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Abstract

We study the Cesaro operator K§; * f(U) on the classical group G and give a necessary and sufficient
condition on the index @ = a(G) for which the operator K% * f(U) is convergent to f(U) for any
continuous function f as N — oo. The result in this paper solves a question posed by Gong in the book
Harmonic analysis on classical groups.
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0. Introduction

Let G be a connected, simply connected, compact Lie group of dimension k. Let g
be the Lie algebra of G and ¢ the Lie algebra of a fixed maximal torus T in G of
dimension /. Let A be a system of positive roots for (g, 7),andlet § =27'Y" _ «.

Let |.| be the norm on g induced by the negative of the Killing form B on g%, the
complexification of g; then |.| induces a bi-invariant metric d on G. Furthermore,
since B|.c,,c is non-degenerate, given A € homc(t<, C) there is a unique H, in ¢
such that A(H) = B(H, H,) for each H € t*. We let (,) and || || denote the inner
product and norm transferred from ¢ to ¢* (the dual of ¢) by means of this canonical
isomorphism.

LetN = {H € t, exp H = I}, where [ is the identity in G. The weight lattice P
isdefinedby P = {X €1, (A, x) € 27Z, any x € N} with dominant weights defined
by A=1{x e P,(A,a) > 0any ¢ € A}. We can identify G with this A because
A provides a full set of parameters for the equivalence classes of unitary irreducible
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representations of G. For A € A, the representation U, has dimension

A+8,a)
0. | B

and its associated character is
[ A
Zwew e(w)e'(w( +8).x)
2w €}

where x € t, W is the Weyl group and e(w) is the signature of w € W. For any
Lebesgue integrable function f on G, f has the Fourier expansion

0.3) fE)~Y " dixx fQR).

In this paper our particular interest is on the classical compact Lie groups: rotation
group SO(n), unitary group U(n) and unitary symplectic group USP(2n), since these
three groups are the Shilov boundaries of certain bounded symmetric domains in
several complex variables. More specifically, SO(n) is the Shilov boundary of the
real classical domain of type one; U(n) and USP(2n) are the Shilov boundaries of the
complex classical domain of type one and the classical domain of quaternions of type
one, respectively. Readers can see [C] and {H] for more details of how these domains
play important roles in the study of several complex variables.

Let 2 be either the real or the complex classical domain of type one. Hua calculated
the automorphism group Aut(£2) and used its Jacobian determinant to define the
Poisson kernel P(X,T") so that he was able to solve the Dirichlet problem on 2
(see {H]).

After finding explicit formulas for the Poisson kernels, Gong defined the Cesaro
kernels K¢, on the classical groups (see 1.1 in the next section and 6.1, 6.3 in Section 6).
An important feature of Gong’s Cesaro kernels is that if one chooses ¢ = a(G, N)
to be a certain sequence going to infinity then the Cesaro kernels will coincide with
the Poisson kernels in a certain sense, which enables one to find the Poisson kernel
on USP(2n) and solve the Dirichlet problem on the classical domain €2 of quaternions
where the automorphism group Aut(2) is difficult to calculate. These details can be
found in Section 11.6 of [G].

Let dV be the normalized Haar measure on G. The critical index o = «a(G)
of the Cesaro kernel on G is defined by «(G) = (n — 2)/(n — 1) if G = SO(n),
a(G) = (n— 1)/nif G =U(n) and «(G) = 2n — 2)/(2n + 1) if G = USP(2n).

Fora > —1, let

0.2) xi(x) =

By, =d;' f X (V YKy (V)dV
G
and define the Cesaro (C, o) mean of the Fourier series for a function f by

> By dixi* f.

reA
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It is well known that SO(2) = U(1) is the one dimensional torus T'; from [G] one
easily sees that when G = SO(2) = U(1) the above definition is the classical (C, o)
mean of the Fourier series on T'. Also from [G], one knows that for a Lebesgue
integrable function f

ZB}?MAXA * f(U) = / KL(VU)f(V)dV = (K} x f)(U).
G

AEA

The following convergence theorem about this Cesaro operator Ky * f can be
found in [G, Chapters 2, 7 and 11].

THEOREM A. Suppose that f is a continuous function on G. Then limy_, (K}, *
HW) = fU) foreach U € G, provided o > a(G).

The condition & > «(G) in the above theorem is sharp when G = SO(2) (see [Z]),
so Gong asked in [G] whether the condition ¢ > «(G) can be further improved when
dim(G) > 1.

The main purpose of this paper is to solve the above question. Readers will see
that the interesting fact is that on SO(n) the condition ¢ > «(G) can be improved to
the sharp condition & > «(G) only if n is odd; on U(n) the condition o > «(G) can
be improved to the sharp condition & > «(G) only if »n is even, and on USP(2n) the
condition & > «(G) is sharp for any n.

In this paper, we are not able to give a unified proof for the above results on different
groups due to some slight differences among the Cesaso kernels and among the Weyl
functions. But the proofs on these three groups are essentially the same with minor
modifications only on some elementary computations. For this reason, we will give
the detail only on SO(n), and list the theorems on U(n) and USP(2n) in Section 6
without giving proofs.

