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Abstract

Local linear approximations have been the main component in the construction of a
class of effective numerical integrators and inference methods for diffusion processes.
In this note, two local linear approximations of jump diffusion processes are introduced
as a generalization of the usual ones. Their rate of uniform strong convergence is also
studied.
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1. Introduction

In the last ten years, the jump diffusion processes defined through stochastic differential
equations (SDEs) have become an important mathematical tool for describing the dynamics of
several phenomena, e.g. the dynamics of asset prices in the market and the firing of neurons.
Since exact representation of the trajectories of these processes is only possible in a few cases,
approximate representations are required. Different types of such approximation have already
been proposed in [5], [6], and [7], and are essentially based on It6—Taylor expansions of the
jump diffusion process. The good convergence properties of the approximations based on these
expansions and their numerical instability in many cases of nonlinear SDE [1], [8], [9] are well
known.

Our main objective in this paper is to investigate another kind of approximation of the jump
diffusion processes, namely local linear approximations. In the framework of ‘pure’ diffusion
processes, this kind of approximation has been recently proposed as a stable alternative to the
above-mentioned conventional approximations based on It6—Taylor expansions [1], [3], [9],
[12] and they have been the key in the derivation of effective inference methods for SDEs [10],
[13], [14], [15]. Therefore, the present study is well motivated.

Specifically, in this note the local linear approximations for diffusion processes are extended
to the more general case of jump diffusion processes, and their rate of uniform strong conver-
gence is studied.
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2. Local linear approximations

Let (2, ¥, P) be the underlying complete probability space we consider, and let {;, t > 1y}
be an increasing, right-continuous family of complete o-subalgebras of ¥. Consider a
d-dimensional jump diffusion process x defined by the following SDE:

m P
dx(t) = f(,x(0)dt + Y gy dw (©) + Y hi(t,x(0))dg' (@) fort =19, (1)

i=1 i=l1

x(t9) = xp.

Here f, g;, and h; are differentiable functions, w = (wl, ..., w™) is an m-dimensional ¥;-
adapted standard Wiener process, and each ¢’ (t) could be either an #;-adapted Poisson counting
process n' (t) with intensity u/, or an ;-adapted compensated Poisson process n' (1) — u't.
It is assumed that w' () and ¢/ (¢) are all independent, with zero probability of there being
simultaneous jumps. Linear growth restriction, uniform Lipschitz, and smoothness conditions
are assumed of the functions f, g;, and k; in order to ensure the existence of a unique strong
solution to (1).

Consider the time discretization (t)s = {r,, n = 0, 1, ...}, with maximum step size § €
(0, 1), defined as a sequence of ¥ -stopping times that satisfy

(=T <-:--<Tp<---<00 and sup(ty41—1Ty) <34
n

with probability 1, where 7, is #7,-measurable for each n € N. In addition, let us write
n;=max{n =0,1,...: 17, <t} <0

forallt € R.

In the next subsection, the basic definitions of the local linear approximations of diffusion
processes are briefly presented.
2.1. Local linear approximations of diffusion processes

Let us consider the d-dimensional diffusion process z defined by the SDE

dz(t) = T(t, z(t))dt + G(t)dw(t) fort > a, 2)
z(a) = zo,
where f is a differentiable function and G(r) = [g1(¢), ..., gi(t)]is ad x m matrix. Here g;

and w are defined as before.

Definition 1. (/3].) For a given time discretization (7)s, the order-y local linear discretization
(y =1, L.5) of the diffusion process z is defined by the recurrent relation

Yy = Yo, + F,(ty, y,; Tnt1l — Tw) + &(t, Yo Tnkl — Tn), (3)

where y, is a given initial point and F), and § are vector functions defined as
t+h
E(r,y:h) = / exp(J (1, )t + h — )G (s) dw(s), “
t

h
Fy(t,y;h)=/0 exp(J (1, y)s)¢y (h —s; 1, y)ds. (5
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Here J (¢, y) is the Jacobian matrix of ? evaluated at (f, y) € R x R?, and

- 0fwy) 1 B k,laz?a,y)) ~
f(t,y)+<—at +2k12=:][6(r)0 M ST )5 v =1,

[ y)+ TS,

On the basis of this discretization, various local linearization schemes for the numerical
integration of SDEs have been proposed [1], [2], [4], [8], that differ in how the integrals (4)
and (5) are computed.

o, (s;t,y) =
y =1.

