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Abstract

An integro-differential equation of Prandtl’s type and a collocation method as well as a
collocation-quadrature method for its approximate solution is studied in weighted spaces
of continuous functions.

1. Introduction

This paper is devoted to the investigation of collocation and discrete collocation (or
collocation-quadrature) methods for the approximate solution of singular integro-
differential equations of Prandtl’s type

| -]
8(X)v(x)+av'(x)+§/ v'(1)

gqt—x

1 1
dt + —/ hix, Hv(t) dt = f (x), (1.1)
T Jo
—1 < x < 1, with the additional conditions,
v(—1) =v(1) =0, (1.2)

where a, b € R are givenconstantsand g, f : [—-1,1] — C,h:[-1,1]? — CxC
are given functions. In [3] the authors consider a collocation and a collocation-
quadrature method with the help of weighted Sobolev spaces (see also Section 2 of the
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present paper) and optimal convergence rates are proved in respective Sobolev norms.
Here we investigate a regularized version of (1.1) in a scale of weighted Besov spaces
as subspaces of weighted spaces of continuous functions in order to obtain convergence
results for the above mentioned approximation methods in uniform norms. Weighted
uniform convergence results are obtained, for example, in [2, 4, 5, 8]. Weighted Besov
spaces are introduced and used as a powerful tool in studying the uniform convergence
of polynomial approximation methods for Cauchy singular integral equations in [6].
The aim of the present paper is to show that this tool works also in the case of singular
integro-differential (or hypersingular integral) equations of the form (1.1).

In Section 2 we recall some mapping properties of singular integral operators in
weighted Sobolev spaces as well as in weighted spaces of continuous functions and
give a representation of the inverse operator of the hypersingular integral operator
involved in (1.1). With the help of this representation we prove the boundedness of
this operator in a scale of pairs of weighted Besov spaces. In Section 3 we describe the
collocation and collocation-quadrature methods under consideration and prove their
convergence as well as error estimates in weighted Besov norms. Finally, in Section 4
we make some remarks on a fast algorithm considered in [3], the uniform convergence
of which can be investigated with the technique presented in [7].

2. Mapping properties

Let a and b < 0 be real numbers with a2 + b> = 1 and define o, 0 < @ < 1, and
B=1—-a,bya—ib=¢e" Byuv*® and A we denote the Jacobi weight function
v*f(x) = (1 — x)*(1 + x)? and the Cauchy singular integral operator

1
(Aw)(x) = av*P(x)u(x) + S/ t—"@— vl de, —-1<x <1, 2.1
-1 -

respectively. If D = d/dx denotes the operator of generalized differentiation, then
the hypersingular integral operator V = DA is given by

1
(Vuw(x) = Ed; [av“'ﬂ(x)u(x) + S/- t_ug%c— v*B(1) dt] 2.2)

-1

(¢f [3, Section 2]). Fory > —l and § > —1, let LJZMs denote the weighted space of
complex-valued and square integrable functions on the interval [—1, 1] endowed with
the inner product and the norm

1 ! _
(u,v),s = ;/ u(x)v(x)v"¥(x)dx and full, s = {u, u)y.s,
-1
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respectively. For real numbers s > 0 define the weighted Sobolev space Lf,fs by

[o ]
Ly; = {u eL2; Y (1+n)®|(u, pr),s| < oo] ’
n=0

where p?* is the normalized (with respect to (., .), s) Jacobi polynomial (with positive
leading coefficient) of degree n and the norm in L,Z,"fS is given by

0o 1/2
s 2
uuu,,a,s=<§ (1 +n)? <u,p:"‘>y.s|> :
n=0

L,z,"f; is a Banach space for all s > 0 and compactly embedded into Lf,',is forO<t<s
(¢f [1, Conclusion 2.3]).

PROPOSITION 2.1 ([3, Corollary 2.8]). For each s = 0, the hypersingular integral
operator V defined by (2.2) is a confinuous isomorphism between Li:;“ and Lz"f,.

2,5+1
Moreover, foru € L5,

o

V=" "(n+ 1)(u, p2*)ap 2=,

n=0
. . 2,
where the series converges in the sense of Lig,.

