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SOME SUBFIELDS OF Q, AND THEIR
NON-STANDARD ANALOGUES

DIANA L. DUBROVSKY

1. Introduction. The desire to study constructive properties of given
mathematical structures goes back many years; we can perhaps mention
L. Kronecker and B. L. van der Waerden, two pioneers in this field. With the
development of recursion theory it was possible to make precise the notion of
‘“effectively carrying out” the operations in a given algebraic structure. Thus,
A. Frélich and J. C. Shepherdson [7] and M. O. Rabin [13] studied computable
algebraic structures, i.e. structures whose operations can be viewed as recursive
number theoretic relations. A. Robinson [18] and E. W. Madison [11] used
the concepts of computable and arithmetically definable structures in order
to establish the existence of what can be called non-standard analogues (in a
sense that will be specified later) of certain subfields of R and C, the standard
models for the theories of real closed and algebraically closed fields respectively.

In this paper we are interested in Q,, the completion of the rationals with
respect to the p-adic valuation. We define recursive p-adic numbers and show
that they form a p-valued subfield of Q,, call it Q,(®, which satisfies Hensel’s
Lemma and is therefore a p-adically closed field. Every computable valued
subfield of Q, is a proper subfield of Q,®, in fact Q,® cannot even be a com-
putable field. In contrast to this, we show that there exist computable sub-
fields of Q, which are not computable p-valued fields. Q,‘® is, however, an
arithmetically definable field and, a fortior: an arithmetically definable valued
field.

We use the concept of computable and arithmetically definable structures
in order to establish the existence of a non-standard analogue for Qg, the
henselization of Q inside Q,, in the following sense: Let K be the set of axioms
for a p-adically closed field, let_/4(x) be a new unary predicate, let K; be the
set of all true statements of arithmetic relativized to A4 (x) and let K =
Ky UK,\U A4, where 4 = (x)[4# (x) = F(x)] and F(x) means x is a field
element.

A model for K consists of a p-adically closed field F in which we have
distinguished a set N C F which satisfies exactly the same first order state-
ments as the natural numbers. We will denote these models by pairs (F,. 4 ).

It is easy to see that K is not a complete theory. One ‘““natural” (or standard)
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model for K is (Qg, A4 ), where 4 stands for the standard natural numbers.
If A * is an arbitrary strong non-standard model of arithmetic, we show that
there exists a p-adically closed field Qz* such that
Qz* AN *) = Qu, AN ).

Moreover, this Qgz* is essentially unique in the sense that if H* is another
p-adically closed field containing. 4" * and such that (H*,.4 *) and (Qz*,. A *)
are elementarily equivalent with respect to the field of quotients of A * (a
non-standard version of Q which is contained in both H* and Q4*), then they
are in fact isomorphic. Furthermore, this isomorphism reduces to the identity
if we assume that (Qg*, A *) is an elementary substructure of (H*, A *).

In the last section, we generalize the uniqueness result to all arithmetically
definable p-valued subfields of Q,.

We will work within a convenient formulation of the Lower Predicate
Calculus in which the concept of a valued field can be formalized, say as
in [15], in terms of the relations F(x), G(x), E(x, y), S(x, v, 2), P(x, v, z),
2(x,v,2), L(x,v), V(x,y). These denote, in turn, the property of belonging to
the field, the property of belonging to the group, The relation of equality, the
relations of addition and multiplication in the field, the relations of addition
and order in the group and the relation of valuation respectively.

It will simplify our arguments to assume that all models considered are
normal, i.e. that the relation of equality coincides with the identity.

2. Recursive p-adic numbers. Let F be a field valued in an abelian group
G. The set I = {x € F:v(x) = 0} is called the valuation ring; the set A/ =
{x € F:v(x) > 0} is a maximal ideal in I. The field F = I/M is called the
residue class field. If x € I, we denote by & the image of x under the canonical
map I - I/M = F.

A valuation v of a field F of characteristic zero is a p-valuation if v(p) is the
smallest positive element of the valuation group, and the residue class field
F = F,, the field with p elements. A field F is called formally p-adic if it
admits a p-valuation; it is p-adically closed if it is formally p-adic and has no
proper algebraic extensions which are formally p-adic.

A commutative group G is called a Z-group if it is totally ordered, has a
minimum positive element, and G/#G has n elements for each integer #.

Next we list two ways of stating that property of some valued fields known
as Hensel’'s Lemma. For a p-valued field they are equivalent (see [14]).

HENSEL's LEMMA. Let f(x) = apx® + axx" '+ ... 4+ a,, a, € I. Assume
that thereis ana € I such thatf(a) = 0 (mod M), f’(a) = 0 (mod M), where M
is the maximal ideal of I and f'(x) is the formal derivative of f(x). Then there
exists a unique o* € I such that f(e*) = 0 and o = o* (mod M).

HENSEL-RYCHLIK PROPERTY. Let f(x) € I[x] be monic and let Df denote the
discriminant of f. If there exists an a € I such that v( f(a)) > v(Df ), then there
exists an o* € I such that f(@*) = 0.
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The following theorem can now be interpreted as a set of first order axioms
for the concept of a p-adically closed field (see [2; 3]).

THEOREM 2.1. 4 p-valued field F is p-adically closed if
(1) F satisfies Hensel's Lemma, and
(i1) the valuation group v(F°) is a Z-group, where F* = F — {0}.

THEOREM 2.2. The elementary theory of p-adically closed fields is complete and
axtomatizable, hence decidable (see [2; 3; 4; 6]).

Notice that the p-adic valuation on Q is a p-valuation and that the com-
pletion, Q,, is a p-adically closed field. We will denote the p-adic valuation on
Q, as well as its restriction to different subfields of Q, by the letter v. Clearly,
given a rational number r # 0, we can effectively find v(r) € Z.

