BuLL. AUSTRAL. MATH. Soc. 20p30, 20E15
VoL. 68 (2003) [141-153]

SOME FINITE SOLVABLE GROUPS WITH
NON-TRIVIAL LATTICE ENDOMORPHISMS

S.E. STONEHEWER AND G. ZACHER

The main purpose of this paper is to exhibit a doubly-infinite family of examples
which are extensions of a p-group by a cyclic p’-group, with the action satisfying
some conditions of Zappa (1951), arising from his study of dual-standard (meet-
distributive) subgroups. The examples show that Zappa’s conditions do not bound
the nilpotency class (or even the derived length) of the p-group. The key to this
work is found in closely related conditions of Hartley (published here for the first
time). The examples use some exceptional relationships between primes.

1. INTRODUCTION

In a group G the map X — X N D defines a subgroup-lattice endomorphism as
soon as D is a meet-distributive (dual-standard) subgroup of G, that is, (XN D,Y NnD)
= (X,Y) N D for all subgroups X, Y of G. The dual-standard subgroups in finite
groups have been characterised by Zappa [12] (see also [11, Theorem 11 in Section 7
of Chapter III]); he proves the following result.

THEOREM. Let D be a dual-standard subgroup of a finite group G. Then D is
normal in G and there are Hall subgroups M, H, L of G with H nilpotent, such that
G is a split extension of M x L by H, L < D < HL and 7(HL/D) = n(D/L). Also
the Sylow subgroups of H are cyclic or generalised quaternion.

Here 7(G) denotes the set of primes dividing the order of G. Further details are
given in [10], where it is proved that the commutator subgroup [H, L] is nilpotent. In
this connection the action of a p’-group @ on a p-group P (H and L respectively in
Zappa’s Theorem) becomes relevant when there is a subgroup @, of @ such that

(Z1) for X € P, @, normalises X implies that @ normalises X ; and

(Z2) Cp(Q)=Cp(Q1).
Here Cp(Q) is the centraliser of @ in P. We refer to (Z1) and (Z2) by saying that
the action of @ on P satisfies Zappa’s conditions with respect to Q1. The following
properties are closely related:

(H1) P has a Q-composition series
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(1) 1=Py<aPi<P---aP. =P,

which is also a Q;-composition series;
(H2) if V; and V; are composition factors of (1), then V; and V; are Q-
isomorphic whenever they are @;-isomorphic; and
(H3) either Cp(Q1) =1 or Cp(Q) # 1.

We refer to (H1), (H2) and (H3) by saying that the action of Q on P satisfies
Hartley’s conditions with respect to Q.

In this context it is natural to ask if the nilpotency class or derived length of P
is restricted by Zappa's conditions. In private communications in 1990, Brian Hartley
showed that neither the class nor the derived length is bounded and, in order to do this,
he introduced the conditions (H1), (H2) and (H3).

The present paper is divided in four sections. In the second we give Hartley’s
previously unpublished work, which is in two parts. Theorem 2.1 proves that Hartley’s
conditions imply Zappa’s conditions when @ is Abelian. Then examples are constructed
to show that Zappa’s conditions do not imply the existence of a bound on the derived
length of P, again when @ is Abelian. Section 3 deals with the relationship between
Zappa’'s and Hartley’s conditions, showing that in certain situations the former imply
the latter. We also give more examples showing that (Z1) and (Z2) do not bound the
nilpotency class of P. Finally in section 4 we give examples to show that Zappa’s
conditions do not imply Hartley’s conditions in general.

We should point out that when @ is cyclic or generalised quaternion and Q; is
not equal to 1 or @ and has order 2 if Q is not cyclic, then Zappa shows that (Z1) and
(Z2) are necessary and sufficient for PQ; to be a dual-standard subgroup of PQ.

All groups considered here are finite.

2. HARTLEY’S RESULTS

We note first of all that if (H1) and (H2) hold for a given Q-composition series of
P, then, by the Jordan-Ho6lder Theorem, they hold for every composition series of P.
In particular we may always assume that (1) is a refinement of a central series of P.

THEOREM 2.1. (Hartley) Let P be a p-group acted on by an Abelian p’-group
Q and let @), be a subgroup of Q. Then

(i) with respect to Q,, (H1) and (H2) imply (Z1).
Moreover
(ii) if in addition (H3) holds, then (Z2) also holds.

