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ASYMPTOTIC EXPANSIONS OF INVARIANT METRICS 
OF STRICTLY PSEUDOCONVEX DOMAINS 

SIQI FU 

ABSTRACT. In this paper we obtain the asymptotic expansions of the Carathéodory 
and Kobayashi metrics of strictly pseudoconvex domains with C°° smooth boundaries 
in Cn. The main result of this paper can be stated as following: 

MAIN THEOREM. Let Qbea strictly pseudoconvex domain with C°° smooth bound­
ary. Let FQ(Z,X) be either the Carathéodory or the Kobayashi metric ofQ. Letb{z) be 
the signed distance from z to dQ with 8{z) < 0 for z G Q and 6(z) > 0 for z ^ Q. 
Then there exist a neighborhood U ofdQ, a constant O 0, and a continuous function 
C(z,X):(UnQ) x Cn ->Rsuch that 

and\C(z,X)\ <C\X\forz(E UHQandXeC7. 

0. Introduction. In this paper we obtain the asymptotic expansions of the 
Carathéodory and Kobayashi metrics of strictly pseudoconvex domains with C°° smooth 
boundary in Cn. 

Let us first recall some definitions. Let Q be a bounded domain in Cn and A the unit 
disc. Let //(À, Q) be the set of holomorphic mappings from A to Q. and H(Q, A) the set 
of holomorphic mappings from Q to A. The Carathéodory and Kobayashi metrics of Q 
are defined respectively by 

Ffa,X) = sup{|(AjT)(Z)| \fe H(Cl,A),f(z) = 0} 

and 
F^(z,X) = inf{ 1 /A | / G //(A, Q),/(0) = z,/(0) = XX,X>0} 

for z G n andX = E^i XfijdZi G PZ>°(Q). 
Let 

f -dist(z,ôQ) z en 
{Z}~ |dist(z,dQ) z ^ Q . 

It is known from [K-P] that S(z) is of the class Ck in a neighborhood of d£l whenever dfl 
is of class Ck{k > 1). For a C2 function/(z) we use Lf(z,X) to denote its Levi form at z 
in the direction of X. i.e. 

Lf(z9X) - L -^X>Xi' 

The main result of this paper can be stated as 
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MAIN THEOREM. Let Qbea strictlypseudoconvex domain with C°° smooth bound­
ary. Let FQ(Z,X) be either the Carathéodory or the Kobayashi metric ofCl. Then there 
exist a neighborhood U ofdQ, a constant C > 0, and a continuous function C(z,X)\ 
(UC]Q)xCn -^Rsuch that 

and\C(z,X)\ <C\X\forze UDQandXe Cn. 

A similar asymptotic expansion for the Bergman metric was given by Fefferman [Fe] 
with more information about C(z,X). The boundary behavior of the Carathéodory and 
Kobayashi metrics was first studied by Graham [G] in 1975. Since then there have been 
extensive studies of the boundary behavior of these two invariant metrics and their ap­
plications. A detailed account of the development in this direction can be found, to name 
only a few, in [D-F] for the case of pseudoconvex domains with analytic boundaries, [Ca] 
for the case of pseudoconvex domains of finite type in C2, [Ml] for the case of strictly 
pseudoconvex domains in C", [H] for the case of pseudoconvex domains of homoge­
neous finite diagonal type, [Ch] for the case of pseudoconvex domains of finite type in 
C, and the references cited in these papers. 

This paper is organized as follows: In the first section, we study the first and the sec­
ond derivatives of distance functions for general real hypersurfaces. This enables us to 
express the Levi forms of the distance functions by Levi forms of other defining func­
tions with simpler forms. In the second section, we obtain the asymptotic expansion for 
the Kobayashi metric by a scaling procedure similar to those in [M2]. There are two 
major differences in our method. First, we use the biholomorphic image of a ball which 
oscillates the boundary of the strictly pseudoconvex domain to the 4th order instead of 
the 3rd order to approximate the domain. Secondly, the results in the first section allow 
us to treat the holomorphic tangent vectors as the vectors of the interior points rather 
than projecting them to the boundary, decomposing into complex normal and tangential 
components. These eventually avoid the loss of accuracy. In the third section, we deduce 
the asymptotic expansion of the Carathéodory metric from a sharp comparison to the 
Kobayashi metric. This is done by using the embedding theorem of Fornaess [Fo], Lem-
pert's theorem on invariant metrics of convex domains [L], and the localization theorem 
of the Kobayashi metric of Forsterneric-Rosay[F-R]. 

