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SOME GOOD SEQUENCES OF INTERPOLATORY
POLYNOMIALS

G. FREUD AND A. SHARMA

1. Introduction. In 1963, P. L. Butzer [4, p. 180] asked whether it was
possible to prove Jackson's theorem by means of an operator which is “‘almost”
interpolatory in the sense that it is based on the values of the approximee at a
finite number of nodes. In answer to this question, G. Freud introduced [4] a
sequence of operators which led to an independent proof of Jackson’s theorem.
Strictly speaking these operators are not interpolatory but they are ‘““almost”’
interpolatory in the above sense.

The construction in [4] was based on the zeros of T,(x) (= cos nf when
x = cos 0) and thereby uniform convergence was proved for [—3%, %]. This
result gave rise to an extensive literature. The same idea was applied by
M. Sallay [9] to construct a Jackson type process where the nodes were taken
to be the zeros of Legendre polynomials (or of orthogonal polynomials which
are, in a well-defined sense, very similar to Legendre polynomials). Later
Saxena [10] used the zeros of (1 — x?)U,(x) (where U,(x) denotes the
Tchebicheff polynomial of the second kind) as nodes and modified the construc-
tion of Freud to obtain the Jackson estimate on the whole interval [—1, 1].
P. Vertesi [14] showed that Saxena’s result could also be obtained if the zeros
of U,(x) are replaced by the zeros of 77, (x) as nodes.

In Freud-Vertesi [7] it was proved that the process of Vertesi [14] leads also
to an independent proof of A. F. Timan’s approximation theorem, i.e., the error
of approximation at any point x in [—1, 1] does not exceed

clo(l = &2)t/n) + o(1/n2)]

where w(8) is the modulus of continuity of the approximee function. We shall
call such an approximation process a Timan-type process. More recently
Saxena [12] employed the zeros of (1 — x2)U,(x) as nodes to obtain similar
results with Timan-type estimates, while Mathur [8] obtained Jackson-type
estimates on the zeros of P,(—%9,

An alternative approach was initiated in Vertesi-Kis [15]. Their approxima-
tion process is based on the # + 1 zeros of (1 — x)P,~*® (x) and their ap-
proximating polynomials are of degree 4n — 4, slightly less than those in the
earlier works mentioned above. But the essential improvement which they
bring about is that their process is of Timan-type and is also interpolatory in
the usual sense.
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In the present paper we construct interpolatory polynomials with Timan-
type estimates, taking as nodes the zeros of the Jacobi polynomials P,@® (x),
with arbitrary «, 8 > —1. Moreover we can considerably reduce the degree of
the interpolatory polynomial. In fact for every ¢ > 0, we can match our process
so that at the nth step, it is based on # + 2 nodes and the interpolatory poly-
nomial is of degree less than #(1 + ¢). This property links our result to another
classical problem of S. N. Bernstein [1], who constructed a sequence {4, ( f; x)}
of polynomial operators (depending on ¢) with the following properties:

(1) A.(f;x) is a linear operator mapping C[—1, 1] into polynomials of
degree less than #(1 4+ ¢);
(1) A (f; Xkn) = f(Xpn), & =1, ..., n; and

(iii) for every f € C[—1, 1], 4,(f; x) tends uniformly to f(x) in [—1, 1].

In Berstein’s construction, the x;,’'s were taken to be the zeros of 7,(x).
Later P. Erdos [3] gave necessary and sufficient conditions which a triangular
matrix X of nodes {x;,; 1 <k < n,n =1, 2, ...} must satisfy in order that
there exists for every fixed ¢ > 0 a sequence {4,(f; x)} satisfying (i), (ii) and
(iii). Suppose all the nodes lie in (—1, 1) and x, = cos 6;,. If N,(«,, 0,)
denotes the number of 6,,’s in (a,, b,) and if #(b, — a,) - 0,0 < a, < b, < T,
then the Erdds conditions mentioned above are:

(E1) im Do (@n, bn) < 1 .

now (b — ay) = 7

lim#(0, — 0,41..) > 0, <arbitrary.

