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CONTINUOUS ERGODIC EXTENSIONS AND
FIBRE BUNDLES

ROBERT J. ZIMMER

1. Introduction. If a locally compact group G acts as a measure preserving
transformation group on a Lebesgue space X, then there is a naturally induced
unitary representation of G on L2(X), and one can study the action on X by
means of this representation. The situation in which the representation has
discrete spectrum (i.e., is the direct sum of finite dimensional representations)
and the action is ergodic was examined by von Neumann and Halmos when G
is the integers or the real line | 7], and by Mackey for general non-abelian G [10].
This theory was generalized to the case of extensions of ergodic actions by the
author in [11] and [12]. There we consider a pair of ergodic G-spaces X and V
with an equivariant measure preserving map between them. Then L*(X)
becomes a G-Hilbert bundle over YV, and we say that X has relatively discrete
spectrum over 'V if L2(X) is a direct sum of finite dimensional G-invariant sub-
bundles. Theorems 4.3, 6.2, 6.4 of [11] are the generalization to extensions of
the main von Neumann-llalmos-Mackey theorems, and imply the latter when
V is taken to be a point.

In all these considerations, one is dealing solely with measure spaces and
Borel isomorphisms. If, in addition, the spaces involved have a topological
structure and the finite dimensional G-invariant subspaces (or subbundles)
consist of continuous functions, it is natural to inquire as to what extent the
measure-theoretic theory will actually hold in a topological category. For a
single G-space X, this situation is essentially understood, and it is the aim of
this paper to examine this question for extensions. Our main result will be a
topological version of the structure theorem [11, Theorem 4.3] of the measure
theoretic theory. The latter maintains that any extension with relatively
discrete spectrum is (Borel) isomorphic to a type of skew product action in a
product space. In the topological category, one would like to conclude that an
extension should be (topologically) isomorphic to a certain type of action in a
fibre bundle, which we call a homogeneous extension. (See Section 2 for detailed
definitions.) This however is not true, but we do show, at least in the case in
which V is minimal under G, that the extensions in question are inverse limits
of homogeneous extensions. Furthermore, we identify a certain class of exten-
sions, which we call finitely generated, that we do show to be homogeneous.

Continuous extensions of the type to be considered in this paper have arisen
in the study of minimal distal transformation groups and extensions on compact
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spaces. Based on the work of Ellis and Furstenberg, Knapp [9] showed that the
isometric extensions introduced by Furstenberg [4] actually have the function
theoretic properties that we are considering. As a consequence, we are able to
conclude a strengthened version of Furstenberg’s structure theorem for minimal
distal actions on compact metric space |4], showing that every such action is
built up from a point by taking homogeneous extensions and inverse limits. The
main theorems of this paper were in fact announced in this context of distal
actions in [13]. It has been pointed out to the author, however, that a short
proof in this context is available through the machinery that has been built up
around minimal actions on compact spaces. (See [3], for example.) We remark
that the techniques and results of this paper are dependent on neither com-
pactness nor minimality of the action on X.

The organization of this paper is as follows. Section 2 presents the definitions
of the various types of extensions we will be considering-homogeneous, finitely
generated, and those possessing ‘‘topological’’ relatively discrete spectrum. It
also includes some preliminary results and elementary properties of these
extensions. Section 3, which is the main part of the paper, is devoted to a
proof that finitely generated extensions with a minimal base are homogeneous.
Section 4 concludes with applications and examples.

2. Preliminaries. Suppose G is a locally compact group and X and V locally
compact metrizable spaces. (We shall throughout take local compactness to
include the condition of second countability.) We suppose that there is a
jointly continuous right G-action on both X and ¥, and that p: X — V is
continuous, surjective, and equivariant. We shall further suppose that G
preserves a probability measure u(v) on X (V') whose support isall of X (V), and
that p is measure preserving, i.e. p (u) = ». This is just the situation studied in
[11], now with the additional assumptions of topological structure. We can
decompose p with respect to » over the fibers of p and write u = f® wdv (y).
This is a measure-theoretic construction and in the topological framework we
will need the stronger condition that y — u, is continuous, in the sense that for
any f € Co(X) (the continuous functions on X that vanish at o), v —>f fdu, is
continuous, and that the support of p, is p~1(y). We shall then call u, a con-
tinous decomposition of u. Such a decomposition does not always exist. It will
exist, for example, if X is a fibre bundle over ¥ whose structure group consists
of measure preserving homeomorphisms of the fibre. If X is compact, minimal,
and an isometric extension of ¥, such a decomposition will also exist. In the
compact case, continuous decompositions have been investigated in some
detail by Glasner [5].

Definition 2.1. Under the above assumptions, we will call X a continious
ergodic extension of Y.

If f € Co(X),and y € Y, by f¥ we shall mean f|p~'(y). By virtue of the fact
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thaty — p, is continuous, we have the following readily verified facts, which we
shall use below without further explicit mention.

Prorosition 2.2. (i) If f, g € Co(X), then y — (f¥|g¥), is continuous. Here
(| )y 1s the inner product on L2(p=1(y), u,).

i) If f1,.. ., fa € Co(X) and {f¥} are linearly independent, then {f.%} are
linearly independent for all z in some neighborhood of y. (This follows since the
latter will be linearly independent if and only if the determinant of the matrix

({(f&#f5%).) 1s not 0.)

iii) If f1¥, . . ., f.¥ are linearly independent, then there are g1, . .., g, € Co(X)
such that (a) {g*} are orthonormal in some neighborhood of y. (b) span [g.?% . . .,
2,71 = span [fi%, . . ., f,7] in some neighborhood of .

(c) span [gi% ..., g?"] Cspan[fi% ..., f,7] for all 3 € V. (This can be

achieved by restricting to a suitable neighborhood of y, applying the Gram-
Schmidt process fibre-by-fibre, and then extending by multiplying by a suitable
function in Co(Y). See [9, Lemma 6.2] for details of the technique.)

iv) If {g:% ie1,... n are orthonormal for z € U C Y, and f is « bounded function
on p~(U) such that f* € span {g;%}, then f is continuwous on p='(U) if and only if
y— (fY|g), is continuous on U for euch 1.

Suppose now that X has relatively discrete spectrum over V [11, Definition
5.1]. This means that L?(X) = %V, where V; = f@ V #dv are G-invariant and
dim VY < co. This again is a purely measure-theoretic notion, and our main
object of study will be the topological version of this notion, which we now
describe. We note first that Co(p~'Q) isa Cop(Q)-module for @ C V. IfV C Co(X)
is a subspace, we will call V regular on Q if

(1) V is closed under multiplication by Co(Q), and
(ii) there are f1, ..., f, € V such that {f;} is a basis of V¥ = {f¥|f € V} for
each y € Q.

