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Weighted Inequalities for Hardy—Steklov
Operators

A. L. Bernardis, F. J. Martin-Reyes, and P. Ortega Salvador

Abstract. 'We characterize the pairs of weights (v, w) for which the operator T'f(x) = g(x) ]5}(1}(:)‘) f with
s and h increasing and continuous functions is of strong type (p, q) or weak type (p, q) with respect
to the pair (v, w) in the case 0 < g < pand 1 < p < oo. The result for the weak type is new while
the characterizations for the strong type improve the ones given by H. P. Heinig and G. Sinnamon. In
particular, we do not assume differentiability properties on s and # and we obtain that the strong type
inequality (p, q), g < p, is characterized by the fact that the function

h(c)

®(x) = Sup(/cdng) 1/1’(‘/5(0]) Vlfp/> 1/p’

belongs to L"(g7w), where 1/r = 1/q — 1/p and the supremum is taken over all ¢ and d such that
¢ < x<dands(d) < h(c).

1 Introduction and Results

Let us consider the Hardy-Steklov operator defined by

h(x)

Tf(x) = gx) )f, f=0,

(x

where ¢ is a positive measurable function and s and 4 are functions defined on an
interval (a, b) such that s(x) < h(x) for all x € (a, b). Particular cases of this oper-
ator are the Hardy operator T'f(x) = fox f> the Hardy averaging operators T f(x) =

x' [ f and the Steklov operator Tf(x) = fxxji f which have been studied intensively
(see [5] and the references given therein).

Weighted weak and strong type (p, q) inequalities for the operator T were studied
by several authors. In the case 1 < p < g < oo and considering the functions s and h
strictly increasing and differentiable, Heining and Sinnamon [4] have characterized
the weighted strong type inequality

(1.1) (/b[Tquw); gC(/ zb) frv) " ofeo,
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where s(a) = lim,_,,+ s(x) and h(b) = lim,_,;,— h(x) (analogously we write s(b) =
lim, ;- s(x) and h(a) = lim,_,,+ h(x)) by means of the condition

<\, MO
(1.2) sup(/ ng) (/ vl_P) < 00,
t (x)

S

where the supremum is taken over all x and ¢ such that t+ < x and s(x) < h(z).
Gogatishvili and Lang [3] obtained the same result, but assume a weaker hypothe-
sis on the functions s and h. They only assume that these functions are increasing
(x <y = s(x) < s(y),h(x) < h(y)). Their result is proved in the more general
setting of the Banach function spaces [3, Theorem 3.2].

The case 0 < g < pand 1 < p < oo is different. Heinig and Sinnamon [4]
obtained the following result.

Theorem 1.3  Let s and h be strictly increasing differentiable functions defined on
(0, 00) satisfying s(0) = h(0) = 0, s(x) < h(x) for x € (0,00) and s(c0) = h(c0) =
o0. Let g be a positive measurable function. Let0 < q < p, 1 < p < oo, 1/r =
1/q—1/p, and let w and v be nonnegative measurable functions defined on (0, 00). Let
(h=" 0 5)k be the k times repeated composition and let { My} ey be a sequence defined by
My = h'(1), My = s~ (W(My)), ifk > 0 and My = (h™ ' (s(My+1)), if k < 0. Then
there is a constant C such that (1.1) holds if and only if

( /O = /h tw) ( /( h:) sr') o ( / tng) " awx) dx o (r) ar) e
d

an

(/OO /SI(h(t)) (/h(t) vlfp/) g (/xng) r/qu(x)w(x) dxo(t) dt) v < 00,
0 t s(x) t

where the “normalizing function” o is defined by

o1 = 3 Xitor () o (™ 0 950).

keZ

The results in [4] are stated for g(x) = 1 and not for general g. However, we notice
thatif g(x) # 1, then the characterizations of the strong type inequalities follow easily
from the case g(x) = 1.

Characterizations of the weighted strong type inequality for the case 1 < p < g <
oo and the case 0 < g < p, 1 < p < oo were obtained also by Chen and Sinna-
mon [2] under the hypothesis of the existence of a “discrete normalizing measure”
for s and h. A measure £ on the real line is called a normalizing measure for s and h
provided there exist positive constants C; and C, such that

C < &([s(0), h(1)]) < G,
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for all . If £ is a counting measure on a subset of the real line, then ¢ is called a
discrete normalizing measure (see [2]).

We point out that the existence of the discrete normalizing measure is a hypothesis
weaker than the monotonicity of the functions s and h. We remark also that the
measure & is not involved in the characterizing conditions given in [2] for the case
1 < p < g < oo. However, in the case 0 < g < p, 1 < p < o0, the normalizing
measure appears explicitly in the conditions playing the role of o in Theorem 1.3.
Furthermore, the construction of a discrete normalizing measure can be somewhat
complicated (see [2]).