Definition 2. (/3].) For a given time discretization (7)s, the stochastic process

¥, ={y3).1 € [a, b}

is called the order-y local linear approximation (y = 1, 1.5) of the diffusion process z if

Yo (1) = yr,, + Fy(Tn,. Yo, i1 — Tu) + E(Tn,0 o i1 — Ty, (6)
where y, is the order-y local linear discretization (3).

It is obvious that the local linear approximation (6) is a continuous-time stochastic process
that coincides with the local linear discretization (3) on the time discretization (t)s. In [3],
some properties of such an approximation were studied, including its convergence rate to the
underlying diffusion process.

2.2. Local linear approximations of jump diffusion processes

Consider the sequence of jump times {a}ﬂi = {ojn, n =0,1,2,...}, associated to qi(t),
which is defined as an increasing sequence of random variables such that o; ,4+1 — 0, , is
exponentially distributed with parameter ' for all n and i. Without loss of generality, it is
assumed that {o} w C (r)s foralli =1, ..., p. In addition, let us assume that only the first r
Poisson processes g' are compensated, and let (t)s C [fp, T], with T < oo.

It is well known [11] that the solution to (1) is given by

p
x(t) =x(t=)+ Y _ hi(t, x(t—)) Ani, (7

i=1
where Ani is the increment of the process n' at the time instant ¢ and x (—) denotes the solution
to (2) with ,
F.z() = ft,200) = Y _hj(t, z(0)p't ®)

j=1
and initial condition z(0; ,) = x(0;,,), for all times ¢ between two consecutive jump times o; ,
and o .
This leads to the following two definitions.

Definition 3. For a given time discretization (t)s, the order-y local linear discretization (y =
1, 1.5) of the jump diffusion process x is defined by the recurrent relation

p
Y1 = Y- + Zhi(‘[n+l» yr,,H—)Anlan , ©)

i=1

where y;, ., denotes the local linear discretization of diffusion process z at time 7,4 1.
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Definition 4. For a given time discretization (7)s, the stochastic process

= {y) (1), 1 €10, T1}

is called the order-y local linear approximation (y = 1, 1.5) of the jump diffusion process x if

p
Yy =y2a—)+ Y hi(t, y2(t—)Ani, (10)
i=1

where y)‘s/ (t—) denotes the local linear approximation of diffusion process z at time 7.

3. Convergence of the local linear approximations

In order to study the rate of convergence of the above local linear approximations, other
definitions (from [7]) are needed.

Let M be the set of all the multi-indices o = (ji, ..., ji@)) With j; € {0,1,...,m} and
i=1,...,l1(a). By l(x) we denote the length of the multi-index « and by n(«) the number
of its zero components. The multi-indices in M obtained by deleting the first and the last
components of « are denoted by —« and o—, respectively. The multi-index of zero length is
denoted by v.