The results that follow parallel in quite a remarkable way those obtained by
Madison and Lachlan for the case of the real numbers. (See [10].)

Let ¢:Q — N be an effective enumeration of the rationals; i.e., ¢ is a 1-1
function from the rational numbers onto the natural numbers with the property
that there exist two algorithms, one for finding ¢(r) € N for each » € Q and
the other for finding ¢ (n) € Q for each n € N.

Thus, we can regard a rational number as ‘“‘given,” if the corresponding
natural number is given. We say that a sequence of rational numbers is re-
cursively enumerable (r.e.) if the corresponding sequence of natural numbers
is the sequence of values f(0), f(1), f(2), . . . of a recursive function f.

Definition 2.3. A recursively enumerable sequence of rational numbers {7,}
is said to be p-adically recursively convergent if there exists a recursive
function g(x) such that, for each N > 0, v(r,41 — 7,) > N for n > g(N).
g(x) is called a convergence function for the sequence.

A p-adic number is recursive if it is the limit of an r.e., p-adically recursively
convergent sequence of rationals.

Note. From now on, whenever we speak of convergence we will always mean
convergence in the p-adic valuation.

It is easy to see that if {r,} is an r.e., recursively convergent sequence of
rationals with convergence function g(x) and with ¢ as its limit, then
v(a — r,) > Nif n > g(IN). Conversely, if {r,} is an r.e. sequence of rationals
and a is a p-adic number such that v(r, — a) > N if n > g(IN) for some re-
cursive g, then {r,} is recursively convergent since

v(er-l - rn) ; min {v(7n+l - a,),'v(a - rn)} > N ifn > g(N)r

and hence ¢ is a recursive p-adic number.

Thus, this notion of a recursive p-adic number coincides with our “intuitive”
idea of a ‘“‘computable number’”’, as one for which we can effectively produce
as close a rational approximation as we want.
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Recall that a p-adic number @ has a unique canonical expansion in powers

of p,

©

a = Z aipi

i=—n

where, for each 7, 0 < a; < p. Thus, the next definition is also natural.

Definition 2.4. A p-adic number @ = X% _,ap% 0 = a; < p, is called recur-
sive if there exists a recursive function f(x) such that f(0) = a,, f(2i) = a,,
f(@7 — 1) = a_;. f(x) is called an expanding function for a.

It is easy to show that the two definitions given for a recursive p-adic
number are equivalent.

Our next aim is to show that the recursive p-adic numbers form a field and
to investigate some of its properties.

LEmMMA 2.5. Let {r,} be an r.e. sequence of rationals recursively converging to
a # 0, with recursive convergence function g(x). Then there exists k such that
v(r,) = k for alln > g (max {k, 0}). k = v(a) can be effectively found.

Proof. Since a # 0, it has finite valuation. Let & = v(¢). We know that
v(r, —a) > k for all » > g (max {k, 0}). If for some n > g (max {k, 0}),
v(r,) # k, then v(r, — a) =< v(a) = k, a contradiction. Hence, for all
n > g (max {k, 0}) we must have v(r,) = & = v(a).

All we have to do now is to effectively determine 2(a). But we can effectively
determine the valuation of any rational in the sequence {r,}. We also know,
since a # 0, that for some 7, the coefficient of p¢, in the canonical expansion
of a, is non-zero. Hence, for that same ¢, the coeficient of $? in the canonical
expansion of the 7,’s must be non-zero from some % on.

Now, v(7;m+1 — 7om+2) > n for all =, i.e., the coefficients in the canonical
expansions of these two terms of the sequence coincide up to and including
the coefficient of p*, and are the same as in the expansion of a since
(rgm+1 — @) > n for all n. Therefore, in order to compute the valuation of «,
all we have to do is to compute the coefficients of the canonical expansion of
roa+1 up to and including the coefficient of p*, for each #, until we find one
which is # 0. (It will exist since ¢ ## 0.) Notice that if v(¢) < 0, then v(¢) =
v(7p(0)+1)-

THEOREM 2.6. The recursive p-adic numbers form a field.

Proof. Let a, b, ¢ # 0 be recursive p-adic numbers, given by r.e. recursively
convergent sequences of rationals {a;}, {b;}, {¢;} with recursive convergence
functions g1, g, g; respectively. Then obviously {a; + b3}, {a; - b4}, { —e,} and
{1/c,} are r.e. sequences of rationals converging to ¢ + b, @ - b, —a and 1/¢
respectively and it is easy, using the previous lemma, to give recursive con-
vergence functions for each of them.
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The field of recursive p-adic numbers will be denoted by Q,(®. It is a sub-
field of Q,, so we can consider it as a valued field by restricting the p-adic
valuation of Q, to Q,®. This restriction of the p-adic valuation is again a
p-valuation and thus Q,® is a formally p-adic field with valuation group Z
and residue class field F,. The analogues of the next two definitions as well as
of the proposition that follows were first considered by Rice [15] for the real
numbers.

Definition 2.7 A sequence of recursive p-adic numbers {a,} is an r.e. sequence
if there exist recursive functions f(x, y) and g(x, y) such that f(z, y) enumer-
ates a recursively convergent sequence of rationals a;,, ¢;1, . ... with a; as
limit and g(z, y) as convergence function.

Definition 2.8. An r.e. sequence of recursive p-adic numbers is recursively
convergent if there exists a recursive function Z(x) such that, for each N,

V(A1 — @) > N if n > h(N).

ProposIitioN 2.9. If {a,} C Q,® is anr.e. sequence recursively converging to a,
then a € Q,®. Thus, we may say that Q,'™ is recursively complete.

THEOREM 2.10. Q,® satisfies Hensel's Lemma.