The first goal of this paper is to improve Theorem 1.3 by providing new character-
izing conditions which do not involve either the normalizing measure or the double
integral. We will suppose that the functions s and h are increasing and continu-
ous. This level of generality allows us to obtain easily a convenient decomposition of
Q = {x € (a,b) : s(x) < h(x)} which we need to state the result. The decomposition
appears in the next lemma.

Lemma 1.4 Lets h: (a,b) — R be increasing and continuous functions such that
s(x) < h(x) for all x € (a,b). Let {(aj, bj)}; be the connected components of the open
set Q@ = {x € (a,b) : s(x) < h(x)}. Then
(@) (s(aj), h(b;)) N (s(ai), h(b;)) = & forall j # i. ‘
(ii) For every j there exists a (finite or infinite) sequence {m]} of real numbers such

that:

(a) aj < m,]< < m,{H < bj for all k and j;

(b) (aj,b;) = Uk(mi, miﬂ) almost everywhere for all j;

(c) s(miﬂ) < h(mi)for all k and j and s(m;m) = h(mi) ifa; < m;( < miﬂ <

b;.
Now we are prepared to state our first theorem.

Theorem 1.5 Let s and h be increasing and continuous functions defined on an in-
terval (a, b) satisfying s(x) < h(x) for x € (a,b). Let g be a positive measurable func-
tion on (a,b). Let w and v be nonnegative measurable functions defined on (a, b) and
(s(a), h(D)), respectively. Let q, p and r be such that 0 < q < p, 1 < p < o0 and
1/r =1/q — 1/p. The following statements are equivalent.

(i)  There exists a positive constant C such that (1.1) holds, i.e.,
b 1/q ®) 1/p
(/ [Tf]qwdx) gc(/ va)
a s(a)
forall f > 0.

(ii)  There exists a positive constant C such that

h

a

(ci)

d o " N
S o), ) e
i Gi s(di)

for every sequence {(c;, d;)} of disjoint intervals of (a, b) such that s(d;) < h(c;).
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(iii) For every connected component (a;,b;) of the set @ = {x € (a,b) : s(x) <
h(x)}, there exists a sequence {m,} in the conditions of Lemma 1.4(ii) such that

the functions
x L h(m]) A
Ui (x) = Z(/_ng) (/ AP ) " Xomi i )
ik my s(x)
and
ml{ﬂ % h(x) 1 ’ P]_/
_ -p o
a0 = 2 [ e (] ) Ko
7, +1
belong to L' (gw).

(iv) The function

h(c)

O(x) = sup(/dng) I/P(/(d) V1_p,) 1/p’

belongs to L'(giw), where the supremum is taken over all ¢ and d such that
a<c<x<d<bands(d) < h(c).

Notice that condition (iv) in this theorem is the natural one if we compare it with
condition (1.2). In fact, if p = g, then (1.2) can be written as the function ® belongs
to L>°; observe that if p = gand 1/r = 1/g — 1/p, then r should be co. We remark
also that condition (iv) is independent of the possible decompositions {m] } of the
set €.

Let us point out that condition (ii) is analogous to the one in [9], while the char-
acterizing condition (iii) is inspired by Mazja’s condition for the Hardy operator [8].
In fact, if we consider the particular case of the Hardy operator we have the following
result (a direct proof appears in [1]).

Corollary 1.6 Let Tf(x) = fox f> x > 0. Let w and v be nonnegative measurable

functions defined on (0, 00). Let q, p and r be such that 0 < q < p, 1 < p < oo and
1/r =1/q — 1/p. The following statements are equivalent.

(i)  There exists a positive constant C such that (1.1) holds, i.e.,

([ ) <o ["r)"”

forall f > 0.
(ii)  The function

U(x) = (/Xoo w) 1/p(/0x vlfpl) v

belongs to L' (w).
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(iii) The function

D) = Sup(/oo w) 1/p(/ocvl_p/) 1/p’

belongs to L' (w), where the supremum is taken over all ¢ such that 0 < ¢ < x.

Observe that condition (ii) is Mazja’s condition, so we recover the well-known
condition, while (iii) is a new characterizing condition. In the next corollary we shall
consider another particular case.

Corollary 1.7 Let0 < A < B < co and A = B/A. Let us define

Bx
Tfx)= [ f, x>o0.