N->c0

(E2)

Later Freud [5] proved that for every triangular matrix X satisfying (E;) and
(E.) there exists also, for every ¢ > 0, a ‘‘good”’ approximating sequence
{A,(f; x)} satisfying (i) and (ii) and the requirement that

(iv) for every f € C[—1, 1], we have for —1 = x = 1

(L1) [4a(f;%) = f@)| = Ki(©)E,—a(f),

where E,_;(f ) is the error of best approximation to f by polynomials of degree
< n — 1 in the uniform norm. Clearly (iv) implies (iii) so that the conditions
(E,) and (E.) are also necessary and sufhicient for the existence of {4,(f;x)!
with properties (i), (ii) and (iv) for every ¢ > 0. Since the zeros of the Jacobi
polynomials P,® can be shown to satisfy (E;) and (E.) for arbitrary fixed
a, B > —1, we may take these zeros as nodes of interpolation to form the
sequence {A4,(f;x)}.

In the present paper we show (Theorem 2, §2) that if the nth row of the
triangular matrix X consists of the zeros of (1 — %?) - P,*®(x),n = 1,2, ...
then for every ¢ > 0, we can form a sequence {4,“® ( f; x)} satisfying (i), (ii)
and the property that

(v) for every f € C[—1, 1], a Timan-type estimate holds. We do not know
whether for every triangular matrix X satisfying (E;) and (Es) and for every
¢ > 0, there exists a sequence {A4,( f;x)} satisfying (i), (ii) and (v). Our method
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of constructing the sequence {A4,“® (f; x)} has close similarity to that of
Freud [4] as modified by Saxena [10], but there are some essential differences
as well. While our starting point is the Lagrange interpolation, that of Freud
and Saxena is the Hermite interpolation. Our sequence is in fact interpolatory
while the sequences of Freud and of Saxena [11; 12] are not so. It remains an
open problem to find if our process (respectively some other process) would
give a linear approximating process satisfying (i), (ii) and the Teljakowski-

Gopengauzt estimate.

2. Preliminaries and main results. Let {x;,}1denote the zeros of P,@# (x),
a, B> —1 and let L, (x) denote the fundamental polynomials of Lagrange

interpolation on these nodes. Then

P (a.8) (.’)C)
{) = Lo .
(2.1) Len () (x — xkn)Pn/w,m @)
Let » be a given positive integer = 2 and let m = [np] for some p, 0 < p < 1/2r.
Set
1 m
(2.2) P (x, ¥) =7;[1+2 2_:1 Tu(x)Ty(y):l

where 7T',(x) = cos v6(x = cos 6) is the Tchebicheff polynomial of degree ».

Then by Lagrange interpolation, we have

(2.3) &, (x,y) = LZI B (amy ) an ().
Hence

(2.4) &, (x, x) = ; Bin (%)
where we set

(25) ¢kn(x) = q)m2r(xknyx)lkn(x)-

If f € C[—1, 1], we define the linear operator J,«®:

2.6) TR f2) =A@ + 2 ) = A6 ),
where
(27) Ay = L2 ) + L5 p-).

We shall prove

THEOREM 1. Let {x;,} 1" denote the zeros of PP (x), a, 8 > —1 (arbitrary but
fixed). If f € C[—1, 1] with modulus of continuity w(8) and if 2r > max

1S. A. Teljakowski, Mat. Sb. 70 (1966), 252-265.
G. V. Gopengauz, Mat. Zametki 1 (1967), 163-172.
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(4, @+ 5/2,8 + 5/2), then

a 1- 1
(2.8) [f@) = L2 (fi%)] < C[ (( ) ) + w(?)]
where ¢ is a constant independent of n and x.

