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ASYMPTOTIC EXPANSIONS OF INVARIANT METRICS
OF STRICTLY PSEUDOCONVEX DOMAINS

SIQI FU

ABSTRACT.  In this paper we obtain the asymptotic expansions of the Carathéodory
and Kobayashi metrics of strictly pseudoconvex domains with C°° smooth boundaries
in C". The main result of this paper can be stated as following:

MAIN THEOREM.  Let Q be a strictly pseudoconvex domain with C* smooth bound-
ary. Let F(z, X) be either the Carathéodory or the Kobayashi metric of Q. Let 6(z) be
the signed distance from z to 6Q with §(z) < 0 for z € Q and §(z) > 0 forz ¢ Q.
Then there exist a neighborhood U of 6Q, a constant C > 0, and a continuous function
C(z, X): (UNQ) x C" — R such that

(@5, X)P | Lz %))'/?
8(2) [6(2)|
and |C(z, X)| < C|X| forz € UNQ and X € C".

FQ(Z,X) =

+Cz, X)

0. Introduction. In this paper we obtain the asymptotic expansions of the
Carathéodory and Kobayashi metrics of strictly pseudoconvex domains with C* smooth
boundary in C".

Let us first recall some definitions. Let Q2 be a bounded domain in C" and A the unit
disc. Let H(A, Q) be the set of holomorphic mappings from A to Q and H(Q, A) the set
of holomorphic mappings from Q to A. The Carathéodory and Kobayashi metrics of Q
are defined respectively by

F&(z,X) = sup{|(XN(@)] | f € HQ,A),f(z) = 0}
and
F&z,X) = inf{1/\ | f € H(A,Q),f(0) = z,//(0) = \X, \ > 0}

forz € Qand X = Y| X;0/0z; € TO(Q).
Let dist(z.00) o
| —dist(z,0 z €
6 = { dist(z,0Q)  z Q.
It is known from [K-P] that §(z) is of the class C* in a neighborhood of 6Q whenever 6Q
is of class C*(k > 1). For a C? function f(z) we use Ly(z,X) to denote its Levi form at z

in the direction of X i.e. &
(Z)
Lz
Az, X) = 1,12:1 e 6'

The main result of this paper can be stated as
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MAIN THEOREM. Let Q be a strictly pseudoconvex domain with C* smooth bound-
ary. Let Fo(z,X) be either the Carathéodory or the Kobayashi metric of Q. Then there
exist a neighborhood U of 0Q), a constant C > 0, and a continuous function C(z,X):
(UNQ) x C"— R such that

(@@ X1 | LX) "
2@ e

and |C(z,X)| < C|X| forz € UNQand X € C".

Fo(z,X) = +C(z,X)

A similar asymptotic expansion for the Bergman metric was given by Fefferman [Fe]
with more information about C(z, X). The boundary behavior of the Carathéodory and
Kobayashi metrics was first studied by Graham [G] in 1975. Since then there have been
extensive studies of the boundary behavior of these two invariant metrics and their ap-
plications. A detailed account of the development in this direction can be found, to name
only a few, in [D-F] for the case of pseudoconvex domains with analytic boundaries, [Ca]
for the case of pseudoconvex domains of finite type in C?, [M1] for the case of strictly
pseudoconvex domains in C", [H] for the case of pseudoconvex domains of homoge-
neous finite diagonal type, [Ch] for the case of pseudoconvex domains of finite type in
C", and the references cited in these papers.