Now our first aim is to describe the inverse operator of V : L2457 — LZ%. After this
we will study the mapping properties of V~! in appropriate pairs of weighted spaces
of continuous functions. In view of Proposition 2.1, the operator V' : L%, — L5
is uniquely determined by

-1 B __ 1 a,B —
V='p! _mpn , n=0,1,2,...,
and by continuity (since the set of polynomials is dense in Li‘j).

Let us remember some mapping properties of Cauchy singular integral operators
of type (2.1). If X and Y are Banach spaces then by £ (X, Y) we denote the space of
linear and bounded operators from X into Y. In the case of X = Y we write .Z(X)
instead of .Z (X, X).

LEMMA 2.2 ([13, Theorem 9.14], [1, Lemma 4.1]). If A and v are integers, such
that

~l<y=A4+a éé=v—-—a<l,
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and

1
(A, su)(x) = av”? (xyu(x) + S/ it)— v (1) dt,

at—x
1
(Aysf )(0) = av™" (O f (1) — 2/ AL v (x) dx,
nJagXx— t

then A,; € L(LY5, LY ) and A,; € L (L

2yt Lf,',fs)for all s > 0. Moreover, for
kK:=—A4+v)y=—(y +96),

Apspy = PPN Aepy T = (=Pl n=0,12,.,
(PP =p P =0 andA,;A,s =1, ifx <0, aswellas A, ;A,5 = I, ifc > 0.

PROPOSITION 2.3. The inverse operator V=' : L% — L2 of the hypersingular
P B, -y yp 4
integral operator (2.2) can be written in the form

V'=V:= AWB, (2.3)

where the continuous operators B : Ly, — L _, W : LY _, — L*T, | =
L% and A Li;f_'ﬁ — L% are defined by

1
(Bu)(x) = av®*(x)u(x) — g / iﬁ% v (1) dt,

x - b 1
(Wu)(x) =a/ VAT u(t) dt — ;/ v P () In|x — t|u(t) dt
-1 -1
and

' 1
(;\\u)(x) =av ™ P)u) - 5 / % v A1) dt,
-1 -

respectively.

PROOF. If we choose in Lemma2.2y =a—1landé = —a,thenf = —y, a0 = -8
and B = A, ;5. Thus

Be L(L;, L% ) and Bpf*=—pf™ n=01.2.... (2.4)

From the generalized Rodrigues’ formula [14, (4.10.1)] it follows, for arbitrary
y>—-1,6>—-landn=1,2,...,

(1 =x)"(1+x)’pl(x)

d
= —[n(n+y +8+ DI [ =07 A+ 0PI W)
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which implies (fory = — 8,8 = —a)

* -B.—a -p,—a 1 o a
/_1" PP dl = —— v W), n=0,12,.,

and, with the help of partial integration,

b e e 1 ['pf@)
f_lv P () In|x —t| p;7; (t)dt—? l—t_—xv"g(t)dt, n=0,1,2,....
Consequently, forn =0,1,2, ...,

e 1 . 1 . 1 .
WPnfi l—— Apyt = Y Agppy?f = n 1 — Pasi 2, (2.5)

taking into account Lemma 2.2. Again by Lemma 2.2, we have
A=A,5 € LML LIS
and
Ap;af = Auppi P =p*, n=0,1,2,.... 2.6)

Putting (2.4), (2.5) and (2.6) together, we obtain

_~ 1
AWB)phe = , =0,1,2,....
( P, +1p,. n

Thus it remains to prove that W € £ (L%} _,,L%*;). Obviously W : L2, - —

L?, _, is continuous. Now, let u € L5 _,. Thenu = Y o2 (u, p;#~*)_5 _ap;*
(in the sense of L_ﬁ _o) and, in view of (2.5),

Wu = (u, pg® ™) _p_a Wpg? ™ — Z (U, D757 gl P,
Since, due to Lemma 2.2,

1 -B-a
t
p—"t @ ypmery dr =

(Wpa? ™Y (%) = av™(x)pg P " (x) + f /
-1

we have Wpo? ™ = c_p _4pg™ ", where c_g _, is a constant. It follows that

-a 1+ s+2 N
IWull2, 501 = lepal® (0, Pg* ™) pma|” +Z(—T")—|< N s W
n=1
<cllul?