Observe that by an appropriate choice of p the degree of the polynomial
J.eB(fix)isn4+ 2m —1 < nl 4+ 2rp) < n(l + ¢) for any fixed ¢ > 0.
J.@® ( f; x) does not have the interpolatory property. In order to make up for
this, we set

@9)  ACP(fix) = @) + Z {F ) — M)} 22 )

q)m (xkny xkn) ’

Then 4,8 (f; X1n) = f(xr), (B =1,2,...,n). In §5, we shall prove
TaroreM 2. If f € C[—1, 1] and w(8) denotes its modulus of continuity, then
N g @B g (1 — «%)? ) (i)]
e10) 15 - 4G = 4 o =) u(d

where ¢ 15 a constant independent on n and x.

It may be remarked that the operators J,@® and 4,«® depend also on
the parameters r and p but for the sake of simplicity of writing we do not use
them in the notation.

In the sequel we shall need some results on the zeros of Jacobi polynomials,
which we now formulate.

LemMA 1 [3, Theorem 7.32.2]. For a, B arbitrary and real and ¢ a fixed positive
constant, as n — 00 we have

(2.11) P,@® (cos §) = (sin 0)=20(n?), en ' <60 < 7/2
=0m), 00 =< cn L.
Remark. For /2 < 0 = m(1 — en™') and for 7 (1 — ¢n~!) < 6 < =, replace
a by 8 in the above.
Since
P/e® (x) = 3 + o + B + 1)P, @ 84D (x)
it follows [13, Formula (8.9.2)] that for «, 8 > —1,
P,@B (cos 0;,) ~ n2(sin 6;,)7*32, 0 =< 6, < 7/2
~ nl2(sin 0;,)# 32, 7/2 <6, < .

If 7/2 < 8, < 37/4, then 1/4/2 =< sin 6, = 1, so that from (2.12) it follows
that

(2.13) P/ @B (o8 O1) ~ nH2(sin 0,)~32, 0 < 6, < 3/4.

LEMMA 2. Leta, 8 > —1 and let %y, = COS O, with 0 < 60, < ... < 0, <
be the zeros of P, (x). Let 8y, = 0, 041, = . Then

(2.14) C]/ﬂ< 0k+1,n'—0kn<c2/ny k= 0,1,...,%; n = ]., 2,...

where ¢y, C» are constants independent of n and depending only on a and 8.
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Remark. For —3 = o, 8 £ %, or for @, B > 3, this result is implicitly con-

tained in Buell’s result [2]. In the general case it was recently proved by G. I.
Natanson (Izv. VysS. Ulebn. Zaved. Matematika 11 (66) 1-67, pp 67-74); our
proof is different.

Proof. The function
u(8) = (sin 8/2)=+*(cos 6/2)6+1 P, (cos )

which has the zeros 6,,(k = 1, ..., n) satisfies the differential equation
[13, Formula (4.24.2)]
2

(2.15) ‘%é + V@E)u =0
where

1 « l 62

4 4 1) ?
(2.16) V() = + + (n + 9‘—+—g—+-l) i

4sin®?  4cos??

sin” 5 cos’ 5

By a proper choice of ¢; = ¢;(a, 8), we have for n > ny(a, B)

(2.17) n?/2 < V() < 2n?, for ¢/n <6 =21 —c3/n.
Hence by Sturm’s theorem, if ;,, 8r11., € [¢3/n, @ — ¢3/n], we have
(2.18) Cs/n = bry1 — i < Cs5/m.

For the zeros with small indices, we apply the relation

(2.19) lim nem =jy

n-oc

where j, is the vth zero of the Bessel function J,(x) [13, Theorem 8.1.2]. We
infer that the number of indices & for which 6, € [0, (¢c; + ¢4)/n] have a
a bound M independent of #n. By symmetry, this is also true for
[ — (c3 + ¢4)/n, w]. Consequently (2.14) is valid for » > n;. After replacing
¢1 by a smaller constant (respectively ¢, by a greater constant), if necessary,
(2.14) is valid for n = 1.