PROOF: (i) Let P have order p". We may assume that n > 2 and we proceed
by induction on n. Let X be a proper non-trivial subgroup of P and suppose that Q;
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normalises X . Then we have to show that ¢ normalises X. If ®(P) # 1, then, by
induction, X®(P) is Q-invariant, and since

X < X9<X®(P)#P,

again by induction it follows that X is Q-invariant. Thus we may assume that P is
elementary Abelian.
Decompose P under the action of () into its homogeneous components:

P=W o --&W,.

By (H1) and (H2), the W; here are also the homogeneous components for the action of
Q1. So there exists ¢ such that X " W; # 0. If r > 1, then, by induction, X N W; is
Q-invariant. So factoring by X NW;, we see, again by induction, that X is Q-invariant.
Therefore we may assume that r=1 and X < P = W;.

Let P=V,®---®V; be a decomposition into F,Q-modules. (Here Fj, is the field
of p elements.) For 1 < 4,5 < t, V; and V; are Q-isomorphic and so they are Q-
isomorphic. By (H1), V; and Vj; are irreducible Q,-modules. Let V; have dimension
m over Fy. Since Q is Abelian, it follows from (3, Proposition 8.2 on p. 154] that
P has (p™ —1)/(p™ — 1) irreducible F,Q- as well as F,Q;-modules. But the first
set is contained in the second, by (H1), hence the two sets coincide. Therefore X is
@ -invariant.

(i) Let Cp(Q) have order p?. We may assume that B > 1. Also S is the number
of composition factors in a @-composition series of P on which @ acts trivially. (This
can be seen by choosing a @@-composition series of P through Cp(Q) and arguing by
induction on the order of P. If Q centralises a composition factor above Cp(Q), then
we may assume that it is P/P,_; and P,_; = ®(P). But then Q centralises P.)
Viewing such a series as a @ -composition series, it follows from (H2) that the number
of trivial @;-composition factors cannot increase. Hence Cp(Q1) = Cp(Q). 1

Before we come to the construction of examples showing that there is no bound on
the derived length of P when Zappa’s conditions are satisfied, we recall some known
facts about faithful irreducible -modules V' over F;, when @ is a cyclic g-group and
q is a prime different from p. Let Q@ = (n) be a cyclic group of order ¢¢. Then
dimV = |p mod ¢%| = m, say. If € is a primitive g®-th root of 1 in Fpm , then the map

n‘ v vet
defines a faithful irreducible (€) -module structure on the vector space V; = Fp[e] with
basis B = {,€?, ..., epm_l}. If € is another primitive g®-th root of 1, then V; and
V., are @Q-isomorphic if and only if ¢’ belongs to B. The module V' is Q-isomorphic

to some V..
We need a combinatorial result concerning finite fields.
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LEMMA 2.2. Let e be a positive integer and let p and q be primes such that
|p mod ¢¢| = m, where ¢°*! divides p™ — 1.

Then Fpym contains a subgroup Q1 of order q°. Let I' be the Galois group of Fym over
F,. Suppose that r is a positive integer such that

(m+12D < g Yg-1)/(¢= 1 +1) ifm>2

and

220V <g-1 ifm=1.
Then there exist generators Ay, Az, ..., Ar of Q) such that the elements i, pi, . . . pii,,
where {i1,%2, ..., is} ranges over all subsets (including the empty set) of {1,2, ..., r}

and each p; ranges over the I'-orbit of A;, are all distinct.

ProoF: The Lemma is clear if r = 1. So suppose that r > 2 and that we

have found A1, Az, ..., A, 1 < ¢ < 7. The number of elements p;, pi, - - . s, , wWith
{i1,42, ..., 15} a subset of of {1,2,...,¢} and pu; belonging to the I'-orbit of A;, is
at most
t
t s "
Z m’ = (1+m)".
3
8=0

If A, is this set of products, then we need to choose A;+; = A of order ¢¢ in Q, such
that, for o in I', we have A% ¢ AA; 1. or equivalently \ ¢ AAy 1 (since AATY s
I-invariant), and for 1 40 €T,