We will then call {f,} a local basis for V on Q. If fi¥ are orthonormal we will
call {fi} a local orthonormal basis. We will call V regular if it is regular on each
set of an open covering of Y. We remark that by the technique described in
Proposition 2.2 (iii), if V is regular we can assume {f;} is a local orthonormal
basis.

LEmMmA 2.3. If Vs regular and f € Co(X), then Pifand Pyof arein C(X), where
Py and P, are orthogonal projections of L2(X) onto V and VL, respectively.

Proof. P, = f@ Py¥ where Py : L2(p~(y), u,) — V¥ and on a suitable open
set, Pif = Y. {fIf#)f# where {f;} is a local orthonormal basis. We then also
have P,f = f — P.f.

Definition 2.4. If p : X — YV is a continuous ergodic extension, then X has

proper relatively discrete spectrum over V if there are regular G-invariant sub-
spaces V; C Co(X) such that X V; is uniformly dense in Co(X).
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We remark that if X has proper relatively discrete spectrum over Y, then X
has relatively discrete spectrum over V. We also note thatinlight of Lemma 2.3,
we can choose the 17; to be mutually orthogonal. Our aim is to describe the
structure of extensions with proper relatively discrete spectrum in terms of
locally trivial extensions.

Definition 2.5. If X is a continuous ergodic extension of V, then X is a

homogeneotiis extension of V if
(i) X is a fibre bundle over ¥, with fibre H/H, and structure group H,
where H is a compact metric group and H, C H is a closed subgroup;

(i1) the projection p : X — V intertwines the G-actions;

(iii) for each yq € Y, there is an open set @ C ¥, with yy € @ and an admis-
sible homeomorphism of p~1(Q) with @ X H/H, such that y, z € @ with
v - ¢ = zimplies: there isa(y, g) € H such that the action of g taking p~'(y) to
p~1(z) corresponds to the map {y} X H/H, — {z} X H/H, defined by transla-
tion by a(y, g).

We show below that every extension with proper relatively discrete spectrum
is the inverse limit of homogeneous extensions (if y is minimal).
We now derive some first consequences of definition 2.4 and the results

of [11].

LEMMA 2.6. Supposel; are in Definition 2.4 and are mutually orthogonal. Let
R(y) be the algebraic direct sum Y. V¥ Then if f € Co(X) is contained in « G-
wnvariant regular subspace W of Co(X), then f¥ € R(y) for all y.

Proof. Let P, = feaPi” be orthogonal projection of L2(X) onto ¥V, From
(11, Theorems 3.14 and 4.3] each equivalence class of G-Hilbert bundles con-
tained in L2(X) appears with only finite multiplicity. It follows that 7;f = 0 in
L2 for all but finitely many . Thus, for some # and almost all y, f* € ¥, V"
But then the continuity of f implies that this holds for all y, proving the lemma.

COROLLARY 2.7. R(y) is an algebra for all y € V.

We remark that if t € G and y, 5 € V with y¢ = 3, then ¢ defined a homeo-
morphism of p~!(y) with p~!(z). Furthermore, this map takes u, to u,. (This
follows from the G-invariance of g, the essential uniqueness of decompositions
of measures, and the continuity of y — g,.) Thus, there is an induced unitary
map * : Co(p~'(z)) — Co(p~'(v)) and this map is an algebra isomorphism of
R(z) with R(y).

ProrositioN 2.8. If YV is minimal, then p is a proper map, i.e. p~—(C) 1s
compact if C 1s compact.

Proof. We can consider L2( V) C L?(X) as a G-invariant sub-Hilbert bundle.
Because of the ergodicity of G on X, this bundle will be inequivalent to any
other G-invariant subbundle of L?(X) [11, Theorems 3.14, 4.3], and it follows
that for some 4, V; = L2(Y), where V, is the L? closure. In particular, there is
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an f € Co(X), f # 0, which is constant almost everywhere on almost all
fibres. Since f is continuous, f must be constant on almost all fibres. Now

x _)f(x) - ffp(x)d#p(x)

is continuous, and since f is constant on almost all fibres, this must be 0 almost
everywhere. Hence, it is identically 0 by continuity and this implies f is
constant on all fibres. Since f # 0, there is a compact set U C YV with non-
empty interior such that f(p(x)) # 0forx € p~1(U). Since f € Co(X), p~1(U)
must be compact. Because p is G-invariant and G acts minimally on 7V, it
follows readily that p is proper, completing the proof.

Since X has relatively discrete spectrum over YV, the structure theorem
[11, Theorem 4.3] shows that X is Borel isomorphic (modulo null sets) as an
extension of Y to ¥V X ,K/K, where K is a compact group, K, C K is a closed
subgroup, and a : ¥ X G — K is a minimal cocycle with K, = K[11, Definition
3.7]. Call S = K/K,and let R(S) be the set of continuous functions on .S that
are contained in finite dimensional K-invariant subspaces. Under the Borel
isomorphism of X with ¥ X .S, we will have R(y) corresponding to R(S) for
almost all y, and hence, for almost all ¥, R(y) = R(S) as algebras via a unitary
(as a map of L? spaces) algebra isomorphism.

We now introduce the concept of a finitely generated continuous ergodic
extension, which will facilitate the discussion and is of independent interest.

Definition 2.9. X is a finitely generated extension of V if R(y) is a finitely
generated algebra for almost all y. Equivalently, by the remarks above, R(S) is
a finitely generated algebra. (We will also call S a finutely generated homo-
geneous space.)

We will show in Section 3 that every finitely generated extension, with V
minimal, is a homogeneous extension.

We wish now to remove the almost everywhere condition in Definition 2.9.
This can be conveniently done after the introduction of some technical concepts
and notation of which we will in fact make constant use throughout this paper.
As a homogeneous K-space, S has a unique K-invariant probability measure
and we have a natural unitary representation of K, say U, on L2?(S) defined by
translation. For each = € K (the set of equivalence classes of irreducible
representations of K), define H, C L*(S) by

H, = sp{f € L*(S)|f is contained in a subspace
V C L*(S) for which U|V = «}.

Then each H, is finite dimensional, and H, C C(S), the continuous complex-
valued functions on S. We shall call H, the canonical subspace of C(S) (or
L2(S)) associated with = In L*(S), {H,} are mutually orthogonal and
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L2(S) = Y@ H,. Then R(S) is the algebraic direct sum Y H, and is a uni-
formly dense *-subalgebra of C(S). For S finitely generated, it will be con-
venient to single out certain sets of generators.