Denote by +,, the hierarchical set defined as

Ay, ={a e M: (o) +n(@) <2y orl(a) =n(a) =y + %},

and by B(A,) = {a € M\ A, : —a € A, } the remainder set of A, for y = 1, 1.5. Denote
by H, the set of adapted right-continuous processes h = {h(t), t > to} with left limits, on
(2, F,P), such that {I,_[h()]p:, t = to} € Hjyo) where I,_[h],; denotes the multiple
Itd integral of A corresponding to the multi-index o—, evaluated at the times p and 7. Here,
Hy = Hqy for j = {2,...,m}, and H(y, H), and H, are the sets of processes & such
that, respectively, [y [h(s, @)|>ds < oo, [y |h(s, @)|ds < oo, and |h(t, @)| < oo hold with
probability 1 (with @ € Q).
Furthermore, let

2

d k0 1 & GhiGh
=_+I;fﬁ EX_:Z /Gjaxkaxl

be the diffusion operator for the SDE (2), let

d
. 9 _
L/=E Gk’/m forj=1,...,m,

and let the vector G/ be the jth column of G. Denote by C!? the space of functions from
R x RY to R? that are once and twice continuously differentiable in their first and second
arguments, respectively.

The following lemma presents a known result on the boundedness and convergence rate of
the local linear approximation (6) for SDEs. It shall be useful to demonstrate an analogous
result for the local linear approximation (10) in the case of SDEs with jumps.
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Lemma 1. ([3, Lemma 8].) Suppose that the It coefficient functions Ay, defined for each
multi-index o = (j1, ..., j1) by
n Liv...Li-vf =0,
T\ .Li-iGh, j1 #0,
satisfy Ao (t, w) — Ao (t, v)| < Kilu—v|foralla € Ay, t € [a,b], andu,v € R A_, € C!2
and Ay € Hy foralla € A, UB(Ay), and Ay (t, u)| < K1(1+|ul) foralla € A, UB(A,),
t € [a,b), and u € RY. In addition, suppose that the inequality |y (55, u)| < K3 holds for

allt € 0,1, s € [a, b, and u € R¥. Then the order-y local linear approximation (6) of the
solution to (2) satisfies

E( sup |y} ()]

a<t<b

sz) < K31+ 1y @) (11)
and

E( sup [z(t) — y ()]

a<t<b

f"a) < Kalzo — Y2 (@) + (Ks5(1 + |z0l*) + K3(1 + |y} (@))%,

(12)
forb < ooandy = 1,1.5. Here K1, K3, K3, K4, and K5 are positive constants.

The next lemma gives an upper bound for the second moment of the local linear approxi-
mation of the jump diffusion process. A key step in the proof is the successive application of
(11) in each time interval between two consecutive jumps.

Lemma 2. Let f be defined as in (8), and assume that the functions f and G'' satisfy the
conditions of Lemma 1 fort € [ty, T. In addition, suppose that the inequality

lhi(z, u)| < Ke(1 + |ul) 13)

holds for t € [to, T] and u € R?. Then the order-y local linear approximation (10) of the
solution to (1) satisfies

E( sup |y)(9)I?
to

<s<T

sf) < D+ [y)(0)),

where D is a positive constant.
Proof. Let Nt = {7:1 n' (T) be the total number of jumps up to time 7', and let
{ting =1tj, j=0,..., Nt}

be a sequence of times such that {r}n, C (7)s,7j € {toU{o},1 U---U{o}r} and 1; <)y,
forall j =0,..., Ny — 1. Furthermore, let

Zy={n'(tj): t; <s,tj €{tny, i=1,..., p}

for s > t¢, and define

ej = E( sup |y ()l

10<s<tj

Jc;os Zt/‘)
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with ¢; € {t}n;; here, E(- | 4, Z; j) denotes the conditional expectation with respect to ¥,
and Z; > Then
ej+1 <ej+ Aejyy,

where Aej | = E(SuszqujH |y)‘§ ()2 | Fto> Zt;,,). From (10) and (13) we find that

A€j+] = 2E( sup |J’;§(S—)|2 ‘ :}:'t()’ th+1>

1j<§=<tj41

p
+2pZE( sup  |hi(s, y) (s—)) Ani|? ?z)
i=1

1j<§=<tj41

52(1+2pK62)E< sup  [y)(s—)I? %O,Z,j+1>+4p1<62.

