SPINOR SPACE AND LINE GEOMETRY
VACLAV HLAVATY

Synopsis. This is the first of two papers dealing with the projective theory of spinors. It
contains the algebraic introduction to the projective spinor analysis which will be dealt with
in the second paper.

The leading idea may be roughly described as follows: Let Q be the ideal quadric of the
isotropic cone of a four dimensional centered vector space Rs. The ideal space L; of R4 may
be looked upon as a non-euclidean space with the absolute quadric Q. Using the Cartan
matrix! (0,12) one obtains a “‘representation’’ of L; by a linear complex I in the spinor space S3
(Theorem (2,2)) with a linear congruence K as an ‘‘absolute’” (Theorem (1,3)). In particular
the biaxial involution (2,1) which leads toT is closely connected with Dirac equations (dealt with
in the second paper). On the other hand Q as a two parametric point set is mapped on K,
while Q as a three parameter set of lineal elements (Definition (5,1)) is mapped on S;: A
lineal element is mapped on a couple of spinors (Theorem (5,2)) and wice versa a spinor is a
map of a lineal element (Theorem (6,3)). Finally the map in S; of any “orthogonal” transfor-
mation in L3 is found (Theorem (7,2)) and vice versa the map in Lj of the biaxial involution
(2,1) is given (Theorem (§,1)).

The second paper based on these results and on equation (6,5b) will deal with the analysis
of the spinor space S;.

Introduction. Consider a centered four dimensional space R4 with the
isotropic cone?

(0,1) Q = x"x!l + &MixlV = 0.

The ideal point of the direction defined by a vector x(x!, x', x''I, xV) will be
denoted also by x. It is obviously determined by its homogeneous coordinates
xl: o &M 41V, Hence the ideal space L; of Ry may be looked upon as a non-
euclidean three space with the absolute Q. A point® x will be termed Zsotropic
(anisotropic) if it is (is not) on Q. The group of all projective transformations
in L3 which reproduce the form x'x"' 4+ x™x!V (up to a factor of proportionality)
will be denoted by (7).

The group (7') splits in a group (G) of all transformations from (7°) which
reproduce each of both reguli of Q and a family (F) of all transformations from
(T) which interchange these reguli. The “dot product” x.y of two points

(0’2) X.y= %(nyII + xIIyI + xIIIyIV + xIVyIII),
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ICartan [1], cf. also Veblen-von Neumann-Givens [5].

2[f we put

Wl =x 41y, s =x — iy, 1T =3 + ¢f, IV = 2 — ¢t,
we have
Q=+ 422 - =0,

which is the usual form in the special theory of relativity.

3From now on we understand by point or line a point or line in Ls.
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is obviously (T)-invariant (up to a factor of proportionality).
Assuming Q in parametric form

(0,3) x = x(ul, u?)

and introducing the symbol* x, = % we obtain the conformal metric tensor
of Q

(0,4a) A = X Xy,

which transforms under

0,5) *x = p(u)x
according to
(O,4b) *dx,. = p? arp.
The rulings ‘R4 of the reguli ‘R of Q may be expressed as follows:?
I
(016) 1RAB<_1—'1__1_1L7_x—1010)1
xﬂ[ x!II xI (xIII)2
2RAB<—'1"1_"1—')0101 xI 1:'1)1
xIV x!V (xIV)?. xl
provided
0,7 X eV 5 0.
Throughout this paper we assume that the condition (0,7) is satisfied. If we
put
(0,8) P\AB = xlax,Bl

then the vectors (on Q)
4i€)\ — iRABP)‘AB
eg.

(019) lek -

xllxxl + x”[x)‘[v 26 xlx)\II + xIIIx)‘IV
= - x = B —
xIII xIV

are the null vectors of a»,, where

(0,10) 2ar, = lex e, + le, ey
By (0,5) they transform according to
(0,11) *ie)\ =p iex.
¢ A,B,C D I, I1, III, IV
a,bc d have the range 1,2,3,4
RTINS’ 12
1, 1,2
5The homogeneous Pliicker point coordinates R4B = —RBA are written in (0,6) in the
following order: RIII RUIIV RITIIL RIIV RIII RIIIV The same order will be kept for
the homogeneous Pliicker plane coordinates R4p= — Rpa. These are related to R4B by

Rr 11 = RIII IV’ Rir v =RI! II’ Rirr= R! [V’ Rr1v = RII IH' Rir1 =RI IV, Rix lv:RﬂI I
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Starting with a generic point x, we consider the matrix®

HlOE EL E 0 0 o pRit

(0.12) El: 2: 3:21 E{ = Ou Om o mat
2 B E# Hy x x 0 0
2t Bt Et E4 xV —yt 0 0

It is well known from the spinor algebra that a transformation from (T)
induces on the elements ;% a transformation

"Eye = A2 N E4S, (Aca)\ub = BCb)
where the coefficients A depend on (7'). Hence Z,® may be looked upon
as the homogeneous components of a mixed tensor in a three dimensional
projective space which we shall denote by S; and call a spinor space. Any
object in .S; will be termed a spinor object (spinor point, spinor plane and so
on) and denoted by a Greek letter. Sometimes we say briefly “‘a spinor £°”
instead of “a spinor point £*’. For Z,* we have from (0,12)