LEMMA 3. The following estimates (2.20)—(2.23), hold for ®,,(x,x) and ®,(x,y):

(2.20) 1< ®,(x,x) =3

(2.21) |®,2(x, x) — 1](1 — x2)* < 4/m

(2.22) ®,2(x,y) = 9.

Moreover, if x = cos 0, x;, = cosOi,and if 0y <0 < 0441, forsome1 (0 =17 = n),
then

(2.23) |y (e ) | < n%[sin 1o e ]ﬁl.
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Remark. This lemma is essentially due to Vertesi [14] (see also Saxena [10])
who proved it for m = n. Here we outline the proof since the original is not
easily accessible.

Proof. From (2.2), we have

(2 24) d (x y) - _l_.Tm+1(x)]‘m<y) - Tm+1(y)Tm(x)
. m\Ay m x— 7y
whence we easily have

Lsin (2m + 1) 01’ X = cos.
sin 6 f

(2.25) @, (x,x) = - { + +

If cos #/(2m+1) < |x| =1, ie, 2mr/2m+1) S 0=<1 or 0 <0 <
w/(2m + 1), then

sin (2m + 1) 6
sin 0

v

0

and so ®,(x, x) = 1. On the other hand, if |x| < cosw/(2m + 1), i.e
w/(2m 4+ 1) < 8 < 2mn/(2m + 1), then

1 1 1
b 2 (md) 51,

A -1
sin (2m 4 1)6 _[Sin 9m7;‘1J > —(m + %)

since

sin 6 =

by the elementary inequality sin x = (2/7)x for 0 < x =< 7/2. This proves
the left side of inequality (2.20). The right side is immediate from (2.25).
Using Schwarz inequality it follows from (2.2) that &,2(x,y) <
&, (x, x)®,(y, v) whence from (2.20), we have (2.22).
From (2.25) it follows that

|®,(x, x) — 1](1 — x2)} < 1/m

which combined with (2.20) yields (2.21).
In order to prove (2.23) we remark that for 0 < 0 < 7,

we have
(2.26) sin6+ﬂ< n~+sm0 <?~Sin0—i}@c’"
2 2 2
‘  sinfw [ ]"‘MT
(2.27) |cos 8 — cos 0] N A .
Since
cos (m +1)6 — cosmf
By, (Xny x) = m I: cos 8 — cos by, 0 01

cos mb;, — cos (m + 1) by,
cos 0 — cos b,

+ cos m0j|

https://doi.org/10.4153/CJM-1974-023-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1974-023-6

INTERPOLATORY POLYNOMIALS 239

it follows that

.8 . On
9 sm2+sm2

. e B e ———
(2.28) | B (n, %) | = m ]cos 6 — cos Bknl

and inequality (2.23) now follows on using (2.26). This completes the proof
of Lemma 3.

3. Some estimates and lemmas. In the sequel ¢ denotes a constant, not
necessarily the same, independent of #. We shall prove

LEMMA 4. Suppose 0 < 0 < 7/2, 0, < 0 < 0441, for some i = 0 and let
f € C[—1, 1] with modulus of continuity w(8).
(A) If 6y, > 3m/4, then

(3.1) [ben ()] = [ f0) — flotrn)| S enm2rH82Fmax@ =12 (1 /n?).
(B) If 0 < 61y, < 37/4,and if 0 < 0 < cn~! for some ¢ sufficiently small, then

| brn ()] - | fx) — flocin) |

atl, atd . atd, ati
%0, 2 ([sinf w0, 2 1
52) <RI + )

(CO)IfO = 6, S 3r/4and if cn™' £ 0 < w/2, then

Okn a+%{ 1 (sinG) 1 (__1_)} o
gcliﬁil (k—i)grw n +lk_i12r—1wn2 , k#1,1+1

(3.3) <lc|:%ﬁ:,a+%{w(§i%g) +w(—%)}, E—dit L

Proof. (A) In order to prove (3.1), we observe that for 0 = 6 < 7/2 and
31/4 < 04, < m, We have [x — x;,| > ¢ so that using (2.11), (2.12) and (2.28),
yields

Il

l/kn(x)i : '¢m2,(xkny x)l

max(a,—3)

(3.4) <. 1’——n—— (sin 6,,)" 1

lIA
I\Jl

§—§;-7 , since 3> —1.