—-B,—a,s *

The proposition is proved.
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For nonnegative real constants p and z, we denote by C, . the Banach space
of all continuous functions u : (-1,1) — C, where v”"u belongs to the space
C = C[-1, 1] of all continuous functions over [—1, 1]. The norm in C, , is defined
by

lulloop.e = luv”lleo, where vl := sup{lv(x)| : x € [-1,1]}.
Furthermore, let CY | be the closed subspace of C,, . of functions u € C, . with
@ w1)=0if p>0 and @ u)(-1)=0if r > 0.

Let I, denote the set of polynomials of degree less than n (I, := {0}). For a function
u € C, ., we denote by E?*(u) the best weighted uniform approximation of u by
polynomials belonging to IT,, that is,

EZT(u) = inf{l|u — plloop.r 1 P € n}.
For constants x > 0 and g > 0 we define the weighted Besov space

Eprn+ ¥
[1+1log(n+ 1]

Cxi {ueC,,,.IIuII,,_,'X'q :=sup{ =0,l,2,...}<oo}.

CX:7 is a Banach space and compactly embedded into Cg_t. Moreover, if

log" ™ n

lim =0
n—»0 pXI—x

then CX:% is compactly embedded into CX;,# and if p < p’, T < 7’ then CX'? C cye.
continuously (see [6, Section 3]). The Bernstein-type inequalities

1PN ,peng S P Hoo s Q2.7
and
1Ppryg KNPl e ygr O< X <x. (2.8)

for all p € I, can be easily checked.

LEMMA 2.4 ([6, Proposition 4.7, Remark 4.9, Remark 4.16]). Let y and § be de-
fined as in Lemma 2.2, where y* and §* are nonnegative constants satisfying
y=yt—y and§ =8t — 8. Then

Ays € LCY, CH0 ify” <lands™ <1
and

A5 € LC, CHEY ifyt <land§* < 1.

y~.870
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In all that follows, we denote by ¢ a positive constant which can have different
values in different places. Moreover, by ¢ # c(n, f,...) we will indicate that c is
independent of n, f, ... To prove a “sharp” mapping property of V in a scale of pairs
of weighted Besov spaces using the representation (2.3) we need the following lemma.
Let y and 8 be defined as in Lemma 2.2 and let y* and §* be nonnegative constants
satisfying y* —y~ = y,8* — 8" =8 and y* < 1,6* < 1. Note that u € C,-4-
does not in general imply u € L ;.

LEMMA 2.5 (¢f. [9, Proposition 5.2]). Ifx = —(y +8) = O then Ay’s;f,,_gu = u for
allue C)?; .

PROOF. Let u € C*?,_ and P, € T, with |4 — P,|le.,- 5- = E? *” (). Then, for
y=.8 D n

m<n,

E,},’,_J_ (u - Pn) =< ”u - Pn"oo,y‘_,&“
L+ log(n + DI _ c  [1+logn+ 1)}
- (n+ 1)x T (m+ DX (n4 1)x2

and, form > n,

[1 4 log(m + 1))¢
(m+ 1)x
<c {1+ log(m + D]? 1
- (m + 1)x/2 (n + /2’

Elr(u—-P)=E,* (m=<c

Thus

[1+ log(n + 1)]¢

"u - Pn"y‘,&‘,x/z,q 5

(n + 1)x2
From Lemma 2.4 it follows that
lim LY NICED ] I

Since, in view of Lemma 2.2, Ay‘SXy,B P, = P, and lim,_ o |[u — Pyl y-5- = 0, we
obtain the relation A, ;A, su = u.

PROPOSITION 2.6. For arbitrary x > 0 and q > O, the operator v defined in (2.3)
is continuous from CX%;_ into CX{ 34, where y~ —y+t = B, 6~ =8+ = q,

0<ytét<1/2andl1/2<y~,8 <1.
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PROOF. We use the representation V=AWSB (see Proposition 2.3). Since B =
A, swithy =a —1=—pand § = —a, from Lemma 2.4 it follows that

B e £(CX9,, CxiTD. (2.9)

Y-8

Now, letu € CJ?;_. Thenu = Bu € Ci,‘f;,l and

o
M) --a(s) as
X

(WBu)' (x) = av™?*(x)u(x) + 2/

= (A_p_a)(x) = (A, A, 1) (X) = u(x),

using Lemma 2.5 and y 4+ § = —1. Taking into account the relation
E{T(f) < %E:fl”z"“”(f’), n=12,...