(0,13) 5 = x . x5,°,
det (% — N6p?) = (x.x — A2)2

The scope of this paper is the investigation of the relationship between Ls
and .S;. The correspondence between an object Or, of L; and an object Os:
of S; (and vice versa) will be termed a representation and denoted by Lie—> S;.
The correspondence between an object Og of Q and an object Og, of .S3 (and vice
versa) will be termed a mapping and denoted by Q < .S;. Iu the first part of
this paper we shall deal with the representation L3 <> S; (starting with some
theorems about the mapping of isotropic points). The second part deals with
the mapping Q < .S;.

1. Mapping of isotropic points. The following theorems will be proved
simultaneously:

THEOREM (1,1). A necessary and sufficient condition that

(1,1a) Ey® £ =0
admit at least one spinor’ £° is that the point X be isotropic:
(1,1b) x.x = 0.

TuEOREM (1,2). If (1,1b) is satisfied then the locus of all spinors £° satisfying
(1,1a) is a spinor line

(1.2) 9920, 0, &, 1, 1, 1Y),

(The homogeneous Pliicker point coordinates %%%® = — 95?4 are written in
the following order: 9512 0F34 0523 0Fl4 081 0724 These coordinates are related
to the homogeneous Pliicker plane coordinates %5, = — %4 by

This is substantially the matrix used in Cartan’s books [1] where also the theorem (1,1)
may be found.
"As usual, £* = 0 is not regarded as a (spinor) point in Ss.
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It Ll —
Eig = B &

— — — — 104 —
34 = 23 = 14 = 31 = M, Hoy = &31-)

THEOREM (1,3). The locus of all spinor lines (1,2) as X moves along Q is a
linear congruence K with the axes

(1,3) 1pa2(0, 1,0, 0, 0, 0),
29¥(1, 0,0, 0, 0, 0).
Hence Q as a point set is mapped by (1,2) on K and this mapping is a one to one
correspondence.
Proof. Theorem (1,1) is an immediate consequence of (0,12) and
Fa® Ep® £2 = X . XE°
which follows from (0,13). If (1,1b) is satisfied then the four equations (1,1a)

reduce to two independent equations (linear in £%) which together with (0,7)
lead at once to (1,2). The locus of (1,2) is obviously a two parametric one

e e O o, 0 . .
and the rank of the matrix (°Z, ot 0E, 9%) is® 3. Hence the locus is a con-
u

u*
gruence of spinor lines (1,2). Itisa lirfl)ear congruence because we have
(1,4) T4 2% = 4T, "2 = 0,
where T' and «T' are two linear complexes
(1,5a) re<1,1,0,0,0,0),
(1,5b) «I'**(—1,1,0,0,0,0).

The remaining statement of Theorem (1,3) is obvious.
Note. The equations of °Z® mentioned in the proof are
Esxl + £4xIII = glxII + £2xIII = 0.
In the special theory of relativity ' and x' are complex conjugate, so that we
may put in this case
(lvﬁ) ? = &, gl = 53-
2. Representation of anisotropic points (Biaxial involution). Let v be an

anisotropic point (v . v % 0) and Q,°its corresponding matrix built up according
to (0, 12). Then the following theorem holds:

THEOREM (2, 1). The spinor transformation

210 g0 = Qpo8b
15 a biaxial involution with the axes
@, 2) Qeb(—e(v. V)}, e(v. v)} ol of, ot gIV)

(e=~4ore= —).
Proof. The double spinor points of the projectivity are obtained from

8]t has the rank 3 for the parametric equations x1 = ', x1I = 22, x1Il = — g4ty %IV = 1
and consequently it has the rank 3 in any allowable parameter system.
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(2, 3a) (2% — Np*)E2 =0
where, according to (0, 13),
(2, 3b) A= e(v. V)i

The equations (2, 3a) reduce to two independent equations for the value (2, 3b)
and these equations lead at once to (2,2). Because TQ,; Q%= 8v.v =< 0
the spinor lines (2, 2) are skew. Hence (2, 1) is a biaxial projectivity with
the axes (2, 2). A generic spinor £°in the spinor plane £ = 0 on a line meeting
the axes may be written

(2, 4a) £ = atQ% 4+ Q%

or

2,52) £:82:8:8=(a+B"(@+B8)":(a—8 (v.v:0

and its corresponding spinor ‘£% in (2, 1) is

(2,5b) “g:E B = (0~ B (a— BV (et B) (v.VE:0
or
(2, 4b) ‘ge = qtE — gTE

Hence if we denote by T£¢ ~£¢ the double spinor points on the line ‘£ we
obtain for the cross ratio (¢'¢, T££) of these four points according to (2, 4)

(870 = -1

Hence there is at least one couple of corresponding spinor points £’¢ in in-
volution and consequently the biaxial projectivity (2, 1) is an involution.