A7ATE = N g A A

0 € 1 < m—1. Recall that ¢* does not divide p™~*—1. Thus raising to the power p*—1
in ()\) is an endomorphism with kernel of order at most g¢~1. It follows that we must
avoid at most (m + 1)% values for A if m =1 and at most (m+1)* +¢ Y (m+1)*
values if m > 2. Thus if m = 1, then the number to avoid is at most 22("~1) and this
is less than g — 1 and therefore less that ¢ — g¢~!. So we can choose a suitable A. On
the other hand, if m > 2, then we require

(m+ 1% 4 g=Ym+ 1)20D < ge-1(g — 1),

that is
(m+ 120 < g* g -1)/(¢* 1 + 1),

which is the case. Again we can find . 0
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Now let p, g be primes and let e be a positive integer. Assume that p has
multiplicative order m modulo ¢° and that ¢" is the highest power of ¢ dividing
p™ — 1, with n > e. In the finite field F = Fym, let @ be the cyclic subgroup of F*
of order qf, where e < f < n; and let I be the Galois group of F over F,. We have
I' = (o), where ¢ has order m. With this notation we can prove the following result.

THEOREM 2.3. (Hartley) Let r be a positive integer such that
(m+ 12D <gv Y g-1)/(¢* 1 +1) ifm>2

and
2-V<g-1 ifm=1.

Then there exists a p-group P of nilpotency class v and derived length [log, (r + 1)] ,
acted upon faithfully by @Q, such that Zappa’s conditions are satisfied with respect to
the subgroup @, of order ¢¢.

PRrROOF: By Lemma 2.2, we can find r generators Aj,Ag, ..., A, in @; such
that the elements g pi,...pi,, where {i1,43,...,14,} ranges over all subsets of
{1,2, ..., r} and each p; ranges over the I'-orbit of A;, are distinct.

. f—e

Choose elements €1,€3, ..., €, in @ such that &] = JX; and let V; be the
faithful irreducible m-dimensional ();) -module given by the action v — v);, whose
eigenvalues are the elements p; in the I'-orbit of A;. Thus for #; < is < --- < 4, in
{1,2, ..., 7}, the eigenvalues of the Q,-module
(2) ‘/i1®"'®‘/i,)

where a generator of (; acts as multiplication on each V; by A;, are the elements
[iy Mig - - - i, - These are pairwise distinct, by Lemma 2.2. Consequently the mod-
ule (2) splits into non-isomorphic irreducible @;-modules and, for different subsets of
{1,2, ..., r}, they have no common constituents.

Let P = H(V) be the Hartley p-group constructed from V = {V;,V,, ..., V,}
(see [3, pp. 197-203]). Then @ acts on P as multiplication on each V; by ¢;. By
[3, Theorem 12.8 on p. 202}, the nilpotency class of P is r and the derived length is
[log2 (r+ 1)] . Under the action of @, Hartley’s conditions are satisfied with respect to
Q1. Therefore the result follows by Theorem 2.1. 0

COROLLARY 2.4. Let r be a positive integer and let ¢ be a prime greater than
22(-1) | Let p be a prime such that ¢ divides p — 1. Then there exists a p-group
P of nilpotency class r and derived length [10g2 (r+ 1)] , acted on faithfully by a
cyclic group Q of order g%, such that Zappa’s conditions are satisfied with respect to

Q1=Q7.
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PrOOF: Here m = 1 and e = 1. Note that by Dirichlet’s Theorem, there are
infinitely many primes p satisfying our hypotheses. 4 i

Again with e = 1, Theorem 2.3 also shows that there exists a 2-group P, of class
r and derived length [log, (r + 1)], acted upon faithfully by a cyclic group @ of order
g? such that Zappa’s conditions hold with respect to Q9, provided ¢? divides 2™ — 1
and 2(m + 1)2(r_1) < q— 1, where m is the order of 2 modulo ¢ and may be a proper
divisor of ¢ — 1.

Costantini has kindly pointed out to us that the existence of the prime ¢ is closely
related to the so-called Wieferich primes, that is, primes ¢ such that g2 divides 29-1—-1.
The only Wieferich primes below 16.10'? are 1093 and 3511 ([1]). In our case we can
take either of these values for ¢ when r =1.