Definition 2.10. A finite set of generators for R(S), {f1, . . ., fu}, will be called
proper if
i) fi L 1 for all 4,
ii) each f; is in a canonical subspace, and
iii) if for 7 € K, there is some fi € H,, then H, C span {f.

ProrositionN 2.11. (i) If {f. is a proper set of generators and {g,} is a finile
set in R(S) such that

(a) each g; is in a canonical subspace, and

(b) span [g,} = span |f4,
then {g;} 1s a proper generating sel.

(ii) Any finitely generated S has an orthonormal proper generating set.

Letfy, ..., f, be an orthonormal proper set of generators of R(S) and L, C K

the finite set determined by

@

span {1, f1, ... fu} = 2 H., and H, # {0} for = € L.

TeLo
Let Hy = ZPELO H,. Let C[X,,...,X,] be the polynomial ring with com-
plex coeficients. There is a unique surjective algebra homomorphism
®: CXy,...,X,]— R(S) such that ®(X;) =f,. Let I = ker ®. Since
ClX1, ..., X,] is noetherian, [ is a finitely generated ideal. Choose generators

p1, ..., pr for I and let
d = max {degree (p;)}.
j=1,...k

Let P, be the set of polynomials in C[Xy, ..., X,] of degree < d. Then ®(P,)
consists of polynomials of degree = d in the {f;}, and since {f,} is a proper set of
generators, ®(P;) will be a finite dimensional G-invariant subspace. Hence,
there is a smallest finite dimensional subspace H, of R(S) such that H, D ®(P,)
and H,; is a direct sum of canonical subspaces, say H, = Z;‘ZL‘ H,., where
L C K is a finite set. Let H, be the smallest subspace containing all products
fe, f, £ € Hy, and which is also a direct sum of canonical subspaces. Thus,
H, = Z,?EL? H,, where L, C K is finite.

For each subspace 17, C Co(X), we can associate a unique element 7 of K.
This representation has the property that as G-Hilbert bundles, V; is equiva-
lent to a subbundle of L2(Y; H,), where the action on the latter is determined
as restriction of the action of G on L2(Y X ,S). Let H, C Co(X) be the direct
sum of the (finitely many [11]) V; associated with m, and H, (y) the direct sum of
the corresponding 17,Y. We will call H, (y) the canonical subspace of R(y) associ-
ated with . Similarly, we can form H; and H;(y), 7 = 0, 1, 2. We remark that
under the isomorphism of R(y) with R(S) (almost all y) described following the
proof of Proposition 2.8, we actually have R(y) =2 R(S) under a unitary algebra
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isomorphism that preserves canonical subspaces. In particular, for almost all v,
H,(y)- Hi(y) C H:(y), and a continuity argument implies that this relation
holds for all y. Similarly, any polynomial of degree < d in a basis for Hy(y) will
be contained in H(y).

PropositioN 2.12. If X is a finitely generated extension of ¥V with ¥ minimal,
then R(y) is finitely generated for all y. In fact, Ho(y) generates R(y) for all y.

Proof. Let = € K. Then there is an integer 7 such that the space of all
polynomials of degree = r in some basis of H, contains H,. We remark that
this is independent of the choice of basis of Hy, since one basis is obtained from

another by linear relations. Let Qy, . . ., O, be a basis of the set of polynomials
over C in # variables, of degree < r. Choose functions @y, . . ., @, in Co(X) that
form a local basis for H, on some open set @ C Y. Let ¢; = Q(ay, ..., ay).

Then {¢*} will span a space containing H,(y) for almost all y € Q. This follows
from the fact that R(y) = R(S) as algebras for almost all y by a canonical
subspace preserving map. Let #(y) be the dimension of the space spanned by
{g}, m = max{n(y)|y € Q) and choose z € @ such that n(z) = m. Choose a
subset of {g;} (which by relabeling we will write qi, . . ., g,) so that ¢:%, ..., ¢n*
are linearly independent. Then ¢, . .., ¢,* will be linearly independent in a
neighborhood of z, and hence, by the choice of m, span [¢/Y, . . ., ¢,*] = span
[g1¥, ..., ¢"] for all ¥ in an open set. By a Gram-Schmidt argument, we can
find py, ..., pm € Co(X) such that pi?, ..., p,’ are an orthonormal basis for
span (g1, ..., g,'] for all y in an open set . Now let f € H,. Then, as re-
marked above, f¥ € span [¢i%, . .., ¢¥] for almost all y in . Now for y € &,
fv € span [q/¥, . . ., ¢] if and only if ||f*[|2 = X,/ {f¥|p,* )|*>. Since both sides of
this last equation are continuous in y, and they are equal a.e., they must be
equal on all of . Thus, f¥is a polynomial in @%, . . ., a,” for all y € @', which
implies that H, (y) isin the algebra generated by H,(y) forall y€ @'. Now for any
g € Gand y € Y, the action of G gives an algebra isomorphism of R(yg)with
R(y) preserving canonical subspaces. By the minimality of G on YV, it follows
that Hy(y) generates H,(y) for all y. Since = is arbitrary, the proposition
follows.

Before turning to the main results of this paper, we present two preliminary
lemmas that we shall need below.

LeEmmA 2.13. Suppose S and T are compact metric spaces. Let A(S), A(T) be
dense subalgebras of C(S) and C(T') respectively. Suppose u, v are finite measures
on S, T respectively, both of which are positive on open sets. Let W : L2(S, u) —
L2(T, v) be unitary, such that

(i) W(A(S)) = 4(T)

(ii) if f, g € A(S), then W(f-g) = W(H)W(g).

Then W|C(S) is a multiplicative, involutive banach algebra isomorphism between
the C*-algebras C(S) and C(T).

Proof. (i) Suppose f € L™(S) and g € A(S). Then there is a sequence
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fu € A(S) such that f, — f in L2(S). Thus, f, - g —f - g in L¥(S) so W(f.g) —
W(f-g). But W(fy-g) = W(f,) - W(g) = W(f)W(g). Hence, W(f-g)=
wHW(g).

(i) Now suppose f € L*(S) and g € L%(S). Then there is a sequence
g, € A(S) with g, — g in L2(S). It follows that f-g,—f-g in L*(S) so
W(f-g)— W(f-g). By (i), W(f g) = W()W(g) - W(f)W(g). Thus, for
each g, W(f)W(g) € L*(T) and W(f)W(g) = W(f- g). Hence, multiplication
by W(f) maps L2(T') — L2(T) continuously, and it follows that W(L*(S)) C
L®(T). By applying the same technique to W~1, we see that W(L*(S)) = L*(T).
By the argument of [6, p. 45], W is induced by a measure preserving map
T — S, and in particular, W|L*(S) preserves || ||.. Since open sets in .S and T
have positive measure, W|C(S) will preserve the sup || |[. As A(S) (A(T)) is
uniformly dense in C(S) (C(T")) it follows from hypothesis (i) that W : C(S) —
C(T) is an isomorphism.