As readers shall see the definitions of the Cesaro kernels, it is natural to define
an analogue of the Cesaro kernel on a general compact Lie group and study its
convergence properties. The possibility of such an extension will be discussed in the
last section. In contrast with this Cesaro kernel defined via the ‘kernel side’, on a
general compact Lie group one usually studies certain summability kernels via the
Fourier series side. For instance, one can consider suitable functions ®, on A such
that limy_, ., ®5(1) = 1 for each A € A. Then one defines a summability kernel
Ky = Y ,ca ®n(M)dy x, and studies the convergence property for limy_, K3 * f.
Readers may refer [Cl, M, GST1, GST2 and F2] for further information about various
summability kernels on a general compact Lie group.
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1. Cesaro Kernels on SO(n)

For @ > —1 and a positive integer N, let A}, = (@ + N)--- (@ + 1)/N!. Then the
Cesaro kernel K3 (V) on SO(n) is defined by '

N N—j
(L) K5(V) = det" D" ({A‘,’VI +3(vi+v) Y A;'-‘} /A';) /B,
=1 v=0

where

N ) N—j
(12) B = / det"~12 ([A‘,’VI +Y° (vf + v”) ZA:—‘] /A‘;) dv
SO(n) =1 v=0

and V' is the transpose of the matrix V. One easily sees, from the above definition,
that for any integer N,

(1.3) / K2(U)dU =1,
SO(n)

Recall that any V € SO (2k) is conjugate to an element exp# in the maximal
torus T. Let 8 = (6,...6,) be the regular coordinate and let o5(f) = 1/2 +
Z;L] cos j1A%y_;/ A} be the one-dimensional Cesaro kernel (see [Z]). Then from [F1},
we know that the Cesaro kernel can be written by the following manageable form

(14) ki) =TT, los @)™ /B3,
where

= 1 @ n—1
(L.5) By = /SO(") l—L=I {ov@p} dv.

Let oy = (n — 2)/(n — 1) be the critical index for the Cesaro mean on SO(n). We
will prove that if n = 2k + 1 then K§, * f(U) converges to f(U) for any continuous
function f if and only if @ > ay; if n = 2k then K§, * f(U) converges to f(U) for
any continuous function f if and only if @ > «p.

To prove the case of n = 2k + 1 and @ = «, we notice that the kernel Ky’ (U)
in this case is positive so that we first prove a lemma on any compact Lie group G
which states that if for each positive integer N, Ty (f)(U) = fG F(VUYKN(V)dV
is a positive operator and Ty(1) = 1 then as N — oo, Ty(f)(U) converges to
f(U) for any continuous function f if and only if limy_, [, d(V, )’ Ky(V)dV =
0, where d(V, I) is the distance between V and I. Next we write the integral
Jsom AV, DPKZ(V)AV = J2/J%. Thus the problem is reduced to proving that
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J¥ = O(N*)and J2* > AN“*log N as N — oo, where A is a positive constant
independent of N. We obtain that result after dividing the integral into several pieces
and checking that each piece is under control. Some of this checking requires a careful
tracking of the exponents of N in a large number of cases. In the case n = 2k + 1
and ¢ < «, the function g(V) = 1 — cos 6, with exp 6 being a conjugate matrix
of V, is proved to be a counter example showing that the convergence theorem fails.
For the case n = 2k and o < a4, we calculate the Lebesgue constants and show that
all of them are unbounded. The Banach-Steinhaus theorem then gives the divergence
conclusion.
Now we state our main results on SO(#n) in the following theorems.

THEOREM 1. Suppose that f(U) is a continuous function on SO(2k + 1). Then

(1.6) lim Ky (VU)Yf(V)dV = f(U).

N—>0oo Jso@k+1)

THEOREM 2. There exists a C™ function g(U) on SOQ2k + 1} such that

(1.7 limsup/ Ky(V)g(V)dV # g(I) forany —1<a<a.
SOQk+1)

N—oo

THEOREM 3. For sufficiently large N> 0, we have
(1.8) / |Ky (V)| dV = Alog N,
SO(2k)

where A is a positive constant independent of N.

THEOREM 4. Forany —1 < a < « there exists an € > 0 such that, for sufficiently
large N > 0,

(1.9 / |Kn(V)| dV > AN*,
SO(2k)

where A is a positive constant independent of N.

Clearly, Theorems 1 to 4 and Theorem A together with the Banach-Steinhaus
theorem lead to the following theorem which solves the question of Gong on the
rotation group SO(n).

THEOREM B. If n is odd, then limy_ o K, x f(U) = f(U) for any continuous
function f on SO(n) ifand only ifa > (n —2)/(n — 1).

If n is even, then limy_, o, Ky * f(U) = f(U) for any continuous function f on
SO(n) ifand only ifa > (n — 2)/(n — 1).
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This paper is organized as follows. In the second section we will give some
preliminary lemmas for proving the theorems. Theorem 1 will be proved in the
third section. Theorem 3 and Theorem 4 will be proved in the fourth section and
Theorem 2 will be proved in the fifth section. In the sixth section we will answer the
same question on other two groups U(n) and USP(2n). Finally in Section 7, we will
discuss the possible extension of the Cesaro kernels to a general compact Lie group.

Throughout this paper, the letter A will denote a positive constant which may vary at
each occurrence but independent of the essential variables or functions. In particular,
this A will be independent of the integer N. This independence will be clear from the
context. Also we use fy = gy to mean that there exist positive numbers A, B and C
such that Afy < Bgy < Cfy, where A, B and C are independent of the variable N.

2. Some preliminary lemmas

Let Ky (V) be a non-negative function on G for each integer N. The linear positive
operator Ty associated to this kernel K is defined by

@1 Tv(f)U) = f FVUYKn(V)dV.
G

For N = 1,2, ..., considering the operator sequence {7y}, we have the following
lemma that is true on any compact Lie group G.

LEMMA 2.2. Let d(V, 1) be the distance between I and V € G. Suppose that
Ty(1) =1 for all integers N. Then

2.3) »}im FVUYKNy(VYAV = f(U)
00 G
for any continuous function f(U) if and only if
(24) Jim [ d(V,I))Kn(V)dV =0.
—>0oC G

PROOF. Let M be a positive constant such that || f|l < M. Now because G
is compact and f is continuous, for any € > 0 one can choose a § > 0 such that
—€e < f(VU)— f(U) <€ifd(V,I) < 4. Therefore for all U and V in G,

(2.5)  —e —2M872d*(V,I) < f(VU) — f(U) < € +2M82d*(V, I).