Proof. We will show that the following form of Hensel’s Lemma holds in
Q,®. Let

flx) =ax" +ax"t4+ ... +a, a; €I, 1={x¢cQ,P:v(x)=0}.

Assume that @ € I and f(a) = 0 mod p*™*1, f'(a) # 0 mod p"t! where 7
and f’(x) is the formal derivative of f(x). Then there exists a unique o*
such that f(a*) = 0 and @ = o* mod p+.

We will use the classical proof for Q, (see [4]), and then show that the
sequence constructed therein is an r.e., recursively convergent sequence of
p-adic numbers.

Recall that the sequence, say a,, is defined by

=0
el

ay = a, Oyl = Oy —f(an)/f/(an)-

It is then shown by induction that a,;1 = a, mod p*" and f(e,) = 0 mod p27+".

The sequence {o,} converges to an element of Q,, call it «*, with the proper-
ties required in the conclusion of Hensel’'s Lemma. In order to show that
a* € Q,® all we must show is that {@,} is an r.e. sequence in Q,®. The
convergence function given by v(a,+1 — «,) = 7 4+ nisclearly recursive.

To show that {e,} is an r.e. sequence, we must show that there exist two
recursive functions ¢ (x, ¥) and ¥ (x, ¥) such that ¢ (7, ¥) enumerates a sequence
of rationals converging to «; with convergence function ¢ (z, y).
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Since the coefficients of f are in Q,(®, let {a, ;} j=1.2,... be the r.e. sequence of
rationals converging to a;, with recursive convergence function g;:

Let
fi@) = ao " + a1 x4+ ...+ a,,
fi@®) =nao, "t 4+ (n — Da; "2+ . ..+ ar,.

Let x(x) enumerate the r.e. sequence of rationals converging to a; = a
with recursive convergence function g.
Now define ¢(z, y) as follows:

o(1, y) = X(y)r $0(¢ + 1, LV) = So(ir y) '—fZI(‘P(i! y))/fl//(ﬂo(iv y))

Since the {a; ;}j=1,2,... 0 = 7 < n, are r.e. sequences of rationals, it is clear
that ¢ (7, ¥) is recursive and that the sequence it enumerates converges to a;.
We must find a recursive function ¢ (7, y) such that

v,y +1) —e@,¥)) >N, ify >y N).
¢ will be defined by induction on 7. Clearly ¢(1, y) = g(v). To define ¢ (s, y)

we notice that, for each 1,

e, y) = o(1,y) + Z (— 1)1 fu((‘P(( )_))

Thus

oloGyy + 1) — ¢(G,%)] > min {v«o(l,y +1) — o1, ),
1<j<i—1

(fm(m,y +1) _ f(eG)) )}
fort Gy + 1) £/ (e y)

Now, v(e(1, y + 1) — ¢(1, 3)) = v(x(y + 1) —x(¥)) > N if y > g(N) =
v(1, N).

We must now examine

; (fw+1l(<p(j,y 1) _ fAlelo) )
for Gy + 1)) 7 £/ (G [

Clearly the denominator f 11" (¢ (4, ¥ + 1))f,/ (¢(j, ¥)) has a finite fixed valua-
tion from some point on since it converges to [ f ' («;)]? which is not congruent
to zero mod p. This finite valuation can be effectively found.

It can be shown by induction on the degree of the polynomial f that the
numerator fya(e(j, ¥ + 1))f) (G, ¥)) — fuleGr ))fyei' (G, ¥ + 1)) will
factor and regroup appropriately so that ¢(z, ) is seen to be recursive.
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Let us consider the special case in which the polynomial f is of degree 3. Then

Juri(e(Gyy + D)/ (0 ) — fu(e Gy y))furd (0 y + 1)) =
(@0,0410 Gy + 1)* + a1,10(G, ¥y + 1) + a2010(G, ¥y + 1) + azge1)
X (3ao0(J, ¥)* + 2a1,0(J, ¥) + az,)
= (@00, 9)* + a1, ¥)* + a2, ) + as,)
X (Baoy+10(, ¥ + 1)* + 2a1 4110 (G, ¥ + 1) + as441)
= 3a0,y+100,0(J, ¥ + 1% G, 9)e G,y + 1) — ¢(, 9]
+ 2014410150, ¥ + De (G, ey + 1) — (G, 9)]
+ az s, le(Gyy + 1) — (G, y)]
+ 2004110100 (G, y + 1?0, ¥)eGoy + 1) — ¢, ¥)]
+ 2015010000 (G, ¥y + De (G, 9)’le(Gyy + 1) — (G, ¥)]
+ o,y + 1%, ¥) a1 4100, — @o,y4101,]
+ aoyr1@20(G, Yy + DGy + 1) — (4, ¥)]
+ az,44100,0 (G, ¥)le(Gyy + 1) — 0@, ¥)]
+ 20,y + Ve, ez, 100,00, ¥) — @oy102,0(5, v + 1))
+ [asyr182, — @241103,]
+ 3las y1100,40 (G, ¥)* — as,400,0010(0, ¥ + 1)%]
+ 2[as 4110150 (G, ¥) — Q34014110 (G, Y + 1)1
The valuation of the bracketed factor in each term can be made bigger than
M provided y is greater than a ‘‘recursive combination” of ¢(j, M) with j < <
and the g, (M), k =0, 1, 2, 3.
Therefore, ¢ (7, y) will be defined in terms of a recursive combination of
v, v), 7 <1, and g;(y) and individual valuations which can be effectively
found. Hence ¢ (¢, y) is recursive.

The computations for the general inductive step are straightforward but
messy.

Thus we have shown that Q,‘® is a p-adically closed field.