LEMMA 2.14. Let S be a compact metric space, u a measure on S that is positive
on open sets. Suppose A, C C(S), 1 =1,2,..., such that

(i) each A is finite dimensional, and { A} are mutually orthogonal, and

(i1) A, the algebraic direct sum of { A}, is a dense subalgebra of C(S). Let K be a
closed (strong operator topology) subgroup of U(L2(S)) such that for all U € K,
U(A,) = A foralli,and U(f-g) = U(f)U(g) forallf, g € A.

Then the action of K on C(S) 1s induced by a jointly continuous action of K on S.

Proof. By Lemma 2.7, U : C(S) — C(S) is an isomorphism of C*-algebras for
each U € K. As S can be characterized as the maximal ideal space of C(S), it is
easy to see that it suffices to show that K X C(S) — C(S) is jointly continuous.
If U, €K, U,— U, andf, € C(S), f, = f, then

U Ufu = USll £ ([ Unfu = Unfll + [|Unf = USIl = 1 fu = fIl + 1 US = TSI

Thus, it suffices to see that ||U,f — Uf|| — 0. If f € A, this follows since on a
finite dimensional subspace of C(S), || || and || || are equivalent. If f ¢ A4,
given e > 0, there is g € 4 with ||f — ¢g|| < e Then

HUnf— Uf” = ||Unf_ UngH + ||Ung - Ug” + ||Ug - Uf”
< 2¢+ |[Ug — Ugll.

The result follows.

3. Finitely generated extensions. This section is devoted to a proof of
the following theorem.

THEOREM 3.1. If X is a continuous ergodic extension of Y with proper relatively
discrete spectrum, and Y is minimal, then X is a homogeneous extension of Y.

Proof. Choose a point yo € Y. The first main step in the proof of Theorem 3.1
is the following lemma.
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LeMMA 3.2. There is a compact neighborhood Q of yo in Y, and subspaces of

Sfunctions, V, C C(p~"(Q)),n = 0,1,2,...,regular on Q, such that
@) {(Vo)ylm =0,1,2,...} are mutually orthogonal and finite-dimensional

for each y € Q;

(ii) the algebraic divect sum 3 (V,), = R(y) for each v € Q;

(iii) (Vo)y = G(CC(p~'())) for all y € Q;

(iv) (V1), generates R(y) as an algebra for all y € Q;

V) if W, = XV, then W, W, C Wyyp forallm, p =2 0;

vi)ifv,2 € Q,and t € Gwithy - = z, then t*((V,),) = (V,)y for all =,
where t* : C(p~1(z)) — C(p~'(y)) is the induced map.

Proof. For eachy € Vrecall that H;(y) = Z,f';,ﬁ H,(y),forj = 0,1,2. Then
there is a compact neighborhood @ of ysin ¥ such that H, is regular on &’ for all
w € L. For @ € Ly, choose g1, . .., g~ € H, to be a local orthonormal basis
for A, on ©'; so that g7 = 1, where I is the 1-dimensional identity representa-
tion. Let A7, . . ., k,™ be an orthonormal basis of H, such that

(@) form =1, ! =1, and

() forw € Loy — {I}, (b7t = 1, ..., p} ={filf: € Hdl.

Define, for y € @', U,(y) : H(y) —» H, to be the unitary operator with
Ur(y) (g71p~(v)) = ki Then U(y) = X%z, Ur(y) : Hy(y) — Ho is unitary.

For notational convenience, we shall let {gi, ..., g} = Ureg, {g/) and
{hi, ..., hn} the corresponding (under U(y)) members of H,. We can choose
the ordering such that k; = f;for<s =1,..., n.

The proof of Lemma 3.2 now breaks up into 3 steps. First, we will show how
to “‘continuously modify’" U(y) so that it preserves multiplication of elements
in H,(y). Step 2 will be to show that these new operators can be extended to
algebra isomorphisms. Finally, we shall use the algebra isomorphisms to con-
struct the required regular subspaces.

Step 1. Foreachy € ', we have a bilinear map B, : Hi(y) X H,(y) — H:(y),
given by B,(f, g) = f- g. This defines a bilinear map B, : H, X H, — H, by
B,(f,9) = U B,(UW)™, U»)7g)).

Now Bil(H,; H:), the space of bilinear maps from H, X H; — H, has a
natural topology on it, being a finite dimensional vector space. We claim the
map YV — Bil(Hi; Hs), vy — By, is continuous. It suffices to show that if
hy; € H,, h; € H,, where 7, ¢ € Ly, then the map y — (B, (hy, k;)|h; ) is con-
tinuous. (Here, {|) denotes the inner product in H,.) But

(B,,(hi, Bi)lhe) = CU@)B,(U®) he, U) 7 hylhi ) = (g2 )

which is continuous.

Now let 4 be the set of unitary maps U : H, — H, that take every canonical
subspace into itself, and is the identity on H;. There is continuous right action
of A on Bil(H,; H;) defined by
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Let By € Bil(Hy; Hy) correspond to multiplication in R(S). For almost all
y € @, there is an isomorphism of algebras i(y) : R(S) — R(y) such that
i,|H, : H, — H,(y) unitarily. Thus, U(y)i(y)|H. preserves canonical sub-
spaces, is the identity on Hy, and so (U(y)i(y)|H:) € A. Furthermore,

Bo-i(y)7'U(y)™! = B,.
To see this, note that

Bo-i(y)tU@)™N(f, 2) = UW)i(y)Bo(i(y)*Uy) 7Y, i(y) " U(y)7'g).

Since By is multiplication, and #(y) is multiplicative, this is equal to

Uy)(U)™f - Uly)™g)
U)B,(U)~Y, Uly)™'g)
= By(fv g)-

Thus, for almost all y € ', B, and By are in the same orbit in Bil(H,, H;)
under A. Let 7" C Bil(H;; H) be this 4 orbit. Since 4 is compact, 7 is closed,
and from the continuity in y of B,, we can conclude B, € T for all y in a neigh-
borhood of y, which for simplicity we shall continue to denote by Q'. The map
A-T, U—- BUO - U defines an 4-homeomorphism from 4/A4,= T, where
Ao C A is some closed subgroup. By its construction, 4 is a compact Lie
group, and hence 4, is also. Thus, there is an open neighborhood of [e] in 4/4,
and a section on this neighborhood of the natural projection 4 — A4/4,.
Identifying A/A, with T, we obtain an open neighborhood N of B,, in 7 and a
continuous map So: N — A4 such that for all B € N, B s(B)~! = B,
Choose a fixed element Uy, ¢ 4 with B, - Uy = By, and let s: N — A4 be
s(B) = so(B)~1U,. Then s is continuous and B - s(B) = By for all B € N.