Note (i). A biaxial involution is uniquely determined by its axes. In our
case the axes are uniquely determined by the point v. Hence the axes (2, 2)
of the biaxial involution (2, 1) may be looked upon as a representation in S; of
the anisotropic point V.

Note (ii). Let p be an arbitrary point, isotropic or not. Then the cor-
responding spinor lines which respectively map or represent this point may be
written

(2, 6a) °¥(—e(p. p)}, e(p . p)%, ™, 4, P, V).
They reduce to the spinor lines of K if p. p = 0.

THEOREM (2, 2). The locus of all spinor lines (2, 6a) as p moves along L
is the linear complex T defined by (1, 5a) and containing K.

Proof. 1f pisnot in the plane ¥V = 0 we may put p'Y = 1in (2, 6a):
(2, 6b) ne(—e(p . p)b e(p. ), 2, 27, P, 1).
The locus of all spinor lines is obviously three parametric and the matrix

(H, _6 1I, 9 1I, -i H) is of rank 4. Hence the locus is a complex. Because
6PI aPII apll[
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at least one of the coordinates p4 must be different from zero, our statement
holds for all points p of L;. Because

Tolle =0

the complex is a linear one, namely the complex (1, 5a). The remaining
statements are obvious.

Note. According to Theorem (2, 2) we may say that L; as a point set is
represented by T' (and in particular Q as a point set is mapped on K in T').

THEOREM (2, 3). The axes ‘Q as given by (2, 2) are conjugate polars of the
linear complex +T' (defined by (1, 5b)) which is projectively orthogonal to T. Its

rulings consist of spinor lines reproduced (not pointwise) by the biaxial involutions
2, 1).

Let «I'*® be the components of any linear complex whatsoever and A%® the
conjugate polar of TQ with respect to «I'. Then?

(2, 7a) A%d = 2*Pab(%*Pcd+ch) — +Qab(%_*rcd*rcd).
If we substitute from (1, 5b) we obtain
(2, 7b) A%t = 27Q9d,

Because ~Q°® is conjugate polar to TQ24?, the latter must be conjugate polar
to ~Q. Hence the congruence with axes 9, ~Q consists of rulings of «T.
Because

Pab*rab =

the complexes I' and «I' are projectively orthogonal.

Note (i). Conjugate polars with respect to a complex I'* are skew unless
one of them is a ruling of I'*. Then both polars coincide. This is exactly the
situation with the spinor lines (2, 2) and (1, 2). As long as the point v is an
anisotropic one TQ(~Q) is not a ruling of +T' (for «T';4*Q%® = — 4¢(v . V)i £ ()
and consequently the conjugate polars TQ, ~Q are skew. If on the contrary
X is an isotropic point, then %% as given by (1, 2) is a ruling of K which is
the intersection of the complexes I' and «T', and consequently it is a ruling of

+«I'. Hence we have T2 = ~E = °%: both conjugate polars coincide.
Note (ii). If £°is a generic spinor its spinor polar plane £, with respect to
Tis
(2; 83') Ea. = I‘abgb
or
(2, 8b) =8 b= —L==—
Hence we have in the special theory of relativity by virtue of (1, 6)
(27 SC) El = ‘1’:2, 52 = - E]r 53 = 22-"‘_‘»-%1,"5% = - El = §2-

9Cf. Hlavaty [2], where also other notions of line geometry, which are used here, are discussed..
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Hence &1, &, &1, & are “‘the covariant components” of £, £, £, £ in the
theory of quanta.®®

3. Representation of a line. Let x be an isotropic point, v* a vector on Q
defined at x. Put

@3, 1a) 1 = oy,
(3, 1b) v = o' + wl,

and denote by °E2% and <A®? the spinor lines which map x and which repre-
sent 1, respectively. As 9°, w change the point v describes a line L tangent to
Q at x.

THuEOREM (3, 1). The spinor lines <Q*® representing the points v of L belong
to the pencil

3,2 Qad = 0 0Fad | gyepab

(of rulings of T) in the polar plane of its vertex <& with respect to T'.  Both pencils
(3, 2) coincide if and only if v’ is the null vector of ar, (e.g. if L is a ruling of Q).
Then the spinor plane of this pencil is the focal plane of K of the focal spinor
point T&¢ = ~¢ of K.

Proof. Because x and x, are conjugate points (with respect to Q) we have
3,3) v.v = (% + wl) . (2°x 4+ wl) = wrex, . X,
= whrvray, = v . L

Substituting from (3, 3) and (3, 1) in (2, 2) and remembering (1, 2) we obtain
the pencils (3, 2) of rulings of I'. Hence each of these pencils must be in the
polar spinor plane (with respect to I') of its vertex ¢£. According to the
previous results we have Q@ = —Q if and only if v.v = 0, which yields by
virtue of (3, 3) either w = 0 (e.g. v = x) or (for v # x)

oray, = 0

and L is a ruling of Q. Each of its points v is mapped on a spinor line of the
pencil (3,2) all of whose rulings belong to K. The last statement of the
theorem follows at once from these facts.