ACKNOWLEDGMENT. The author is thankful to S. Krantz for valuable suggestions. 
He also wishes to thank X. Huang and D. Ma for helpful conversations. 

1. Distance functions of hypersurfaces. Let Q CC RN+{ be a domain with C°° 
smooth boundary (actually C3 is enough ). Let 

cr x f - dist(p, dQ.) p e Q. 
W ~ \dist{p,ÔD) p^a 
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where/? = (x,y) = (x\,X29... 9XM9y). Thus 6(z) is smooth in a neighborhood of dQ. We 
then extend 6(x) to be in C°°(R). 

Let p £ Q near the boundary and po — ix(p) the nearest point to p on the bound­
ary. After translations and rotations, we may assume that po is the origin O and the 
negatives-axis is the normal direction atpo. Therefore, in the new coordinate system 
p = (0 ,0 , . . . , 0, d). There exits a neighborhood U of the origin such that 

annu= {(x9y) eu\y =f{xux2,... ,xN)} 

where f(xux2,... ,xN) = E^=i auxixj + 0(\x\3). 
We have the following theorem. 

THEOREM 1.1. Ifd > 0 is sufficiently small, then 

ox/ qy 

and 

(1.2) ^ - r - = aiy + 0(rf), ——- = 0 

PROOF. For (x\9X29...9XM9y) G Q. near /?o, set 7r(x,v) = (t\,t2,...jN, 
f(t\,t2,. • -JN)), where ff- = //(*,>>) (1 < / < N) are smooth functions. For t' = 
(t\, /2, • • •, fjy) near the origin, 

d = Y,(tj-Xj)2 + (f(tfi>tf
29...,t

f
N)-y)2 

7=1 

obtains a minimum at t' = £. Thus 

(1.3) 2 ( r i -^ ) + 2 ( / ' ( 0 - y ) ^ = 0. 

By [K-P], we have 

(1.4) ^ ~ ^ ' ^ ) = ""77 Â 
dxt 8(x,y) 

and 

(i.5) ^-(X>y) = -Tr—r-
dy 5(x,y) 

Hence 

Taking d/ox7- to both sides of (1.3), we obtain 

dxj VjfcTi 9^ dx/J àU y ' k=l dtjdtk dxj 
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Taking d/dy to both sides of (1.3), we obtain 

dy V*=l dtk dy J dtt
 y / £1 dtkdtt dy 

Evaluating (1.6) and (1.7) at p = (0, . . . ,0,d), we have 

dt N dt, 
(1.60 7r(p)-tij-dj:aik-±(p) = 0 fori=l,2,...,N 

axj k=l axj 
and 

(1.77) ^(p)-dJ2aik^(p) = 0 fori=l,2,...,N 
dy k=i dy 

Using Cramer's rule to solve the system of linear equations (1.60 a n d (1.70, w e obtain 
that when d > 0 is sufficiently small 

dxj^' \\+aijd+0{d2) i=j 

and 

(1.9) lrfr) = 0-
dy 

On the other hand, it follows from (1.4) that 
&8 (*L-£oy8(x,y)-(tt-Xl)§(x,y) 

(1-8) ^ W - i , . ^ ^ 

dxjdxj ' <$2(X,J0 

and 
^ . . to,j)-(/,-x,)|(x,7) 

3x,-ôy ' S2(x,y) 

Therefore by (1.8) and (1.9), we have 

fiS „ fib 
-—(p) = aij + 0(d), ——(p) = o. 
oxidxj oXiCy 

We state a special case of Theorem 1.1 as the following. 

COROLLARY 1.2. Let Q C C C " /zave a smooth boundary and assume that the origin 
O € dQ and the negative x\-axis is the normal direction at O. Let z° = (r, 0 , . . . , 0). 
Then when r > 0 is sufficiently small, we have 

dS(z0) = (d8/dzl9d5/dz29...,d8/dzn) = (-1/2,0,...90) 

and 
Le(z°,X) = Lf(z°,X) + 0(T)\X\2 

where f is a smooth function near the origin O such that 

dnnU= {Rezi =/(Imzi,z2 , . . . ,zw)}. 
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2. Asymptotic expansion of the Kobayashi metric. Let Q be a bounded domain 
with C°° smooth boundary near a strictly pseudoconvex boundary point po. Let U be a 
tubular neighborhood of po such that p — TT(Z) G UndQ. for eachz G U. In this section, 
we will use C to denote constants which may be different in different appearances. 