Ax

Let w and v be nonnegative measurable functions defined on (0, 00). Let g, p and r be
suchthat0 < g < p, 1 < p < ocoand1/r =1/q— 1/p. The following statements are
equivalent.

(i)  There exists a positive constant C such that (1.1) holds, i.e.,
o0 1/q o0 1/p
[Tf]w <C / Py
([ o) <c( [ )
forall f > 0.

(i) max{Kj, K,} < oo, where

(L) () )

X

and

= (3L ) () )

(iii) There exists t > 0 such that the functions

v =Y ([ w)"(f )

keZ Mkt x
and
ANy, B A 1/p
\I/z(x) = Z(/ W) (/ Vlip ) X(/\kt./\k”t)(x)
kez x ANk
belong to L (w).
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(iv) The function

Bc

o (x) ZSuP(/EdW) I/P(/Ad o) 1’

belongs to L' (w), where the supremum is taken over all c and d such that ¢ < x <
d<Jc

We notice that the equivalence between (ii) and (i) was obtained in [4] as a corol-
lary of Theorem 1.3 [4, Theorem 2.5].

The last goal of this paper is to search the weighted weak type inequalities. In
this case the results cannot be deduced from the corresponding for g(x) = 1. In
[3], for the case 1 < p < q < oo and for s and h increasing functions, the authors

characterize the weighted weak-type inequality
c . rho 1
< —( / f* v)
A s(a)

forall A > 0 and all f > 0 by means of the following condition: there exists C > 0

such that
HgX(x,y)Hq,oo;w(/
s(y)

(1.8) w({x € (a,b) : Tf(x) > A})]

B
vl_P)P <C,

foralla < x < y < bsuch that s(y) < h(x). Here || f]|400:w denotes the norm in
the space L7°°(w) defined by || f||4.005w = supy.o Aw({x : [f(x)| > )\}))é and w(E)
stands for f & W- This result can be obtained as a particular case of [3, Theorem 3.2].

We shall study this problem in the case g < p by assuming that the function g is
monotone. The result is the next one.

Theorem 1.9  Let s and h be increasing continuous functions defined on an interval
(a, b) satisfying s(x) < h(x) forx € (a, b). Let g be a positive monotone function defined
on (a,b). Let q, p and r be suchthat0 < q < p,1 < p < ocand1/r=1/q—1/p.
Let w and v be nonnegative measurable functions defined on (a,b) and (s(a), h(b)),
respectively. The following statements are equivalent.

(i)  There exists a positive constant C such that (1.8) holds, i.e.,

({x € (a,b) : Tf(x) > A}) < = " Py
y 1/q i () 1/p

(a)

forall f > 0 and all positive real number \.
(ii)  The function

O(x) = Sup((yeir(lfd)g(y))(/d W) 1/p(/(:f) Vlip,) 1/p/)

c S

belongs to L">°(w), where the supremum is taken over the numbers ¢ and d such
thata < ¢ < x < d < band s(d) < h(c).
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Observe that condition (iv) in Theorem 1.5 and condition (ii) in the above theo-
rem are given in terms of, essentially, the same function. In fact, if g(x) = 1 then the
functions @ in both theorems are the same and the weighted strong type inequality is
characterized by ® € L"(w) while the weighted weak type inequality is characterized
by @ € L"*°(w). For the case of the modified Hardy operator Tf(x) = g(x) fox f>
x > 0, this theorem was obtained in [7].

The organization of the paper is as follows. In section 2 we shall prove Lemma 1.4
and the relationships among some functions that we need in the proof of Theorem
1.5. Section 3 is devoted to prove Theorem 1.5. In section 4 we shall prove the
Corollaries 1.6 and 1.7, while Theorem 1.9 is proved in Section 5.

2 Technical Results

Proof of Lemma 1.4 In order to prove (i) let us observe first that the continuity of s
and h imply thatif a; > a then s(a;) = h(a;j) and if b; < b then s(b;) = h(b;). Now,
notice that (a;, bj) N (a;, b;) = @ and thereforea; < b; < a; < b;ora; <b; <a; <
b;. We may assume without lost of generality that a; < b; < a; < b;. Thena; > a
and b; < b. By the monotonicity of s we have h(b;) = s(b;) < s(a;) and (i) follows.

Now, we shall prove (ii). We may suppose that there is only one connected com-
ponent, i.e., ) = (a, b).

If s(b) < h(a), we choose my = a, m; = b. The finite sequence {my }r—o 1 satisfies
conditions (a), (b) and (¢).