Since | f(x) — f(xi)| £ @(2) < en’w(1/n?), the inequality (3.1) follows from
(3.4).
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(B) In this case if ¢ is sufficiently small, and 0 < 0 =< ¢»n™!, then 6y, < 6 <
401,. Hence using (2.11), (2.12) and (2.13), we have

a

1 0 _ 0 " 2741
[P (x)| = ;@ﬁ—j S I (cosec J——2—"—l)
(35) (nakn)a_*_z
=C k27+r_

Since sin 3(0 + 6;,) < sin § + sin 3|0 — 6,,], it follows that

116 ~)| = ol sin L= i 12— e

(36) < ro(222) + 4o 1)}

Combining (3.5) and (3.6) yields (3.2).
(C) Since 0 = 6, =< 37/4 and ¢! £ 0 < 7/2, we use (2.11), (2.12) and
(2.13) and for k £ 7, ¢ + 1, we have

_ g1 1 . -1\ 2r
022 sin O, (2 [ - 0kn'| 1)
< . =.
@] = 25 (5in ) = * [cos 8 — o8 O] \m LT T 2 ]
c okn]tﬂ—% 1
< —] —= —_—
(37) = n2r+l [ 0 |9 _ 0Im|2r+l

Blmila*_% 1
< ¢ 2 e
= C[ 9 lk 1|2r+1 .

For k = 10or 7+ 1, we have

PP (cos 6*
l¢1m(x)| = C‘ﬁ;i?ﬁ)%m_)')‘ , 0% € [0in, 0] C [Ogns Or+1,n)

[
“Le*

C.

(3.8)

1A

IA

Also for & 7,1 + 1 we have as in (3.6),

(39)  |f6) — f<xkn>|<c[lk—zlw(s’“6)+<’e"¢> o )]

while for 2 = 7 or 7 + 1, we have

(3.10) [ f@) — f ()] <c[ (5‘20) +w(,—j§)].

Hence using (3.7), (3.9), (3.8) and (3.10), we get (3.3). This completes the
proof of the lemma.
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LEMMA 5. If 0 £ 0 S w/2and if f € C[—1, 1], then
G1D S = 3 [6u6)] 1 f6) — flew)]| < c[w(-,‘;—") +w(;§§)]
provided 2r > max (4, a + 5/2).

Proof. Since

Si= 2+ 3 ew@)][F(&) — fCm)]

0<0kn<3m/4 31 /4<bkn=<m
= S1'+ S
we see from (3.1) that

1 —2743/2 —1/2
w(;? Z n 7+3/2+max(a,—1/2)

(3.12) o) w(;l?)

if 27 — 5/2 — max («, —1/2) > 0.
In order to estimate .S/, we first consider the case when 0 < 0 < ¢cn! for ¢
sufficiently small. Then from (3.2), we get (since %8, ~ k),

Cl:w(s“lrig) g2r + w(“lz) 027-1]
n n

o= 3 EHTE =2 2 — 1.

Sl”

IIA

S1

IIA

where

If2r—1—a—3%>1,0,< 0 foru=2r,2r — 1 and so

(3.13) S’ < c[w(-s—“—‘— + w(%)] 0<0=<cn’.

