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BERNOULLI MAPS OF A LEBESGUE SPACE

BY
IMOHIMI C. ALUFOHAI

ABSTRACT. A collection of measure preserving mappings having
Bernoulli generators is considered. Only three conditions are
required to be satisfied, and they are quite easy to check.

Introduction. Dynamical systems generated by noninvertible maps of inter-
vals have been extensively studied of late. The study of the well-known Lorenz
differential equation (see Williams [15] ), and certain other problems in ergodic
theory leads to the study of maps of intervals. In this paper, we study
noninvertible measure preserving mappings f of a probability space (I, B, )
into itself. Three conditions which persist under iteration and which are
sufficient for f to be Bernoulli are given. We do not require the restriction of f
to any of the atoms of the generating partition C to be continuous. We only
insist that the restriction of f to A(A € C) should be one-to-one. Starting with
this partition C we define the BR-cylinders which satisfy a kind of Markov
condition, and require in condition (c) that there should be sufficiently many of
them so that their collection is dense in B. The behaviour of f on the
BR-cylinders is quite simple, and helps one get a picture of what the whole
system (I, B, p, f) looks like.

1. Definitions and the class °B. Let (1, B, ») be a probability space, that is, /
is a set, B is a o-algebra of subsets of 7 and » is a complete normalised measure
on B. We consider a class 5B of measurable nonsingular mappings f of (1, B, »)
onto itself with f_'I = I having properties (a), (b), and (c), defined as
follows:

(a) There is a finite measurable partition C; = {A(i):i € J} of I which
generates B such that the restriction of f to each A(/) € C, is one-to-one.
Let C, denote the atoms of V,'-:(,l f7'Cy. We shall write A(iy, .. .,i,) for
N2y fTTDAG,). We write A(LK,,) for AGy,....i, ky....k,) €
C, .- An atom of C, is called a cylinder of order n. Given an integer r = 1,
we call an atom A(iy, ..., i,) € C,, a B-cylinder if
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fmA(ll, “ ey ln) = A(lm+], c ey ln)
whenever 1 = m = n — r. (For atoms of order 1, we call A(k) € C, a
B-cylinder if fA(k) = I.) The set of all B-cylinders with integer r will de denoted
by B(r, f). Since the restriction of f” on A(l,) € C, is one-to-one, its inverse,
V(1,), exists. There exists

(av V (1) dv)(x) = H(I,)(x)

on f"A(I,). Given a constant ¢ > 1, we call an atom A(Z,) € C,, an R-cylinder
if it satisfies the condition:

(ess. sup H(1,)(x))/(ess. inf H(,)(x)) = c.

The set of all R-cylinders with constant ¢ will be denoted by R(c, f).

(b) There are constants ¢ > 1 and » = 1, and a non-empty subset I(c, r) of
B(r, /) N R(c, f) such that if A(Z,) € I(c, r) and A(J,,) € I(c, r), then A(Z,) N
S T"AW,) € I(c, r). The elements of I(c, r) will be called BR-cylinders. Set

D, = {Aky.. ... k,) € C,:AKy, ... k) € CNI(c,r), for 1=i=n}.
(c) The series
oo
> 2 wAd))
n=1 AI)€ED,
is convergent.
2. f is Bernoulli. It is known [6] that f preserves a probability measure p
equivalent to » such that

c~2q§@(x)§q_]ca.e. A )
dv

where ¢ = min{»(A(J,) ):A(l,) € C,}, and ¢ and r are the constants of (b).
Moreover, f is exact [6]. Define

D, P) = 2 2 |MA 0 A7) — pA)wA”) |
NeP AeP”

for any measurable partitions P’ and P” of (I, B, ). A measurable partition P of
a Lebesgue space (I, B, p) is said to be Bernoulli for f if for each € > 0 there is
an N(e) such that forn = 0, 1, 2,..., we have

DNV N0 S TP Vi fTP) < e
We shall prove that C, is Bernoulli for f.

THEOREM. f is Bernoulli.
The proof is preceded by some Lemmas.
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LeEMMA 1. For any € > 0 there is Ny = Ny(e€) such that every A(l,)) € C,,
1 = n < oo, can be filled to within a set of v-measure less than € with disjoint

BR-cylinders of order between n and n + N,
The proof of this lemma follows the lines of argument of the Lemma 1 in

[5].