(see, for example, [6, Corollary 3.10], where the assertion is formulated for n =
2,3,..., since E?T is defined slightly differently from the definition given here),
where ' € C,y1/2,04172 and ¢ # c¢(n, f ), we obtain

s € -5 log?(n+ 1)
Ey 128 -12(WRy) < ;E,,_," @ <=5 Nuly-gog, 7=12....

Since, in view of (2.9),

-_12.8 =12
E; 7Y ?(WBu) = || WBullo - —1/2.5--12
5 C ” WBu“oo f 4 IlBulloo,y+,8+ S c ”u"y'.s‘.x.q ’
we get

WB e £(CXe, ., Crl v 1) (2.10)

Yy~

To consider A = A, 5, we setat = y* + 1/2, B+ =86+ +1/2, 0~ =y~ — 1/2,
B~ = 8~ — 1/2 and obtain, with the help of Lemma 2.4,

Ae ‘g(C;\;,—q—l/Z,é‘—l/Z’ ijﬁl/z,aul/z)' (2.11)
The assertion now follows from (2.10) and (2.11).

COROLLARY 2.7. For the case a =0, b = —1, that is, a« = f = 1/2, the previous

proposition gives V € £(C{}3 , 5 Cffz'll"/’; h.

LEMMA 2.8 ([6, Lemma 4.14]). Iff € C}¢ then, for all u € CX'¢

p.T’

Ifully g < ¢ lutlly g

where ¢ # c(u), that is, the operator of multiplication by f belongs to £ (CX:9).
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In the following lemma we formulate a result on the mapping properties of the
operator K given by
1

(Ku)(x) = -71;] h(x, Hu@v*?()dr, —-1<x <1. 2.12)
-1

For this, h € CXZ N C,;, means that the function G(x, £) := h(x, )v** (x)v** () is

continuous for (x, t) € [—1, 11 and h* := h(., t)v*$(z) belongs to Cx? uniformly
with respect to ¢ € [—1, 1].

LEMMA 2.9 ({6, Proposition 4.12]). Let a, B, v and ¢ be nonnegative numbers
satisfyinga = a*—a”~, = p*—B~,v+a” < land{+B~ < 1. Ifhe C'?,NC,,,
then K € .Z(Ca+,,;+, Cig?)

COROLLARY 2.10. If y* and 8% are defined as in Proposition 2.6, v + y~ < 3/2,
¢+ §~ < 3/2 and h € CX7 N Cu_g_,, then K € X(Cy++1/2,5++|/2, C/’\;:g)

p.T.x

PROOF. One has only to take into account the relationse =1 -8 =y* +1/2 —
y =1/2)andB=1—a=6t+1/2 -6 -1/2).

3. The collocation method

For all that follows we assume that y* and §* are real numbers satisfying
y —yt=8 66 —-8t=a, O0<y*st<1/2, 1/2<y ,8 <l

(¢f Proposition 2.6) and set ot = y* +1/2, 0" =y~ —1/2, 8% =6 +1/2 and
B~ =6 —-1/2.

Let {X,}°, be a sequence of partitions of the interval [—1, 1], X, = {xa1, ... , Xus),
with -1 <x,, <Xpp1 < -+ <Xy <landx, #1ifp >0,x,, #1ift > 0. We
denote the Lagrange interpolation operator with respect to X, by L, = L*», that is,
L.f e Nyand (L.f )(xy) = f (x47),j = 1,..., n. The weighted Lebesgue constant
IL.ll,. . is defined by

ILally,: := SUP{liLaf oo p.c : f € Cpirs IIf lowp.e = 1}-

In [4, Theorem 4.1], [10, Remark 3.3] and [11, Theorems 2.2, 2.3], the authors
construct partitions {X,};2, with corresponding ||L,||,, = O(logn), using systems
of zeros of orthogonal polynomials with additional nodes. Recalling Proposition 2.3
and assuming that K € & (Lf,";,, L}, and f € L}, wecan write (1.1) for v = v*#u,
u € L%}, in the equivalent form