Note. As in the previous case we may look upon the pencils (3, 2) as repre-
senting the points of a tangential line L of Q. In the next section we shall be
concerned with a representation of points of a non-tangential line.

4. Continuation: Line-“sphere” transformation. Let X, »x be two iso-
tropic points not situated on the same ruling of Q, (;x. ;x 5 0). Denote by
M the line 1x5x, by

“4, 1) v =wx

CE, van der Waerden [4].
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its generic point and by
4, 2) Qed(—e(v. V)E, e(v. V)}, oll, of, o111, gIV)
the spinor lines representing v.

TaeOREM (4, 1). The locus of all spinor lines (4, 2) as v moves along M is a
regulus R(M).

The proof will be accomplished in three steps.

(a) Let v, v’ be two distinct points on M. Because M is not a tangent line
to Q we must have
4, 3) v. IV . V)% v,V

(b) If <@ and ¢Q’°® are the lines representing v and v’ we have, according
to (4,2) and (4, 3),

160,902 = e’ (— (V. VIV . V)P 4 ee'v. V) = 0.

Hence the spinor lines of the locus do not meet each other.

(c) Let X q» be an arbitrary spinor line not belonging to the locus. It
intersects each spinor line “Q%® for which

Zab‘ﬂab =0
or

(4,4)  — v.VIHTa — Tio) = Lo + Tt + Taw™ + o0tV

Substituting in (4, 4) from (4, 1) we obtain an equation for w :2w. If it is
not identically satisfied, it has only two roots w : 2 (which may coincide).
Hence X, meets either all spinor lines of the locus or only two of them

(which may coincide). The statement of the theorem follows from the results
in (b) and (c).

THEOREM (4, 2). The regulus R(M) has the following properties:
(1) With any spinor line TQ(Q) it contains also the spinor line ~Q(*Q).
(2) It meets the congruence K in two distinct spinor lines % mapping the

points X.
(3) If @, < represent two points v, V' of M then'!
4,5) () (e, ), (E, °5) = (70, ", °E, »°5),
(b) (v, v/, 1x,0x) = (Y, 10, (', °E)2
(4) The conjugate regulus'® +R(M) to R(M) consists of rulings of the complex
*I‘.

Proof. The statement (2) is obvious, the corresponding lines are
(4:, 6) ioEab(O, Oy ix"y iny ixHIy ixIV)~

uThe symbols in (4,5a) denote cross ratios of spinor lines faken on R(M), the symbol at
left in (4,5b) denotes a cross ratio of points on M.
129 the regulus belonging with R(M) to the same quadric.
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On the other hand a generic spinor line ¥2® of R(M) may be expressed by

(4, 78,) \I,ab = x4 '_‘ab + X9 20""ab _|_ x3+9ab
where
x1%2(°Eap 2E°%) + x103(1%845TQ%Y) + xax3("Ear Q%) = 0
or3
(4, 7b) x1%2 + xx?w + xoxslw = 0,

and this equation is in particular satisfied by
(4, 7¢) X1:i%2:%3 = — 2w — 2w : 1.
Substituting from (4, 7c) in (4, 7a) we obtain
4, 8) Yeb = — —Qab,

Hence if R(M) contains *Q it contains also 2. The remaining part of the
statement (1) may be proved in a similar manner. The spinor line 3 4
involved in (4, 4) is a ruling of the conjugate regulus «R(M) if and only if the
equation (4, 4) is satisfied identically (for any point v on M), and this yields
212 = 234 so that

(4, 9) Zab*Fab =

The equation (4, 9) proves the statement (4). One of these rulings (belonging
also to K) is

(4, 10) Zab(O, 0, 2xnlx1vy 1x12xw, - 1x12xn, 1xIV2xW)-

If ;£% and w® are the intersection points of Y_ *® with ;%5°% and «Q®?, respectively,
then

(4, 11) w® = 2p(u MV i) 8¢ + € (V. V)*lE“.

Consequently we obtain for the cross ratio of the points ‘w, ‘', 1£, 2£ the
expression

. . (l ’2w’)§ Zw
(4) 12) ( 0) ’ 121 25) = T (1w2w)% ’

and this cross ratio is obviously equal to the cross ratio of the four rulings
Q, ', °E, .°F of R(M) taken on R(M):

(41 13) (‘Q! QQ y 1 : 2 h—l = (ew, ewl’ ISy 28)'

On the other hand we have for the cross ratio of the four points v, v/, 1X, :x by
virtue of (4, 1)

20011ap!
(4, 14) (v, V', iX, %) = =2
loy2qp’

3%y are the numbers defining V by (4,1). *Q is one of the spinor lines 2 representing V.
The equation (4,7b) results from the previous one by virtue of X . ,X 7 0 and (4,1).
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The equations (4, 5ab) follow from (4, 12) — (4, 14).

Note (i). According to (4, 5b) a non-euclidean line metric on R(M) may
be introduced (with °E, %% as absolute lines) which is related to the angular
metric in R4 in the following way. The angle of the vectors v, v/ in R, is
equal to twice the ‘“distance’ of the rulings <2, <@’ on R(M).