If on the other hand, cn™! £ 0 < 7/2, (3.3) yields

. a+%
"< gl_n_> [Q’ﬂ] 1
P s co n k;s;ﬂ 0 (k — )7
1) [e_] 1
T Cw(ﬂ2 k#iz,;-fd 0 lk - ’i"h_l

(%) e(529) + (1)}
Then
(3.132) S/ < c[w(Si: 0) Tor + “(;zl?) 72,_1] + c[w(?IZ—'9) + w(;}z)]
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where

T, = Z [%{'aﬂl —1—.; , ou=2r2r— 1.
w1l 0 |k — i]

We now consider two cases: (i) a« = —3, (ii) o < —1.
(i) In this case, since 8 > ic/%n and 6,, < ck/n, we have

Rt 1
< e —
wEC 2T P
(3.14) Scy kFr=cy E*+cy kB
k=1 k<2i E>24

=c(r,) + 7).
If k> 21, then k — ¢ > k/2 so that for g — & — % > 1, we have

! < ek ati—n _ —w+l
(3.15) . L kg;ik o)

From (3.14) it follows that 7, = O(1) if 2r — 1 > 1, i.e.,, » > 1 and (3.15)
shows that 7, = O(1) if u=2r — 1 > 1,ie,7r>1land 2r —a — 3/2 > 1,
Le., 2r > a4 0/2

(ii) If &« < —3, then from 0 < ¢(i + 1)/n and 8;, > ck/n, it follows that

ﬁ_ —a—% 1/_{_ 1]—0{—5
[(m] < “[ 3 '

PR Il 1
s CW;H[ k } & — i

=c(r/ + 7))

where the summation in 7,/ is for £ < 7/2 and in 7,/ for & = /2.

so that

If
i i1 1
=9 k (1) an k¢;+1|k—1|"< ;k
Foru > 1,ie,2r — 1> 1,wehaver,” = O(1).If 2k < i, then |k — 7| > 1/2,
so that
(3.16) . £ ci""%"‘ [lhl <M= 0(1),
k<i/2

fu>a— 3ie,u—1>4+a—%1e,2r —2>a—3.Since -1 < a<< —
this condition is certainly satisfied for » = 2.
The estimate (3.11) now follows from (3.13a) and (3.14), (3.15) and (3.16).

LemMma 6. If f € C[—1, 1] and if o, B> —1 and 2r > max (4, a + 5/2),
then for 0 < x = 1, we have

(3.17) |fl) — &P (fix)] < ch( ’”’)w(;%)].
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Proof. Using (2.6) and (2.7), we have

(3.18) [flx) = L@ (f;x)] < S1 4 S: 4+ Ss
where S; is given by (3.11) and
so= 155 ) - g |1 - e

532_;_96. | F ) —f(—l)[-»l— k; b () |-

From (2.4) and Lemma 3, it follows that

Sos HEE (e — 1) 1 — 0,70, )]
+ - 1 0 27
(3.19) é—_‘z_ (1+ !sinﬁ_l)w( E%ﬁ) = e, )]
= ol 7).
Similarly,
(3.20) S, < cw(%’).

Hence (3.18), (3.19) and (3.20) together with (3.11) yield (3.17).

4. Proof of Theorem 1. Since J,*# (f; x) defined by (2.6) depends on the
zeros of P, @® (x) and since

4.1) P,@B(—x) = (—1)"P,B (x)
it follows that
(4.2) T B (f(=t);x) = TP (f(t); —x).

By Lemma 6, for 0 < x =< 1, we have

(4.3) | f@) — L2 (f(=1);2)] = C{w((l—;—xz) + w(—lﬁ)}

n
if 2» > max (4, 8 + 5/2). Hence for —1 =x =0

(4.4) [fx) — LEP(f(1);2)] < C{w(ﬂ“—z_xﬁ) + “’(;}2)}

so that combining (4.4) with (3.17), we have (2.8), provided 2r > max
(4, a + 5/2, 8 + 5/2). This completes the proof of Theorem 1.