Now y — B, is a continuous map from ' into T, and N C T is a neighbor-
hood of Bi,o. Hence, there is a compact neighborhood of yo, @ C €/, such that
B, € N for all y € Q. Let \: @ — A be the map \(y) = s(5B,). Then \ is
continuous and B, - AN(y) = B, for all y € Q.

Now let 7'(y) = N(y)~'U(y). Then fory € Q, T'(y) : Ha(y) — H,, is unitary,
preserves canonical subspaces, and 7'(y) (1) = 1. We claim thatif f, g € H,(y),
then

™ Ty =T TH(@.

This follows by unravelling the definitions:

T(y)(fg) = ) U ) (fg)

AU () B,(f, 2)

ATB(UW)f, U)g)

(B, N3) AU, N0 U (3)g)
Bo(T(0)f, T()g)

IT)f-TH)e

Il

Il

Il

Il

https://doi.org/10.4153/CJM-1978-033-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1978-033-4

ERGODIC EXTENSIONS 383

Step 2. We now claim that for each y € Q, there is a unique algebra iso-
morphism T1(y) : R(S) — R(y) with T1(y) = T'(y)~* on Hy. Since Hy(y) and
H, generate R(y) and R(S) respectively, as algebras, uniqueness is clear.
Recall that we have a surjective algebra homomorphism & : C[X,, ..., X,] —
R(S) such that ®(X,) = f,, where {f;} is a proper generating set, and span
{1, fi = H,. Foreach y, define a homomorphism 8(y) : C[X1, ..., X,] = R(y)
by B(¥)(X:) = T(y)~'f;. We claim first that there is an algebra homomorphism
T:1(») : R(S) — R(y) such that 8(y) factors as follows:

CXy .o, X)) =25 R(S)
7
50 l )
R(y)
To see this, it suffices to show thatif p € C(Xy, ..., X,) and ®(p) = 0, then

B(y)(p) = 0. Butif p € ker ® = I, p = 35 ¢q,p;, where p; are, as above, the
generators of 1. So

B () = 22 BB (@)BG) @)
=2 B @)PATO) oo, TO)Y ).

Since any polynomial in {T(y)~f} of degree = d is in H,(y), it follows from
(*) that

pi(T(y)_lfly ceey T(y)_lfn) = T(y)_lpj(fly e ’fn) fOI‘ 8.11 p]“

Since p; € I, this is 0, and hence 8(p) = 0. Thus 71 (y) exists.

We note that by commutativity of the diagram above that 71 (y) f, = 17°(y)~f,,
and hence 71 (y) = T(y)~! on H,. Therefore, it remains to show that T (y) is
actually an algebra isomorphism. Since B(y) is surjective, so is 71(y), and
hence it suffices to show that 7';(y) is injective. We show this first for the
(conull set of) v for which R(y) = R(S) by a unitary preserving canonical
subspaces. For such a y, choose an isomorphism 6 : R(y) — R(S) and let
a = 0 o T;1(y). It suffices to show that « is injective. Let a;; € C such that
a(fi) = 2 ayf;, so that (ay;) is a unitary matrix. Then the algebra homo-
morphism v : C[X4, ..., X,] — C[X,, ..., X,] defined by v(X,) = 2 a;X;
is actually an algebra automorphism of C[X;, ..., X,]. Furthermore, the
following diagram commutes

Xy, . X125 k(s)
(RN
O L)
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where w = 6 0 8(y). To show that « is injective, it suffices to see that ker(w) C
ker (®). Now ker(w) = y~!(ker ®), and hence ker(w) is generated by {p,/ =
vy )i = 1,..., k}. Thus, it suffices to show that p,’ € ker . We have
a®(p/) = ®(p,) = 0. But

ad(p/) = alp/ (fr, ... fa)
= pi(afr, ..., afn).

On Hy,a = 6 o T'(y)~!, so thisequals 6p /(T (y)~"'f1, . . ., T(y)7f,). But degree
P/ £d, so from (*), this becomes 07 (y)~"'p;/(fi,...,f.) = 01 (y)'®(p)).
Since T'(y)~'is unitary on Hs, and #isan isomorphism, it follows that®(p,") = 0.

We now know that T, (v) is an algebra isomorphism for y in a conull set in €,
and hence a dense subset of Q if we assume, as we may, that Qis the closure of its
interior. We now claim this is true for all y € Q. We first note a continuity
property of the maps 1,(y). If f € R(S), consider the function A defied
on p71(Q) by A(x) = (T1(p(x))f) (x). We claim that A is continuous. Suppose
first that f = f,; for some 7. Because f; € H,,

Ti(p@))fi = T)7 i = X ciy(p(x))g®,
where ¢,; are functions on @ and g, are as in the beginning of the proof. Thus, to
show A is continuous, it suffices to see that x — ¢;;(p(x)) is continuous. But

ci(p ) = (U@E)™NP )17 iy
NP Efilf5)-

Since y — \(y) is continuous, so is ¢,;(p(x)).
Now if f € R(S) is arbitrary, we can write f = ¢(f, ..., f,) where ¢ is a
polynomial. Since 77 (y) is an algebra homomorphism,

(I(p ()N (x) = q(T1(p)fry - oy Tap(x))f,) (x),

and the result for f follows from the result for f;.

Now suppose ¢ € G, and y, yg € Q. Let ¢g*: R(yg) — R(y) be the induced
algebra isomorphism. Both {7 (y)f,} and {g*T\(yg)f. are orthonormal bases
for Ho(y). Let (b4;) be the unitary matrix such that ¢g*7 (vg)f; = 2 0,17:(y)f;.
Let ¢ be the automorphism of C[Xy, ..., X,] defined by ¢(X;) = > b;,X ;.
Then the following diagram commutes:

X x—2 s k(s Y8, )
¢l lg*
CXn X )—2 sy 2, R(v)

Note also that ¢ preserves P, the set of polynomials of degree < k, for eacli k.