Notice that if we define an arithmetical p-adic number as the limit of an
arithmetical sequence of rationals for which there exists an arithmetical con-
vergence function, or as one which is given by an arithmetical expanding
function, we can show that these two definitions are equivalent and then
proceed as in the case of recursive p-adic numbers and show that they too
form a field, call it Q,, which is “arithmetically complete’ in the sense of
proposition 2.9, and, finally that Q,4 is also a p-adically closed field.

3. Computable and arithmetically definable valued fields.

Definition 3.1. A field F valued in an ordered group G is said to be a com-
putable valued field if there exists a 1-1 map ¢ from the disjoint union of F and
G (denoted F \ G) into N such that
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(1) ¢[F] and ¢[G] are recursive subsets of N,
(ii) o[F] M ¢[G] = ¢, and
(iii) ¢ takes the relations S(x, y, z) and P (x, vy, 2) of the field F, Z(x, v, 2)
and L (x, y) of the group G and the valuation V(x, y) onto recursive number
theoretic relations.
The map ¢ is called an admissible indexing for the valued field F.

Notice that if ¢ is an admissible indexing for an algebraic structure S, then
¥:S — N defined by ¢ (x) = ¢*@ for each x € S, where ¢ is a fixed prime, is
also an admissible indexing for S.

Several examples of computable valued fields have been known for some
time, e.g., the field of rational numbers Q considered as a valued field with
the p-adic valuation is a computable valued field. Another far more interesting
example of a computable valued field is the henselization of Q in Q,, which
we will denote by Q.

Our next aim is to investigate the relationship between computable valued
subfields of Q, and the field of recursive p-adic numbers, Q,®.

LeEmMMA 3.2. Let F be a computable p-valued subfield of Q, and let ¢ be an
admaissible indexing for F. Then ¢ 1is effective on Q (i.e., given any r € Q we can
effectively find its image under ¢) and also on the value group Z.

THEOREM 3.3. Every computable p-valued subfield of Q, is a subfield of Q, P .

Proof. Let F be a computable p-valued subfield of Q,, and let p: F\J Z — N
be an admissible indexing. Let 0’ be the image under ¢ of 0 € F.

Let n € ¢[F], n # 0’. We will show that the expanding function of ¢=!(n)
is recursive.

Since n # 0, 3yV’'(n, v). Let yo = uyV’'(n, y). v is the image under ¢ of
the valuation of ¢~ !(n).

Let j = pi V' (¢(p?), ¥0). Since FiV'(¢(p?), vo), we can effectively find j.
The first non-zero coefficient in the canonical expansion of ¢=!(z) will be the
coefficient of p?. To find out what this coefficient is, notice first that
D' (x, v, 2) = S(y, 2 x) is a recursive number theoretic relation which holds
if and only if ¢~ 1(x) — ¢~ (y) = ¢~ !(2).

The first non-zero coefficient in the canonical expansion of ¢=!(n) is x if and
only if

0Sx=p—1 &m=pmDn oxp’),m) &
&y1 = uyV'(mo, y) & L'(yo, 31)

where L' (x, ) is the recursive number theoretic relation corresponding to the
order relation L(x, y)[or x < y] in Z.

To find the next non-zero coefficient in the canonical expansion of ¢~ (%),
we consider ¢~1(m,) and proceed in the same way as before.

Clearly this procedure is effective, and it gives us all the coefficients in the
canonical expansion of ¢~1(n) for each n € ¢[F]. Hence F C Q,'®.
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THEOREM 3.4. Q,® s not a computable valued field.

Proof. Suppose it were and let ¢ be an admissible indexing. Consider the
enumeration of Q,® given by {¢™1(n):n € ¢[Q,®]}. Since ¢[Q,®] is assumed
to be a recursive subset of N, we can effectively decide, for each # ¢ N whether
n € o[Q,®] or not.

Let a be the p-adic integer whose canonical expansion is given by the
following rule: coefficient of p”, if n € ¢[Q,®], = coefficient of p" in the
canonical expansion of ¢~'(n), plus 1, if this latter coefficient is less than
p — 1. Coefhicient of p" = 0 otherwise.

Since we can effectively find any coefficient in the canonical expansion of
¢ 1(n) for n € ¢[Q,®] this procedure is effective and hence ¢ € Q,®. But by
construction a # ¢~1(n) for all n € ¢[Q,®]. Therefore, Q,® is not a com-
putable valued field.

Kochen [9] showed that if K is a p-adically closed field, there exists a unique
p-valuation on K and that the ring of integers consists of the elements of the
form v (w) for some w € K, where

y(w) = i (@ —w+ 1)+ @ —w—1)7"

Since the p-adic valuation on Q,® is a p-valuation, its ring of integers is
characterized as above and thus we have

THEOREM 3.5. Q,® s not a computable field.

Proof. Assume Q,® is a computable field, and let ¢:Q,® — N be an
admissible indexing. We know that, for each x € Q,®, v(x) = 0 if and only if
there exists w such that [x = (1/2p)((w? —w + 1)~ + (w” — w — 1)~1)].
Hence, the image under ¢ of the ring of integers I of Q,®, call it 4, is an r.e.
subset of N. Let g(x) be a recursive function enumerating it. We shall describe
an effective procedure, for deciding, for each x € Q,®, whether »(x) = 0 or not.
This will show that A4 is a recursive subset of N.

