, v}, ..., V), be linearly indepen-
dent. Then there exist x|, x5, ... , X, € X' which satisfy
X () +xp() + - +xL (W) =1,
x (V3 + x50 + - -+ x.(02) =0,

.................................

x (D) +x;(v) + -+ x. (V) =0.

PROOF. Let Y be the linear span of {v?,v3,...,v"}. Then Y being 2 finite di-
mensional subspace of X" is closed. Since v', v?, ..., v" are linearly independent,
v! ¢ Y. Thus by Hahn-Banach theorem, there exists A € (X")' such that A(Y) = {0}
and A(v') = 1. Clearly A can be written as A = (x|, x}, ... ,x.), where x| € X’
satisfy A(xy, x3, ..., ;) = x1(x1) + x5(x2) + - - - + x, (x,,). Therefore,

xy (W) +x5W3) + -+ x(W) = A®,0,...,00 +--- + AQO,...,0,v)
= A((vf,v,..., 00N =1

Foreveryi,2 <i <n,

x () +x(v) +---+x,(v) = A®],0,...,0)+---+AQ,...,0,v)
= A((v}, v}, ..., V) =0.

This completes the proof of the lemma. a
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For sets A and B, let £ (A, B) denote the set of all functions from A to B. For a
Set E C V, a vector space, let LS(E) denote the linear span of E.

LEMMA 2.7. Let S be any set containing at-least n points and V be a vector
Space over C. Let {f1, f2,... . fn} C F(S, V). Then {fi, f2, ..., fn} is linearly
independent in F (S, V) if and only if there exists n distinct points ti, t, ... , 1, € S
Such that (f1, f2, ... , fa} is linearly independent in &F ({t;, ta, . .. , t,}, V).

PROOF. We prove the straight implication by induction. Suppose that {f}, f5, ... ,
f») is a linearly independent set in & (S, V). As {f,} is linearly independent, there
eXists £, € S such that f,(f;) # 0. Then (f,} is linearly independent on {#,}. Thus the
lemma is true when n = 1. If f1(t)) = af2 (1), for some nonzeroa € C, choose t, € §
Such that f(#;) # af,(f), which is possible, since f, f2, ..., f, are linearly inde-
Pendent on S. Then it is easy to check that {f,, f,} is linearly independent on {#,, #,}.
Iffl(t,) # af () for any non zero scalar and f,(#) # 0, then choose any #, # 7. It
is easy to see that {f,, f,} is linearly independent on {#,, ,}. If f,(#;) = 0, then choose
% such that f,(#;) # 0. In this case also one can easily verify that {f,, f,} is linearly
independent on {1, ,}. Assume that {f,, f2, ..., fa_1} is linearly independent on
L N A T (1 {fi.f20 - s fn=1, fn) is linearly independent on {#,, &, ... , 1,1}
then choose any ¢, which is different from £, t, ..., tuey. If {f1, f20-oe s frets [a)
is linearly dependent, then there exist unique scalars «y,a,...,a,—; such that
alfl + a2f2 + ...+ an—lfn—l = fn on {tl’ ..., tn—l}- Since {flvav s ’fn]
is linearly independent on S, there exists 7, € S such that a,f (%) + ayf>(1,) +
oty fao1(th) # fa(sy). It follows from this that (fy, fa2,..., fa} is linearly
independent on{t,t,...,t,}. This proves the required claim.

The converse is trivial. O

Using these lemmas we prove that every finite dimensional translation invariant
Subspace V of C(R, X) includes an exponential and every element in V is a finite sum
of exponential monomials.

THEOREM 2.8. Let V be an n-diménsional translation invariant subspace of
C(R, X). Then the following hold:

(i) Thereexistdy,Xy,... Ay € Candm,my, ... ,my € Nwithm,+my+---+
My, =n, and w,, w,, ..., w, € X, not all zero, such that e"‘i,‘w,- eV, forl <j<q.
(ii) There exist Ay, ha, ... Ay € C,my,mg,... ,myg € Nwithm, +my + -+ +
My, =nandx, xy,...,x, € X such that every f € Visofthe formf =73, g,
Where each g, € LS{t*e™' : 0 <k <m; —1, 1 <j <gq)}.
(iii) There exist Ay, Ay, ... , Ay € Candmy, my, ... ,my; € Nwithm;+my+---+

m, = n such that every f € V is of the form f =3 1_ 375 Ly thetity,;, where
vy €Candy; e XforO<k<m;—1,1<j <q.
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PROOF. Fixabasis {fy, fa,..., f,}of V. Since V is translation invariant, (f;)s € 4
for every s € R. Therefore there exist unique scalars o; € C such that (fi)s =
Z};, ;i (s)f;. Let f denote the n x | matrix f = [f1, f2,... , fa)' and A(s) denot®
the n x n matrix (o; (s)). Then

(9) fs=A(s)[.f|1f2’-"vfn]le(s)f'
Now
(10) Fs=f)/s=((A(s) —AQ))/s) f.