Let us suppose now that h(a) < s(b). By the continuity of the functions s and A,
there exist my, m; such thata < my < m; < band s(m;) = h(mg). If mg, my, ..., my;
(k > 1) have been chosen in such a way that my < m; < --- < m < band
s(m;) = h(m;_;) for 1 < i < k, we select my as follows:

o If s(b) < h(my)), then my,; = b and the process of selection of my, k > 1 finishes.
o If h(my) < s(b), then we choose my,q such that my, < my; < band s(mgq) =
h(my). This number #1;.1 can be chosen since s(my) < h(my) < s(b).

In this way, we get {my}r>o such that (mg,b) = Uy, mis) almost ev-
erywhere. This is obvious if the sequence {my}r>o is finite. If it is infinite and
¢ = limg_ o0 My, the fact that s(myy1) = h(my) and the continuity of s and h im-
ply s(c) = h(c), which is possible only if ¢ = b.

In an analogous way, we choose m for k < 0 verifying (a, mg) = (J,_,(m, myi1)
almost everywhere. So, we have (a, b) = |J, (my, m41) almost everywhere and we are
done. [ |

In the rest of this section we state and prove some results that we shall use in the
proof of Theorem 1.5. Taking into account the partition given in Lemma 1.4 and
calling I;x = (m], mj, ), I (x) = (m],x) and IfHh(x) = (x, mj,,), we define the
following functions:

Gi(x) = Z supx)(/xd w) ;(/s(:mb Vlfp') P%le_k(x);

ik del}k(
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Gy(x) = Z sup (/xw> % (/(h(j))vl_p/) %ijk(x)
Mo

ik CEIj_k(X UMy
d 1 h(m]) N
Hy(x) = Z sup (/ w) (/ Vlfp) X1, (%);
RS s(d)

m£+l 1 h(e) , L/
o= (L)

jk €L (x) Sy

IfX,(j) ={k:a; < mi} and K, (j) = {k: miﬂ < bj}, we also define:
moNp, MOy
U(x) = Z Z sup (/ W) (/ =P ) le‘k(x)
i kEXK, () teljk 1 t s(x)

and

ne=3 3 e ()" (7).

i keX( tEIJ K+ s(t)

The next lemmas establish some relationships among these functions.
Lemma2.1 Forall\>0andi=1,2,
w({x € (a,b) : Gi(x) > A}) < 2w({x € (a,b) : ¥;(x) > A}),

where 1y, and 1, are the functions defined in Theorem 1.5 with g(x) = 1.

283

Proof We only prove the case i = 1, the other one follows in a similar way. Notice

that

w({x: Gi(x) > A}) = w({x: Gi(x) > \, 91 (x) > AP + Y wlk ),

k,j

where Ex j = {x € Ijx : Gi(x) > A, 41 (x) < A}. Clearly, we only have to show that

w(Ey ;) < w{x € I : 1(x) > A}).

To prove this inequality it suffices to establish that

(2.2) / w < w({x € Iix: i (x) > A})

m,

forall z € Ey ;. Let z € Ey ;. Then there existd, z < d < m,{H, such that

m
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z d
/ W§/ w.
m; z

If (z,d) C {x € Ijx : ¢1(x) > A} then (2.2) follows immediately. Assume now that
the set F = {r € (z,d) : ¢;(t) < A} is nonempty and let « = sup F. If t € F then

CoNUpg 4\ Wp g
([ (7)™ ana ()" ([ o)™
J s(t) (d)

m z S

and since d > z we get that

Since t < d, we obtain f;] w< [ 1y and consequently
k

z d
/»wg/w.
m t

Letting  tend to « we get that

z d
/ w < / w.
mi «

This inequality implies (2.2) since (o, d) C {x € Ijx : ¢1(x) > A} [ ]
The following lemma follows easily from the definitions.
Lemma 2.3 Forallx € (a,b)andi=1,2,
H;i(x) < ¢i(x) + Gi(x),
where 1, and 1, are the functions defined in Theorem 1.5 with g(x) = 1.

Lemma 2.4 Forall\>0andi=1,2

2
w({x: Ui(x) > A}) <> w({x: Hi(x) > A}).

i=1

Proof We shall prove it only for i = 1. Observe that

w({x:U;(x) > A}) <w({x: Hi(x) > A} + ZW(Ej,k)a
ik

where Ejx = {x € Ijx : Ui(x) > A\, H(x) < A}. It will suffice to show that

w(Ejx) < w({x € Ijx_1 : Hy(x) > A})
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If Ejx = @, there is nothing to prove. Assume that E; ; # & and let z € E; ;. Notice
that k € X,(j), since U;(z) > A. Then there exists t € I;;_; with s(z) < h(t) such

that
S \Up g ) meo\Ap g RO
(/miW)lp(/s(z)kvl_p)lpS)\<(/tkw)lp(/)Vl_p)lp-

s(z

Since h(t) < h(m,{) we get that f;l, w < ftmi w. Observe that from the second in-
A k
equality above we get that (t,m/) C {x € Ij3—; : Hy(x) > A} and therefore
[we] w
m}( {x€ljx—1:Hy(x)>\}
forall z € Ej;. Thenifz " sup E; x we get that
W(Ej‘k) < W({x S Ij,k—l IHz(x) > )\})

and we are done. [ |

Lemma 2.5 For almost every x € (a,b)