LEMMA 2. For any € > 0, there is Ny = N,(¢) such that for n > N(¢), the
inequality

IwA) — w(f"A) | = emA4)
holds for any A € B.

PrOOF. Since f is exact the tail sets are trivial and so
av ., )
‘L,.A E(};'f Bldy — w(4)

as n — oo, by martingale convergence theorem.
But

dv ., L
S e )i = v
hence
mA) = lim »(f"4)

for each 4 € B, and on applying (1), the lemma follows.
LEMMA 3. Given € > 0, there exists N,(€) such that for n > Ny(e), the

inequality

Mé . WA 0 fTUFONIL) ) — wAU) WAL ) | < e

holds for each A(I)) € C,.

Proor. Let F, be the o-algebra generated by U2, f _iCl. By the use of
martingale convergence theorem and the fact that N2, F, is trivial,

pAL) [F )(x) = wA) ) ae.

as k — co. Hence, by Egoroff theorem, for any ¢ > 0 there is a set 4 with
wA) < € such that on I\A4, p(A(L,) |F, )(x) converges uniformly. That is, we can
find N,(€') such that for & > N,(¢’), we have

WA F)(x) — mAU)) | < € if x € I\A.

Now
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WAL N fTOA,)) = mem) WAL [F, 4 )()d.

Hence

2 AE) N fTTIAD)) — wAT) AL |
A(I,,,)eC,,,

IIA

A%) ooy i A T, )(x) = w(AUL) ) ldw

2 Jreron o AW B )00 = wAU)) I
= €u(I\A) + 2u(A), for n > Ny(€'), = 3¢,
and the result follows.

LEMMA 4. There exist 0(i) (8(i) — 0 as i — o0) and ry > r such that for i > r,
the inequality

MAUIM,)) _ mAUGM,))| _ 0(i)(u(A(JiMn>))
| m(AU)) WA ) WA )

holds for any BR-cylinders A(I,) and A(J); and A(M,) € C,.
Proor. Now for each 4 € A, N B, A, € C,,
W) > mA) as k —> o if A # A,
Hence, using (1), we have that for any € > 0 there is N;(¢) such that k = N;(¢)
implies
M(f*4) — HA)| = en4)
foreach4 € A, N f G : A,. Therefore, for k > Nj;(e), the inequalities
MAUM,)) — WAUIIM,)) | < e AUIIM,) )
and
MAG)) — AT | < AU

hold. Thus there exist B(i) (B(i) — 0 as i — co) and i, > N, such that for
i > g,

(V(A(Ik.l,-M,,) ))( »(AW))

(AT ) v(A(J,.Mn))) =1+ 1B0),

where |f| < 1. Applying Lemma 2 the required result follows.

LEMMA 5. For any € > 0, there is an ry = ri(e) > sup (Ny(€), N (€), Ny(e), rp)
so that for each n = 0 we can find a collection
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Bn+r| Vn+r| f tC]
of BR-cylinders such that

(1) H‘(UBn+r|) >1—c€

and
3 _ (MSTB)\ _ B _ W/ B’)
" ‘ 6)(u(f"B)) =up -7 ‘)(u(f"m)

forB Cc B,BE€B,,,

Proor. This follows directly from Lemmas 1, 2 and 4. We shall need the
following inequality:

D(P', Py = 22 — W(UP}) — w(UPY)) + D(P;, P},

where P, P are any collections of atoms of measurable partitions P’, P”.
We can now prove the theorem.