Noting that Ty is a positive operator with Ty (1) = 1, we easily obtain that

(2.6) —€ —2M§? /

G

d*(V,HKy(V)dV < / fFWVUYKy(V)AV — f(U)
G

<e+ 2M5‘2/d2(V, DKy(V)dV.
G
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Therefore, (2.3) holds for any continuous function f if and only if

2.7 lim /dZ(V, DKy(V)YdV =0.
[€)

N—ooc

The lemma is proved.

We now recall the following estimates of the one dimensional Cesaro kernels o, (6).

LEMMA28. Ifa > —1 and |0| < N7, then |02 (0)] = N. Ifa > —1 and
6] > N~', then

2.9)
{on@)}" =sin" (N + (1 + @)/ — ma/2}/ {(@)} @2sin(@/2)y" "}
+ O (N-=halg=t=hietD-=2)

where (¢)y = (@ + N+ D)/{T (¢ + DI'(N + 1)} = N for N sufficiently large. In
particular, fora > —1 and |0| > N~' one has

(29’) {0,[(\1,(9)}" -0 (N~na|0|—n(a+l)) )

The proof of the lemma can be found in {Z, p. 77 and p. 95]. More precisely, (2.9)
is an easy modification of (5.14) in [Z, p. 95].

LEMMA 2.10. Letn =2k + 1andoy = (n —2)/(n — 1) = 2k — 1)/(2k). Then,
as N — oo,

p:4 x k
Jeo =/ / |loso@)|™ D) d6, ---d6, > AN *log N
. ,

-7 o

where D(6) = D@, ...,6,) = ]_[f.;l(l —cos@) [ ], (cos 6 —cos 6,)? is the Weyl
function on SO2k + 1).

PROOF. The case k = 1 is [F1, (16)]. For k > 2, we write
D®,,0,,....,8)=01 — cosO,)I—L’;l {(1 —cos6) — (1 —cos8,)} D, ...,0).
Now we notice that for 6 = (6,,6,,...,6,) with |6;] < 1/N, j =2,3,...,k and
I/N <6, <n/4

k
D(6) = (1—-cos ) [{(1—cos ;) + O(N ") (1—cos )+ O(N )} D6, ... 6)

i=2

2k—1
= {(1 —cos9)* !+ Z(l —cos8)*"PONT#)Y D, ..., 6).

p=l1

https://doi.org/10.1017/51446788700000951 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700000951

(8]

Cesaro kernels on classical groups

7/4 pl/N I/N & "
Jeo 3/ f / lox (6)|” D, ...,6)do, - db;.
/N Jo 0 =1

J

371
We let

By Lemma 2.8 we easily see

Jao >AN2k(k—l)—2pf

/4
/N l

o @) (1 — cos8))* ' d6,|B(1, 1/N))|

p=I

2%—1 n/4
+0 (Z N f o3 @) (1 — cos 6%~ d6y| B, 1/N)|)
1/N

=J) + 12.

In the above estimate B(/, 1/N) is the ball in SO(2k — 1) with center / and radius 1/N,

and |B(I, 1/N)|, = fjfle e j{j‘]N D@, ...,0)d0,--db, is the Haar measure of
B(I,1/N) so that |B(I,1/N)| = N~ dmSO@k-1) — N-k=-DE=D_ Thys using the

estimate (1 — cos @) = 6% we have

/4
D) —(2k— - 2k _
Jl > AN2k(k D—(2k—1)(k 1)/ IO.ZO(QI)l 9;1k 2d0l
0

— ANk—l /n/4 Ia_ao,2k 94k~2 4o
= N .
0

By using formula (2.9), we now obtain that

/4
Ji zAN"‘[ sin®* (N + (ap + 1)/2)0 — an/2)/6 d6
1

N

/4
+0 (N-k—'/”f gl de) > AN *logN, (N — 00).
1

/N

Also by using the estimate o, (8) = O(N~|0| 1) for oy = (2k — 1)/(2k), we see
that

2k-1 /4
Jo =0 (Z N"—Pzpf ! N2+l g =4+l gak-2-2p d9>
0

p=1
2k—1 /4

=0 (Z N"“z”/ g'-2r d9> = O(N7).
p=1 1I/N

Thus the proof of Lemma 2.10 is complete.
Similarly to Lemma 2.10, we have the following lemma for n = 2k:
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LEMMA 2.10". Letn =2k andog = (n —2)/(n — 1) = 2k — 1)/(2k). Then

T T k
w =/ / [Tlow@) " a®)d6, ---d6, > AlogN, (N — o0)
—n - =]
where A@0) = Ay, ...,0) = [ «(cosd — cos;)’ is the Weyl function on
SO(2k).
PROOF. We write
k

AB, 62, ... 00 =[] ((1 —cosg) ~ (1 —cos6))’ A, 65, ..., ).

j=2

Then we have

1/N I/N /4 2 k
g =/ / (/ lowe @0 [T (1 = cos) — (1 — cosg))?) del)
4] 0 1/N j=2

@ 2~
loz @)~ A, ...,0)d6, - - db,.

k
i=2

Now using the same argument as in Lemma 2.10 we can easily obtain Lemma 2.1('.

NOTE. We obtain the estimate #* > Alog N in Lemma 2.10" instead of the
estimate _#* > AN ~*log N in Lemma 2.10 since the Weyl functions A(#) and
D(0) are different.

LEMMA 2.11. Suppose that m is a positive integer and n is any real number. Let

(2.12) I = / ™o (0)* " sin™(6/2) db,
0
where k is any positive integer. If 0 < o < (2k—2)/(2k—1) and 2k—1)(a+1)—m >
o, we have
(2.13) Iy = O(N**"logN), (N — ).

IfO0<a<(2k—2)/2k —1)and 2k — 1)(a + 1) — m < a, we have
(2.13) Iy = O (N~Gkhelie)

If -1 <a <0and 2k — 1) + 1) —m > 0, we have

(2.14) Iy = 0 (N*7* ), (N — 00).