[+ V(T + K)u = Vf, 3.1
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where T" denotes the multiplication operator with I'(x) := g(x)v™#(x), which is
assumed to be continuous from L3} to L2 .
Let 1, and wy, k = 1, ... , n, be the nodes and weights of the Gaussian rule with

respect to the weight v*#(r) and define, for u € Cg+ g+,

(Kat)(¥) = ) 0nch(x, tu)u(tue).- (3.2)
k=1

To find an approximate solution of (3.1) we look for a polynomial u, € I, satisfying
P )un(xn) + ((V + K)uy) () = f (xos), j=1,....n,

or
Fxn)un () + ((V+ Kun) (x) = f (X)), j=1,....n.

Since, in view of Proposition 2.1, V(I1,) = I1,, the last two systems of equations are
equivalent to searching for a solution u, € I, (or u, € Li'_fs“) of

(I + VL, (T + K)lu, = VL,.f (3.3)
or
[l + VL, + K.)u, = VL.f, (3.4)

respectively. In the following we will study (3.1) as well as (3.3) and (3.4) in
appropriate pairs of weighted Besov spaces defined above. For this end we need
some preliminary results.

LEMMA 3.1 ([7, Lemma 2.1)). Ifu € C, ., u, € I, and

log?(n + 1)

nx

"u_ un"oo.p,r S Co(u) n= 1,2, L ]

then, for0 < x' < x,

2% log?(n+ 1)

Nee — wnllpeprg < log"ZCO(u) » , n=1,2,....

x—x'
COROLLARY 3.2. If f € CX% and P, € T, with | P, — f oo, . = EZ*(f), then

log?(n + 1)

"<
nX'X' ? 0<X-—Xs

“ Pn _f ”p_r,x"q 5 c "f "p'r_x_q

where ¢ # c(n, X', f).
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COROLLARY 3.3. If f e CX?andp < y~, T <87, then, for0 < x' < x,

-~ log?(n+1)
IVGE = Laf) e g yirgon < €= WLallo If lpey s
where ¢ # c(n, X', ).
PROOF. Let f € CX? and P, € 1, with | f — Pullw,. = EZ*(f). Then, by the

definition of the space C%4,

log (n+1)
”f - Pn"oo‘p,r —_ _n—_ ”f "prxq

Consequently, in view of Corollary 3.2 and (2.7),

Wf = Laf lpeyrg < If — PII,,,”HIL F = Plloexq

log?(n + ’

<c —,,T 1f g exg + 7 W Lallpc If = Palloo,p.e
log?(n+ 1)

S ——-gn—” n"pt"f"pfxq’

which implies, together with Proposition 2.6, the assertion.

COROLLARY34. Leta =0, b=—-1,y" =8 =1/2, y* =46t =0, x > 0,
e>0and0<¢ < x. IfT € C§3% and

log? (n +1)

nlioo "Ln”1/2,l/2 =0,
then
-~ log?(n+ 1)
|| V(Tu — L,T'w) " 12,1/2.x'+1,g+1 <c R LAl 1/2,1/2 ||u||1/2 1/2.%.q (3.5)

forallu e Cf/';'_l/z and0 < x' < ¥ < x +¢&, where c # ¢(n, x', u), and

lim | VT - VL, r||2 e i) = O (3.6)

n—oo 1/2,4/22 172,172
PROOF. Let u € C¥§,,,. Then, by Lemma 2.8 Tu € C¥;{, ,, and (3.5) follows
from Corollary 3.3. Choosing x’ = ¢ and ¥ = € + ¢’ leads to (3.6).

COROLLARY 3.5. If h € CX**9NC,;, forsome x > 0, > 0, v+ y~ < 3/2,

p.t.x

E+6 <3/2andp <y~,t <8 ,andif

. log? (n+ 1)
lim ————

n—0o0

ILall,,c =
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then

log?(n + 1)

at, Bt x'+1,9+1 — nx+e=x'

|V(Ku - L,Kw| HLall,.e Netllooqr g+ G.7)

forallu e Cyr g+ and 0 < x' < x + €, where ¢ # c(n, x', u), and

lim |VK — VL,K| «(c (3.8)

esrger)y = 0.
n—»00 u+.p+vc,+,:+ )

PROOF. Let u € Cy+ g+. Then, by Corollary 2.10, Ku € Cf,fj”'" and (3.7) follows
from Corollary 3.3. The second assertion we get from the first one for x’ = €.