This paper is organized as follows: In the first section, we study the first and the sec-
ond derivatives of distance functions for general real hypersurfaces. This enables us to
express the Levi forms of the distance functions by Levi forms of other defining func-
tions with simpler forms. In the second section, we obtain the asymptotic expansion for
the Kobayashi metric by a scaling procedure similar to those in [M2]. There are two
major differences in our method. First, we use the biholomorphic image of a ball which
oscillates the boundary of the strictly pseudoconvex domain to the 4th order instead of
the 3rd order to approximate the domain. Secondly, the results in the first section allow
us to treat the holomorphic tangent vectors as the vectors of the interior points rather
than projecting them to the boundary, decomposing into complex normal and tangential
components. These eventually avoid the loss of accuracy. In the third section, we deduce
the asymptotic expansion of the Carathéodory metric from a sharp comparison to the
Kobayashi metric. This is done by using the embedding theorem of Fornaess [Fo], Lem-
pert’s theorem on invariant metrics of convex domains [L], and the localization theorem
of the Kobayashi metric of Forsterneric—Rosay[F-R].

ACKNOWLEDGMENT. The author is thankful to S. Krantz for valuable suggestions.
He also wishes to thank X. Huang and D. Ma for helpful conversations.
1. Distance functions of hypersurfaces. Let Q CC RM! be a domain with C®

smooth boundary (actually C* is enough ). Let

[ —dist(p,8Q) peQ
S0) = dist(p,00)  pd O
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where p = (x,y) = (x1,X2,-..,xy,»). Thus 6(z) is smooth in a neighborhood of 0Q. We
then extend §(x) to be in C°(R).

Let p € Q near the boundary and po = 7(p) the nearest point to p on the bound-
ary. After translations and rotations, we may assume that py is the origin O and the
negative y-axis is the normal direction at po. Therefore, in the new coordinate system
p =(0,0,...,0,d). There exits a neighborhood U of the origin such that

QNU=A{(x,y) € U|y=f(x1,%2,...,xn)}

where f(x1,X2,...,x5) = Zﬁ}:, agxix; + O(|x]*).
We have the following theorem.

THEOREM 1.1.  If'd > 0 is sufficiently small, then

o6(p) 26(p)
1.1 L —0 L
(1.1) ax = 1
and
&é(p) Pé(p)
1.2 — = qg; + 0(d), =0
( ) axiaxj i (d) ax,»ay
PROOF. For (xi,x2,...,xn5,¥) € Q near pg, set m(x,y) = (tl,tz,...,t,v,
f(tl,tz,...,tN)), where t; = f(x,y) (1 < i < N) are smooth functions. For ¢/ =

(#1, 8, ..., ty) near the origin,

N, 5
d= Z(tj ~xj)2+(f(t/lvt£9'-'at}IV)_y)
j=1

obtains a minimum at ¢/ = ¢. Thus

o

(1.3) 20 — xi) +2(f(0) —y)‘—a? = 0.
By [K-P], we have
06 li — X

- a0 T "o
and

a6 _ Sy
Hence

a5

06
6x,~(p)zo’ 5(}7)2_1

Taking 0/ 0x; to both sides of (1.3), we obtain

(1o e (‘f w%)w%ﬂz)—y) > JOH_,

Oxj (=t Ot Ox;) on & ooy ox;
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Taking 0/ dy to both sides of (1.3), we obtain

9 (IO A X FHWau
@+( ) 0 -y) 23

=1 Ot 0Oy
Evaluating (1.6) and (1.7) at p = (0, ..., 0,d), we have

1.7
(1.7) oL 0t; 6y

(1.6) —(p) dZa,k —0 fori=1,2,...,N
and
ar at'(p) dZa,kay —0 fori=1,2,....N

Using Cramer’s rule to solve the system of linear equations (1.6") and (1.7), we obtain
that when d > 0 is sufficiently small

agd+Od)  i#]

(1-3) a_xj(”) l+a;d+ 0@ i=j
and
ot
(1.9) ) =
oy
On the other hand, it follows from (l .4) that
Fo ()~ — 2 )
ax,@xj (x’y) N 52()(,)))
and )
P31y = | 500y) = (6~ x)F(x.y)
Ox;0y Y 8%(x,y)
Therefore by (1.8) and (1.9), we have
Foal) 6
=a;+0d), ——@)=0.
Ox;0x; ) = ay () Ox;0y ®) -

We state a special case of Theorem 1.1 as the following.