2
B(x) <2y [$i(x) + Hilx) + Ui(x)],

i=1

where ®, Y and 1, are the functions defined in Theorem 1.5 with g(x) = 1.

Proof Itis clear that ®(x) < ®;(x) + ®,(x), where

X\ 1/p, O N Ve
o= ([ ([
c<x:s(x)<h(c) c s(x)

X

d C1p, 1y
D, (x) = sup (/ W) (/ pl=P ) .
x<d:s(d)<h(x) x s(d)

We can prove that @, (x) < ) (x)+H,(x)+U,;(x) and 5 (x) < 1), (x)+H;(x)+U,(x).
As in the above lemmas, we only prove the first case since the other one follows in a
similar way. Notice that ®;(x) = ®,(x) = 0ifx ¢ Q = {x € (a,b) : s(x) < h(x)}.
Let us suppose that x € (mi, miﬂ). If ¢ < xis such that s(x) < h(c) and m,]( S

and

(aj, b;), then we get that ¢ > mi_l. In such a case, ifmi < ¢ < x then
X \Up, MO\ p
(/ W) (/ v P ) < b1 (x) + Hy(x),
c s(x)
and ifm,](;1 <c< m{(
N\ 1p, (MO A P
([ )" v)" oo,
c s(x)

obtaining ®; (x) < ¢ (x)+H,(x)+U;(x). If m,JC = aj, then we only have the possibility
m] < ¢ < x which, as we have just seen, gives the desired inequality. ]
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3 Proofs of Theorem 1.5

It is enough to prove the theorem for g(x) = 1.
(i) = (ii). Let {(c;, d;) } be a sequence of disjoint intervals such that s(d;) < h(c;).
Using standard approximation arguments we may assume that

g o)
/ w< oo and / YT < .
¢ s(d;)

i

Then (ii) follows easily from (i) applied to the function

4\ rjq, ha) Al 1/p
flx) = [E ( / W) ( / viP ) vP (x)X<s<d,->,h<c,>>(X)}
l- ()

Ci

h(e) o\ rfpa s [HE) L o/pg
Tf(x) > f> (/ w) (/ VH’) ,
s(d;) [ s(d;)

forall x € (¢, d;).
(ii) = (iii). First, notice that (ii) and Lemma 1.4(ii) imply that there exists C > 0
such that for every connected component (a;, b;) of the set €}, there exists a sequence

Since

{m{(} in the required conditions such that

T RTiet
ik "y

s mk+1)

Now, let us see that ¢, € L"(w); the proof of 11 € L"(w) is very similar. We have

/ e w(x)dx—z / (120 ) wix) dx
< C%{:/%l </xmi+1 W) r/p(/s(h(:nb vl—P') r/p/w(x) dx

S

m mk+1)

M M\ hx) oy’
+CZ kl( klw) /P( Vl_p/) /p wix) dx
. m x h(mj)
k k k

Js

= I+II.

Performing the integral in I and using (3.1), we see that I is finite. In order to estimate
I1, we shall use a suitable partition of each interval (mk, my, +1) (this idea is taken from
[6, Lemma 1]). Since we wish to estimate II, it is clear that we only have to consider
intervals (m,i, m,JC +1) such that

miﬂ h(mk+1 1 ’
/v w>0 and / P >0.
m{( (mk
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By using approximation arguments we may assume that

miﬂ h(miﬂ)
aj,k:/_ w<oo and Bj’k:/h Y

m, (m))

On one hand, we define an increasing sequence {x;} such that xo = mj and

My .
w=2 lOtjﬁk.
X

i

On the other hand, we define a decreasing sequence {u/} such that u; = m],, and

h(usl) ,
/ VTP =27
h(m))

Notice that both sequences depend on j, k. Now, we shall select a finite subsequence
{un} of {u!} by the following principle: if [ul,,, u]) N {x;} = @, delete the element
u!,, from the sequence {u/}. Denote the subsequence by {u, }. Observe that if

N =min{s: m] < u! < x},

then uy is the last term that we can choose. Let M be such that uy—; = uy and

define uy; = mk Then uy = mk <uUpy_1 < - < ug = karl is a partition of the

interval [mk, mk+1] LetI(n) = {i : ups1 < xi41 < un} Now, we write

miﬂ miﬂ T’/P h(x) 1—p’ r/P !
My = [ ( w) ( P ) w(x) dx
IJ( x h(m;\,)

m

S )

n=0 i€J(n) i

For fixed n < M — 2 there exists s such that u/,; = u,41.