Let z° G U and/? = 7r(z°) G UDdQ. After a translation and unitary transformation, 
we may assume that/? is the origin O and the negative Rez\-axis is the outward normal 
direction. Then after a unitary transformation, dQ is defined by the following equation 
near/?: 

(
n n >. n 

fl(/Imzi)2 + £6y-(/Imzi)zy+ YJ cjkzjzk\ +YJai\zi\
2 + 0(\z\3 + \Imz{\

3) 
j=2 jjc=2 J i=2 

also z° = (r, 0 , . . . , 0), r = dist(z°, 3D), where a, a/ > 0; bh cjk G C. 
The following lemma is slightly different from Lemma 2 in [Fe]. We provide the proof 

because we will need the lemma in the exact form as stated below. 
LEMMA 2.1. After possible shrinking ofU, there exists a biholomorphic mapping 

O: U —> O(L0, (z,z') -» (£, £') ŵcA f/wf: 
7; O(z0) = (i/, 0 , . . . , 0), w/zm? i/ = r + (^(r2); 
2j 0%e« r w sufficiently small, 

/ 1 + 0(T) 0(T) 0(r) . . . 0(T) \ 
O(r) a2 + 0(r) 0(r) ••• 0(r) 
0(T) 0(T) a3 + 0(r) ••• 0(r) (2.1) <*\o = 

\ 0 (T) 0(T) 0(T) ••• an + 0{j)l 

where the O's are functions which depend smoothly on zofor z$ G U; 
3) In the new coordinate system (£i, £')» dQ takes the following form 

(2.2) Re£, = |£'|2+P4(Im £ , , £ ' ) + 0 ( | £ f + |Im£i|5) 

where P^lrn £ i, £') w a rea/ valued 4th order polynomial in Im £ i, £', £' satisfying 

(2.3) />4(ImC,,C')>C(|ImÇ,|4 + |e'|4) 

/or 5ome constant C > 0. 

PROOF OF THE LEMMA. LetO^C" —* C" , (z i , z ' )^ ( 0 , 0 , where 

Ci = zi - az\ - J2 bjZXZj - Y, CjkZjZk, 
y=2 j,k=2 

Ç = arzn 2 < r <n. 

Thenz1 = (^(z0) = (i/ , ,0,. . . ,0) with v\ ^r-ar2 =T+ 0(T2\ and 

/ 1 + 0 (T) 0(T) O(T) ••. 0(T)\ 

0 fl2 0 .-. 0 
0 0 a3 ••• 0 (2.4) $ i * „ = 

\ 0 a„ I 
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In the new coordinate system (Çi,0> dQ takes the following form near/?; 

Re(co = ici2+Re( E ^ 4 0 + È v & 6 + È ^o-imo&a 
j\kj=2 j,k,l=2 M=2 

+ E ^(/ImCi)Cyâ + E ^ I m C i ) 2 0 + / - 0 ' I m C i ) 3 +0 (10 4 + |ImCi|4) 
y^=2 7=2 j 

where a's, 6's, c's, d's, £'s and/are complex numbers. 
Let 0 2 : Cn -> C1, (£,,CO -> (Wl, w'), where 

« « n 

wi = Ci -/Ci - X>X?0 - E 9*0 OCt - E ajkiCAO, 
7=2 7,^=2 y^,/=2 

^ = C- + -z E VOCt + -z E 4>00> 2 < r < «. 
Z y>=2 Z y=2 

Thenz2 = O^z1) = (i/2,0,... ,0) with z/2 = r + OCr2), and 

/ 1 + 0(T) 0 0 
0 1 + 0(T) 0(T) 

0 0{T) 1 + 0(T) (2.5) o2*,, = 

0 \ 
0(r) 
0(r) 

\ 0 0(r) 0{T) ••• l + 0 ( r ) / 

In the new coordinate system (w\, w'), dQ takes the following form near/?: 

Rewt = Iwf + Odw^ + IImwil4). 