Note (ii). The correspondence M — R(M) may be looked upon as a line-
“sphere’”’ transformation. It is not a usual contact transformation, because it

carries the intersection point 1 of two lines M and M’ into a couple of common
rulings €A of two reguli®* R(M) and R’'(M’)

5. Mapping of a lineal element of S;. DEeriNITION (5,1). By a lineal
element (X, v*) we understand an isotropic point x (the support of the element)
and a set of vectors® pv* of Q defined at x (the direction of the element). If v” is
(is not) the null vector of ax, le.g. if the direction of the element is (is not) on a
ruling of Q) the lineal element will be called an isotropic (an anisotropic) lneal
element.

In this section we shall be concerned with mapping of the lineal elements
(%, v”) and introduce for this purpose a standard notation

iy = igp)

where ‘e\ are defined by (0,9). A null vector »” leads to one of the rulings
(0, 6) which may be written

RAB = g [45,B]

Comparing this equation with (0, 6) one sees easily that *» = 0 defines the
ruling "R4B(z 5= j). We use this fact in the next theorem which deals with an
isotropic lineal element (x, v*) (where as usual the coordinates of its support
are supposed to satisfy (0, 7)).

THEOREM (5,1). Let (x,v”) be an isotropic lineal element. This element is
mapped on the spinor

G 1) (@) w%0,0, —x™,x") or (b) %, x",0,0)

if v* defines the direction of the ruling 'RAB (e.g. 2 = 0) or 2RAB (e.g. v = 0).
The spinors (5, 1) are the focal spinors of the spinor line “E°® which maps the
support X of the lineal elements (x, v*).

Proof. Let %2 be given by (1, 2). If we denote by j#* the intersection
of % with the axis ‘® (given by (1, 3)) then these spinors, given by (5,1), are
obviously the focal spinors of °% in K. On the other hand, if v” is a null vector
of ax, then the spinor lines' of the pencil (3, 2) are rulings of K and conse-

14If 1 is an isotropic point the couple of common rulings reduces to one ruling (belonging to K).

159 7% (0 is an arbitrary factor.
16Each of these spinor lines maps one point of the point set (3,1b).
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quently (cf. Theorem (3, 1)) meet at the common focal spinor which maps the
direction of the corresponding ruling of Q. The focal spinors of ¢A from
(3,1) are
1)\0(0, 0, —v)‘quI, ‘I))‘.’X,')\I), 2)\‘1('0)‘36)\1, Z))‘x)\lv, O, 0)
It is easily seen that
A% = P%or A% = )¢

requires 2 = 0 or v = 0. The remaining statements of our theorem are
obvious.

In the next theorem we shall be concerned with a mapping of an anisotropic
lineal element (x, v”). Because in this case 9% #* 0 we may assume without
loss of generality

5,2 Iy > 0.

TaroreM (5,2). Let (5,1) be the focal spinors of °E°® which maps the
support X of an anisotropic element (X, v”). This element is mapped on a couple
of spinors'?

(5,3) €0 = () + e(o)iun.

Proof. Each spinor line “@°® of the pencil (3, 2) represents a point on the
line L whose direction is defined by v>. Hence the vertex of the pencil (3, 2) is
the map of our lineal element. We obtain it as the intersection point of the
spinor lines %% and ¢A. A generic spinor point on °Z may be written
(5,4) £ = My + ua”

It is also on €A if and only if
(5, 5) A= — (U 4 IV el 1)
where v is defined by (3, 1). Because, by virtue of (0, 9) and (0, 10),
—_— (xIlII + xIVlIII) —_ — .v)\[xlx)‘ﬂ + x)\IlIxIV] = 'l))‘[xIIx)\I + x[IIx)\IV]
(5, 6) = Mgyl = lyylll
1.1 = vz . %, = Vokay, = 308 (lele, + Pelle,) = W,

we obtain by virtue of (5, 2) the equation (5, 3) from (5, 4) — (5, 6).

THEOREM (5, 3). Let (x,v*) be a set of lineal elements with a fixed support X,
which is mapped on the spinor line °Z. If (5, 1) are focal spinor of °Z, then the
set (x, v”) 1s mapped on an involution on °Z whose double points are 1, .

The proof follows at once from the cross ratio

(5,7) (Fe, 75, ) = — 1.

TuaEOREM (5,4). Let v be an anisotropic point. The set of all lineal elements
(%, v*) common to Q and the circumscribed cone to Q, which has v for its vertex,
is mapped on the axis (2, 2) of the biaxial involution (2, 1).

1By ( )% we understand always the positive square root.
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Proof. The spinor lines (3, 2) have the coordinates (2,2). If we keep v
fixed, <@ do not change and intersect the spinor lines %% (which represent the
supports of the corresponding lineal elements (X, v*)) in (5, 3).

The locus of the supports of linea! elements (x, v”) dealt with in the previous
theorem is a conic section. We denote by /” its tangential vector at x and shall
consider next the set of lineal elements (x, /?). The following three theorems
will be proved simultaneously.