If upsr < xig1 < Uy,

then it follows by the definition of the subsequence that x;41 < u! and w4, < ul,,

Furthermore, by the definition of the sequence {u/} we get
h(xit1) , h(u!) , h(ul,)) ,

/_ V“PS/,V“PZ4/ 1*P§4/

h(mi) h(mlj\,) h(u/,,) h

From these inequalities we get that

1 < 477 Z / ey s / / " w) " o) d

h(un2) i€J(n)
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By the definition of the sequence {x;}, we get that

M=-2 h(”nﬂ) / r/p’ Xit2 v/
me<cy(f > (
=0 h(ups2) zeﬂ(n Xit1

Since

S/ (T [

ic€d(n) Vin i€J(n) ¥ Nitl

and Uiej(n)(x,-ﬂ yXis2) C (Ups1, Uy—1), where u_y = uy, we get that

e k<CZ(/ p)/p(/ w) "

h(u12) n+1

Now, since s(u,_1) < 5(m£+1) < h(m,{) < h(uysp) forall 0 < n < M — 2, we get that

h(tns1) A r/p’ Up—1 r/q
(L))
(thn—1) Un+1

:c( )+ 3 ()

n=2m n=2m+1

b

o
ingh
/N

Now, summing up in j, k and using (ii) we see that II is finite.
(iii) = (iv). It is an easy consequence of Lemmas 2.1, 2.3, 2.4 and 2.5.
(iv) = (i). Taking into account the decomposition given in Lemma 1.4 we get that

/bj[Tf]qW -y /Tiﬂ T

aj k .

A+1 mH q
/ / W+CZ/ / w
m () m
j) q mIJ{H
+CZ(/ ) (/ w) = T+I1+1II.
J

k k+1) my

In order to estimate I, we fix k and select an increasing sequence {x; };, x; € [mj, m],,]

S(miﬂ) s(x;)
Lo Lt
s(x;) s(xi—1)

such that x) = m,J( and
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Then by the properties of the sequence {x;}; and applying Holder’s inequality, we get

[ L
< Z(/5 mm /x,+1
o[ /"‘“ g

s(xis1)
s(xiv2) q/p s(xi42) N a/p Xi+1
q I—p
<o) / ([ vy (] w).
s(xie1) s(xiv1) Xi

Then, since s(x;,) < s(mi ) < h(m]{) < h(x;), applying the Holder inequality we
get that

s(xi+2) q/p s(Xi+2) N a/p’ Xit+1
I< CZ / / yi=p ) (/ w)
( X

s(xi+1) Xi+1) i

Z/ s(xiv2) q/P kZ(/( Vl_p/)f/P'(/Xix’*l w) f/‘i} afr

h(xi)

s(xis1) s(xie1)

SC(/(S( fpv fi/P Z /(h(x’ / r/p’ (/:’“ W) T/Q} f1/f.

s(a;) s(xie1) i

By applying the identity

(/abf)t_t/ub(/:f)t_lf(x)dx, ift>1,

we get that
N AN
(L")
Xi s(xi41)
Xit1 x r/p h(x;) A /P’
= r/q(/ (/ W) W(x)dx) (/ vl_")
Xi X; s(xi1)

<r/q /XHl (/x w) r/p(/h(xi) VI*P'> r/p/w(x) dx
X X s(x)

i i X

<r/q / " " (x)w(x) dx

i
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Then

I< c( /sj» fpv) W[;Z: /: & () dx} a/

s(aj)
hib;) alp s [ a/
< / ftv / D" (x)w(x) dx
(L, ) (/] )
In a similar way, we can prove that
h(b)) alp ; (i a/r
II < C(/ fpv) (/ D" (x)w(x) dx) )
s(a;j) a;

On the other hand, using Holder’s inequality we get that

m<c Z/h(mk q/p Z(/h(mk B T/P /m+1 r/'] q/r

S k+1) k S mk+1 ,

<cf / " ) W( / " & (i) ) Y

s(a;j) ;

Now, putting together the estimates of I, II and III, summing up in j, and applying
Holder’s inequality, we get that

/ Tf]qw<c Z/h(b v /qfw)q/r.