CLAIM. s = A(s) is continuous. We give two proofs of this claim.

PROOF 1. By the Lemma 2.7 there exist n distinct points {#,4,...,1]} C R
such that {f1, fa. ..., fa} is linearly independent on {t,, 15, ... , £,}. In view of (9)
f(s+4) = A(@s)f () forj =1,2,...,n. Thatis (fi(s+4)){;., = AG)(fi( )=
Let v = (fi(ty), fi(t2), ... . fi(t:)), 1 < i < n. Then {v', v?,..., v"} is a linearly
independent subset of X". By the Lemma 2.6 there exists x;; € X’ such that

- 1 ifi=j;
(), x:.y=868;, whered; = ’
kzzl:(f(") y) = "o ifi#j.

Thus we have
(fi(s + tj))?_j—_q(x,{j :'l_j=1 = A(s)(fi(tj))?,j=|(x,{j)?_j=| = A(s)(‘su ;'.j=l = A(s)-

The entries of the matrix obtained by multiplying the matrices on the left side of the
above equation are continuous. This shows that s ~> A(s) is continuous from R t0
BL(CH).

PROOF 2. For every t € R, define an operator 7, : V — V by

(Lf)s)=f(@+s), YfeV sek

Then 7, € BL(V) and satisfies the following properties: For every s, € R
(i) TooT =Ty

i) Lh=1

(i) LoT,=ToT,.
Let {t;, &, ..., t,} be as given by Lemma 2.7. Let {K,},>) be compact subsets of R
suchthatlJ_, K, = Rwith {t,,f,... ,t,) S K, € K, € ---. Toshow the required
claim we have to show that ¢ > T, is continuous in BL(V). We shall show first that
t — T, is continuous point-wise. Lets, — sasn — o0o. Now T, () = f,, and
T.(f) = f,, for every f € V. Since f is uniformly continuous on compact setss
f,, = fsin C(R, X). Therefore T, — T, point-wise. To show that T, — T; in
BL(V), it is sufficient to show that for every m, || T;, — T;| ¢, — 0 as n — oo, wheré
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IT, — Tk, = supysy,, <1 1T (f) = Te(f )k, Lete > 0. Since {f1, f2,... , fa} is
abasis of V, for every f € V, there exist unique scalars a;, a3, ... , @, € Csuch that

S F=ayfi +oafa+ o+ anfs. Alsosince (f1, fa, ... , fa) is linearly independent
on K, {(cr), az,...,0,) € C": layfi +oafa+ -« + apfallk, < 1} is bounded in
C*, that is, there exists M > 0 such that [ja,f, + aaf2 + -+ - + @nfallx, < | implies
that || (o), a3, ... , &,)|| < M. Since {f1, f2, ..., fa} is equicontinuous, there exists
ad > 0, with § < 1, such that whenever #;,1; € s + K, + [0, 1] with |t — 8] < 6,
Ifi(t) — f; ()l < €/M, for every j = 1,2,...,n. Choose N € N such that
Is, — 5| < 8, whenever n > N. Then for every f € V with ||f ||, < 1, for every
te K,,,andn > N, we have

Wfs, )= fsON=f (sa+8)—f (s+D)I
=|(arfi+:Fanfa)(sa+ )= (@1 f1+- -+ anfr) s+ 0]
<laillifiGsa+)=f1(s+Dl 4 +lan|ll falsn+1) = fals + D]

<e€.

Thus | T;, — T:lix, — 0 as n — oo for every m and hence T,, — T, in BL(V) as
n — o0o. This completes the second proof of the claim.
Thus A (s) satisfies the following properties:

(i) s+ A(s) is continuous.
(i) AQQ)=1.
(ili) A(s+1) =AG)AQ@) = A(DA(s).
Therefore, s —> A(s) is differentiable (refer [18]) and

(11) A(s) = 4O,

By virtue of equations (10) and (11),

(12) f'=A0f.