If-1 <a <0and 2k — 1) (¢ + 1) —m < 0, we have

(2.14) Iy = O (N~®-D=1), (N - 0).
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PROOF. Let
N . i 2k—1
(2.15) I = {/ +/ }e”’” {op(®)} sin™(8/2)d6 = A, + As.
0 1/N
By Lemma 2.8 it is easy to see that
i/N
(2.16) A =0 (NZ"—‘ / 6" de) = 0 (N*7* ™)
0
Applying (2.9) to A,, we obtain that the term A, above is bounded by

(2.17) 0<N—"<2"-” / e”’gsinz"_l{(N+(a+1)/2)9—om/2}/sin‘Zk_l)(“+"""(9/2)dO)
1

/N

+0 (N—a(2k—2)_1 /" g~ k=Dia+1y+a—1+m dG) = Ay + Aga.
/N

To estimate A, |, letting (N + (@ + 1)/2)) = M and —an /2 = B, we can write
Sin®* (N + (@ + 1)/2)8 — am[2} = C {7 M0 _ gmito-p) 2
2k—1

- § C’eil(Mﬂ—ﬂ)e—-i(Zk—l—I)(M<9~ﬂ)
1=0

2k—1
— -S- i(21=-2k+1)MO
- Ble s
=0

where the C,’s and B,’s are constants independent of N and 6. Without loss of
generality we assume M = N and (2 — 2k 4+ 1) = 1. Thus

(2.18) A2,1 =0 (N—H(Zk—l) f” eirlaeiN9/6(2k——l)(u+l)—m de) .
1/N

When 2k — (e + 1) — m > « > 0, using integration by parts we easily see that
AZ] — O (N~01(2k—l)N(Zk—l)(a+l)—m-l) - 0 (NZk—Z—m) .

Alsosince 2k — 1)(a+1)—m > a > Oimplies -2k — )+ 1) +a—1+m < —1,
we have

(2.19) Az2= O (N**"logN), (N — 00).

Therefore (2.13) is proved.
To prove (2.13'), we again use (2.15). Noting that m > (2k — 1)(« + 1) — &, by
(216), we obtain Al — O(Nzk—Z—m) — O(NZk—2—(2k—l)(ot+l)+a) — O(N—(2k-1)u—l+a).

https://doi.org/10.1017/51446788700000951 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700000951

374 Dashan Fan [11]

We write A, = Ay + Ay, asin (2.17). Since 2k — ){(x + 1) — m < « implies
—Q2k—D(a+1)+a+m—1> —1, we easily see that A, = O(N**=2-1) =
O(N~—*@=D-1+) [sing integration by parts and (2.18), we find that

A2’ -0 (N—a(Zk—l)—l+(2k—l)(a+l)~m) =0 (N—a(Zk—])—H-u)

since m > (2k — 1)(¢ + 1) — «. Therefore (2.13) is proved. If —1 < ¢ < 0 and
Ck—ND(@+1)—m >0,then —2k— )¢+ 1)+m+a—1 <a—1 < —1. Thusby
mimicking the proof of (2.13), one has no difficulty seeing I3 = O(N*~>~"). This
shows (2.14). If -1 <a < O0and 2k — )(x+1) —m < 0, we write Iy = A+ A,
as in (2.15). By Lemma 2.8, clearly

(220) Al =0 (NZk—Z——m) — 0 (N(Zk—2)—(2k—l)(a+l)) — 0 (N—(Zk—l)a—l) .
To estimate A, we write Ay = A, + A, as in (2.17). Notice that —(2k — 1) (o +
D-—-a)+m<—(1—a)and ] —a > 1. We have

(221) A2,2 =0 (]\/"“'(2]‘“2)_l / 0‘(1—01) dg) =0 (N—a(Zk—l)—l) .
i

/N
But using integration by parts, we also easily see that
(2.22) Ay = O (N7®=D71),

Now (2.14) easily follows by (2.20), (2.21) and (2.22). The proof of Lemma 2.11 is
complete.

3. Proof of Theorem 1

Let Exp6@ be an element in the maximal torus conjugate to V € SO(2k + 1).
From [G, p. 153] we know that d(V, I)? = Z;;, sin6; /2. From (1.5) we know that
K% (V) is a positive kernel. Thus by Lemma (2.2), it suffices to prove

k
3.1 lim D Ky (V)dv =0.

N=00 Jsoak+1) 557

Noting that Zf:n 0].2 K3 (V) is a central function, from formula (1.5) and a symmetry
argument we easily see that

k
3.2) f Y Ok (Vydv = e/,
SOk+1) 7
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where

(3.3) Jo = /f . f
(3.4) Jo / [

and

:]»

| N(e)) D(8)dé, - - - dé,,

1

.
Il

k
62 [loz @)™ D©)dé, --- de,

J
1 j=t

M»

-
fl

(3.5) D) = n(l—cose) [ (cos6; —cos6)™.

I<i<j<k

To prove (3.1), by Lemma 2.10, it is enough to prove

(3.6) Je =0 (N,

By using symmetry and changing variables, we only need to prove that
n /4 k *n
(3.7) / e / 0: [ Tlow®n|” D©)db ---db = O (N ).
0 0 j=1
By symmetry again, we need to prove
1/N 1/N k ”
(3.8) / / 6; [ Tlow®)|” D®)d6
0 0 j=1
bid kg k %
+/ f 07 [ low©p|™ D) do
1/N 1/N

j=1
k=1 P n 1/N 1N 2 . )
+ 0 % g D(©)do
;{/I/N /I/N}{/o fo } 1B|0~(1)| ©)
() —n
v 2%
{/ / ”/ ,/ })921—“ °(6)|" D©®) d6, - - - db;
/N J1/N
(k—p)
_J1+12+ZJ(M)+ZJ(u)_0(N )
pu=l u=1