(“}

Finally, taking into account that the intervals (s(a;), h(b;)) are disjoint (see Lemma
1.4(i)) we have that

/b[Tf]qW < C(/(h(b) fpv) q/p(/b (I)rW) ‘1/’7

a)

and we are done. |

4 Proof of Corollaries 1.6 and 1.7

Proof of Corollary 1.6 Observe that the equivalence (i) <> (iii) is given directly by
Theorem 1.5. Since ¥ < & then (iii) = (ii). To prove the converse, we only have
to realize that {my};_o, with my = 0 and m; = oo, is a sequence satisfying the
conditions in Lemma 1.4 for the functions s(x) = 0 and h(x) = x. The associated
functions %, and v, in Theorem 1.5 are 0 and U, respectively. Therefore, (ii) in
Corollary 1.6 means that (iii) in Theorem 1.5 holds. Then (iv) (in Theorem 1.5)
holds, but that is the same as (iii) in Corollary 1.6 and we are done. |

https://doi.org/10.4153/CJM-2007-011-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-011-x

Hardy—Steklov Operators 291

Proof of Corollary 1.7 We first observe that (iv) in Corollary 1.7 is exactly the same
as (iv) in Theorem 1.5 for s(x) = Ax, h(x) = Bx and g(x) = 1. So we already have
that (i) < (iv). In what follows, we shall prove (iv) < (ii) < (iii).

(iv) = (ii). By Fubini’s Theorem

K, = / w(x)/ / )r/p (/ w) v dtdx) v
< (/Ooo W(x)/zx%@'(x) dtdx) g

[ee] 1/
= (log(B/A))l/’( / " (x)w(x) dx(x))

0

The same estimate holds for K,. Therefore (iv) = (ii).
(ii) = (iii). Clearly

/\l\+1

K = Z A k //A / '/p ( / t W) P ) dedr.

Changing the variable (t = A\F*ls),

/\k+1 )\k+1

K| = / //\A " (/x S w) r/pw(x) dxds.

Since K| < 0o, we deduce that for almost every s € (1/A,1)

)\kﬂ

a8

Analogously, from K} < oo we obtain that for almost every s € (1/A, 1)

/AB/\ 5 r/p (/):S w) r/pw(x) dx < oco.

Consequently, there exists s € (1/), 1) such that (4.1) and (4.2) hold simultaneously,
i.e., (iii) holds.

(iii) = (iv). Givent > 0, the sequence m; = At satisfies the conditions in Lemma
1.4 for the functions s(x) = Ax, h(x) = Bx and the unique connected component
of @ = {x: s(x) < h(x)} = (0,00). Then (iii) is nothing but condition (iii) in
Theorem 1.5. It follows that (iv) (in Theorem 1.5) holds, but as we have already said,
that is exactly the same as (iv) in Corollary 1.7. ]

)\k+15 r/p
w) w(x) dx < oo.

/\k+1

(4.2) Z /A A
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5 Proof of Theorem 1.9

(ii) = (i). We shall prove the weighted weak type inequality for nonnegative func-
tions such that fs ]ZS) fPv = 1. The general case follows easily. Observe that if
U={x€(ab): Tf(x) >\, ®(x) <A/}, then

w({x € (a,b) : Tf(x) > A} < w({x € (a,b) : B(x) > X\V"}) + w(U)

L

< w(U).

Therefore the implication will be proved if we establish that w(U) < % Let Q,

(aj,bj) and {mk} be as in Lemma 1.4. Then for fixed j,

(5.1) w(U N (a;, b)) = > _ w(U N (m],m],))).
k

Ifx € (m;(7 miﬂ), since s(miﬂ) < h(mi), we get that

s(mi h(x)
Tf(x)zg(x)/() f+g(x)/ fra [ f.

S mk+1 h(m))
It is clear that

Co o s(omt,)
w(U N (m],m],,)) <w({x € (m],m],):gx) f> 23,8 <X"})
s(x)

h(m))

w({xe(mi,miﬂ);g(x)/ RNERYEX {OEPUSY

S(mHl)

({xe (mk,mkH) g(x)/ f>A/30kx) < )ﬂ/r})

h(m))

=I1+II+III.

To estimate II, we write E = {x € (mk,mkﬂ) g(x) fh(mk f>A/3,®x) < N/},

« = infE, 8 = sup E, and we choose a sequence {z} l pS such that z; € E. We have
for every x € E that \/3 < g(x) fs ]Z:?k)) f and therefore by the monotonicity of g
k+1

h(m])
A/3< inf g(z) |  f.