THEOREM (5, 5a). The lineal element (X,1*) is mapped on the couple of
spinors

(5,8) A= ()l + ()t
and the locus of these spinors is a couple of spinor lines <A°®,

THEOREM (5, 5b). The spinor lines <Q°® ¢A%® and the axes ‘®°® (given by
(1, 3)) are rulings of the same regulus R. The spinor lines ‘A°® are the only
common couple of the involutions on R, whose double rulings are *® and Q. The
conjugate regulus xR to R consists of ruling of «I.

THEOREM (5, 5¢). The regulus R intersects the complex T only in Q.

Proof. The vector v from Theorem (5,4) is conjugate (with respect to
a)u) to I”. Hence

(5, 9a) 1% + %Y = 0.

Substituting from (5, 9a) in (5, 3) we obtain (5, 8). Furthermore the couples
«Q and ‘@ are couples of conjugate polars with respect to the same linear
complex xI' and consequently are rulings of the same regulus, which we denote

by R. Hence the conjugate regulus *R consists of rulings of!® «T.
Moreover the locus of spinors (5, 8) is obviously on R. Because

(5, 9b) FeE 5NN ="M ) = — 1
the locus in question is constituted by two spinor lines which have the properties

mentioned in Theorem (5, 5b).
In order to prove Theorem (5, 5¢), let us write for the generic ruling Y ¢°

of R

(5, 10) Zab = x1+ﬂab + x{‘ﬂ"b + xslqwb'
where the x,, x, x3 are subject to

5, 11) 4x1x2(v . V) — x5 + %935 = 0.
From (5, 10) we obtain

(5, 12) 3 2 abl?® = x5

and the theorem follows from (5, 10) — (5, 12).

18Because K belongs to I' the rulings of R are also (rulings of K and consequently) rulings
of T
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6. Mapping of spinors on lineal elements. Throughout this section we
shall consider spinors whose coordinates satisfy the conditions

(6, 1) g8 #0
(and consequently are not incident with the axes ‘® of the congruence I').

THEOREM (6, 1). Through a given spinor £° there is only one ruling °E of

K namely

(6, 2) °E°%(0, 0, £28°, £, — 88, 28,

and this spinor line maps the point

(6, 3) af sl ool gtV = glgd 288 0 — g3l g2gd
The focal spinors of °Z are

(6, 4) w(0,0, & &), ¥°(&, £,0,0).

Proof. If 9° are the coordinates of a generic spinor in S; then the equations
of a spinor line of K going through £ are

g — =0, *& — ' =0,
and these equations lead at once to (6,2). Comparing (6, 2) and (1, 2) we
obtain (6, 3) and comparing (6, 3) and (5, 1) we obtain (6, 4).

Note (i). If the locus of the spinors £° is a curve or a surface in S3 then the
equations (6, 3) define the locus of the supports of the corresponding lineal

elements.
Note (ii). From (5, 3) and (5, 1) we obtain
(6, 5a) eEa(e(Zv)%xI’ e(zv)%xw, _ (17))%xm’ (‘v)%xl),

where the x4 are defined by (0, 3). Hence if we denote by p the parameter
which defines v” at x4 we may write

(6, 5b) £e = Eo(ul, u?, p).

X

out

In the following considerations we shall use the symbol £°¢ = and the

spinor lines
(6, 6) me? = gleg?tl,
Moreover, we shall deal with the complex I'" and the axis *® which we normalize

in the following way: As the coordinates of the complex I' we shall use the

ab
—22———1 and denote them again by I'*®. As the coordinates
) (I‘chCd)i 2i¢ab
for ‘® we shall use the expressions @

expressions

-r and denote them again by ‘@%b,
cd
These normalized coordinates do not depend on factor of proportionality and

are given by the corresponding numbers in (1, 5a) and (1, 3).
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THEOREM (6, 2). The vectors (0, 9) may be written

4 1
(6, 7a) ley = -E—l 13,1\, 26, = é%abﬂ)‘“b,
and moreover
(6, 7b) Oy = 104523011 (%M1, %

Proof. The coordinates in (6, 3) being homogeneous we may put without
loss of generality

o= HE = pp g = g 4V = g
Substituting these values in (0, 9), we obtain
¢ &
(6,7C) le)‘ = 22-1 H)‘m, 26)\ = 2 24 H)‘M,
and (6,7a) follows from (6,7c) and (1,3). From (6,7a) and (0,10) we obtain
(6,7b).

THEOREM (6,3). A given spinor £° is mapped on a lineal element (X, v”)
whose support is given by (6,3) and whose direction vector v* has the covariant
components

(6,8) oy = T'gpIIr%0.

Proof. Starting with (6,5a) and (6,3) we see that there must be two factors
a, 8 such that

atfl = eﬂ(%)%‘él‘?, atf? = eB(Zv)%‘P gt gefd = B(lv)»} flegd gept— 13(1,,)% eglegt
and consequently by virtue of (6,1)
a = (o)t gt = B()} <5,

Hence

(6.9) Iy = (8%, % = (¢§!)%, o #0.
On the other hand,

(6,10) 20\ = 2v%a,, = Wl + Wle.