COROLLARY 1.2.  Let Q CC C" have a smooth boundary and assume that the origin
O € 0Q and the negative x-axis is the normal direction at O. Let z2° = (1,0, ...,0).
Then when T > 0 is sufficiently small, we have

06(z") = (86/021,86 /022, . .., 86/ 8z,) = (—1/2,0,...,0)

and
Ly, X) = Li(Z° X) + O()|X]?

where [ is a smooth function near the origin O such that

oQNU = {Rez| =f(Imzy,z3,...,2,)}.
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2. Asymptotic expansion of the Kobayashi metric. Let Q be a bounded domain
with C* smooth boundary near a strictly pseudoconvex boundary point py. Let U be a
tubular neighborhood of pg such that p = n(z) € UN0Q for each z € U. In this section,
we will use C to denote constants which may be different in different appearances.

Letz € Uand p = n(z°) € UN 6Q. After a translation and unitary transformation,
we may assume that p is the origin O and the negative Re z;-axis is the outward normal
direction. Then after a unitary transformation, 6Q is defined by the following equation
near p:

n n n
Rez; = Re{a(i Imz))> +> b (ilmzy)zj + > cjkzjzk} +3 ailzi* + O + | Im z|*)
j=2 Jk=2 i=2
also 2’ = (1,0,...,0), 7 = dist(z°, 6Q), where a,a; > 0; b;,cj € C.

The following lemma is slightly different from Lemma 2 in [Fe]. We provide the proof
because we will need the lemma in the exact form as stated below.

LEMMA 2.1. After possible shrinking of U, there exists a biholomorphic mapping
O: U — O), (z,2") — (£, &) such that:
1) %) = (v,0,...,0), wherev = 7+ O(T%);
2) When 1 is sufficiently small,

1+ 0(7) O(1) O(1) e O(7)

O(r)  ay+ O(1) O(r) . O(r)

@.n @, =| 90 or)  ay+0@) - O
O(T) O(T) O(T) .. .. a, +.O(T)

where the O's are functions which depend smoothly on zq for zg € U;
3) In the new coordinate system (§,,&'), 0Q takes the following form

(2.2) Regr = [€' +Ps(Im&1,€) + O(E'P +|Im &)

where P4(Im &, &) is a real valued 4th order polynomial in Im €, €', &' satisfying
2.3) Pa(Im £1,€") > C(|Im &y[* + [¢']")

for some constant C > 0.

PROOF OF THE LEMMA. Let ®:C" — C", (z1,2') — ({;, ("), where

n n
2
G =z1—azi— ) bzizj— ) iz,
j=2 jhk=2
G=az, 2<r<n.

Thenz' = ®,(2°) = (1,0,...,0) with v = 7 — ar?> = 7+ O(r?), and

1+0(r) O(r) Or) --- O(r)
0 a; 0 e 0
(2.4) Dy, = 0 0 a - 0
0 0 0 - a
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In the new coordinate system (;,(’), 0 takes the following form near p:

ReG) = K+ Ref 55 auGd+ 55 o+ 3. caliimGic

Gk I=2 Jk =2
+3 al,kormcl)ng@(zlmcl) G+f-GImC)* )+ 0| +]1mi )
Jk=2

where a’s, b’s, ¢’s, d’s, e’s and f are complex numbers.
Let ®,:C" — C", ((1,¢") — (wy, w'), where

n n

=0 —fG - Z%Cl Z GGG — 2. amGGG,

j= k=2 JkI=

G+- Z bjGG + 5 Zd,,g 2<r<n

ThenZz = (DZ(Z ) = (V2507 .. ~a0) Wlth vy = T+ 0(7-2)a and

1+ O(7) 0 0 .. 0
0 1+ O(7) O(r) . o(r)
2.5) 0y, = 0 O(r) 1+0() --- o(r)

In the new coordinate system (w, w'), 6Q takes the following form near p:
Rew; = [w[* + O(|w'|* + | Im wy|*).
Let ®3:C" — C", (wy,w) — (£, &), where
&1 = w +Cwi,
& =w—Cwmw.