Let n € ¢[Q,®] be fixed. We know that either v(¢~'(n)) = 0 or
v(1/¢~(n)) = 0. Hence either # or ¢(1/¢~1(n)) will appear first in the range
of g. In case ¢(1/¢~1(n)) appears first, it is still possible for ¢—1(n) to be an
integer in Q,® since it can have valuation 0. So we check whether ¢ (p - o= (1))
or ¢(1/p¢~(n)) appears first in the range of g. If ¢(1/pp~1(n)) appears first
in the range of g, since

v(l/pet(n)) 2 0= —1 —v(¢7'(n)) 2 0=0(e7'(n)) = —1,

we know that n € 4, i.e., v(¢~1(n)) < 0.
If o(pg~1(n)) appears first in the range of g, since

v(pe™i(n)) 2 0=1 4 (7' () Z 0=w(ei(n)) 2 —1,
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we know that v(¢~*(n)) = 0 or —1. In this last case, to decide whether n € 4
or not, repeat the preceding procedure with ¢(1 + ¢~'(#)?) in place of n.
There are 3 possibilities once again.

Notice that 2(1 4+ ¢~'(#)?) = min {0, 2v(¢~'(n))}. If v(x) = 0, then
v(p~1(n)) =20 and #» € 4. If v(x) < 0, then v(¢p~'(n)) <0 and n ¢ A. If
v(x) = 0 or —1, then v(x) must be 0 and hence v(¢~'(z)) = 0 and = € A.

Thus we have shown that 4 is a recursive subset of N.

To compute the valuation of ¢~'(n) for n € ¢[Q,®] we first check whether
n is in A or not.

Ifn€ A,v(g7 (n)) = pile(p=" - ¢7'(n)) ¢ 4] =1
Ifnd A, v(e 1 (n)) = wile(p’- ¢~ (n)) € 4].

Thus if Q,® were a computable field it would be a computable valued field
since we can clearly construct an admissible indexing ¢:Q,(® \J Z — N
which takes the valuation onto a recursive number theoretic relation. This
contradicts Theorem 3.4.

Actually, this proof works for any p-radically closed field F so we can state
the following more general

THEOREM 3.6. Let F be a p-adically closed field, G its value group and let
¢: F — N be an admissible indexing for the computability of F. Assume G is a
computable group. Then there exists y: F\J G — N which is an admissible in-
dexing for the computability of F as a valued field.

In contrast to this, let us note that, fora € Q, — Q,'®, Q(a) is a computable
field [7] but not a computable valued field. In fact, if K C Q, is not contained
in Q,®, no formally p-adic extension of K whose valuation extends that of K
is a computable valued field.

Remark. If in Definition 3.1 we substitute arithmetical for recursive through-
out, we obtain the definition of an arithmetically definable (A.D.) valued
field. Recall that Q,¥, the field of arithmetical p-adic numbers, is a p-adically
closed subfield of Q,. It is easy to see that the previous proofs carry over to
the case of A.D. valued fields; thus we obtain that every A.D. p-valued sub-
field of Q, is a proper subfield of Q,, furthermore Q, is not even an A.D.
field.

THEOREM 3.7. Q,® is an arithmetically definable field.
Proof. Recall that for each a € Q,(® there exists a unique canonical expan-
sion
a = Z aip‘.
i=—n

Hence, to each a € Q,® there corresponds a unique recursive function,
namely its expanding function.

https://doi.org/10.4153/CJM-1974-046-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1974-046-0

SUBFIELDS OF Q, 483

Let { fi} be Kleene'’s effective enumeration of all unary partial recursive
functions. Let

A = {i:f; is the expanding function for some p-adic number and
Dl <i=f; # fil}.
Notice that f is the expanding function for some p-adic number if and only if

Vulf(n) € {0,1,...,p — 1} ] & (@)Wt > s& Qu)t =
2u + 1= f(t) = 0].

Also, (Wn)[ fi(n) = U (uyT1G, n, y)].
Hence,

& 3As)O[Aw)t > s&t =2w+ 1]= U (w10t y)) = 0]
& U <= m)[UwliG,my) # U (i, m,y))]]

and thus, 4 is an arithmetical set.

Let ¢:Q,® — N be defined as follows: fora € Q,®, p(a) =i =i € 4 &f;
is the expanding function for a. Since for each ¢ € Q,(® there exists exactly
one ¢ € A such that f; is the expanding function for a, ¢ is well defined and
0[Q,] = 4.

It is now easy to show that ¢ takes the relations S(x, y, 2) and P (x, v, z)
(sum and product of Q,®) onto arithmetical number theoretical relations.

COROLLARY 3.8. Q,® is an A.D. valued field.

Proof. We use the same method as in Theorem 3.5 to show that the image
under ¢ of the ring of integers of Q,® is recursive in .S’ and P’, and hence
arithmetical.

4. Existence and uniqueness of Qg*. In this section we will primarily
discuss Qy, the Henselization of Q inside Q,. Qg consists of all the elements of
Q, which are algebraic over Q. It has been proved by Nerode [12] that Qy is
a computable field and hence, since it satisfies Hensel’'s Lemma, we can use
Theorem 3.6 to conclude that it is a computable valued field. (See also [5].)

Let K, be a set of first order axioms for the concept of a p-adically closed
field, e.g., as given by Theorem 2.1. As was mentioned earlier, K, is complete
and axiomatizable and Qj is a model of K,.

Let.# (x) be a new unary predicate; denote by K the set of all true state-
ments of arithmetic relativized to 4 (x), and let 4 denote the sentence
() [A (x) = F(x)].

Let K = K, \U K; U 4. A model for K consists of a p-adically closed field F
in which we have distinguished a subset 4" C F which satisfies exactly the
same first order sentences as the natural numbers, i.e., .4 C F constitutes a
strong model of arithmetic. We will denote these models by pairs (F, A" ). If A4
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is a strong model of arithmetic, and v is a p-valuation on Q, the field of quotients
of A, then for F any p-adically closed field containing Q, (F,.4") isa model of
K. K is not complete, e.g. look at the sentence

(@) [F(x) = Jy (A () &v(y) > v(x))].