Suppose y € Qwith 7’1 (y) an isomorphism. Choose ¢y, . .., ¢, in C[X,,..., X,]
such that {¢g;(f1, . . ., f»)} is a basis for ®(P,). Then {71 (y) (¢:(f1, . -, [u))} isa
basis for 7:(y)®(P;), and therefore, by our remarks above concerning the
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continuity property of 71(y), {T1(z)q(f1, . . ., f»)} is linearly independent for z
in an open set, i.e. dim 7,(z)®(P;) = dim ®(P,). It follows from the com-
mutative diagram above and the fact that g* is an isomorphism that
dim 7' (yg) ®(P;) = dim T',(y)®(P;). Since the action on ¥ is minimal, this
implies that dim 7;(y) ®(P;) = dim ®(P;) for all y € @, and hence that T';(y)
is injective for all y € Q. This completes Step 2.

Step 3. We now construct V,. Let n, be the dimension of ®(P;) C R(S).
Choose polynomials ¢i, ¢s, g5 . . . such that ¢; = 1, and for each &, ¢:(f1, . . .,
Ja)s ooy @, (f1, ..., fy) are a basis for ®(P;) each with degree = k. For each
y € Q let b,¥ € R(y) be given by

b]']/ = Tl(y)(QJ(flv e yfn))v and
Aj(x) = bP® (x), a function on p~1(Q).

Then, as shown above, A;(x) is continuous. Let W, be the subspace of C(p~1(2))
consisting of linear combinations, with coefficients in C(Q), of A;(x),..., 4, (x).
Then Ay, ..., A,, is a local basis for Wy, and (IW}), consists of polynomials of
degree < kin{T1(y)fsiz1 ... . Inparticular, (W,), C R(y).Let A;(x), Ay (x), ...
be obtained from A;(x), As(x), . . . by applying the Gram-Schmidt process
fibre-by-fibre so that A;(x) are continuous. Let ¥V, C C(p~1(Q)), k2 = 0, be
the space consisting of linear combinations, with coefficients in C(2), of
By 41y ooy By, (where mg =1, n_y = 0). Then {(V),Jk =0,1,...} are
mutually orthogonal for each ¥ € @, and V} is a subspace of functions regular
on Q. It follows from the definitions that (1), = G, and that (1'1),=H,(y) ©C=
span{T1(¥)f1, . . ., T1(¥)f,}. Since {f1, ..., f.} generates R(S), {T:(y)f1, ...,
T1(y)f.} generates R(y). Condition (v) of Lemma 3.2 is also immediate from the
definitions, and thus to prove Lemma 3.2, it remains only to verify condition
(vi).

So suppose ¥, z, t as in the statement of the lemma. We know that * : R(z) —
R(y) is unitary, multiplicative, and preserves canonical subspaces. Thus,
t*(Ho(z)) = Ho(y). Since t*(T1(z)f;) = > iy T1(y)fi, wesee that t* ((Wy),) =
(Wy),- As (W), is the orthogonal direct sum (W;_1), @ (V),, and a similar
statement holds for z, the fact that {* is unitary implies via an easy induction
argument that (*((V,).) = (Vi),. This completes the proof of the lemma.

We now show how Lemma 3.2 can be used to prove Theorem 3.1. The
method involved is actually similar to that of the proof of Lemma 3.2 itself. We
shall abandon the notation within the proof of Lemma 3.2 and start afresh.

Proof of Theorem 3.1. By Lemma 3.2, we can choose functions gy, g, . . . on
C(p=1(2)) such that g; = 1 and {g,,_ +*, ..., g,"} is an orthonormal basis of
(Vy), for each y € Q, where n, = dim(W;), for £k = 0, n_; = 0. Let R, be a
finite dimensional Hilbert space with dim R; = n; — n,_;, and R the pre-
Hilbert space obtained by taking the orthogonal algebraic direct sum. Choose
Fi, Fs, ... € Rsuch that { By jg1r oy F,.} is an orthonormal basis for R;. Let
R, = &R,
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Let M be the space of bilinear maps R X R — R for which R, X R, = R,y
Give M the smallest topology such that all maps M — G, B — (B(f, g)| ) are
continuous, where f, g, & € R. This topology will also be the smallest topology
for which all maps B — (B(F,, F,)|F,) are continuous. Thus, 3/ becomes a
second countable Hausdorf space. Now lct K be the set of all unitary maps
U: R — R such that U(R;) = R; for all 4, and U|R, = I. Then K is iso-
morphic in a natural way to IS, U(R,), where U(R,) is the unitary group on
R;; thus K is a compact group. We have an action of K on M defined by
(B - U)(f, ¢) = UB(Uf, Ug), and it is straightforward to check that this
action is jointly continuous.

Let U(y) : R(y) — R be the unitary map defined by U(y)(g¥) = ;. For
each y € Q, we obtain an element B, € M, defined by B,(f, ¢) = U,(U(y)7'f -
U(y)~'g). We note that condition (v) of Lemma 3.2 ensures that B, ¢ M.
Furthermore, the map y — B, is a continuous function from @ — M. This can
be seen exactly as in Step 1 of the proof of Lemma 3.2.

Lety,z € Qand { € Gsuch thaty - ¢ = 2. Then *: R(z) — R(y) is unitary,
and it follows from condition (vi) of Lemma 3.2 that U(y)t*U(z)"! € K.
Furthermore, a straightforward calculation shows that B, - U(y)t*U(z)~' = B..
Thus, by the minimality of Gon ¥, { B} are in the same orbitin M under K, say
Mo, for y in a dense subset of . Since K is compact, M, is closed, and con-
tinuity of B, implies B, € M,forally € Q. Let K, C K be the stability group
of B,,. Then K, is a closed subgroup, and U — B,, - U defines a K-homeo-
morphism of K/K, with M,. Defining multiplication on R by f - ¢ = B,,({, ),
we see that R becomes an algebra, and U(y,) : R(yo) — R is an algebra

isomorphism. Since (V,),, generates R(y,), R, generates R. Now
Ko =1{U € K|By, - U = By}, i.e.

(**) Ko={U&€ K|U: R — R is an algebra isomorphism}.

Because R, generates R, the map K¢— U(R;) defined by U — U|R, isinjective,
and since K, is compact, this is a homeomorphism onto its image. Since
dim R; < o0, this implies that K, is a compact lie group.

It follows from (2, Theorem I1.5.8] that there is an open neighborhood of [¢]
in K /K, and a continuous section on this neighborhood of the natural projec-
tion K — K/K,. Via the isomorphism of K/K, and M,, we obtain an open
neighborhood N of B,, in My, and a continuous map s : N — K such that
B = B, -s(B) for all B € N. Since y — B, is continuous, there is a compact
neighborhood of vy, @' C @, such that B, € Nforally ¢ Q. Let N(v) = s(B,)7,
for y € Q. Then X is continuous, and B, - AN(y) = B,, fory € Q.