2€(z,0) stmi,)
Applying the Holder inequality and multiplying by ( | /j w) " we have

() 1/p
fpv) )

/\(/ﬁw) 1/p Szellelf g(z)(/ﬁ )1/p(/h<:ni> le/)l/P'(/(hj

g 4 stml,) s(m],)
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Now, since s and h are increasing functions, the last term is dominated by

B\ 1/p h(z) N /P o)) 1/p
inf g(z)(/ w) (/ 1/1*1’) (/ f"v)
2€(2,8) s(B) s

2] (miﬂ)
Wom) 1y W) 1gp
< @(z;)(/ va) < )ﬂ/’</ | f"v) .
sm],.) sm],.)

Therefore,

8 1 [hom)
II:/WSlim w< — - P
E a—a Sy A s(my, )

In order to estimate I, we select an increasing sequence {x; };, x; € (mi, m,]< +1)> such

siml ) s(x;)
L=
s(xi) s(xi—1)

Let E; = {x € (xi,xi+1) @ g(x) fss(;'?i“)f > \/3,®(x) < M/}, o; = infE; and
B; = sup E;. Let us choose a sequence {z;}; T ;. Using the monotonicity of ¢ and

the property of the sequence {x; }; we have

that xo = m,’c and

s(xi+2)
A3 <4 i(nf )g(z) f.

claiz s(xie1)

)I/P

Applying the Holder inequality and multiplying by ( [ w) " we have

“ 1/p 2l 1/p s(xis2) AN 1/p’ s(xi4+2) 1/p
)\/3</ w) <4 inf g(z)(/ w) (/ vl_p> (/ fpv) .
z€(v,z) ) (

a; Q; s(xis1 s(xi41)

Now since s and h are increasing functions and s(m,J( ) < h(mi), the last term is

dominated by
2 1/p S(m,’(;l) A 1/p s(xi+2) 1/p
4 inf g(z)(/ w) (/ vlfp) (/ fpv)
z€(i,z) ;i s(z1) s(xie1)

. z 1/p h(a;) Ly 1/pl s(xit2) 1/p
<o g ([ (L)
z€(aj,z;) a s(z;) s(Xi1)
<o [
(

s(Xi+2) 1/17 s(Xi+2) 1/17
fpv) < )\q/f(/ fpv) ]
s(xi41) (

s(xi41)

Therefore,

2] C (xix2)
/ w < lim w< — .
E

a=0Jo; A S
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Now summing up in i, we obtain

In a similar way it is proved that
c [
I < — / fPv.
AT Sl
Putting together the estimates for I, II and III, we have
. c [hom)
w(U N (m],my,)) < —/ fPy.
Aq S(mj)
k

Summing in k in the above inequality and putting together with (5.1), we get that

L)
WU N (a;,b))) < E/m.) 1o,
]

Keeping in mind Lemma 1.4 and summing up in j, we obtain the desired inequality.
Therefore (ii) = (i) is completely proved.
(i) = (ii). We have to prove that

1/r
sup A (/ w) < oo.
A>0 {x€(ab):d(x)>A}

Let A > 0and Sy = {x € (a,b) : (x) > A}. For every z € S, there exist a, and b,
with a < a, < z < b, < bsuch that s(b,) < h(a,) and

e yei(gsz)g(y)(/abz w) 1/P(/S(]:‘:2) Vl_p/) 1/P’.

z

Let K C Sy be a compact set. Then there exist (a,,, b;,), - . ., (a,, b,,) which cover K.

We may assume without loss of generality that Zl;zl Xa b)) < 2XUE (ar, b, )+ €T
j=1(8zj0z

f: (s(a), h(b)) — R defined by

1 P 1/p
fl) = (Z( ha) ) ver (x)X<s<sz>,h<uzj)>(x)) :
j=1 lnfye(%]’sz)g(y) L(sz; yl=p
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Ifz € (ay,b,;), then we have Tf(z) = g(2) f;’z()z) f > 1. Therefore, U’;zl(azj, b,) C
{x € (a,b) : Tf(x) > 1}. Applying the weighted weak type inequality we obtain

k
j=

1 po[Mas) N alp
-p
[ ey ) [ )
Ui (az;,bz;) H

2 i=1 infye(azj,sz)g(y) ‘/;-(szi 1/1*[)’ (sz)

k
1 q/p
= C(Z h(a..) )

j=1 (infye(uzj,sz)g()’))p(fs(sz; Vl_p/)p_l

%(Z/ﬂbz]- w) a/p
(

j=1"%;
q/p
"
)

IN

IN

(az]7bz]'

The last inequality implies that )\( J K w) v < C for any compact set K C Sy and we
are done.
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