Thus, the existence of non-standard analogues of Q4 (in the sense of Theorem
4.1) is not a consequence of completeness.

THEOREM 4.1. Let N * be any strong non-standard model of arithmetic. There
exists a p-adically closed field Qy* containing N * such that

(QH*w/V*) = (OH:‘/V )

Proof. The method used here is essentially the same used by A. Robinson
and by E. W. Madison to obtain similar results for the case of algebraic and
real algebraic numbers respectively.

Since Qg is a computable valued field, there exists an admissible indexing
0:04 \J Z — N such that ¢[Qg] = Qf and ¢[Z] = Z' are recursive subsets
of & ; say they are defined by the recursive predicates 4 (x) and B(x) respec-
tively. Recall that ¢ takes the relations S(x, y, z), P(x, v, 2), Z(x, ¥y, 2), L(x, v)
and V(x, y) onto recursive number-theoretic relations S’, P/, 2/, L' and V.

The copy of the natural numbers contained in Qg is carried by ¢ onto a
subset of A/, call it .. A" is recursively enumerable since it is the range of
the recursive function {g(0) = 0’; g(1) = 1"; g(n 4+ 1) = o(g(n), ')} where
o (x, ) is the function defined by the recursive predicate S’ (x, y, 2), 0’ = ¢(0),
1" = ¢(1) for 0,1 € Qp.

Let B(x, ¥) be the arithmetical predicate representing y = g(x). It is clear
that B(x, y) satisfies the following properties:

(i) (x) y@E)[Bx,y) & Bx,z) =y = 2]
(ii) () (¥)(2)[B(x,y) & B(z,y) = x = 3]

(111) B(xh yl) & B(x‘b y2) & B(x3r y3) = [S(xly X, x3) Ad 5’(3’1, Ve, y:{)]
& [P(xlv X, x3) A Pl(ylr Yo, yO)]

The predicate A /(x) = A(x) & 3yB(y, x) defines the natural numbers
arithmetically and

N = {n €N : N (n) holds}.

The pair (Qg’, 4 ') together with the number theoretic predicates S’, P’,
', L', V' constitutes a model of K which is isomorphic to (Qg, 4 ).
Consider the subsets of A4 * which are defined as follows:
Qu* = {n € N *:4(n) holds},
Z'* = {n € N *:B(n) holds},
N* = {n € N *: N ' (n) holds}.
Since the predicates S, P’, 2, L’, V' are all arithmetical, they define
relations in A * which, considered together with the sets Qg*, Z'*, A/ *
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determine a structure (Qgz*, A1*). It is not hard to see that (Qgz*, A1*) is
a model of K which is elementarily equivalent to (Qg, 4 ). Furthermore,
N * is isomorphic to.# * since the function g/ * —. A/ * defined by: o (x) = v
if and only if A * satisfies B (x, y), is an isomorphism by properties (i), (ii) and
(iii) above.

From now on we will use the notation (Qy*,./ *) for this particular model of
K which is elementarily equivalent to (Qg,. 4 ) where Qz* C A *.

As pointed out by Madison, the proof of this theorem works for any A.D.
structure, so in particular we have

THEOREM 4.2. Given any strong non-standard model of arithmetic N *, there
exists a p-adically closed field H DN * such that (H, N *) = (Q, B, N ).

Our next question is: In what sense can we say that Qz* is unique? To
answer it we will need the following

LEMMA 4.3. Let o € Q. Then there exists a ploynomial f(x) € Qx], r € Q
and n € Z such that r is a simple root of f mod p*, a is of the form r + p*+'u for
some u with v(u) = 0, f(@) =0 and f(B) # 0 for all B # a, B of the form
r + p"tlu with v(u) = 0.

Proof. The lemma clearly follows from the case of @ an integer in Q.

Let f(x) € Q[x] (in this case actually f € Z[x]) be the minimal polynomial
for a over Q, so f(a) = 0. Let @; = @, as, . .., a, be the distinct roots of f in
Qpy. There clearly exists an # such thatv(e; — @;) < nif 7 # j. A computation
shows that it suffices to take n = v(&f ) + 1 where Zf is the discriminant of
the polynomial f. Let

n el

r= 2. ap’ where a= ), ap’

=0 i=0

Then r € Q, r is a simple root of f mod ", a is of the form r 4+ p"+lu for some
u with v(») = 0 and f(8) # 0 for all 8 # «, 8 of the form r + p"+u with
v(u) = 0.

Notice that, conversely, if f(x) € Q[x] is monic, with integral coefficients
and if there exists » € Q such that v(f(r)) > n where n = Zf, then by the
Hensel-Rychlik Property there exists @ € Qg such that f(a) = 0.

THEOREM 4.4. Let (Qg*, N *) be as before and let H* be another p-adically
closed field containing N*. The field of quotients of /' *, say Q*, (a non-standard
version of Q) is contained in both Qg* and H*. Assume (Qg*, N *) and (H*, N *)
are elementarily equivalent with respect to Q*, thought of as a valued field, i.e. with
constant symbols added for each g € Q* and each z € Z*. Then these two models
are isomorphic.

Proof. With the aid of the previous lemma, we will construct a predicate
T (w, r, n, a) expressible in the language of (Qg,.# ) which will separate the
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roots in Qg of a polynomial with rational coefficients. Recall that 4 /(x) =
A (x) & 3yB(x,v) defines the natural numbers arithmetically. The predicates
I(x) =N"(x) VIy(AN'(y) &S (x,,0))
and
R(x) = 9a30[I(a) &I(b) &b # 0 & P'(x,b,a)]
define arithmetically the integers and the rationals respectively.

If f(x) = Yo ax® € Q[x], define the Godel number of f, say w, by w =
n3%’ |, pyr’s wherea, = ¢(a;), ¢ an admissible indexing for the computability
of Q.