3. WHEN ZAPPA’S CONDITIONS IMPLY HARTLEY’S CONDITIONS
The situation when P is elementary Abelian is easy to deal with.

LEMMA 3.1. Let P be an elementary Abelian p-group on which a p’-group Q
acts and let Q, be a subgroup of Q. Then with respect to Q,, (Z1) implies (H1) and
(H2).

ProOOF: Clearly (Z1) implies (H1). To show that (H2) holds, let

P=‘/1®"'®‘/t

be a decomposition of P into irreducible Q-modules, therefore by (Z1) also irreducible
@Q1-modules. Assume that for some ¢ # j, 1 < 4,7 < ¢, there exists a )1 -isomorphism
v :V; = V; and let D, be the corresponding diagonal subgroup of V; ® V;. Since D,
is @) -invariant, it follows from (Z1) that it is also @-invariant. Thus

Vi 5 (VieV;)/D, 3 Vi,

that is V; and V; are Q-isomorphic. So (H2) holds. 0

We shall see in the next section that Zappa’s conditions do not imply Hartley’s
conditions in general. However, other cases where (Z1) does imply (H1) and (H2) are
contained in our next results.

A p-group P is said to be powerful if p is odd and P/P? is Abelian, or if p = 2 and
P/P* is Abelian. We recall from [2, Chapter 2] that when P is powerful of exponent
p¢, the Frattini series, defined by Py = P, P;;, = ®(F;) for i > 0, is a central series
of P of length e. Moreover, each term F; is also powerful and

_ pp_ i+1
Py =Pl = PP,
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Also P has a basis {z1, ..., 4} in the sense that each element of P can be expressed
uniquely in the form z7'---z)?. Here d is the minimal number of generators of P.
(See [2, Exercise 9, Chapter 2].) By order considerations, the non-trivial elements of
{«},. ..., o5}
form a basis of P;. Similarly {z,F;, ..., z4P;} is a basis of P/P;, for 1 < i< e. For
each j we have .
(2} NP = ().

"4 implies |z}*| < |y|, by [2, Lemma 2.4, (ii)].

Also y =z} ...z}

THEOREM 3.2. Let P be a powerful p-group of exponent p® and suppose that
Q(P/P;) is Abelian for 1 €< i < e. Let Q be a p'-group acting on P and let Q; be
a proper, non-trivial subgroup of Q. If (Z1) holds with respect to Q,, then (H1) and
(H2) also hold with respect to Q.

PROOF: As always, (Z1) implies (H1). Thus suppose that (H2) does not hold and
let P be a counterexample of minimal exponent p¢. By Lemma 3.1, e > 2. Let -

1=X,<dX;.1<4---<aX,9Xg=P

be a @Q-composition series of P that refines the Frattini series. By choice of P, (H2)
follows for P; and for P/P;, for 1 € i < e—1. Hence there are ¢ and j, with P, < X;
and X; < Pe_j, such that X;_;/X; and X;/X;;, are Q-isomorphic, but not Q-
isomorphic. Since P/P; and P._; are completely reducible @-modules, without loss
of generality we may assume that X; = P, and j =r — 1.

Write M = X;_;. Then M/P; is Q-irreducible. Let yP, be any non-trivial
element of M/P;. Let {21, ..., x4} be a basis of P and let y = z7'...z?. Since
z;* € Py if p divides r;, we may (without changing yP;) assume that

Sk

=z%...
y_xil Iik)

where p does not divide s;, 1 £ ¢ < k. We distinguish two cases.

CASE 1. Suppose that y has order p®, where s > 2. The map z + zP induces a
Q-epimorphism ¢ : P/P, = P1/P,, by {2, Lemma 2.4 (ii)]. Thus

(3) (WP)" =22 Py # Py,

For, those elements :cf;", which are non-trivial, are (modulo P;) part of a basis of
P, /P,, as we observed above. They cannot all be trivial, otherwise y has order p,
which is not the case. Therefore (3) is true. Denoting the kernel of ¢ by K/P,, it
follows that K N M = P,. Thus M/P, is Q-isomorphic to a Q-composition factor
lying between P, and P, which is a contradiction.
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CASE 2. Suppose that y has order p. Here y belongs to Q(P), which is Abelian by
hypothesis. Let T = P; N Q(P) and let (P) = K @ T be a Q-decomposition. Now

M/P, < Q(P)Pi/Py 2 Q(P)/T 2 K.