This equation can be solved ([21]) and the solution is given by
f@) =e*Oxy, xa, ..., x00

Let Ay, A, ..., A; € C be the eigen values of A’(0) with multiplicities my, m,, ...,
my, respectively. Let the Jordan canonical form of A’(0) be-given by '

BA'(0)B™' = _

'
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where Jy, ... , J, are the Jordan blocks of A’(0), B is an invertible matrix. This gives

A
!A 0 B—l B,

where each By is an m; x m, matrix given by

e geM o @Ml (my — 1)
O elxkl e ed‘lth—Z/(mk — 2)!
Bk = .
0 o .. e

Thus f () = C[x),x2, ... ,x,]', where C = (cy) and each ¢; € LS{tfe™’' : 0 <
k<m;—1,1<j < q), thatis, for every i, fi(t) = Z;f:l 8 ()x;, where g; €
LS{tte™':0 <k <mj—1,1 <j < q). Hence every element h of V is of the form
h(r) = 37, & ()x;, where each g; € LS{t*e™' : 0 <k <m; — 1,1 <j < g}
This proves (ii).

(iii) By the discussion above, each f; can be expressed as follows:

q m-=
— k lljf
-3 S rea,

j=1 k=0
Every h € V is of the form
n mj—l
= Yas= S35 v
i= i=1 j=1 k=0
my-1 q m-1
“E e (o) - B e
j=1 k=0 j=1 k=0
This proves (iii). For (i), f; = Y./, ol ket ;- For every j choose largest &

such that y;; # 0, let it be k;. We will show that ey} ; € V. To prove this, let
u € M. (R, X') be such that u(V) = {0}. Then f « = O forevery f € V,since Vis
translation invariant. Hence f;*u = 0, forevery i. As f; u is a finite sum of complex

~

valued exponential monomials and i, (3;) is the coefficient of e/, fiy, })=0
) .
This implies that e*y; ; € V. O

COROLLARY 2.9. Let f € C(R, X). Then t(f) is finite dimensional if and only if
[ is a finite linear combination of exponential monomials in C(R, X).
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PROOF. Suppose that 7(f) is finite dimensional. Then it follows from the above
theorem that f is a finite linear combination of exponential monomials. Con-
versely, suppose f is a finite linear combination of exponential monomials. Let
f=x Z:’;glajkt"e‘*/'x,k. Then t(f) € LS{t*'eM'x;, : 0 <1<k, 0=<k =<
m; — 1,1 < j < q}. Therefore t(f) is finite dimensional. a

REMARK. (i) Some authors (see [14, 25]) define exponential polynomials to
be functions of the form Y7, f;, where f; are exponential polynomials defined as
in Definition 1.3. With this definition, our result states that every finite dimensional
translation invariant subspace V of C(R, X) is generated by exponential polynomials
in V.

(i) Anselone and Korevaar [1] have proved that when X = C, V ¢ C(R) is
finite dimensional if and only if V is the solution space of a homogeneous constant
coefficient ordinary differential equation. This result is not true for arbitrary X which

~ can be seen by the following examples.

EXAMPLE 3. Let X be a separable infinite dimensional complex Hilbert space. Let
{e,} be a complete orthonormal basis. Consider the homogeneous ordinary differential
equation with constant coefficient.

(13) aof +arf ++--+a.f® =0.

LetAy, Ay, ... , A, withmultiplicities m,, m,, ... , m, be the roots of the characteristic
polynomial p(r). Thenforeveryn e N,O0 <k <m,;,1 <j < g, t*e’'e, isasolution
of the differential equation (13). Thus the solution space is not finite dimensional.

EXAMPLE 4. Let X be a complex Banach space. Fix A € BL(X). Consider the
following differential equation du/dt = Au. Then the solution space {u € C(R, X) :
du/dt = Au) = {e"*x : x € X} is a closed translation invariant subspace of C(R, X).
Further, it is finite dimensional if and only if X is finite dimensional.