Let 4,: R(yy) — R(y) be A, = U(y)"'\(y) U(yo). Then

(i) 4, is unitary and 4,((V,),,) = (V,),, and

(ii) 4, is an algebra isomorphism. To see (ii), note that for f, g € R(yo),

U™ AN@) Uo) (f-2) = UW)™NO) By, (Uyo)f, U(vo)g)
Uy)=B, A Ul f, N\») U(y0)g),

Il

Il
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since B, - N(y) = B,,. But from the definition of B,, the last expression becomes

(U@ AN U@ (UGN Uo)g) = (4,1)(4,8).

That 4,(1) = 1 follows from the fact that N(F;) = Fi, by the definition of K.
Let Z = Q' X p~1(yo), and R(Z) be the subspace of continuous functions

consisting of (finite) linear combinations of functions of the form a(v)k(z),

wherea € C(Q') and 2 € R(y,). Then R(Z) is a *-subalgebra of C(Z), contains

the constants, and separates points (since R (y,) separates points of p=1(yq)).
Let

R ={fec Clp~ (@))|f" € R(y) forall y € 2}.
We define a map 4 : R(Z) — R as follows. Given f € R(Z), let

AN &) = 4y (e @)} X p71(30)) (x).

As defined, A (f) is a function on p~1(2). Its restriction to a fibre p=1(y) is
clearly in R(y), so to see that A(f) € R, it remains to show that A4 (f) is
continuous. Since 4 (3_ ah;) = 2 a;A(h;) where a; € C(Q') and k; € R(y,),
it suffices to see that A (f) is continuous for f of the form f(y, z) = k(z). Now
A (f) will be continuous if for each 7, y — (4 (f)¥|g# ), is continuous, where g,
are as above. But this expression is just

<Ay<f|{y} X p_l(yO)‘giy v
= (U)M@ Uyohlgd )y
= Q@ Uo)h|F:).
Since \(y) is continuous, this expression is continuous in y.

Thus, we have 4 : R(Z) — R, A(1) = 1, 4 is linear over C(2'), and since 4,
is multiplicative, so is A. Since each 4, is injective, 4 is also. To see that 4 is
an algebra isomorphism, it suffices to show that g,p='(€') € 4 (R(Z)). But a
straightforward calculation shows that 4 (U(yo)~ I\ (y)~'F;) = g/p~(?).

Now let p’ be the product measure v X wu,, on € X p~1(y0). Then both u and
w’ are positive on open sets. Since each 4, : R(yo) — R(y) is unitary, it follows
that 4 : R(Z) — Ris unitary. As R(Z) and R are dense in C(Z) and C(p=1(2'))
respectively, by Stone-Weierstrass, 4 extends to a unitary map 4 : L2(Z, u') —
L2(p=1(Q), u). It follows from Lemma 2.13 that there is homeomorphism
¢ : p~1(2) — Z that induces 4. Since 4 is C(Q')-linear, it readily follows that ¢
is a fibre preserving map. This proves that X is locally trivial over @’. We now
examine how the action of G on p~(Q’) carries over to an action on Z.

Recall the group K,(**). Let K’ = U(yo)KoU(yo)~%. Then for T ¢ K’,
T : R(yo) — R(vo), 1 is an algebra isomorphism, 7°((V,),,) = (V,),e, and T is
unitary. It follows from Lemma 2.14 that K’ acts continuously on p=1(y,). If y,
z € Qandt € G,y -t =z lett* be theinduced map *: C(p~1(z)) — C(p~(y)).
The map ¢ : p~1(y) — p~'(2) corresponds to a map : {y} X p~1(y,) — {2z} X
p~'(y0) (under the homeomorphism ¢) such that the induced map
P C(p(y0)) = C(p~'(y0)) is given by t* = A, 1*A4,.
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Thus, 7* ¢ K, and hence, under the action of K’ on p~'(yy), { corresponds to
translation by some element of K’. It then follows from the ergodicity of G on X
that K’ must actually be transitive on p~1(y,) (recall K’ is compact), and hence
p~1(v0) can be identified with a homogeneous space K'/K,', where Ky’ C K' is
a closed subgroup.

Finally, we verify that X is a homogeneous extension of V. If ¢t ¢ G, we have
a homeomorphism ¢, : p~1(Q') -t > Q" -t X p~'(y0) such that the following
diagram commutes:

P Q) —Lo pr (@)t
¢l l¢,

QX p (y0) BB X pi(y),

where 7 : p=1(y¢) — p~1(y0) is the identity, i.e., ¢,(z) = ({ X 0)¢(zt~1). This
shows that X is a fibre bundle over ¥ with fibre p~1(yo), since G is minimal
on X.

We now describe the action of G on @'/ X p~'(y,) defined by the homeo-
morphism ¢,. Suppose ¥, 2’ € Qt,and y' - s = 2’ for s € G. Then it is straight-
forward to check, in light of the previous paragraph, that the corresponding
(under ¢,) map

{9’} X p71 (o) — {5} X p7 (o)
is defined by translation by an element of K’. In fact, on C(p~1(y,)), this map
induces the operator A, ~!(¢tst=1)*A4 ., where "' -t = y" and 5" - t = 2.
Thus, to complete the proof of Theorem 3.1, it suffices to show that the
structure group can be taken as K’'. So suppose # € int(Q" -¢) M int(Q - s),
where s, ¢t € G. Letu = y-t =2z-s, with y, 2 € int(Q"). We then have two
homeomorphisms p~!(yy) — p~1(u), namely,

()= pm1 () 2T

P 1) = po1 () HPZC), gy

To prove that the structure group can be taken as K’ suffices to check that the
map

(@lp(2))s7 (D[ (v)) ™" (o) — P71 (30)
lies in K’. But on C(p~'(y0)), this map induces the operator A, 1t*(s—1)*4 ..
This is in K’, completing the proof.

Remark. The fact that the measure v on Vis finite and invariant was used in a
significant way only in that we have applied the results of [11]. What we did
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make use of, however, is the ‘‘relative invariance” of the family y — u,. The
results of [11] can presumably be reworked for » quasi-invariant and ergodic,
and thus the results of this paper may well generalize to that case (with the
assumption of relative invariance.) It seems possible that this latter condition
may in fact be deducible from a function space decomposition.

4. Applications and examples.

ProrosiTioN 4.1. If X — YV is a continuous ergodic extension with proper rela-
tively discrete spectrum, then X = lim_X,, where X, are finitely generated
extensions of V. Hence, if YV is minimal, X is an inverse limit of homogeneous
exiensions.