Then when C > 0 is sufficiently large, 0Q takes the following form near p in the new
coordinate system (£, £'):

Re& = &/ +Py(Im€, &)+ O(€f° +|Im &, )

where
2.6) Py(Im¢,,€) > O Imé [* +[€']%).
In this case, 2 = ®3(z%) = (v,0,...,0) with v = v, + Cv§ = 7+ O(r?), and
1+ O(r) 0 0 - 0
0 1+0(r) 0 --- 0
(2 7) cD}*ZZ = . : : - :
0 0 0 --- 1+0(1)
Set ® = @3 o O, o @y, then (2.1) follows from (2.4), (2.5) and (2.7). Therefore we
conclude the proof of the lemma. n

Now, we can prove the following theorem which does not require the global strict
pseudoconvexity of the domain.
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THEOREM 2.2.  LetQ be a bounded domain with C*® smooth boundary near a strictly
pseudoconvexpoint py € 0Q. Then there exist a neighborhood U of po, a constant C > 0,
and a function C(z, X): (UN Q) x C" — R such that

(@801 |, Lz, X)) "2
2@ e

and |C(z, X)| < C|X| forz € UNQand X € C".

FR(z,X) = { +C(z,X)

PROOF. Let U be the tubular neighborhood of py. Let zg € UM Q and let 7 =
d(zp, 0Q). Suppose that ® is the biholomorphic mapping obtained by Lemma 2.1. It fol-
lows from (2.1) that

1 0 0 --- 0
0 aag 0 -+ 0
(2.8) ®,, = 0 0 a -~ O
0o 0 0 - a

By (2.2), (2.3) and (2.8) there exist C; > C; > 0, C3 > 0 and r > 0, all independent on
2%, such that

i) @ is biholomorphic on B(O, 3r);
ii) B(O,Cyr) C ®(B(0,2r)) C B(O,Cir);
iii) Re &) > G3|¢|? on ®(QNB(O,2r)).
Now it follows from Theorem 2.1 and Lemma 2.2 in [F-R] that

2.9) Fonpoan(@X) > FEE,X) > (1 = Cr)Fip0,00)(2°, X)-

Let D = ®(QNB(0,2r)) andlet 2* = d(zg) = (v,0,...,0). When  is sufficiently small
we have

@.10) Rev =7+ 0(72)>%, Imv = O().

Define W: D — C" with ¥(z*) = 0 by

£ —v

= &1ty

NG

_§+ for2 <r<n
| TV

r

where arg(y/v) < . Thus ¥ is biholomorphic on a neighborhood of D.
CLAIM. For £ € 0D,

@2.11) P ©I? - 1] < Cr.
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PROOF OF THE CLAIM. Denote

L(€) = & +vP(llo@©))* — 1)
= 4|v|M(€) + 4(|V| Re ) — Re(ﬂﬁl))

where M(€) = —Re &, +|¢/|%. Since Re £; > 0 on D, by (2.10) we have

@12)  fa+uf > e+, |l|Re&l —Re@en)] < Ol

Let 6D = m(Q N (8B(0, 2r))) U®(6QN B(0,2r)) = UV, If € € V1, then

(2.13) 1] > Re &) > ClE.

It follows from (2.12) that |¢; +v|*> > Cr*. Thus

2 3] Cr+cCr
O =1 = 557 <~

If & € V3, then (2.3) and (2.13) imply that

IM(€)] = |Pa(im &1, + O(I€')’ + | Im ]|
< ClEft < g 2.

<C(Cr.

Hence e+ Crle|
Crl&i " + |6
2 < <
[I¥©I1F —1] < TREESER e
This concludes the proof of the Claim. n
Now, by the Claim

B(O,1 — Cr) C ¥Y(D) C B(O,1+Cr).
By the length decreasing property of the Kobayashi metric, we obtain
2.14) (I = CIY| < Fiypy(0, 1) < (1+ Cr)lY].