Let u € M (R, X"). Inthe case when X = C itis known [35] that for a given u the
linear span of exponential monomial solutions of the convolution equation f * 4 = 0
is dense in the space of all solutions. We extend this for X = C" as follows:

THEOREM 2.10. Let f = (f\, fa, ... , fa) € C(R, C") satisfies the following:

(i) f; is mean-periodic, for every 1 < j < n;

() a(fj))Na(f) =Bforj £k
Then t(f ) contains exponential monomials and the linear span of exponential mono-
mials in T(f) is dense in T(f).
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PROOF. Clearly t(f) € t(f1) x t(f3) x --- x 7(f,). We show that these two
sets are equal. Let g € t(f1) N t(f2). Then 1(g) € r(f1) N t(f2) and hence by
Schwartz’s theorem, 7(f,) N (f2) = (0). Thus =(f;) Nz (f;) = (0) for i # j. Let
u € M.(R, X')besuchthat u(z(f)) = {0}. Letp = (1, i, ... , 4a). Since T(f)is
translation invariant, f » u = 3°7_ f; *; = 0. Let e, te™, ..., 1™ 'e™ € 7(f1)
and ™™ ¢ t(f,). By Hahn-Banach theorem there exists a measure v, € M (R)
such that v, (t(f))) = {0} for every I # 1 and v,(e*') # 0. Therefore f; » v; = 0, for
1# 1. Now fixuy»v; = (f *u) %y = 0. Therefore (i,0,)(A) = ({1,0,)’(X) =
coe= (o)™ P@A) = 0. As 2;(A)D(A) = 0and D, (A) # 0, 1, (A) = 0. Also
(f119)'(A) = 0 implies 2 (A)(D))(A) + A (A)V;(A) = 0. This implies 4;(x) = 0.
Similarly we can show that 4f(A) = -+ = ﬁﬁ'"'"”(k) = 0. Thus A is a zero of i
with multiplicity at-least m,. This shows that f| » ity = 0. Similarly, f; » u; = 0
for every j. Thus u(r(f1) x t(f2) x +-- x v(f,)) = 0. It follows that 7(f) =
(f1) x t(f2) x - -+ x v(f,). This completes the proof. a

COROLLARY 2.11. Let X = C". Let f = (f1,f20...,fx) € C(R,X) and pn €
M.(R, X"). Suppose that each f; is mean-periodic and o (f;) No (fy) = B forj # k.
Iff »u = O, then f is a finite linear combination of exponential monomials solutions.

PROOF. Since spectral synthesis holds for R, LS (o (f;)) is dense in T (f;), for every
j. Itis easy to see that o (f1) X o (f2) X - -+ x o(f,) C LS(E), where E = {t*e*'x :
x #0, ttex w u = 0). Thus LS(E) = 7(f1) X t(f2) X « - x t(f). The required
result follows from the Theorem 2.10. [}

EXAMPLE 5. (1) When G = R and X = C, the notion of mean-periodic functions
was introduced by Delsarte in 1935 [5]. In [35] Schwartz gave an intrinsic charac-
terization of mean-periodic functions: f € C(R, C) is mean-periodic if and only if
7(f ), the closed translation invariant subspace of C(R, C) is proper. Clearly, for every
reC, fi(t) = e, ¢t € R, is mean-periodic, f * u = 0 for u = 8, — ¢*8;, where
denote the Dirac measure on R at x € R. Schwartz [35] showed that if f € C(R, C)
is mean-periodic with f * u = O, then f is a limit of finite linear combinations of
functions of the type f,(t) = t*e'*, such that f, » u = 0. In Laird [22] it is shown
that if f € C(R, C) is mean-periodic and g is an exponential polynomial, that is,
g(®) = p(1)e™, where p(¢) is a polynomial, then f g is mean-periodic.

(2) Let G be a compact abelian group. Then every character of G is mean-periodic,
as observed in Rana [33].

(3) For X=C, mean-periodic functions on various locally compact groups have been
analysed by various authors (see [2, 3, 5, 7, 10, 11, 17, 19, 20, 23, 24, 22, 29, 30, 36,
38, 37, 39)).
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In general setting, even when G = R and X is an arbitrary Banach space, nothing
seem to be known.
NOTE. The following questions still remain unanswered:

(1) Let V be a closed translation invariant subspace of C(R, X). Does V always
include a monomial exponential? Is V the closed linear span of the monomial
exponentials in it? '

(2) The problem of finding solutions for f * = g, for a given u and g, seems to be
much more difficult even for the case G = R and X = C: Some particular situations
are analysed in [31] and [32]. Another particular case is given in the next theorem.

THEOREM 2.12. For a given n € M (R) and g a finite sum of exponential polyno-
mials in C(R), there exists f € C(R) suchthat f » u = g.

PROOF. First suppose that g is an exponential polynomial. Let g(£)=e*'3";_, axt*.
Let Z(1) = {r» € C: (X)) = 0}). We say

(i) A € Z(f) is of multiplicity 0if A(A) # 0.