First by Lemma 2.8 we easily see that J; = O(N*2) = O(N~*). To estimate the
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remaining terms, we notice that

D@®) = H(l—cose) Y {1 —cosh) — (1 —cosh}’

I<i<j<k
~o([17 3 1w+a1)=o(x11%).
I<i<j<k (p) j=I
where (p) = (pi1,..., px) is a k-tuple of even integers between 2 and 4k—2,

Z;;l p; = 2k*, and for each (p), at most one p; is equal to 4k — 2. Also by
Lemma 2.8, ]_[;;l loy(8)|* = O(N*I=20 ]_[;‘:] 67%*"). Thus we find that J, is

equal to
T b4 k
(3.9) 0 (Z Nk(l—2k)f / 0]—4k+3+p] l_[0;4k+l+pj 6, -- -de) )
» /N I/N =2
If p, is 4k — 2, then we easily see that Zf:z p; = 2(k — 1)? and p; < 4k — 4 for all
J =2,3,..., k. After this observation, using Lemma 2.8, we easily calculate that for
this (p) the term in (3.9) is equal to
b4 b4 k
(3.10) NK(1-20 [ e / o, [[o; """ a6, -do,
I/N N 22

-0 (Nk(l—2k)—2(k—l)2+(k—l)(4k——2)) -0 (N—k) .

In a similar way, we estimate each term in (3.9) by considering the different cases
p1 = 4k — 4, and p; < 4k — 4. It is easy to see that each term in (3.9) is O(N~*) as
N — oo. This shows J, = O(N7*). Next we estimate each term J* in (3.8). We
write

D(91’02v ...,9/() = D(9u+17 "~70k){D(€ly -"’ek)/D(6M+lv ---50k)}'

By Lemma 2.8,

1I/N /N
J(u) =0 N2k(k—ll)/ .. / D(6#+[, ey 0[()
0 0

b4 T m
{/ / 912”[050(9].)[21:D(9x,...,91()/D(9,1+1,...,Ok)del...dgﬂ}
/N 1/N

=

db,., - -d6k>
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where
I/N I/N
(.11 / " / DOy, 0)d0y41---db = O (N_(k'”)ka_2”+l))
0 0

since (k — p)(2k — 21 + 1) is the dimension of SO(2(k — u) + 1).
Notice that as a polynomial in the terms (1 —cos 8,), D(8,, ..., 6)/D(Ops1, . .., 6)
is a homogeneous polynomial with

(3.12) degree{D(0:,...,6)/DBys1, ..., 0)} = u(2k — )
= degree D(8,, ..., 6,) — degree D(0,4,, ..., 6.

Thus by definition,

n
D@, ....00/DOu1,....00 =) 0 (]’[(1 ~ cose,-)’f)

0} j=1

+ terms of homogeneous degree 1 (2k — ) that contain at least one (1 — cos 6;) with
jel{u+1,... k), where () = (I},...,1,)is a pu-tuple such that y I, = u(2k — p).

For (6,,...,6,) € (/N,7]* and (6,41,....6) € [0,1/N)*, since
(1 —cos8) = ONHif j € {u+1,...,k}, without loss of generality we can

assume
H
D®y,....6)/DBusis.... 00 =0 (Z]‘[ef’f) .

0y j=1

By Lemma 2.8,
- M
g 2k _ 8 ~
n |O’N (9,-)\ =0 (N w(2k—1) nejn 4k) .
j=1 1

Thus a simple computation shows that

bid M w
](") =0 va+2,¢(1_u)/ 0—4k+3+p| / a—4k+1—m d9
(= O Cad”

(P) 1/N j=2

=0 (Z J(‘“(p)) .

)

In the above equality, ), ») 18 @ sum with finite number of terms, namely Z}‘:, pi =
2u(2k — p); these p;’s have the same properties as we discussed in (3.9). Now
we estimate these terms J*(p) in the following different cases that include all the
possible cases of J“ (p).

(1) py=4k—2,allother p; <4k —4(j=2,..., u).
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(2) p = 4k — 4, there is one p; = 4k — 2.
(3) pi = 4k — 4, all other p;’s are less than or equal to 4k — 4.
(4) p, = 4k — 6, there is one p; = 4k — 2.
(5) p\ = 4k — 6, all other p;’s are less than or equal to 4k — 4.
(6) pi < 4k — 6, all other p;’s are less than or equal to 4k — 4.
(7) p1 < 4k — 6, thereisone p; = 4k — 2.

In the case (1), noting that Z;;z pj = 2pu(2k — u) — 4k 4 2, we easily compute
that

j=2

H ke
JW(p) = O | N7H2= / o~ %1+ gg.
[1/ .9 ,

-0 (N—k+2u(l—;4)N(4k—2)(u-—l)-2u(2k—u)+4k—2) -0 (N—k) )

In a similar manner, it is easy to compute that J* (p) = O(N*) in the other different
cases. Finally we estimate each J,, in (3.8). It is easy to see

1N 1N P n k "
Jo = {/ / }{[ / }of]'[lo;j"(e,-)l D(9)do
0 w 0 1N /N =l

k—pt)
I/N 1/N 3 n k 2
5{/ [ }{/ / }9,3]’[]0,?,"(9,-)! D(6)do.
] 0 1/N 1/N i=1

2% . . . . o
But [];_, |ox*(6)|” D(8) is a symmetric function. So it is reduced to estimating the
previous case J*. Theorem 1 is proved.