Let 0 3 : Cw -^ C", (wuw
f) -> (£i,£'), where 

Ci = wi + Cw4, 

Then when C > 0 is sufficiently large, dQ takes the following form near/? in the new 
coordinate system (£i, £'): 

R e C ^ l C f + A C I m C ^ + O d e f + lImÇil5) 

where 

(2.6) 

In this case, z3 = 03(z2) = (i/, 0 , . . . , 0) with z/ = i/2 + CV̂  = T + (^(T2), and 

P4(ImCi,C ,)>C(|Ime1 |4 + |Ç,|4). 

(2.7) # 3 * , 

/ l + 0(r) 0 0 . . . 0 ^ 
0 l + 0(r) 0 .-. 0 

\ 0 0 0 ••• l + 0 ( r ) / 

Set 0 = 030020(1)!, then (2.1) follows from (2.4), (2.5) and (2.7). Therefore we 
conclude the proof of the lemma. • 

Now, we can prove the following theorem which does not require the global strict 
pseudoconvexity of the domain. 
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THEOREM 2.2. LetQ be a bounded domain with C°° smooth boundary near a strictly 
pseudoconvexpointpo G dQ. Then there exist a neighborhood U of po, a constant C > 0, 
and a function C(z,X): ( [ /DQ) x Cn —* Rsuch that 

Fi{z,X) mz)M\L^i\c^X) 
S2(z) \6(z)\ 

and\C(z9X)\ <C\X\forze UHQandXeC". 

PROOF. Let U be the tubular neighborhood of po. Let z0 G U P\Q and let r = 
d(z0, dQ). Suppose that O is the biholomorphic mapping obtained by Lemma 2.1. It fol­
lows from (2.1) that 

(2.8) 0>* 

/ I 
0 
0 

\ 0 

0 
a2 

0 

0 

o . 
o . 
a3 • 

0 • 

• Ox 
• 0 
• 0 

• aj 
By (2.2), (2.3) and (2.8) there exist C\ > C2 > 0, C3 > 0 and r > 0, all independent on 
z°, such that 

i) O is biholomorphic on B(0,3r); 
ii) B(0,C2r) C ®(B(0,2rj) C 5(0, Cir); 

iii) Re£i > C3|£|2 onO(Qn£(0 ,2 r ) ) . 
Now it follows from Theorem 2.1 and Lemma 2.2 in [F-R] that 

(2.9) ^ U o » ( z ° > * ) > F^(z°,X) > (1 - Cr)F%nBiOar)(z
0,X). 

Let/) = <D(Qn5(0,2r)) and letz3 = O(z0) = (y, 0 , . . . ,0). WhenT is sufficiently small 
we have 

(2.10) 

Define *F: Z) -> Cw with ¥(z3) = 0 by 

Rez/ = T + (^(T2) > - , \mv = Oij2). 

1\ 

?7r = 
2\/^Cr 

for 2 < r < « 

where arg(y/z/) < | . Thus *F is biholomorphic on a neighborhood of D. 

CLAIM. For £ G dA 

(2.11) | | | ^ ( 0 | | 2 - l | < C r . 
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PROOF OF THE CLAIM. Denote 

£ ( 0 = l £ i + H 2 ( l l * ( O l l 2 - l ) 
= 4|i/|M(0 + 4 (MReEi -Rf i (^ i ) ) 

where M(0 = - R e £ , + |£'|2. Since Re£, > 0 on D, by (2.10) we have 

(2.12) |£i+if >C(N 2 +A \\v\*eii-Ke{vZ0\<CAZ\\ 

203 

Let 8D = O (fi n (55(0,2r)) ) U 0(oQ D S(0,2r)) = F, U F2. If £ G V{, then 

(2.13) | £ . | > R e 6 > C | £ | 2 . 

It follows from (2.12) that |£, + i/|2 > CrA. Thus 

imon2-i| 
IAOI ^ C r + Cr2 

< 
Cr* 

<CT. 
I€I +H 2 

If £ G K2, then (2.3) and (2.13) imply that 

|M(0| = | P 4 ( I m ^ , Ô + 0 ( | r | 5 + | Ima 5 ) | 

<C|^ | 4 <C|6 | 2 . 

Hence 

imoii2-i|<^t^S<cr. I6 I 2 +T2 

This concludes the proof of the Claim. 
Now, by the Claim 

B(0,1 - Or) C ¥(£>) C 5(0,1 + Cr). 