(i) A € Z(jx) of multiplicity m € N, if A(A) =0, /(M) =0,..., A" PQA) =0
and 4™ (1) # O.
Let m be the multiplicity of A € Z(i1). Define f (¢) 1= Y_;_, bit"+* e, where

SO o, GEA™) "
bn - (";”')/:L(M)(A-) Qp, bpy = [an-l bn (t)""H (m+,:_l)ﬂ("')(l) yeeey
(:H)ﬂ('"“)(l) (:+2)ﬂ(,,,+2)(}‘)
bo:[ao—bl_"L(t)mT_ _+2(_l)_m;2_-—“.
_, o] o
" (Lym+n (::)ﬁ(m)()\) )

A simple computation of f » u gives f » u = g. In the general case, suppose that
8§ =Y} g, where g;(t) = p;(t)e™", for every j and A, # A; for k # j. Let f;
be the exponential polynomial function corresponding to g; obtained as in the first
case, thatis, f; « 4 = g;. Then f = Ef=1 S, is a solution of the given convolution
equation. 0O

3. Mean-periodic functionson G = T

We shall consider integrals of X -valued functions with respect to scalar measures in
the sense of Bochner integral, and the integrals of scalar valued continuous functions
with respect to X’-valued measures in the sense similar to that of Bochner discussed
in the last section.
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DEFINITION 3.1. Let f € C(T, X) and 4 € M(T, X'). Foreveryn € Z,

fn):= / Z"f(2)dz and [(n) := f 27"du(2)
T T

are called the nth-Fourier coefficient of f and u, respectively.

~+For f € C(T, X), let t(f) denote the closed translation invariant subspace gener-
ated by f.

PROPOSITION 3.2. f € C(T, X) is mean-periodic if and only if t(f ) # C(T, X).
PROOF. Follows from the fact that the dual of C(T, X) is M(T, X). O

LEMMA 3.3. For f € C(T, X) and p € M(T, X'), the following hold.

(i) f * w is a uniformly continuous function on T,

() (f *p) = (F (), a(n)).

PROOF. (i) Follows from the facts that f is uniformly continuous, . has finite
variation and that |[(f » u)(z) — (f * W)W)| < f; If 25) — f (W3] dV,.(s).

(i) Since T is compact, f is uniformly continuous on T. Let €, >.0 be such that
€ — 0as k — o0o. Since the metric on T is invariant under rotation, there exist
finite Borel partitions P, of T = uUB,; such that if z,;, wy; € By, then ||f (zx;w) —
[ (wu@)|| < €, whenever Jw| = 1. Now

14 » i) = / f * W)@z dz = /T f £ @) dpw)z" dz
T T

= fT Jim (Z(f(zw—k,-), u(Bk,-») " dz.

J

Since f is continuouson T, f (T) C B(0, r) = rB(0, 1) for some r > 0. We have

S @), wBO| = Y1 @), wBy))
i J

<Y rVuBy) < V(M < rC.

J .

Applying dominated convergence theorem in (14} for the functions

2 S @), p(By )z
J
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we obtain

¢ «u) = fim [ U G, wBy)e dz
J

= Jim 3 [ {7 @), w(By))e dz
b

k—>00

= lim Z/;(z“"f (zWg), w(By)) dz.

k—>00 b=

Now apply change of variable formula for the function z > (z7"f (zWy), 1(By)),
to get

A~ . 4 -
(f *uyn) =}Lrg;/;<(ﬁ) f (@), M(Bkj)>dz

. z \™"
- ( fT (ﬁ) f @z, u(Bkn)

= Jim > @ ). w(By))
J
= <f (), lim Z(‘m—m(%)) = (f(n), am)). o
J

_COROLLARY 3.4. For f € C(T,X)and u € M(T,X"), f * 1 = 0 if and only if
(f (n), f(n)) =0forallnel

PROOF. Follows from Lemma 3.3 and the uniqueness of Fourier-Stieltjes coeffi-
cients of scalar valued functions on T. a

PROPOSITION 3.5. Let f € C(T, X). Theno(f) = {az"f (n) : f (n) # 0 and 0 #
a € C}.