1j<s<tjp

By definition, for all s € [#;, j41], y)‘f (s—) is the local linear approximation of the solution to
an SDE (with no jumps). Therefore, by using Lemma 1 in this time interval, we find that

%‘j) ‘ %‘07 Zl‘j+1>

< Ks(L+EyS )P | Fys Ziy.)

Jr:}ov th))-

E( sup |y§(s—)|2‘ﬂo,z,_,+.)=E(E< sup |y (s—)I?

tjfsft]ur] lj§5§[j+1

5K3<1+E( sup |y ()1

1 <s=<t;

Thus,
Aeji1 < Ciej + Ca,

where Ci = 2(1 +2pK2)K3 and C; = C; + 4pK2, and it follows that
ejr1 < (1+Cpej+ Ca, (14)
which implies that

. C .
ejs1 < (1+Cp)itley+ C—Z((l +Cpl—1)
1

. C
1+ C1)1+1<€0 + —2>
Cy

IA

IA

C ‘
(14 C)I A + e).
Cy

By using the above inequality and taking j = N7, we find that

C>
E( sup_|y) () EO,ZWT> < C—1(1+cl)1+NT(1+|y§<ro>|2>. (15)
fo

<s<T

Finally, by taking into account the fact that

P
E("T) = E(e"7 108 = exp((x — (T —10)) u") (16)

i=1
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‘(/:;07 ZtNT) ’ ‘%0)

C LA
< C—f(l + C1)eXp<C1(T — 10) ZM’)(I + 1y (10) ),

i=1

for all constant ¥ > 1, we obtain

?) =E(E( sup |y (s)]?

to<s<T

E( sup |y)(9)I?

to<s<T

which completes the proof.

The following theorem states the convergence rate of the local linear approximation of the
jump diffusion process. A key step in the proof is the successive application of (12) in each
time interval between two consecutive jumps.

Theorem 1. Let f be defined as in (8), and suppose that the functions f and G’ satisfy the
conditions of Lemma 1 fort € [ty, T. In addition, suppose that the inequality

lhi(t, u) — hi(t, v)| < K¢|u —v| a7

holds for t € [ty, T] and u, v € RY. Then the order-y local linear approximation (10) of the
solution to (1) satisfies
)

< Dylxo — y5.(t0)|* + (Ds(1 + |xol*) + D3(1 + |y (t0)[*))8%

E( sup [x(1) — y) ()

to<t<T

forT <ocoandy = 1,1.5. Here D3, D4, and D5 are positive constants.

Proof. As in the proof of Lemma 2, let Ny = le: I n' (T) be the total number of jumps up

totime 7', and let {t}n, = {t;, j =0,..., Nt} be a sequence of times such that {t} 5, C (7)s,
tji €{rpU {O'}M] U---U{o}ur},andt; < tjqq, forall j =0,..., Ny — 1. Furthermore, let
Zy={n'(tj):tj <s, tj €lt}ny, i=1,...,p}

for s > t¢, and define

ej= E( sup |x (1) — ) (1)

l‘()ftflj

‘%09 th)9

with ¢; € {t}n,. In this case, we have ¢; | < e; + Ae;11, where

Aej_H:E( sup  |x () — 5, (1) Jff,o,z,_,+,).
1j<t=tj41
By using (7), (10), and (17) we find that
A€j+1S2E< sup  |x(1—) — y) (1) z(,,zt,.+l>
tj<t§tj+]

p
+2pZE( sup |y (1, x (1)) Any — hi(t, y, (1=)) Anj
i=1

1j<t=tj41

‘%07 th+1)

501E< sup  |x(t—) — y) (1)

1j<t<tji1

-
j‘tos th+1>v
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where D1 = 2(1 + pK62). By definition, for all 1 € [¢;,1;41], y)‘i(t—) is the local linear
approximation of the solution to an SDE (with no jumps). Therefore, by using Lemma 1 in this
time interval, we find that

R:=E< sup  |x(t—) — ¥ (1)

1j<t=<tj41

J(rto’ th+1>

)| 7)
< KaB(x(t)) = Yo DI | Fipr Zoiy)

+ <K5(1 +E<|x(t.,~)|2 Fro» Z,M)) + K3(1 +E<|y§(t,-)|2

From inequalities (14) and (15) it follows that

§E<E< sup  |x(t—) — yh (1 —)I?