Let

Gw)=w=0V @n)[((w)o =n) &Iylh(w) =y&y <n+ 2]
& @)Fx)x = @) &0 =i =n+ 2= R)]].

It is clear that we can choose the map ¢ and the Gédel numbering in such a
way that the set of Godel numbers of polynomials over Q is disjoint from the
set ¢[Z].

Let o(x, ¥) and = (x, ¥) be the recursive functions determined by the predi-
cates S’ (x, ¥, 2), P’ (x, v, 2) respectively. Define

{p(or y) =1 )\(w ’L) = {Oly if Xg(‘lU) =1
p(n+1,9) = =(y, p(n,y)) ' (w) 4, if xg(w) = 0.
where xg(w) is the characteristic function of ¥ (w),

Y(w,y,1) = m(\(w, 9), p(4, 7))

and

s(w,y,1) = (W)
s(w,y, e +1) = o(s(w,y, k), ¥(w, v,k + 1)).

With the aid of these arithmetical functions we can now construct a predi-
cate V(w, v, z) expressing the fact that ‘‘z is the result of substituting y for x
in the polynomial with Gédel number .

First, let R(w, 0, n) be the predicate representing (w), = # and let

Mw,y,n2) = sy, n) =z
Now
V(w,y,2) = 9 (w) & )[R@w,0,n) & M(w, n,y,z)]

is the desired arithmetical predicate, developed by E. Madison [11].
Consider now the following predicate:

B(x,y) = 3a303a'JV'[N(a) & NO®) & N(a') & N({')
& R(y,a',0') & B(a,d) &B(0,b") & P(b, x, a)]

where R(y, a’, b’) is formed from R(y) by deleting the two existential quanti-
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fiers. Then B (x, y) expresses the fact that the natural number y represents the
rational number x under the map ¢ which establishes the computability of Q.
Let

Tw,r,na)=3B)a=r+B8&vB)z2n+1)&
N@a)N=r+u&vu) 2n+1&N#a= AN)Hv)3«)
[BOMN) & B, u') & V(w, N,v) &v = 0] & 37)37")3s)
(B(r,7) & V(w, 7', r"") &B(s,r"") &v(s) = n].

Let
T(@) = Jwirinl (w,r, n, a).

The sentence (x)7 (x) holds in (Qg,.# ) and hence in (Qgz*, 4 *) since they
are elementarily equivalent. Also, if @ € Qy, then there existw,7 € Q,b € Z =
2(Q°) such that T'(w, 7, n, &) holds in (Qg, 4" ). Furthermore,

Tw,r,nx)=[T(wrny)=x =17y

holds in (Qg, A4 ).

If « € Qg*, there exist w, r € Q*, n € v(Q*°) such that 7' (w, 7, #, @) holds
in (Qg*, A *). Hence 3x7 (w, r, n, x) holds in (Qg*, A4 *) and therefore it
must hold in (H*, .4 *) because of elementary equivalence with respect to Q*.
Let 8 € H* be such that T (w, 7, #, 8) holds in (H*, A4 *). Define 2:Qyz* — H*
by h(a) = B.

We claim that % is the desired isomorphism.

It is easy to check that % is well defined, 1-1 and onto.

To show that & is a homomorphism, suppose a1, a2 € Qgz* and let o = a; + as.
Let 81 = h(a), B2 = h(az), B = B1 + B2. There exist wy, 71, we, 72, w, 7 in Q¥,
n1, n2, © € v(Q*?) such that T (wy, r1, n1, 1), T (s, 72, 12, a2), T (w, 7, n, )
all hold in (Qg*,. 4 *). Because of the definition of 4, both 7 (w4, 71, 71, 81) and
T (ws, 72, n2, B2) hold in (H*, A *). We must now show that T'(w, r, n, 8)
holds in (H*, A *).

Since S(ai, as, @) holds in Qg*, (2)[S(a1, as, 2) D T'(w, 7, n, z)] holds in
(Qx*, N *). Therefore

I eq WL (wy, 71, 71, ) & T (w3, 72, 12, ¥)] & (2)[S(x, 5, 28) =
T'(w,r,m,2)]]

holds in (Qg*,.# *) and hence in (H*, A *).
Since k(a;) = Bi, h(az) = B2, we have that

T (w1, 71, 1, B1) & T (ws, 72, 13, B2)
& (2)[S(B1, B2, 2) = T (w, 1, n, 2)]

holds in (H*, A *). Hence (2)S(81, B2, 2) = T(w, 7, n, 2) holds in (H*, AN *);
since S(81, B2, 8) holds in H*, we have that T (w, 7, n, 8) holds in (H*, A *).
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Clearly this proof works if we substitute P for .S throughout. Therefore % is
an isomorphism.

Note that, for a fixed A *, if we assume (Qg*, A *) < (H*, A *), then in
particular (Qgz*, N *) = o* (H*, NV *) since Q* is contained in both H* and
Qx*. Hence by the previous theorem, there exists an isomorphism & :Qz* — H*.
That this isomorphism is the identity on.#"* (and hence on Q*) is clear from
the definition of # and the fact that the polynomial p(x) = x — a has a unique
solution, namely a, for each a € A *.

For each a € Qgz* C H*, we have

(Qy*, N *) satisfies T (w,r,n,a) if and only if (H* A *) satisfies
T(w,r,n,a)
since (Qg*, N *) < (H*, N *).
Hence h(a) = afor alla € Qgz*, so in this case the isomorphism % is actually
the identity.

As a corollary to the previous proof we get

THEOREM 4.5. (Qg, A ) has no proper elementary extensions in which N
is fixed.

Proof. The sentence (x)7 (x) holds in (Qg,-4") but it could not possibly hold
in any extension of the form (Qg', 4 ) with Qi & Q' since Q' must con-
tain transcendental elements.