By the length decreasing property of the Kobayashi metric, we obtain 

(2.14) (1 - CT)\Y\ < F%(D)(0, Y) < (1 + CT)\Y\. 

Combining (2.9) and (2.14), we have 

(2.15) (1 - CT)|CF O <D)̂ (X)\ < F%{z\X) < (1 + CT)\Q¥ O CD),,0(Z)|. 

Since 

(2.16) ¥ . , = 

/ £ 0 0 0 * ° 
0 0 7? 

\0 0 0 ••• -4-/ 

0 

0 
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by (2.1) and the fact that v — r + 0(r2), we obtain 

(±T + 0{\) 0(1) 

CPo*),t 

0(1) 
0(1) ^ + 0(1) 0(1) 
0(1) 0(1) $ + 0(1) 

Hence 

\ 0(1) 0(1) 0(1) 

1 " 

0(1) \ 
0(1) 

0(1) 

^ + 0(1) / 

1 
|(T o d,ko(JO| = (T^I^I I 2 + l- Ï > W + C(1)W2 

1/2 

Therefore, by Corollary 1.2 

1/2 

(2.17) jW^f',^, 

From (2.15) and (2.17), we obtain 

FK
a(z\X) = \QV o <i>\fi{X)\ + 0(1)|Z1 

[IWA^I2 ,^,^)'/2 

- ( W ) |6(zo)| ) +°(DW-
Thus we proved Theorem 2.1. • 

3. Comparison of the Carathéodory and Kobayashi metrics. We first prove the 
following lemma. 

LEMMA 3.1. Let Qbe a strictly pseudoconvex domain with C°° smooth boundary in 
£n. Letp E dQ and Va neighborhood of p. Then there exist a neighborhood Wofp and 
a constant C\ > 0 such that 

(3. i) (l - c,rf(z,an))ffm(z,*) < F%(Z,X) 

forze WnClandXeC". 

PROOF. By Property 1 in [Fo], there exist a strictly convex domain Qf with smooth 
boundary, a Stein neighborhood Q\ of Q, a holomorphic mapping O: Qi —> Cn, and a 
neighborhood U of/? with/? £ £/ C FD Q such that 

i) 0(Q) C Q'; 
ii) 0(Ô) C Q7; 
iii) 0 ( [ / \ Q ) c C w \ Q / ; 
iv) 0 I : L/ —> ^(U) is a biholomorphism. 
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Let W be a neighborhood of p with W CC U. Then 

= F£, (<D(Z), <E>* (A")) (by Lempert's Theorem) 

> ( 1 - C2d(0(z), dn'^F^^iz), ®t(XJ) (by Theorem 2.1 in [F-R]) 

= (\-C2d^(z),dO!))FK
Qr]U(z,X) 

where C2 > 0 is a constant. On the other hand, it follows from the Hopf Lemma that 
there exist a constant C3 > 0 such that 

^-d(z,ÔQ) < d(<S>(z\dO!) < C3d(z,d£l) forzeWHO. 
C3 

after possible shrinking of W. Thus, (3.1) is valid with C\ — C2C3. • 

THEOREM 3.2. Let CI be a strictly pseudoconvexdomain with C°° smooth boundary. 
Then there exist a constant C > 0 and a continuous function C(z,X): Q x C " —> R such 
that 

F^(z,X) = F^(z,X)^C(z,X) 

andO < C(z,X) < C\X\forz eQandXe Cn. 

PROOF. Let/7 G <3Q and V a neighborhood ofp such that VH Q is biholomorphic to 
a strictly convex domain. Then Lempert's Theorem implies that 

(3.2) Fflnv(z,X) = Ffinv{z,X). 

On the other hand, it follows from Lemma 3.1 that there exist a neighborhood Wofp 
and a constant C\ > 0 such that 

(3.3) F%(z,X) > (1 - C,rf(z,aO))/£nr(z,*) 

for zeWnQmdXe Cn. Thus (3.2) and (3.3) imply that 

F%(z9X) > (1 - Qd(z,dn))F^nv(z,X) 

>(i-c,rf(z,an))/^(z,A) 
= ^(z,J0-Clâf(z,ÔQ)Fg(z,J0 

> / $ ( z , * ) - C | * | 

for z G ^ f l f i andX G C", where C > 0 is a constant. Theorem 3.2 then follows by a 
finite covering of dQ. m 

The main theorem follows easily from Theorem 2.2 and Theorem 3.2. 
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