Hence M/P; is @-isomorphic to some Q-invariant subgroup B of K. Then B and
P._, are Q-isomorphic, hence also @-isomorphic, by Lemma 3.1. Thus M/P; and
P._; are Q-isomorphic, a contradiction. 1]

COROLLARY 3.3. Let P be a p-group acted on by a p'-group Q and let Q)
be a proper, non-trivial subgroup of Q. If (Z1) holds with respect to @i, then (H1)
and (H2) hold with respect to ()1, whenever P satisfies one of the following conditions:

(i) P is a powerful group with a homogeneous basis {zi, ..., 24}, that is,
z; and x; have the same order for all i, j;
(ii) P is a modular group.

Proor: (i) By Theorem 3.2, it suffices to show that Q(P/F;) is Abelian for all
1. Thus suppose that this is not the case and let P be a counterexample of minimal
exponent p¢. Clearly e > 2. For each i < e, P/P; also has a homogeneuos basis and
exponent p*. Hence Q(P/F;) is Abelian, by choice of P. Thus Q(P) is not Abelian.
Note that if y has order p, then y = zi'---z? and zi* = 1 or p, as we observed
above. Therefore Q(P) = Py = (xﬁ’e_l, e zze_l) is Abelian. a contradiction.

(ii) Now we suppose that P is modular. Then Q(P/F;) is Abelian for all 7, and
it follows from Iwasawa’s structure theorem (see [9, Theorem 2.3.1]) that if P is not
Hamiltonian, then P is powerful. Thus Theorem 3.2 applies. On the other hand, if
P is Hamiltonian, then P’ has order 2 and P/P’ is elementary Abelian. Thus P’ is
centralised by Q and so Lemma 3.1 applies. 1

REMARK. In [6] it is shown that a p-group P is modular and non-Hamiltonian if and
only if every subgroup of P is powerful.

As applications of these results, we construct classes of p-groups P, acted upon by
p'-groups @, in which Hartley’s conditions are satisfied with respect to some proper,
non-trivial subgroup @; of Q.

EXAMPLE 3.4. Let P be a special p-group (see [4, Kapitel 3, Section 13]), and let Q@
be a p'-group acting on P. Let @, be a proper, non-trivial subgroup of Q. Suppose
that (Z1) and (Z2) hold with respect to @, and suppose also that Cp(Q) > Z(P) if
P’ # 1. Then, by Lemma 3.1, all of Hartley’s conditions hold. When p is odd, P here
is certainly powerful, but the hypothesis of Theorem 3.2 may not be satisfied. When
p =2, then P may not be powerful, but Cp(Q) > Z(P) when P is extraspecial.
Finally we show that the nilpotency class of P is not restricted in these situations.
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ExXAMPLE 3.5. Let p be a prime > 5 and let A be an Abelian p-group of exponent
p™, m 2 2. Consider the group II of power automorphisms of A. So II is cyclic,
generated by «, say, and

{a) = Cpm—l x Cp_1.

Let P be the split extension of A by (a)p, and let Q be the p’-component of (a).
With @, a proper, non-trivial subgroup of @, one sees easily that when @ acts on P,
(Z1) and (Z2) are satisfied with respect to Q1. So Theorem 3.2 applies.

4. EXAMPLES WHERE ZAPPA’S CONDITIONS DO NOT IMPLY HARTLEY’S CONDITIONS

Let p be a prime and let n and ¢ be integers > 2. Then let P be a relatively
free p-group of exponent p, rank n and class ¢. So P’ = &(P) and |P: &(P)| =p".
Moreover, given a p’-automorphism of P/P’, it can be lifted to an automorphism 5 of
P of the same order ([8]). Let @ = (n) and suppose that @ has order g™, where m > 1
and ¢ is a prime different from p. Assume that V; = P/P’ is a faithful irreducible
Q-module, so that Fpn is a splitting field over F,, of the polynomial 9" — 1. For
some primitive g™ th root € of 1 in Fyr, we have V; %’ V.. Since the p*th powers of €

(i going from 1 to n — 1) form a basis of V,, it follows that there are g™~ !(¢ — 1)/n
distinct faithful irreducible @-modules. If we set @; = (n?), then V; is also a faithful
Q1-module and it is irreducible if and only if p has order n modulo ¢™~1.