Now we are able to prove the main results of the present paper. For all that follows
we assume that0 < p <y~ andO0 <71 <§~.

THEOREM 3.6. Consider the case I = 0 and assume that
(@ heCxtiNC,;, forsome x >0,6>0,v+y~ <3/2andl +6~ < 3/2,

(b) lim,_ o ECH) L], =0,

nx

and that the homogeneous equation (3.1) possesses only the trivial solution in C:ff,ﬁ“

Then, for each f € CX**4, (3.1) has a unique solution u* € CXI ;tl‘q“. Moreover,
for all sufficiently large n, the collocation equations (3.3) possess a unique solution
u; and

log?(n+1)
at Br.x'+1,g+1 = 4 W "Ln”p,r ”f ”va-X‘H\q ’ (39)

e<x' <x+e wherec#cn, x',f).

* *
ut =

PROOE. In view of Lemma 2.9 and Proposition 2.6, the operator VK : C;‘:_';;"“ —

Cﬁ;’:;;"“ is compact for0 < x’ < x +¢&. Thus (I + VK) ' € & (Cf,‘;‘_*;;q“) exists,
and, since Vf e CX f;""“, (3.1) has a unique solution u* € CX ;,‘:""“. From
(3.8) it follows that the inverses (I + VL,K)™' : C211" — CIILT*" exist for all
sufficiently large n and are uniformly bounded. Using (2.8) we get, for P, € I1, with
| Py — ulloo o g+ = EX# (u*) and e < x' < x +¢,

P, —u

n "a"’,ﬂ*.x’+l.q+1

<n¥X~e (u Po = s prosign + 0" = 3] ﬂml‘qﬁ) . (3.10)
By Corollary 3.2 we have
. log"'(n+1)
” Pn —u I|a+.ﬂ+.£+l.q+l =fCcC—— ”u |Ia+,ﬂ+,x+e+l,q+l . (311)

nx
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Furthermore,

* *
" u u, at,pte+1,q+1

<c |+ VL.Ku — VL.f|

at Bt e+1,g+1

< (1P = Laf M e prsigns + 1PEK = O 1)
log’(n + 1

<e gg_F NLallpe (U Up.e teig + 14" Nooiav.gv) »

taking into account Corollary 3.3 and (3.7). Together with (3.10) and (3.11) we get

Since

. . log?(n + 1)
u —u ot Bt x'+1,q+1 <c W [”Ln"p,r + log(n + 1)] "f "p,r,x+£,q .

n

L, . > clog(n+1) (3.12)

(see [15, 16]), the error estimate (3.9) is proved.

THEOREM 3.7. Assume a =0, b = —1 (thatis, o = B = 1/2) and that

(@) T e C{3™ for some x > Oand e > 0,
(b) heCyy,, NCyy forsomev < landl <1,

©) limy o LD

({Lallis2,12 = O for some 0 < &' < min(l, x},

and that the homogeneous equation (3.1) possesses only the trivial solution in Ci;}l"l"/;l.
Then, foreach f € C{};'\%, (3.1) has a unique solution u* € C} ;;_Ef/;"’“. Moreover, for

all sufficiently large n, (3.3) possesses a unique solution u}, and, fore < x' < x +¢,

log?(n + 1)

* *
- u, " 12120 +1,g41 = € T axtex L, 12,172 If 1 1/2,1/2,x+6.q * (3.13)

[«

where ¢ # c(n, x', f).

PROOF. By Lemma 2.8 and Corollary 2.7, the operator VI : C’l‘/; '1'/"2“ —

Cys14" is compact for 0 < x' < x + . The compactness of VK : C}; /5"
CY51/5t as well as the unique existence of the solution u* € C57;7*" of (3.1) are

proved as in the proof of Theorem 3.6. From (3.6) and (3.8) it follows that the inverses
U+ VL@ + K" :Cihis — Cf};{',"/;l exist for all sufficiently large n and are
uniformly bounded. In the same way as in the proof of Theorem 3.6 we obtain the
estimation (3.13) using relation (3.5) for x' =cand ¥ = x +¢.