PROOF. First we show that {ez"f (n) : f(n) # 0} € o(f). Let u € M(T, X’) be
such that u(r (f )) = 0. Then f » u = 0, since 7(f) is translation invariant. Hence by
Corollary 3.4, {f (n), i(n)) = Oforevery n. Thus u(ez"f (1)) = a(f (n), A(n)) =0,
and by Corollary 3.4, az"f (n) € T(f). Hence az"f (n) e a(f)

On the other hand, let z «f € o(f). Toshow thatx = & f (m) for some scalar «.
Let x' € X’ be such that x’(f (m)) = 0. Let dv(z) = z"x'dz. Then

’

) = x' ifn=m;
0 ifn#m.
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Thus by Corollary 3.4, f xv = 0. Thergfore z"x » v = 0 and hence {x, ¥(m)) =0,
that is, Sx,x’) = 0. Thus for x’ € X’, (f (m), x’) = 0 implies (x, x’) = 0. Therefore
x = af (m) for some a € C. This completes the proof. O

PROPOSITION 3.6. Let f € C(T,X). Theno(f) =B ifandonly if f =0.

PROOE. By Proposition 3.5, it suffices to show that fn) =0, for every n € Z if
and only if f = 0. Using the uniqueness of Fourier coefficients for scalar valued
functions we obtain, foreveryn € Z and x’ € X',

fm=0e (', f(n)=0« <x’,/f (2)z™" dz>=0 @/(x’,f (2))z " dz=0
T T
& (xXofY(n)=0& x'of =0& f =0. 0

THEOREM 3.7. For a complex Banach space X # C the following hold:

(i MP(,X)=C(T,X).
(ii) Forevery0# pu € M(T,X"), {0} # MP(n) # C(T, X).

PROOF, (i) Let f : T — X be a non zero continuous function. Then fA(no) #0
for some ny. Chose x’ € X’ such that x’ # 0 and (x', f (ny)) = 0. Define u(E) :=
(f z™dz) x', for every E € %By. Then u € M(T, X’) and

. x' ifn=ng

n) =

i) {0 if 1 5% .
Thus (f » p,S(n) = (f (n), ii(n)) = 0, for every n € Z. Hence it follows from
Corollary 3.4, f » . = 0.

. (ii) Let 0 # pu € M(T, X’). Then f1(ng) # O for some ny. Let 0 # x € X be such

that {{i(no), x) =0, and y € X be such that ({i(no), y) # 0. Define f,g: T —» X,
by f (z) = z™x and g(z) = z™y. Then

F®W =10 itn£n

A x ifn=ng
0 ifn # n,.

ifn = ng:

and é(n)={y =

Therefore, (fA(n), f(n)) = Oforalln € Z and (g*p,i(no) = {g(ny), [t(ng)) # 0. Thus

f is mean-periodic with respect to w and g is not mean-periodic with respect u.
REMARK. (1) Theorem 3.7 (i) is not true when X = C. For instance, the function

f : T — Cdefined by f (z) := 1.5 a.2", z € T, where a, € C, a, # 0 for every n
and Y_°_ la,| < 0o is not mean-periodic.
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(2) Let G be a locally compact abelian group and X a complex Banach space. A
function f € C(G, X) is said to be almost periodic if the set of all translates of f is
relatively compact in C(G, X). Every f € C(T, X) is almost periodic and if X # C,
then every f € C(T, X) is mean-periodic. When X = C, there are complex valued
continuous functions on the circle group T which are not mean-periodic.

We have the following result for spectral analysis and spectral synthesis for T.

THEOREM 3.8. The following hold.

(i) Letx € X, x #0, and ng € Z. Then 1(2™x), the closed translation invariant
subspace generated by 7™x, does not contain any non-zero proper closed translation
invariant subspace of C(T, X).

(ii) Every non-zero closed translation invariant subspace V of C(T, X) contains
an exponential, that is, spectral analysis holds in C(T, X).

(iii) The linear span of the exponentials in every closed translation invariant sub-
space V of C(T, X) is dense in V, that is, spectral synthesis holds in C(T, X).

PROOF. (i) Let V; be a non-zero closed translation invariant subspace of C(T, X)
such that V; € r(z"x). Then for f € t(z™x), f (no) = cx for some 0 # c € C
and f(n) = 0if n # no. To show V; = t(zg™x), let u € M(T, X’) be such
that u(V;) = {0}. Then (fi(n), x) for every n. In particular {fi(no), x) and hence
u(V) = {0}. Hence V, = t(z™x). R

(ii) Choose no€eZ and f €V such that f (ny)0. We will show that z"°fA(no)e V.
For, let u € M (T, X') be such that (V) = {0}. Since V is translation invariant and
u(V) = {0}, f * u = 0. This implies (f (no), i(no)) = 0. Thus z"f (ne) x p = 0.
Hence 7™ fA(no) e V.