Proof. Since X is separable, {r € K|H, # 0} is countable. Label these repre-
sentations m, s, . . . . For each %, let B, be the Co(V)-*- subalgebra generated
by ¥1®H,,. Then B, is a G-invariant sub-C*-algebra of C,(X) containing
Co(Y), so via Gelfand theory, we haveanintermediate Gspace X, X —» X, — Y.
One readily checks that X, is a finitely generated continuous ergodic extension
with proper relatively discrete spectrum, and since UB, = Co(X), the result
follows.

Suppose now that X and ¥ are minimal, distal, compact metric G-spaces and
X — Yis an isometric extension. Then Knapp [9] shows that X is a continuous
ergodic extension with proper relatively discrete spectrum. Hence, we have the
following strengthened version of Furstenberg’s structure theorem.

THEOREM 4.2. Suppose X is @ minimal distal compact metric G-space. Then
there is an ordinal £, metric G-spaces X , for each n < &, and continuous, surjective,
non-injective G-maps X, — X, for all pairs (n, o) with n > o, such that, calling
X =X;

(1) X 41 15 a homogeneous extension of X, for all n < §;
(ii) if n is a limit ordinal, n = &, then X, = lim_ {X,|o < 7}

Proof. This follows by a Zorn’s lemma argument, exactly as in [4, Theorem
4.2], by making use of Proposition 4.1.

The following provides a criterion for when an extension will be finitely
generated.

PRrOPOSITION 4.3. Suppose p : X — VY is a continuous ergodic extension with
proper relatively discrete spectrum, and normal in the sense of [11, Definition 5.4].
(We remark that normality holds in particular if V,(y) are all one dimensional
where V; are as in Definition 2.4). If the fibres of p are finite dimensional and
locally connecled, then X is a finitely generated extension of V.

Proof. For almost all y, L2(p~'(y)) = L*(S) by a unitary map which when
restricted to R (y), is an algebra isomorphism of R(y) and R(S). It follows from
Lemma 2.13 that p~!(y) is homeomorphic to S. Normality implies that S is

https://doi.org/10.4153/CJM-1978-033-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1978-033-4

390 ROBERT J. ZIMMER

actually a (separable) compact group [11, Theorem 5.7], and since S is finite

dimensional and locally connected, S must be a Lie group. But then R(S) is
finitely generated [8, 30.48].

Finally, we present a simple example to show that the finite generation
condition is required. In fact, we exhibit compact, minimal, distal spaces X and
Y, with X an isometric but not homogeneous extension of Y.

Example 4.4. Let N be the nilpotent Lie group consisting of matrices of the

form
1 x 2
01 vy
0 0 1

where x, v,z € R. For convenience, we denote this matrix by [x, v, z]. Let D be
the discrete subgroup of N consisting of the matrices for which x, y, z are
integers. Then N/D is a compact manifold, admitting an N-invariant proba-
bility measure. (For this and other statements not proven below, see [1].) Let
M = D[N, N]. Then N/M is torus, and we have a natural projection N/D —
N/M. For each positive integer 7, let N;, D;, M ; be copies of N, D, M, respec-
tively. Let

X7L=HN1/D1'$ Yn=nN‘i/Mi7
=1 i=1

X=1]] vD, Y=1]] NJM.
i=1 i=1

D, X ... X D,isadiscrete subgroup of the nilpotent Lie group Ny X ... X N,,
and M; X ... X M, is the subgroup (D; X ... X D,)[N: X ... X N,
Ny X ... X N,]. We have

Xy =N X...XN,/Dy X ...XD,,
VXN X ... XN,/M; X ... X M,

and natural projection, X, = V,, p: X — V.

Choose a sequence of real numbers, xi, X2, . . ., such that {1, x;, x»...} is
independent over the rationals. For each 1, let 4; be the matrix [xs;_1, %24, 0].
Then Y@, 4, can be considered as an element of Ny X ... X N,, and transla-
tion on the right by the one-parameter subgroup determined by this element
defines an action of R on X, that factors to an action on Y,. By the choice of
A4, it follows from (1, Corollary V.4.5] that X, is a minimal R-space, and from
[1, Theorem IV.3] that R acts distally on X,. The actions on X, induce an
R-action on X which factors to an action on Y, and it follows readily that X is
also minimal and distal. We now claim that X is an isometric extension of Y.
For each ¢, N;/D; is an isometric extension of N;/M; (9, Paragraph 9]. Let p,,
K ; be the function and homogeneous space that exhibit this, as required in
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definition of isometric extension (4, Definition 2.2]. Let

[eo) 1 P o
=> 5"~ kK=1]] K.
P ;21+pi U

Then it is straightforward to check that p and K exhibit X as an isometric
extension of Y.

Finally, we claim that X is not a homogeneous extension of V. If it is, we can
choose an open set U C Y for which p='(U) — U is a trivial bundle. For an
open set U C YV, there is an integer k and elements a; € N;/M;, © # k, such
that

{(1/1} X P X {(Lk—l} >< Nk/lwk X {ak+1} X e C Dv.

But if p=1(U) is trivial over U, N,/D, must be a trivial bundle over N/ M,
which is a contradiction.

REFERENCES

=
-

. Auslander, L. Green and F. Hahn, Flows on homogeneous spaces, Annals of Math.
Studies 63 (1963).

. Bredon, Introduction to compact transformation groups (Academic Press, New York, 1972).

. Ellis, Lectures on topological dynamics (Benjamin, New York, 1969).

. Furstenberg, The structure of distal flows, Amer. J. Math. 85 (1963), 477-515.

. Glasner, Relatively invariant measures, Pac. J. Math. 68 (1975) 393-410.

. R. Halmos, Lectures on ergodic theory (Chelsea Pub. Co., New York, 1956).

. R. Halmos and J. von Neumann, Operator methods in classical mechanics II, Annals of
Math. 43 (1942), 235-247.

. Hewitt and K. Ross, Abstract harmonic analysis, Vol. IT (Springer-Verlag, Berlin, 1970).

. W. Knapp, Distal functions on groups, Trans. Amer. Math. Soc. 128 (1967), 1-40.

10. G. W. Mackey, Ergodic transformation groups with a pure point spectrum, Illinois J. Math.

6 (1962), 327-335.

11. R. J. Zimmer, Extensions of ergodic group actions, lllinois J. Math. 20 (1976), 373-409.

12. Ergodic actions with generalized discrete spectrum, Illinois J. Math. 20 (1976), 555-588.

13. Distal transformation groups and fibre bundles, Bull. Amer. Math. Soc. 81 (19753),

959-960.

NS RN
TRV I®RQ

®
> T

Unated States Naval Academy,
Annapolis, Maryland

https://doi.org/10.4153/CJM-1978-033-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1978-033-4