To investigate the collocation-quadrature method (3.4) we need the following
lemma, the proof of which can be found in [6, proof of Theorem 6.8].
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LEMMA 3.8. Ifh € CX2, NCY}, thatis, h € Cx9 N C,;, and h(x, Jv*"(x) €

p.T.X P.TX

C'f; uniformly with respect to x € [—1, 1], wherev+y~ <3/2and ¢ + 8 < 3/2,
then
log'(n + 1)
1K = K0Pl < € =2 P g pe

forall p € T1,, where K, is defined in (3.2) and ¢ # c(n, p).

THEOREM 3.9. Let I’ = 0 and assume that
@) he CxtsanNCX% forsomex > 0,6 >0, v+y~ <3/2and¢ + 8~ < 3/2,
N

p.T.X

1 1
(b) lim,oo €& L, |, . =0,
e+1,q+1

and that the homogeneous equation (3.1) has only the trivial solution in C_y ;..
Then, for each f € CX**9, (3.1) has a unique solution u* € cxr ?i""“. Moreover, for
all sufficiently large n, the collocation-quadrature equations (3.4) possess a unique

solution u’; and, fore < x' < x +¢,

log?(n + 1)

arprtlgrt = €T e ILallpe 1S Wlp,e xteng »

Jur — u (3.14)

where ¢ # c(n, x', €).

PROOE. As in the proof of Theorem 3.6 we get (I + VK)™' € & (Cf,‘f_’;f“) for
0 < x' < x + ¢. By Proposition 2.6 and (2.7) we have, for u € Cy+ g+,

|VL.(K, — K)ul| < ¢ |La(K, — K)ull

at Bt x'+l,g+1 —

< enX Lo 1(Kn = K)itllso e -

y=.87.x'.q

Consequently, in view of Lemma 3.8 and Corollary 3.5,
log?(n+ 1)

at,pt x’+1,q+1 — nxte-x'

|VL.k. — K)p| ILallp.c 1P looarpr  (3:15)
forallp € I,. Choosing x’ = ¢ and taking into account that IT,, is invariant with re-
spect to I+VL,K,, we obtain the invertibility of I+VL,K,: (I, |- o+ p+ ex1.g41) —>
(T, Illg+ g+ e41,4+1) for all sufficiently large n as well as the uniform boundedness of
the respective inverse operators. If u} € I1, is the solution of (3.4) and P, € I1, with
1Py — oo v pr = EX"* (u*), where u* € CX%:""*" is the solution of (3.1), then

“ Py, — u: la+,p+.e+1.q+1
<c |U+ VL,K,)P, — VL.f ||a+_ﬂ+,€+lyq+l

= |V¢ = Lof) + U+ VEY(P. — ") + V(LK — K) P,

at, Bt e+1,q+1
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f (4 (" V(f - L"f)"a"’.ﬂ*’.s+],q+1 + " Pn - u*lla*,ﬂ+~5+l.q+l

+ " v(LnKn - K)Pn ||a+,ﬂ+.e+l,q+1) .

Thus, with the help of Corollary 3.3, Corollary 3.2 and (3.15), we conclude

" P" - u: |a+,ﬁ+,e+l,q+l
log?(n + 1)
< ¢ —

("Ln "p,t ”f ”p_r,x-{-g_q + log(n + 1) Ilu*||a+‘ﬁ+,x+€+l.q+l) ’

nx

since || Pullo o+ g+ < 2 1U*[loo a+ p+- It follows that

* *
" u —u, "a+./3+.x'+1.q+l
* x'—¢ gt
=< "u Pn ||a+.ﬂ+.x’+l,q+l +n “ P'l u, "a+,ﬂ+'€+|_q+1

log''(n+1) log?(n + 1)
<c (—nx+e——x ||u ||a+,ﬂ+,x-_{»£+l,q+] + W "Ln "p,r ||f Ilp_t,x+5_q s

and taking (3.12) into account, the theorem is proved.