Substituting in (6,10) from (6,7a) and (6,9) we obtain

(6,11) 20\ = a*£1=£4(2<1>,,b+1<1>ab)m“” = gefl et J A 1 P L

Because the direction of the lineal element (x, v?) is defined by the ratio
o!': 9’ —or vy.:w2.—we omit in (6,11) the factors 2 and o¢£! ¢£* and obtain (6,8).

7. Mapping of (G) and (F). If the coordinates x4 of a point undergo a
transformation from (T)

@1 'xA = LpAxB,  det Lp4 5 0,

then the spinor coordinates undergo a transformation
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(7,2) g = Ay £, det Ap* # 0,

where the A% are function of the Lg4. In this section we shall be concerned
with the relationship of (7,1) and (7,2) referring to (7,2) as a map™® of (7,1).
We shall use also the symbols

(7,3a) dap? = dant,

defined in the following way:

(7,3b) S1l = 6051 = 651" = 8,V = 1, the remaining 3,54 = 0.
THEOREM (7,1). The map (7,2) of (7,1) has the following properties:®

(7,4G) Ay* =0fora=10r2,b=30or4andfora =3o0r4,b=1o0r2,
(74F) Ay* =0fora,b=10or2anda,b =3 or4,

(7,5(}) % = A1[1A22] — A3[3A441,
(7,5F) 1A = ABAY = AlIAY,
(7,6) 6caBLpA = 8454 A[*Ag®

Proof. Any transformation (7,1) belonging to (G) [(F)] reproduces each of
the reguli of Q [interchanges these reguli]. Consequently its map reproduces
[interchanges] the axis ‘® of K. The equations (7,4) express analytically this
fact. Any transformation (7,1) from (T') carries a lineal element in a lineal
element. Consequently by virtue of Theorems (5,4) and (2,2) the map (7,2)
of (7,1) reproduces the complex I'.  Because of (1,5a) (7,4) and

/Pab — A¢[aAdb] Pcd
the complex T is reproduced if and only if (7,5) holds. The equations (2,2)

yield

(7,72) 204 = §g4 Q40

The transformations (7,1) and (7,2) carry v4 and *Q°® respectively into
(7,8 pA = LpAyB, ‘erab — Ac[aAdb) Q.9

where again

(7,7b) 2/p4 = 51 YQOL.

The equations (7,6) follow from (7,7ab) and (7,8).

Note (1): Because
'e'QIZ - _ '6’934 - /e(/v_/v)%’
Q2 — — Q¥ — _ e(V.V)%,
we have by virtue of (7,5)

19(7,1) induces a transformation of lineal elements (X, ") and (7,2) may be thought of as a
map of this transformation.
20The equations (G) [(F)] refer to the case of (7,1) belonging to (G) [(F)].
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(7,.9aG) Qi = Az Ygi = A QY
(7,9aF) o = — Az TUQH = — A QM
Consequently by virtue of (7,2)

(7,9b) 'v'v = Alv.v.

On the other hand we have by virtue of (7,1)

(7,9¢) 'v!v = L?v.v,

where L? is a well defined function of the LgA. Hence
(7,10) L = A%

and this equation prescribes a condition for the A°.
Note (ii). Because any transformation from (G) [(F)] reproduces (inter-
changes) the reguli of Q it may be easily proved that

(7,11G) L' L™V L 2 0,
(7,11F) Lin"LiVIL M L1 5= 0.
Hence the number
LI[I LIVIV]
7,12G =
( ) q Lm[ul LII]
LIH[ILIIV]
4 — T -
(7,12F) ¢ = AT

is different from zero. We use it in the following theorem, where without loss
of generality we assume that L{' is a real number and moreover

(7,13) L > 0.

THEOREM (7,2). Any transformations from (G) and (F) respectively are
mapped on two always distinct® transformations:

151 = é(LIIEI + L]vl EZ) 151 — 3(1‘]“[ 53 — LIIE4)
(1G) = LVE A LVE) (ME) F = Ll = LV

’23 _ Eq(L][IIH 53 —_ L]III 54) /53 i éq(L]In £1 + LIV"I£2)

£ = eg(—Lur'&® + Li'¢Y) "# = eq(—L'¢" — Lv'8)
where e = + 1 or e = — 1 and q is any one of the four fourth roots of @*.

Proof. Let us first prove the equations (7,14G). From (7,4G) and (7,6)
forc =1,d = 4, A = I we obtain Li' = AjA

If we put Ay = 1/p then we obtain? from (7,13) and (7,6)

2E.g. two distinct transformations (7,14G) [(7,14F)].
2The equations (7,15) constitute the conditions for the Lg# to be the coefficients of a trans-
formation from (G).
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A= Ly'  _ L™ _  La™ _ Lyt ’
Li'p Li'p Lin™p Lu'p
(7,15) ap =t Lo LM Lo
Lip Lup Liip Lu"p
At = L™ _ La" _ L™ _ _ Ly® '
Lip Lad'p Ludp LiTip
(7,16) A33 = LIII“IPy A43 J—— LIHIP,
At = — Lui'p, At = Li'p.