(iii) Let V be closed translation invariant subspace of C(T, X). Let V; be the closed
linear span of z"f(n),f e V. Then by (ii), W C V. Letf € V. Let u € M(T, X")
such that u(Vy) = 0. Then (f (n), fi(n)) = 0, for every n € Z. Thus f » u = 0.

Therefore, u(f) = 0. , O
COROLLARY 3.9. For f € C(T, X) and u € M(T, X’), the following are equiva-
lent:
i fru=0

(ii) f is a limit of finite linear combinations of functions z"x which satisfy the
equation 2"x » i = 0.

PROOF. First observe that for a given u, MP(u) = (f € C(T,X) : f »pu =

0} is a closed translation invariant subspace of C(T, X). The result follows from
Theorem 3.8 (iii). a
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4. Some results for general groups

As mentioned earlier, problem of analysing mean-periodic functions, the problem of
spectral analysis and spectral synthesis seems difficult to answer for general groups
However, it is not difficult to show that if G is compact and X = C then every

" nontrivial closed translation invariant subspace V of C(K, C) includes exponentials
and the linear span of exponentials in V is dense in it. Hence every mean-periodic
(scalar valued) function on a compact group is a limit of finite linear combination of
exponentials.

For G arbitrary locally compact abelian, and X = C we have the following: recall,
Q=(w:G— C:we C(G)and w(g, + g2) = w(gw(gy)].

THEOREM 4.1. (i) Every w € Q2 is mean-periodic.
(ii) Let G be an infinite locally compact T, abelian group. Then every exponential
polynomial on G is mean-periodic.
(iii) Let M P(G) be the set of all mean-periodic functions on G. Then M P(G) is
dense in C(G) if and only if G is not finite.

PROOF. (i) Clearly, every translate w, of w is a constant multiple of w, and hence
every finite linear combination of translates of w is a constant multiple of w. Therefore
the closed translation invariant subspace r () is a one dimensional subspace of C(G)-
Thus t(w) # C(G), if G is non-trivial.

(ii) Let f be an exponential polynomial on G,

f(g):= (Z Ca1(8)" ax(g)™ - - am(g)"") w(g),

wherea = (a4, ..., a,),®; € N, ¢, are complex constants and a, . .. , a,, are additive
functions. Let V = LS{a,(g)#a:(8)" -+ - an(g)Prw(g) : B; € Z,,B; < a; for1 £
J < m)}. ltis easy to see that f € V and V is a finite dimensional translation invariant
subspace of C(G). Since V is finite dimensional, it is closed and it follows that
T(f) € V. But C(G) is infinite dimensional as G is not finite. Hence t(f) # C(G)-

(iii) Suppose that G is finite, G = {g1, g2, ... , g:}. Letf € C(G)and u € M.(G)-
Let u(g:;) = ¢i. Then f » u = O for a non-trivial y if and only if

f&—g) f(gi—g) - f(&—28n
fle2—g) f(g2—8) -+ [f(g—gnw

. .

fgn—8) f(gn—8) -+ flgn—gn

The columns of the above matrix are permutations of [f (g1), f (g2), ... , f (gn)]-
Thus f is mean-periodic if and only if (f (g,), f (g2), ..., f (g4)) is a root of some
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fixed polynomial P in the variables z;, 23, ... , z,. The roots of this polynomial P
form a closed set Z(P) in C" of 2n-dimensional Lebesgue measure zero. Therefore
Z(P)isnot dense in C*. But M P(G) = Z(P). Hence M P(G) is not dense in C(G).

Conversely, suppose that G is not finite. Let E P(G) be the set of all exponential
polynomials in C(G). By (ii), EP(G) € MP(G), thatis, T € € EP(G) €
M P(G). Moreover Q2 separates points of G. Since the pointwise product of finite
number of exponentials is again an exponential, it is easy to see that product of two
exponential polynomials f and g is a finite sum of exponential polynomials and hence
T(f g) is finite dimensional. Therefore the algebra A (E P(G)), generated by E P(G),
is contained in M P(G), that is, A(E P(G)) € M P(G). Hence by Stone Weierstrass
theorem ([9]) A(E P(G)) is dense in C(G). Since A(EP(G)) € MP(G), MP(G)
is dense in C(G). O

COROLLARY 4.2. If G is a finite T\ topological abelian group, then {0} # M P(G)
# C(G).