4. Proofs of Theorem 3 and Theorem 4

Remember that A(9) = [],_;_,,(cos 6; —cos6;)>. By the definition of the Cesaro
kernel on rotation group SO(2k), from (1.4) and a symmetry argument we know that

4.1 / |Ka (V)| dV = g°/.7°,
SO2k)

where

T T k
/“:f los6)|* ™" A®) a6, - --dé,,
. 1

-7 =

and

i—1

T Tk
yﬂ:/ / [Tlez@)}*" a@) a6, - a..
- -7
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By Lemma 2.10', we know that #* > Alog N for sufficiently large N. So to
prove Theorem 3, it suffices to prove .#% = O(1). By the definition of A(9), after
changing variables it suffices to prove that

4.2) Zn/ {ore@)}* " 07 a6, = 0(1),

P j=

where the p;’s are even integers between 0 and 4k —4 and there is at most one p; which
is4k —4, 3" is a summation of a finite number of terms with Z;‘:l p; =2k(k —1).
By symmetry, we need only prove that

@43) E = [‘[/ (o)) 67 d6; = 0(1),

E,

k b4
]_[ {0;30(9,)]2"“ 67 do; = O(1),

n
E3=l—[/ { (9)}2k19p;d9 1_[
j=170

Jj=p+l1

f oy (6,)*7'67 d6; = 0(1),
1/N

(w = 1,2,....,k — 1) for all (p) = (py,..., px) satisfying the conditions in
(4.2). By Lemma 2.8 together with the conditions of (p), one easily sees that
E, = O(N~#k=D=k+k2=Dy = O(1). Now we estimate E,. If all p;’s are less
than 4k — 4, then E, is equal to

k
(l"[ —k(2k— 2)f j—4k+3+m de,-) =0 (N—k(2k—2)+k(4k—4)—2k(k—l)) = 0().

If there is one p; which equals 4k —4, withoutloss of generality we assume p, = 4k—4;
then Zj;z pj = 2k(k — 1) — 4k + 4 = 2k* — 6k + 4. By (2.9) we obtain that E, is
equal to

(44) o (N—Z(k—Z)(k—l) [ﬂ 0,:,0(91)21(—16;%—4 delN(k—l)(4k—4)—(2k2—6k+4)) .
1/N

Again by (2.9) together with a simple computation, we know that the above equality
is equal to

4.5) o <1\/2"—21v—2*+2 f sin®* (N + 1/2 + 00)8; — ao/2}/6, de,)
/N

+ 0 (Nfl/(2k—1) /” 9-1—1/(2k—1)d0) — 0(1)
1/N
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To estimate Ej, if all p;’s are less than 4k — 4 or if one of py, ps, ..., p, is 4k — 4,
one easily obtains, following the same estimates as in E; and E;, that

E3 =0 (NZM(k—l)N‘t(k—u)(k—l)N—Z(k—u)(k—l)N*Zk(k—l)) — 0(1)

If one of p,,i,..., p is 4k — 4, we may assume p, = 4k — 4. After a simple
computation we know that E; is equal to

T
k—t
0 (N,u(2k—l)—u—(2k—2)(k—l—u)+(4k—4)(k—u—l)—-zj=, p,) / a2 @)% 1% 4g
17N

=0 (N(Zk-—l) {020(9)}2"—1 gH—4 d9) )
1/N

Thus the estimates (4.4) and (4.5) show that E5 = O(1). This completes the proof of

Theorem 3.

Now we are going to prove Theorem 4. Noting that the Lebesgue constant in this
case is formulated by (4.1), we need to estimate both #* and #¢ for —1 < a <
2k — 2)/(2k — 1). We will consider the case 0 < o < (2k — 2)/(2k — 1) only, since
the proof for the case —1 < o < 0 is similar. It is easy to see that _#* is bounded

below by

k
f [Tov©n

/420, 220,> - 22k716,20 | i<}

= A /
/426, > 22516, >0

The last inequality is true since for any i < j,

2k—1

[] sin*@ - 6,)/2)sin*((6: +6;)/2) do

I<i<j<k

& 2k—1
[Tonen

j=1

6]4(1(—1)9;(’(—2)9:_1 do, ---db,.

Sin?((6; — 6;)/2) sin*((6; + 6))/2) = A} — 67) = (A/D)6.
Now we let £ = k — [((2k — 1)(a + 1) + 3)/4] = k — [y], where [y] means the
integer part of y = ((2k — (e + 1) + 3)/4. Because —1 <o < 2k —2)/(2k - 1)

and y — 1 < [y] < y, one easily sees that

(4.6) O0<é&<k, Ck—1Da@+1)—4k—-§)<1 and
Qk—-NYa+1)—4k—-&-1)=>1.

In fact, since y = {(2k — I)( + 1) +3}/4, we have 2k — 1)(a + 1) —4(k — &) =
k=D (a+1)—4[y] < Qk—1)(a+1)—4y+4 = land Ck—1)(a+1)—4k—£-1) =
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Ck—D@+1)—-4yl-1) > 2k - 1)(¢+ 1) —4y + 4 = 1. This shows (4.6).
Let 2, denote the expression

«[/N22595+,2---32*"9k30

forl<é<k—1and 2, =1if& =k;

£
2= [ [T{lon@n™ " 61*} doy .- -as;

14260,>-- =216, > /N j=1

2k-1
4k—&—1)
Gt 6f dByy, - - d6

k
[] onen

J=£+1

for£ #0,and Q, = 1if £ = 0. Clearly _#* > Q,Q,.
By Lemma 2.8, it is obvious that

Q, > ANGK-DU=—(=5—4{142++k-E =D} — g N2G—E)

By using formula (2.9), a simple computation shows that 2, is greater than or equal
to

3 i 2k—1 _
AN—(Zk-l)aE/ |sm {'(N + 1/22k+ a/2)6; f)m/2}| 46, - - db;
7426222102 1 /N | {sin(; /2)}2-De@+D—4k=))

+o (N—(2k—l)aE) _

By the choice of this &, for j = 1,2,...,§ wehave 2k — I)(a + 1) —4(k — j) <
2k — 1)(a + 1) — 4(k — &) < 1. Thus clearly we see that €, > AN~ 4
N — 00. We now obtain that