5. Generalization. As we remarked earlier, the existence result holds for
every arithmetically definable valued subfield of Q,, namely, if H is an A.D.
p-valued subfield of Q, and A * is an arbitrary strong non-standard model of
arithmetic, there exists a p-valued field H* such that the pairs (H,.4 ) and
(H*, N *) are elementarily equivalent.

Our next aim is to extend the uniqueness result to all A.D. p-valued subfields
of Q,. In order to do this we will make use of the following

LeEMMA 5.1. Let ai, az € Q,. Assume that for allr € Q,v(r + 1) = v(r + as).
Then o] = Q.

Proof. Notice that, taking r = 0, we get v(a1) = v(a2). Suppose a; # as; say

ay =11+ Z ap", as=r1+ Z bup"
=1

n=t

where 7 is the first exponent such that a; # b;. Let »r = —r; — a;p'. Then
r+oa; = > aptand thuso(r + @1) = 7 + 1. Now

r+ o = (bi - at)Pi + Zlbnpn'

n=1i+

Since b; —a;# 0 we have v(r + a2) = 7 # 1 + 1, contradiction. Thus
a; = .
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This lemma will play a similar role to Lemma 4.3 in our uniqueness proof.

LEmMMA 5.2. Let H be an A.D. p-valued subfield of Q,; let o:H — N be an
admissible indexing and let Q be the field of quotients of V. Then ¢|Q and ¢|Z
are expressible in the language of (H, N ),1.e. a formulation of the LPC containing
all necessary extralogical constants.

Proof. Recall that the predicates N’ (x), I (x) and R(x) define (respectively)
the natural numbers, the integers and the rationals arithmetically. Notice
that ¢|./# is expressible in the language of (H,.A4 ) since ¢(a) = b if and only
if /' (a) &N'() & B(a, b) holds in (H, A4 ). Similarly, we get that ¢|Q is
expressible in the language of (H,. 4" ), using the predicate B (x, ). As for the
value group Z = v(Q°), ¢(a) = b if and only if

G(a) & 3232[0Q@E) & V(z,a) &elz) =2 & V' (2,b)]
holds in (H,A4").

THEOREM 5.3. Let H be an A.D. p-valued subfield of Q,. Then there exists a
1-1 function ¢:H \J Z —N such that the predicate Y (x) = vy is expressible in
the language of (H, N).

Proof. Let ¢:H \J Z —»A be an admissible indexing for the valued field
H. Define ¢:H \J Z —_N as follows:

ifx € Z =0(Q%,¢((x) = o(x)

ifx € Hy(x) =yifandonlyif x =0&y=0]V[x#0& Flx) &
Y€ oH & (r)[r € Q= Im({Gm) &v(r +x) =m &
V' (e(r) +7y) = ¢(m))]

holds in (H,.#"), where v/, +’ are the arithmetical functions induced by the
predicates V' (x, v) and S’ (x, ¥, 2). The fact that ¢ is an admissible indexing for
the arithmetical definability of H, together with Lemma 5.2 ensure that
¥ (x) = y is expressible in the language of (H,.4 ), To show that y is 1-1, use
Lemma 5.1 together with the fact that ¢ is 1-1 on Q and on Z = v(Q°).
Lety:H \J Z —_A be as in the previous theorem. Define x:# — H \J Z by

() = {x, ifyx) =n

0, otherwise.

Then clearly x(x) = y is expressible in the language of (H, /4 ), say by the
predicate 4 (x, v).

It is easy to see that the following hold in (H,.4 ):

1) @) @) ()[4, v) &A(x,2) =y = 2]

(ii) @)[A (x) = I v (x, y)]

(iii) () o)A (x) & 4 (x, 3)]

(iv) Oy #= 0= 3 x4 (x, y)].

We can now prove the uniqueness result
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THEOREM 5.4. Let H be an A.D. p-valued subfield of Q,, let NV * be any strong
non-standard model of arithmetic, Assume H*, H** are two p-valued fields con-
taining N * such that

HN) = H"N*) = H*N*).

NE

Then H* and H** are isomorphic.

Proof. Notice that elementary equivalence with respect to A * implies
elementary equivalence with respect to Q* and Z* = v(Q*?). Since H is an
A.D. p-valued subfield of Q,, there exists a map x:A — H \J Z such that
x(x) = vy is expressible in the language of (H, /"), say by the predicate
A (x, y) and, furthermore, A4 (x, y) satisfies (i) to (iv) above. The proof now
proceeds in essentially the same way as the proof of Theorem 4.4.

We can also show that the analogue of Theorem 4.5 holds for any A.D.
p-valued subfield of Q,, namely

THEOREM 5.5. Let H be any A.D. p-valued subfield of Q,. Then (H, N ) has
no proper elementary extensions in which N is fixed.

Proof. Assume (H', V') is a proper elementary extension of (H, A4 ). Let
a € H' — H. Since (iii) holds in (H,./4"), it must hold in (H’,.4") by elemen-
tary equivalence. Let n € A be such that 4 (n, «) holds in (H',.A").

Since (ii) holds in (H, A4"), there exists 8 € H such that 4 (n, 8) holds in
(H, /). But by assumption (H, A4 )< (H',A), thus A(n, a) & 4 (n, B)
holds in (H',4" ). Hence, by (ii), @ = 8 holds in (H’,.4") which is impossible
since « € H'-H, 8 € H. Thus no such elementary extension exists.

To use the terminology of E.W. Madison we have shown that all A.D.
p-valued subfields of Q, are elementarily closed relative to 4. He has obtained
similar results for the real numbers in his paper “Structures elementarily
closed relative to the natural numbers’’, to appear soon.
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