Proor oF THE THEOREM. Choose ¢ > 0 and r; = r|(¢’) as in Lemma 5. Let
aw) = DVIID FC, V?”jﬁ‘;’}/\, ~'C,), N will be chosen later. Now

2n+2r+N r—i
a(”“) =2+ D(Bn+r7 thn+rr!l+N ICI)‘

2n+2ri+N r—i
ForB € B, ,,,and 4 € Vi, ¥} \y C,, we have

w(f"B N f4)\ _ A N B) w(/"B N )
1—¢ = = = (1 + )|———)
( ‘)( u(/"B) ) WB) ‘)( u(f"B) )
Thus
D(Bn +rp vlzn ji’;,‘:_% _iC )
2 B 2 A 0 B) w0 J"B)
HE) ( u(B) u(f"B)
p(/"B 0 fA) ey
+ I——————-—M(an) u(fA)' + (/") — wA) I)
=¢ + D(ViL, fT'Cy, zr‘:,riX/N ~'Cy).
Hence

a(p) = 3¢ + D(ViLy f7'C, Vi N £

= (3 + M)e for N > Ny(€),

where M is the number of the atoms of C,I +1 (using Lemma 3). Given € > 0, by
choosing € very small and N accordingly, the inequality
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D(\Vi_, f7'C, Vizi:-ll\—lg\;zc) Sy <e
holds for all » = 0. Therefore, C, is a Bernoulli generator for f.

3. Remarks.

(i) If the weaker condition: lim, ., Zy;)ep #A(4,)) = 0 is assumed in
place of (c), then we can only conclude [6] that the maps are “Loosely
Bernoulli” (See Feldman [9] for the definition).

(1) If the partition C, is assumed countable but not necessarily finite, the
conclusions of the Theorem are still true provided that the set of BR-cylinders
A(L), n = 1 with f"A(I,) = I is dense in B (e.g. in the class W of [3]).

(ii1) The maps considered in Adler [1], [2], Alufohai [4], [5], Schweiger [13],
Bowen [7], Ratner [11], Waterman [14] are special families of the maps in Sj.

(iv) The maps in Fischer [10] (whose exactness he showed there) are all
Bernoulli; and the maps of Schweiger [12], Bowen [8] and those in the class W of
[3] are loosely Bernoulli.

REFERENCES

1. R. L. Adler, F-expansions revisited, Springer lecture notes 318 (1973), pp. 1-5.

2. R. L. Adler, Continued fractions and Bernoulli Trials, in: Ergodic Theory. Moser, J., Phillips,
E., Varadhan, S. (eds.). Lecture notes, New York: Courant Inst. Math. Sci. (1975).

3. I. C. Alufohai, 4 note on the ergodic theory of a class of number theoretical endomorphisms with
o-finite invariant measure, Proceedings, 2nd International Symposium in West Africa on Functional
Analysis and its applications, (1979), pp. 272-281.

4. 1. C. Alufohai, 4 class of weak Bernoulli transformations associated with representations of real
numbers, J. London Math. Soc. 2 (1981), pp. 295-302.

5. 1. C. Alufohai, Number theoretical weak Bernoulli transformations on the unit interval, Math.
Japonica 29, 2 (1984), pp. 229-235.

6. L. C. Alufohai, Markov maps on a Lebesgue Space, (Submitted).

7. R. Bowen, Bernoulli maps of the interval, Israel J. Math. 28 (1977), pp. 161-168.

8. R. Bowen, Invariant measures for Markov maps of the interval, Commun. Math. Phys. 69
(1979), pp. 1-17.

9. J. Feldman, New K-automorphisms and a problem of Kakutani, Israel J. Math. 24 (1976),
pp- 16-37.

10. R. Fischer, Ergodische Theorie von Ziffernentwicklungen in Wahrscheintichkeitsraumen, Math.
Z. 128 (1972), pp. 217-230.

11. M. Ratner, Bernoulli flows over maps of the interval, Israel J. Math. 31 (1978), pp. 298-314.

12. F. Schweiger, Numbertheoretical endomorphisms with o-finite invariant measure, Israel J. Math.
21 (1975), pp. 308-318.

13. F. Schweiger, Uber einen Algorithmum Von R. Giiting, J. reine angew. Math. 293/294 (1977),
pp. 263-270.

14. M. S. Waterman, Kuzmin theorem for a class of number theoretic endomorphisms, Acta Arith.
19 (1971), pp. 31-41.

15. R. F. Williams, The structure of Lorenz attractors, ITHES Pub. 50 (1979), pp. 321-347.

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF BENIN, BENIN CITY,
NIGERIA, WEST AFRICA

https://doi.org/10.4153/CMB-1988-004-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1988-004-5