4.7 /"‘ > AQ 2, > ANLEE—E)—@k=Dag

Next we estimate .#“. By the definitions of #* and A(#), after changing variables,
we obtain that the absolute value of .#” is bounded by

k 14
@® AL S| [ lor@) s o6, 2d8) = 3 an,
0

m) (q) |j=I m) (q)

In formula (4.8), ), and ), » are summations with a finite number of terms; both
(m) = (my,m,,...,m;) and (q) = (qi, q2, - - - » q) are permutations of (0,2, ...,
2(k — 1)). Thus without loss of generality, we may assume Q0 <m, +¢q, <m,+¢q, <

<o <myp+q, < 4(k—1). We estimate these A,, ;’s in (4.8) in the following different
cases.
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CASEL. If 2k — D(e+ 1) —my —gx > a,then 2k — D@+ 1) —m; —q; > «
forall j =1,2,...,k. In this case we use formula (2.13) to obtain

4.9) Apg < ANGT0m39) ook N
But we know Zle m; + q; = k(2k — 2). This implies that
4.9) Ap, < Alogt N (N — 00).

CASE2. If 2k — 1)@+ 1) —m; —q; <aforall j =1,...,k, thenby (2.13') we
have

(4.10) Aqu < AN—2k2a+2ak—k'

CASE 3. There exists an integer jo, which is bounded below by 1 and above by
k — 1, such that

2k —D@+1) —(m +q;) 2 a,

“.11)
2k — D(a + 1) — (mjp41 + gjp41) < .

By the choice of (m) and (g) we know that

Jo
(4.12) > m; +q;) = 2jolo — 1)

j=1

By (2.13) we know that

) k
(4.13) Amg < ANPODLLOF0 1ogh N [T wj(m, ),
=+l
and
(4.14) w;(m, q) = / {os6)) " sin™*(6,/2) d6;.
0

So by (2.9) and (2.13") we obtain that
w; (m,q) =0 (N_(k—jo)l(2k*l)a—a+l]) ,

which leads to

(4.15) Ay < ANK-Cio—dhat2a=l) oo
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Combining Cases 1 to 3, we easily see that the above inequality (4.15) is true for all

Jo=0,1,..., k. Now we estimate the maximum value of (k — jy)(2j,—2ka+2a —1)
for jo=0,1,..., k. Consider the quadratic function
(4.16) Ox) =k —x)2x —2ka +2a —1) x € [0, k].

It is easy to see that Q(x) reaches its unique maximum value at the point 8 =
(2ka —2a + 1+ 2k)/4 < k. Notice that Q (x) being a quadratic function implies that
forall jo,=0,1,...,k,

4.17) (k — jo)(2jo — 2ka + 20 — 1) < max{(k — [B) 2] — 2ka + 20 — 1)
k — (Bl — DQIBY — 2ka + 2a + 1)}.

Thus by (4.8), (4.9') and (4.15), we have
#° < Alog N max {N(k—[ﬂ])(Z[ﬂ]—Zkaﬂu—l), N(k—[ﬂ]—l)(z(ﬂ]—Zka+2a+l)}.

Now by the definition of the Lebesgue constant together with (4.7) we know that when
0 <o < (2k — 2)/(2k — 1) the Lebesgue constant of the Cesaro mean on SO(2k) is

(4.18) F%/F* > Alog™ N min | NF&o NO&)
where

Fk,a) = (k — [yDQly] — 2ka + o) — (k — [BD2IB] — 2ka + 2 — 1),
Gk, a) = (k= [yDQly] —2ka +a) — (k — [B] — DQ[B] — 2ka + 20 + 1)

and y = {2k — 1)(¢ + 1) + 3}/4. Since y = B + (¢ + 1)/4 and |a| < 1, we have
either [y] = [B] or {[y¥] = [B] + 1. Therefore to finish proving the theorem, it suffices
to show that

(4.19) Fk,a) >0 and G(k,a) > 0.

In fact, if [y] = [B], then because @ < (2k — 2)/(2k — 1),

Fk,a)=1-a)k —[yD =1 -a)k —y)
=0 -a){2k-1)(A—-a)—-1}/2 > 0.

If [y] — 1 = [B], then a simple computation shows that
Fk,a) = (k — [yDQly] - 2ka + @) — {k — [y] + 1H{2[y] — 2k — Do + o — 3}
=l -a)k—-[yD+2(k-[yD -2yl +ak~1) —a+3.
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Since (1 — a)(k — [y]) > O from the previous proof, we need only show that
2k = [yD) =2yl +aRk—-1) ~a +3 > 0.

Infact2(k — [y]) —2[y]+ak— 1) —a+3 =2k —4[y]+a@k—1)—a+3 >
2k—4y +ak—-1)—a+3=2k—-2k— D+ D)+ak—1)—a=(1-a) > 0.
This shows F(k,a)>0.

Next we show that G (k, a) > 0. By the definition of G (k, &), if [8] = [y’] then from
the proof for F(k, a) we easily see that G(k, ) > 0. If [8] = [y] — 1 then a simple
computation shows that G(k, ¢) = (k— [y D1 —a) —2k+4[{y] — 2k —Da+1+c.
Again, to prove G(k, @) > 0 we only need to prove that

2k +4[y] - Ck—1Da+14+ca > 0.
Remember [y] =[]+ 1,[f] > B —1land y = B+ (1 + a)/4. We now have

2k Ayl — 2k —Da+1+oa=-2k+4[B]+4— Qk—Da+1+a
> 2k + 4y — 2k — D)a = ~2k + 2k — D)@ + 1) = 2k — Da +3 > 0.

This shows G (k, @) > 0. Thus (4.19) is proved. Now we can find an € > 0, such that
when 0 <a < 2k —2)/(2k - 1),

(4.20) f |Ka(V)| dV > AN, N — oc.
SO2k)

Using the same argument, replacing (2.13) and (2.13") by (2.14) and (2.14), we can
prove that formula (4.20) also holds for —1 < a < 0. We leave these details to the
reader.