Multiplying the first right hand member of these equations by (Li!)* we obtain
AdAY) 1 L' Lyt A AL\ s (Lo — L™
(@.17) <A12A22> N m <LIIVLIVIV> ’ (A34 A¢) AL —Lu'—L{ /)"

Hence we must have by virtue of (7,5G)

(7,18) AqliAq?l = 1 Ll L™V = ABA4 = P2LIILIII[HILII].
1
or
. LI[I lelv]
4 — 4T IP
(7,19) ¢ =Pt L Ligliz 1"

Denoting by qi(k = 1, 2, 3, 4) the fourth roots of ¢* and substituting in
(7,17), we obtain four transformations. Choosing conveniently the names of
the roots, we have ¢1 = —¢s, g2 = — ¢4 = 7¢1 which means that the four transfor-
mations (7,17) reduce to two, one for ¢; and one for 7q;.. The coefficients A,®
in (7,17) being homogeneous we obtain (7,14G) for e = + 1 if we put ¢ = ¢1
and (7,14G) for ¢ = — 1 if we put ¢ = 7¢; and multiply the so obtained co-
efficients A,® by 2. The equations (7,14) F may be proved in a similar manner.

Note (). The transformations (7,14) reproduce the complex T' because by
virtue of (7,18) and (7,19) the equations (7,5) are satisfied. On the other hand
(7,10) is obviously a necessary condition that I' be reproduced. Hence (7,10)
is satisfied by the coefficients of the transformations (7,14).

Note (ii). For the identity L4 = 6% we have ¢* = 1 and the equations
(7,14G) reduce to identity and to

I‘El = Eli 152 = 221 IES = - 3,;3' I£4 = - 24'
This transformation reproduces each of the couples (5,3) interchanging *¢ and
¢, as was to be expected.

8. Mapping of the biaxial involution (2,1). In this section we shall be
concerned with the transformation on Q which is mapped on (2,1) and we shall
call it the map of (2,1). A projective transformation in Lz will be termed a
v-reflection if it reproduces Q, v and each point of the polar plane of v with
respect to Q, where v is assumed to be an anisotropic point.
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THEOREM (8,1). The biaxial involution (2,1) is a map of the transformation
of lineal elements on Q induced by a v-reflection

8,1) x4 = x4v.v — 204x.v.

Proof. The equations (7,4F) and (7,5F) are satisfied for (2,1) (the matrix
Q,® being built up according to (0,13)). If there is a map of (2,1) then its
coefficients must satisfy the equations (7,6) (where we put 5% instead of A?).
These equations define the matrix Lg4 of the transformation (8,1). This
transformation obviously reproduces v and each conjugate point x of v (with
respect to Q). Moreover we have from (8,1)

'x/x = (2.X)(V.v)?
and consequently (8.1) reproduces Q. Hence (8,1) is a v-reflection.

Note. The transformation of lineal elements induced by (8,1) may be
easily obtained. If x is an isotropic point for which x.v 5 0, then its corres-
ponding isotropic point is the second intersection points of Q and the line xv.
An arbitrary plane through xv intersects the tangential planes at x and 'x in
the lines which define the corresponding directions of the line elements at x
and 'x.

In the next paper we shall deal with the analysis of S; starting with (6,5b).

Note added in April 1951:

At the last International Congress of Mathematicians (Cambridge, Septem-
ber 1950) Professor O. Veblen was kind enough to mention to me his paper
“Geometry of four-component spinors’’ (Proc. Nat. Ac. Sci., vol. 19 (1933),
503-517) which was unknown to me. Although his paper and this present
one follow quite different lines, it is nevertheless interesting to observe that
they have two points in common: (1) the equations (2, 10) together with (3,2)
in Professor Veblen's paper are substantially the same as my equations (6, 3),
and (2) the elements of the first two of the matrices (4, 8) of Professor
Veblen are substantially the Pliicker coordinates of my complexes (1, 5).

REFERENCES

1. Cartan, Elie, Legons sur la théorie des spineurs 1, I1, Act. scient. et industr., vols. 643 and
701 (1938).

2. Hlavaty, Vaclav, Differentielle Liniengeometrie (Groningen, 1945).

3. Schouten, J. A., On the geometry of spin spaces 1, 11, I11, Proc. Kon. Akad. van Wet.,
vol. 52, nos. 6, 7, 9 (1949).

4. Van der Waerden, B. L., Spinoranalyse, Nachr. d. Ges. d. Wiss. (Gottingen, 1929),
100-109.

5. Veblen, Oswald—von Neumann, J.—Givens, J. W., Geometry of complex domains, Lec-
tures Inst. of Adv. Study, 1935-36.

Indiana University

https://doi.org/10.4153/CJM-1951-046-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1951-046-5