Let P = v(P) > 72(P) > v3(P) > --- be the lower central series of P. Then
Vi = %i(P)/¥i+1{P) is an FpQ- as well as an F,Q;-module. The map v from V; x V;
to V;41 defined by

7 : (272(P), y¥i41(P)) = [z, y]7vi42(P)

is Z-bilinear ([5, p. 286]). Hence there exists an epimorphism 4’ from V1 ® V; to V;4,
mapping v ® v; to (v,1;)”. We apply this construction in the next result.

PROPOSITION 4.1. Let p be an odd prime and let P be a 2-generator rela-
tively free p-group of exponent p and nilpotency class 3. Let Q = (i) be a group of
automorphisms of P of order q®, where q is a prime different from p. If P/P’ is a
faithful irreducible @-module as well as an irreducible (n?)-module, then P satisfies
Hartley’s conditions with respect to Q, = (n?). Also g is odd.

PROOF: We have P’ = ®(P) > Z(P) > 1. Here, in the above notation, n = 2,
the dimension of V5 is 1 and the dimension of V3 is 2. By assumption |p mod q2|
= |p mod g| = 2. It follows that ¢? divides p? — 1 and g does not divide p — 1. Hence
¢? divides p+ 1. Also ¢ must be odd.

Both V; ® V4 and V; have dimension 2. Hence v’ : V1 ®V, — V3 is an isomorphism
and since ¢ does not divide p — 1, @ acts trivially on V,. Therefore V, and V3 are
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isomorphic Q-modules. Then (H1) and (H2) hold. Since Cp(Q) and Cp(Q,) are equal
(of order p), (H3) also holds.
Note that, by Theorem 2.1, Zappa’s conditions also hold in the above situation.

In the remaining part of this paper we construct examples satisfying (Z1), (Z2),
(H1) and (H3), but not (H2).

EXAMPLE 4.2. Let p and ¢ be primes such that
n= |p mod q2| = |p mod ¢|] > 1.

Let P be a relatively free p-group of exponent p, class 2 and rank n. With V; = P/P’
and V5 = P’/1, we know that there exists an epimorphism v from V; ® V; to V3,
namely (zP' ® yP') — [z,y], whose kernelis W = (v ® v | v € V;). Thus

Va2 (Vi@ V)/W = Vi AV,

By choice of p and g, there exists an automorphism 7 of P of order ¢2 such that, with
Q = (n) and Q1 = (n9), V7 is a faithful irreducible Q- as well as @;-module. Assume
that n = ¢ — 1, which means that there exists only one faithful irreducible @;-module.
Suppose also that there is no solution of the congruence

4) ' = p* +1 mod ¢?,

for non-negative integers 7 and j, with ¢ not divisible by n. For example ¢ =5, p=7
will do.

Choose a Q-invariant subgroup T of P’ such that V3 = P’/T is a faithful irre-
ducible Q-module. Let ¥} ’3" V. for some primitive g>th root € of 1 in Fyn. Then

there exists t, with 0 < t < n/2, such that with s = p* +1 and X = ¢°, V, % Vs

([7, p- 50]). Since the congruence relation (4) has no solution, V; and V3 cannot be
@-isomorphic. It follows that the @-group P/T does not satisfy condition (H2) with
respect to Q. Since the only Q-invariant subgroups in the interval [P/T] are P, P’
and T, and since Cp;r(Q) = Cp/r(Q1) = 1, Zappa’s conditions are satisfied, while
Hartley’s condition (H2) fails to hold.

EXAMPLE 4.3. For our last example, take p = 67 and let P be a relatively free 3-
generator p-group of exponent p and class 3. Let @ = (n) be a cyclic group of
automorphisms of P of order ¢, with ¢ = 7. Let Q; = (n7).