Combining (2.9) and (2.14), we have

(2.15) (1 = C)|(¥ 0 D)., (0| < F§E°,X) < (1 +Cn)|(¥ 0 D)., (X))
Since

= 0 0 0

0 % 0 0
2.16) v, =0 0 & :

0 0 O %
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by (2.1) and the fact that v = 7+ O(72), we obtain

2'—T+O(1) o) o(1) o)
on  m+on o1 - O
Woay,, =| O o) Zrom o
om o) o) - S0

Hence )
1 | 1/2
¥ 0 @), ()] = { 51012+~ Rl + 0P |

T T i=2

Therefore, by Corollary 1.2

o5 0 , 2 L 0’ 1/2
o oo, 00 = | LERDE L LED, o0ype)
0 2 0 1/2
(2.17) - {Kab(z 2)’X>| 4 L X)} + O(1)|X].
T T
From (2.15) and (2.17), we obtain
F§E°,X) = |(¥ 0 D), ,(X)| + O(1)|X]
(@)X | L0\
S T oo
Thus we proved Theorem 2.1. ]

3. Comparison of the Carathéodory and Kobayashi metrics. We first prove the
following lemma.

LEMMA 3.1.  Let Q be a strictly pseudoconvex domain with C* smooth boundary in
C". Letp € 0Q and V a neighborhood of p. Then there exist a neighborhood W of p and
a constant C| > 0 such that

3.1 (1= Cid(z,0Q)) Fira(z X) < Fo(z,X)

forze WNQand X € C".

PROOF. By Property 1 in [Fo], there exist a strictly convex domain )’ with smooth
boundary, a Stein neighborhood Q; of €, a holomorphic mapping ®:Q); — C", and a
neighborhood U of p with p € U C V' N Q such that

i) OQ) C Y,
i) dQ) C Q;
i) U\ Q) CcC"\Q;
iv) ® lU: U — ®(U) is a biholomorphism.
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Let W be a neighborhood of p with W CC U. Then

Fa(z,X) 2 Fiy (D), .(0)
FK/(CD(Z) 0] (X)) (by Lempert’s Theorem)
1 — Cod(D(z), 60 ))Fgm(m(@(z),cb*()()) (by Theorem 2.1 in [F-R])

=
= (1 - Cad(0@). 8) ) Fy (2, )

where C; > 0 is a constant. On the other hand, it follows from the Hopf Lemma that
there exist a constant C3 > 0 such that

Cid(z, 0Q) < d(D(2),0Q') < C3d(z,8Q) forz € WNQ
3

after possible shrinking of W. Thus, (3.1) is valid with C;, = C,Cs. u

THEOREM 3.2.  Let Q) be a strictly pseudoconvex domain with C*° smooth boundary.
Then there exist a constant C > 0 and a continuous function C(z,X): Q x C" — R such
that

F&(z,X) = F§(z,X) + Cz,X)
and 0 < C(z,X) < C|X| forz € Qand X € C".

PROOF. Letp € 0Q and V a neighborhood of p such that M Q) is biholomorphic to
a strictly convex domain. Then Lempert’s Theorem implies that

3.2) Fé&rp(2,X) = Fiy(z. X).

On the other hand, it follows from Lemma 3.1 that there exist a neighborhood W of p
and a constant C; > 0 such that

(3.3) F&@X) > (1 = Cid(z, 09)) Fon(z, X)
forz € WNQand X € C". Thus (3.2) and (3.3) imply that

F&@.X) > (1= Cid(z, 00)) Fisy (2, X)
> (1-Cid, aQ)) K(z,X)
= F&(z,X) — C1d(z, 6Q)F% (z, X)
> F§(z,X) — CIX]
forz€ WNQand X € C", where C > 0 is a constant. Theorem 3.2 then follows by a

finite covering of 0Q. n
The main theorem follows easily from Theorem 2.2 and Theorem 3.2.
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