LEMMA 4.3. Let G be a locally compact abelian group having no nontrivial
compact subgroups. Let G be the dual group of G. Then for u € M.(G),
Ar({y eT: i(y) =0)) =0.

PROOF. Refer [6]. O
THEOREM 4.4. If G does not have compact elements, then {0} # M P(G) # C(G).

PROOF. Let f € C(G) be compactly supported. By Lemma 4.3, f is not mean-
periodic. Thus M P(G) # C(G). O

As we have pointed earlier, the problem of spectral synthesis does not hold for every
closed translation invariant subspace V of C(R?, C). However, with some conditions
on V this is true. First we prove the following lemma.

LEMMA 4.5. The following hold.

(i) Let Ay, Ay, ..., A, be distinct complex numbers and my,msy,... ,m, € N,
Then the set (e, te™!, ..., t™eN' 1 1 < j < n} € C(R) is linearly independent
over C.

(i) Let Ay, Ay, ..o s Xns My M2y ..., N be complex numbers and for 1 < j,k, 1 <
n, ay, Pir be non- negattve integers. Then (£} {2 g¢®un+nt) . | < | j < n}isalinearly
independent subset of C(R?) over C if (A;, n,) # (he, me) or (ay, By) # (s Bu)-

PROOF. (i) Without loss of generality, we may assume that

Im(x,) = Irga} Im(};),
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where Im denotes the imaginary part of a complex number. Then Im(A,) —Im(x;) > 0
forl <j <n-1.Nowfora; €C,

n

E(aojeu\/t_'_aljtewt+...+amjjtwe¢).u) =0 =
j=t

—

n—
(aoj el(l} —dalt + alj tel().} =)t + - + amjj tmj el(A} —An)f) + p" (t) - 0’
1

~.
]

where pn(t) = Qo + anmt R o anm,.tm" = a,,,,,,,(t - ﬂl)(t - ﬂ2) e (t - ﬂn,,.)s fOI'
some B, B2y ... » Bn, € C. Now as t — —00, the'® =) — 0 for every j # n. This
implies a,,, = 0, since as t = —00, p,(t) / 0if a,,, # 0. Similarly by repeating
the same argument one can easily show that a; = O forall i, j.

(ii) Case (i): A1, A2, ... , A, are distinct. Foraqy € C,

n n n n
Z Z (alj t;"a tfu et(lm+mtz)) =0 =N Z Z ((alj lf” etmtz)t:"u ezxm) =0.

I=1 j=1 I=1 je=1

By (i), this implies @; = O for all i, j.

Case (ii): A; = A; for some i and j. In this case rearrange the terms of the above
expression by collecting the distinct exponential monomials in #. By the hypothesis,
the coefficients of the exponential monomial in ¢, are finite linear combination of
exponential monomials in #,. By applying (i) twice, namely, first #, variable and then
1, variable we geta; = O forall i, j. ‘ O

THEOREM 4.6. Let V be a closed translation invariant subspace of C(R?) satisfying
any one of the following conditions:

(i) V is finite dimensional.
(ii) V is rotation invariant.
(ili) V=r1,:={f € CR?) : f *u =0} for some u € M.(R?).

Then V contains an exponential.

PROOF. Case (i): V is finite dimensional. Let f € V and f # 0. By Theorem 1.9,
f is of the form f =37 p; (4, 1;)e'® "%, where p; is a non-zero polynomial in
ti, f and (A, n;) # (Ae, i) for j # k. Let u € M.(R?) be such that u(V) = {0}.
We show that p(e'®*+m2)) = (, Since V is translation invariant, f « u = 0. Write
f as a linear combination of elements in (£ ¢! g®n+m®) : | < [ j < n}. Let
i 1L @) o giopPl gl o g0 Pim giOyntn ) be the terms contain-
ing e'® 1+t and the largest degree term of #;, namely 7,°, where ¢y, ¢k, . . . , G, ar€
non-zero scalars. Also, f » u has the same representation and the terms contain-

o

ing 1%0e @) are ¢ Ak, LN EXIIUD, o iy, ) )EORT eB), L
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St LAy, mpEodgim Ot Since f % = 0 and ¢, # 0, A(A;, ;) = 0, by
Lemma 4.5. Therefore p(e'®"1+% %) = 0. Thus ¢®1+um g V,

Cases (ii) and (iii): V is rotation invariant, or V = 7,. By Theorem 1.7 and
Theorem 1.8, V contains an exponential polynomial. It follows easily from the proof
of (i) that V contains an exponential. O
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