If we combine the proofs of Theorems 3.7 and 3.9 we obtain the following theorem.

THEOREM 3.10. Assume a = 0, b = —1 (that is, « = B = 1/2) and that

(@) T e C}* forsome x > O0ande > 0,

(b) h e C{5i%, NCLY? for somev < land§ < 1,

(¢) lim,, 195% ILall1/2,1/2 = O for some 0 < &’ < min{1, x},

and that the homogeneous equation (3.1) possesses only the trivial solution in Ci}?”{'/;l.
Then, for each f € C)j;'\% (3.1) has a unique solution u* € Cf;;fl’;;’q“. Moreover,

for all sufficiently large n, (3.4) has a unique solution u}, and, fore < x' < x + ¢,

log?(n+1)

* *
”u - u"" V21 2.0+ Lg4l = C—nx+e—x’ "Lnlll/Z.l/Z If "l/2,l/2.x+e,q’

where ¢ # c(n, x', ).

4. Some remarks on a fast algorithm

In [3, Section 4] the authors study a fast algorithm for (1.1) in the case where a = 0
and b = —1, based on a collocation-quadrature method like (3.4), the computational
complexity of which is O(nlogn). Convergence properties of this algorithm are
proved in weighted Sobolev norms, and the interested reader can also find numerical
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results for the collocation-quadrature method and the fast algorithm. The paper [7]
investigates the uniform convergence of such a fast algorithm for Cauchy singular
integral equations. Using the technique of [7] and the convergence results of the
present paper it is possible to study the uniform convergence of the fast algorithm of
[3]. Moreover, if we apply the following Lemma 4.1, which is an improvement of [7,
Lemma 2.2] in the case where @ = B = 1/2, then the considerations can be simplified
in comparison to the proofs given in [7].

Let S, = S)/%'/2 denote the Fourier projection operator with respect to the or-
thonormal system {p}/21/2}% _that s,

n—1
Spu = ZW . Vz)l/z.l/zl’}/z'l/z’ ue Lf/2.1/2'
ji=0
We remark that
P2 (cosg) = ____ﬁsi:i(:; Dt “.1)

LEMMA 4.1. For all f € C,.1/» we have the estimate
1Saf loojz12 S €+ D |If loonjpr2, n=12,...,
where ¢ # c(n, ).

PROOF. We use the relations ([12, Part I, Chapt. VII, Section 2])
sin((2n+ 1)&/2) 1

, _ __ 4.2
cos§ + cos2§ +--- +cosné 2sin(§/2) 2 -
and
1 [ |sin(2 1 2+1
_/ sin@n+ DI, 24Inn o5 4.3)
7 Jo sin§ 2

From (4.1) and (4.2) it follows that

Zpl/z I/z(cos t)p}/z‘”z(cosg)

" sint sm{-‘ Zsm; Tsinj§ = sint smg Z[Cosl (1—&)—cosj(t+8)]
- ! sin 255 (x — §) smz"T“(r +8)
" sint sing 2sin r_;s‘_ 2 sin %g .
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Since
1 & 1/2,1/2 1/2.1/2
, s 1/2,1/2
(5.f)x) = ;/ > " p;2 0} 2 (x) f (212 dt,

we conclude that

(sin&) (S.f )(cos §)
1 [7[sinZE(—§) sinZE(r+§)
T e— _ . d
27 Jo sin '_;5- sin %5 f(cost)sintdr

1 [~ sinZH(r —§)
= — —=——— f(cost)sintdr
27 J_, sin ’-;—5 A )

1 7 sin 29

=5 |~ (cos& +6))sin(t +0)d6
Y ?

1 [~ sinZH : _
=5 .—g[f (cos(& + 8))sin(€ + 6)
2n 0 Sin 3
+ f (cos(§ — 6)) sin(§ — 0)] d6
1 / sin(2n + 1)8
7 Jo siné
+ f (cos(§ — 26)) sin(§ — 28)] dé.

[f (cos(& + 26)) sin(§ + 25)

By (4.3) we can estimate (x = cos §)
[ 21 2(x)(Suf Y(x)| = Isin& (S,f )(cos&)| < 2+ Inn) [v'/>12F |,

which proves the lemma.
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