1j<t<tjqi

o))
)

E(|y3(l‘])|2 | Jr:}(): Zt/ur]) SE< SUP |yy(t)|

0=t<t;
(sup lyy ) ﬂo,thT)
to<t<T
2
=g« +CD'T (1 + 1y (10) ). (18)
The inequality
E(lx@)* | Fy, Zi;,,) <E (sup () ff;o,thT)
10<t<T
% +CHTNT (A + 1x (10) ) (19)

_C*

can be analogously derived for the jump diffusion process x by following the proof of Lemma 2,
using the fact that the well-known inequality

E( sup |z(0)]? ‘ 3‘?0) < Ks(1+ |z(10)]%),

10<t<T

rather than (11), holds for the solution to (2). In (19), C} = 2(1 + 2pK62)K5 and C =
CY +4pK 62 are positive constants. However, we also have

E(x(t)) = Yo )1 | Fipr Ziyyy) < E( sup |x (1)) — ¥ () zfj). (20)
to<t<t;
From (18), (19), and (20) it follows that
R < K4ej + D252y,

where

Dy = 20BN (K5 (1 + x(t0)*) + K3 (1 + |y) (0)[*)), @1

Cy, Ci
o= max{ c2 Ci } B = max{(1+ Cy), (1 +CDH)}.
1
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Thus,
Aeji1 < D1(Kyej + D282y)

and it follows that
ej1 < (1 + DiKa)ej + D1 D25%,

which implies that
D252y
4

D252y
K4

ejr1 < (1+ DKy Heg + (1+ Di1Kg)! — 1)

< (1+ DiKy)/*! (eo +

and, therefore,

D%
eny+1 < (1 + D1K4)NT+1(€O + = )
K4
By taking into account expression (21) for D,, we have

2apNT N (Ks5(1 + [x(0)[*) + K3(1 + |y5(f0)|2))52y

enp+1 < (1+ D KN ep + X

where p = (1 + D1 K4). That is,

E( sup (1) — yA (1) EO,ZINJ
to<t<T

< Cylx(t9) — y3 (t0)[* + (Cs(1 + [x(10)|*) + C3(1 + |y5 (80) )8,

where C4 = (1 + D1 Ky)NTH!, C5 = 2apNTH1K5/Ky, and C3 = 2apNTH1 K3 /Ky
Finally, by using (16) we obtain
‘(/‘:tos ZINT) ‘ ‘%O)

< Dylx(t0) — y) (0)|* +{Ds(1 + [x(t0)[*)
+ D3 (1 + |y} (10) )87,

where Dy = (1 + Dy Ky)etPKs Ds = 2apef P~V K5/Ky, D3 = 2ape? P~V K3/Ky, and
e = (T —tp) Zf’zl ' are positive constants. This completes the proof.

E( sup [x(r) — (1)

to<t<T

}') = E(E( sup |x(r) — 5 (1)

to<t<T

Finally, by using the Lyapunov inequality the following result is straightforward to derive.

Corollary 1. In addition to the assumptions of Theorem 1, suppose that the initial conditions
satisfy

E(lxo*) <oo,  E(y)(t0)*) <00,  E(lxo — y)(t0)*) < K767,

where K7 is a positive constant. Then the order-y local linear approximation (10) of the
solution to (1) satisfies
E( sup |x(t) — y) <r)|> =0@").
to<t<T

From a practical point of view, the results above state the uniform order of strong convergence
of the local linearization schemes that could be obtained by approximating the integrals (4) and
(5) involved in the definition of y,,,, in (9), provided that these approximations have the same
order of convergence.
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