We have |67 mod 72| = |67 mod 7| = 3, P’ is an elementary Abelian p-group, and
with Vi = P/P', V, = P'/Z(P) and V3 = Z(P)/1, Vi and V; have dimension 3, while
V3 has dimension 8 (over Fp). In GL(V;) we choose an element of order ¢?, acting
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_irreducibly, and lift it to an automorphism 7 of P, still of order ¢2. Then V; and V,
are faithful irreducible @- as well as Q;-modules, and they are not isomorphic (see [7,
p. 52]). For a suitable primitive g2th root € of 1 in F,3, we have

Fs = Fple] = Fyle?]

and V; and V; are @Q-isomorphic, while with A = €%, V; and V), are Q;-isomorphic.
To get the minimal polynomial of € and A in Fy[z], we factorise z*9 — 1 and z7 - 1
into irreducible components. Thus

% - 1=(z - 1)(z® + 132% + £ - 1) (2 + 112% + 43z — 1) (z® + 40z° + 33z — 1)
x (23 + 7z% + 24z — 1) (z® + 3227 + 62z — 1) (z° + 662 + 54z — 1)
x (23 + 432% + 60z — 1) (z® + 242 + 56z — 1) (z° + 52 + 35z — 1)
x (z° + 452% + 29z — 1) (z® + 342% + 27z — 1) (z° + 72® + 30z - 1)
x (z° + 372 + 60z — 1) (z® + 382% + 22z — 1) (z° + 1222 + 11z — 1)
x (23 + 562% + 55z — 1)

and
27— 1= (z — 1)(z® + 1222 + 11z — 1) (¢® + 5622 + 55z — 1).
Let f=x3+13z2+z—1. Thenaroot € of f = f. in Fy,3 has order 49. Choose an
automorphism 7 of P of order 49 and with the F,Q-module V; Q-isomorphic to V.
Then trace(n | V) = —13.
If z, is a free generator of P, then {xl,xz(z z7),z3(= z3)} is a basis of P and
with v; = z; P’ (in V}), we get v] = vy = €1y, v = v3 = €vy and

Ug = (—1352 —&+ l)Vl =y —Vy— 131/3 = xlzz—lzs_lsp’.

Let w; = [z1,%2)Z(P), w2 = [z2,23)Z(P), and w3 = [z3,21)Z(P). Then {w;, w2, w3}

is a basis of V5 and we have w] = wa, w] = wy +wj and w3l = w; + 13w,. Therefore

trace (7| Vo) = 1, while trace (n” | V1) = —12 or —56. (Using the Girard-Newton
formulas, the exact value can be calculated from f..) Now, as Fy,Q-module, V3 is a
proper Q-epimorphic image of Vi ® V3, since the dimension of V1 ® V; is 9.

We have

trace (r | V1 ® Vo) = trace (| V1) x trace (n | V2) = —
while

trace (n” | Vi ® V,) = trace (9" | V1) x trace (7 | V2) = (~12)(—56) = 2,
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since V7 and V; are not Q,-isomorphic. We conclude that the decomposition of V3
into irreducible @;-modules is as follows:

V3=2X1@U—12€BU_56.

(The indices here denote the trace of 77 on these modules.) It follows that the only
possibilities for the decomposition of the @-module V3 into a sum of irreducible sub-
modules are

2x1oW_s@W_11, 2X1OW_ ss®W_3s, 2x1OW_40® W_ys,

where the W here are also faithful. From trace considerations, W is not @ -isomorphic
to Vi or V5. Thus one of the above 3 decompositions must be V3 =2 x 1o W o U,
with W U_1» and U U_55 Hence, while V; is not @-isomorphic to W or U,

Wis Ql-lsomorphlc to W or U. Therefore condition (H2) is not satisfied.
To see that Zappa’s conditions hold, let N =2 x 1 U if V; = 5 U_12 and let

N=2x1@W if V; 2 U_g. Then N is a normal @Q-invariant subgroup of P. Also

Q1

either P'/N %’ Ve W, P’/N Vo®U_12 and V5 = U_q; or P/N V.e U,
P /N VzeaU_ss and V2 U_56 In the interval - [P/N] every Q- and Q1 invariant

subgroup different from P and P’ is properly contained in [P’/N], and this interval
has exactly two @;-invariant subgroups, which are both @-invariant. Hence Zappa’s
condition (Z1) is satisfied for P/N. Since Cp(Q) = Cp(Q1) is an elementary Abelian
subgroup of order p? contained in N, condition (Z2) also holds for P/N. Thus finally
we see that the @Q-group P/N satisfies Zappa’s, but not Hartley’s conditions, with
respect to Q.
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