5. Proof of Theorem 2. For the proof of Theorem 2, we shall need an
estimate for

‘ Pn ()
: S =1- —r, Y.
<5 1) 4(x) k;l ¢m2 (xkn: xkn)
For this purpose we prove
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LeMMA 7. If Sy(x) is given by (5.1) then for 0 < x = 1, we have

(5.2) [Si(x)| (1 — x2)* < ¢/m.
Proof. It is easy to see that

(5.3) [Sax)| = [S4| + Sy

where

S/ =1-— kZ=1 Gin (%)

¢m27<xkn, xkn) - 1
(I)mh (xknv xkn)

S =2, u(x)
k=1

Applying (2.4) and Lemma 3, we have

(5.4) IS/](1 — x2)* < ¢/m
(5.5) S0 = 2 < £ 3 gy - L=EL
m k=1 (I —x)°
In order to prove (5.2) it is enough to show, in view of (5.3), (5.4) and (5.5),
that
(5.6) (-t 3 A2GL _oqy

k=1 (]- - xknz)% -

If 37/4 £ 6, < 7, it follows from (3.1) that

(5.7) (1 - x2)%31r/4ﬁzek <r %43; é 3#/‘1520'- Swl¢kn(x)l = 0(1)

If 0 < 6;, < 37/4, the reasoning of Lemma 5 applies mutatis mutandis and
we have

. 1 _ 2 % __]iblm(x)l__ — 1 .
(5 8) ( ¥ ) ogoéanm (1 - xlan)i 0( )
Hence (5.6) follows from (5.7) and (5.8). This completes the proof of Lemma 7.

Proof of Theorem 2. As in the proof of Theorem 1, we have
| fx) — 4,7 (f; )]
1) = Q] 1Si@) ]+ 55 7@ = =D S0+ [S:@)),

where Si(x) is given by (5.1) and

1

_|_

|

=

Si(x) = Zn: [f(e) = fern)] - [ ben ()|

k=1 q:'mzr (xkny xkn)
By Lemma 3, &,(x, x) is bounded above by 3 and below by 1/2, so that by
Lemma 5, we have for 0 < 6 < 7/2,

69) 51 = efo(329) + o 1)
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By Lemma 7,
(5.10) -L‘f—x- |f@) — FD] - [Si@)| < m(%}?)
G0 Lo 1) — 1011500 5 o 22).

Combining (5.9), (5.10) and (5.11), we are able to prove Theorem 2 for
0 < x £ 1. The proof for —1 £ x <1, can be completed as in §4 since
because of (4.1) we have

A0 (f(=1); %) = AP (f(t); %).

We omit the rest of the details.

Interval
of Degree Nature Type
#of  Conver- of of of
Nodes Nodes gence Poly. Process Estimate
Freud [4] Z(Tw(x)) in |x| £ % ~in |x] £} 4n—3 almost Jackson
inter-
polatory
M. Sallay [9] Z(Pa(x)) in |x| = % x| =% 4n -3 ” Jackson
Saxena [10] Z(U,(x)(1 — «x2)) nt+t 2 |x| =1 4n—2 " Jackson
Vertesi [14] Z(Tn(x)(1 — x2)) n+2 |1 4n—2 ” Jackson
Mathur [8] Z(PaCHH(1 — x2)) n+2 [x]£1 4n—2 ” Jackson
Freud-
Vertesi (7] Z(Ta(x)(1 — x2)) n+2 x| 21 4n—2 ” Timan
inter-
Vertesi-Kis  Z((1 — x)P,(~%:1) n+1 |x] =1 4n —4 polatory Timan
almost Teljakow-
Saxena [11] Z((1 — x?) U.(x)) n+2 [x =1 4n — 2 inter- ski-
polatory Gopengauz
Teljakow-
Saxena [12] Z((1 — x?)T a(x)) n+ 2 x| =1 4n—2 " ski-
Gopengauz
almost
Theorem [ n(l + ¢) inter-
$2) Z(Pp@B)(x))(1 —x?) n+2 |x| =1 arbi- polatory
trary (Theorem 1) Timan
Theorem 11 inter-
82 Z(P,@B(x)(1 — %) n+2 x| =1 " polatory Timan
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Addendum. It may be remarked that whereas the foregoing results deal with
interpolatory operators, R. DeVore has answered Butzer’s question using
convolution type operators (J. Approximation Theory 1 (1968), 607-615).
See also R. Bojanic (A note on the degree of approximation to continuous

functions).
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