NOTE. On SO(4), we obtained some estimates which are more precise than (1.9).
The details can be found in [F1].

5. Proof of Theorem 2

Recall that any V € SO(2k + 1) is conjugate to a (2k + 1) x (2k + 1) matrix
diag(5(9,), $(8,), ..., S(6), 1). Clearly g(V) = (1 — cos6,) is a C* function and
g(I) = 0. Now we shall prove that the function g(V) furnishes Theorem 2. Since the
case k = 1 is proved in [F1], we will only prove the case k > 2. By formula (1.5), we
know that

S / Ky (V)ydv = A*/1°,
SO@k+1)
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where

k
AY = /f (1 —cos@l)n{a;(gj)}zk D@®y,...,6)d6, ---db,
j=1
_”591(5"'59151
and

I = // [026)}* D@, ....60) db, ---db,.

MG < <O =w

For any fixeda € (—1, (2k — 1)/(2k)), there exists a natural number ¢ € {1, 2, ..

such that

la=2k(@+1)—-2-4k-5) <1,

(5.2)
k(¢ +1)—-2—-4k—-2-1)> 1.

2k

k
sin’(8,/2) [ [ sin®6;/2)
j=1

Thus using the same argument as we did to prove Theorem 4,
k
[Tonen

A% > Af
/426220, 2-->2¢716,20 | =)

[T Gin’@ —6)/2)sin*(@, +6,)/2) db, ---db,

I<i<j<k
B 2%
> A/ 6; ]_[a;;(ej) o236 ... 02 d6, - - - db,
T/426) 220,224~ 16, >0 j=1
> AR,
where
X 2%
4(k—¢—1)+2 2
Q =/ n os6)| 6% - 02db,, - db
I/N>20 412225716, 20 j=C+1

ifl<¢<k—landQ, = 1if¢ =k;

z
Q, = / [Ton®n
7f426 222716, >1/N

2k

00309} 4~5*2 g, ... de,.

=1
By Lemma 2.8, we know that
Q > ANHED / g ¢t 08 0248, - - db;.
1/N>280, > 22516,
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Since

246+ Ak —E D+ Y 2=2k =) +40+2+ + (k-7 ~1)
=2k -0 +2k -k -5 -1,

we easily see that

(53) Ql > ANZk(k—C)N—(k—{)N‘Z(k—C)—2(k—C)(k—C-l) — N(k—C)(Zé'*l).

By (2.9) a simple computation shows that for large N, 2, is bounded below by
AN—za;k/ 9;4k-(01+1)2k0;k—6—2k(a+1) L. ezv{a dgl L. dt9¢
w/4260,>-->2%"19,>1/N

Notice that4k — (¢ + 1)2k > 4k —6—2k(a+1) > -- - > 4k —-)+2-2k(ax+1) =
—&, > —1. Itis easy to see that €, is bounded below by AN~k if £, < 1 and by
AN~*%1og N if £, = 1. Using this fact and (5.3), we conclude that

N k=5)25—D-2azk ife, <1,

(5.4) A" > A { N&-O@&-D-2atk o0 N ifg, = 1.

But using Lemma 2.8 and formula (2.9), one has no difficulty calculating that

N *=92-D—2azk if Lo < 1,

(5.5) F=4 { N&-D@&-D-2mtk oo N jfg, = 1.

(5.4) and (5.5) furnish the proof of Theorem 2.

6. Results on U (n) and USP(2n)

As we mentioned before, the proofs of the theorems on the groups U(n) and
USP(2n) are essentially same as those on SO(n) although we are not able to give
a unified proof. In this section, we only list the results obtained in [F3] and [CF],

without giving proofs.
On U (n), the Cesaro kernel K§ (V) is defined by (see [G])

N 2 —
6.1)  det" {ZA“B*(I - V/“*‘)} / {B,‘f, (24%)" det"(] — V')} ,
k=0
where By, is the constant such that fu(") Ky(vV)dv =1.
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THEOREM 6.2 [F3]. If n is even then

N—oo

lim / Ky(vU)f(Vyav = fU)
Ufn)
for any continuous function f on U(n) ifand only ifa > (n — 1)/n. If n is even then

lim Ky(VU)f(vydv = f(U)
N—ooo Un)

Jor any continuous function f on U(n) ifand only ifa > (n — 1)/n.
On USP(2n), the Cesaro kernel K73, is defined by (see [G])

N
(6.3) det"*'/? {Z AL VR — V’-2'<+‘)} /B (245)" " det™ V(1 — V)

k=0

where By, is the constant such that [, Ky (V)dV = 1.

THEOREM 6.4 [CF]. limy_ o fUSP(Zn) K2(VU)f(V) = f(U) for any continuous
function f on USP(2n) ifand only if¢ > (2n — 2)/(2n + 1).

7. Extensions to compact Lie groups

From (1.4) and (1.5), we naturally define an analog of the Cesaro kernel on a
general compact Lie group G as follows.

Fix a maximal torus T in G of dimension /. Let 8 = (6,, ..., 6) be a regular
coordinate of T. We define the Cesaro kernel on G by

1

(7.1) Ki"@) =[Jlon@n)" /B3". o> -1,

j=1

where m is a suitable positive integer,

(7.2) By" = / {on@p)" dx,
G

and x is conjugate to Exp6 € T.
By this definition, we easily see that
(a) if G = U(n) and m = n, then K" (x) is the Cesaro kernel on U (n) studied in
Section 6;

) if G=UMm),m =2nanda =1, then K ,1\,‘2" (x) is the Jackson kernel studied
in [G, Chapter 4];
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(¢) if G =SO(n)and m = n — 1, then K,‘f,‘""(x) is the Cesaro kernel on SO(n);
(d) if G = USPQ2n) and m = 2n + 1, then K:,‘z"_'(x) is the Cesaro kernel on
USP(2n) studied in Section 6.

Thus by the theorems obtained in this paper, naturally we will guess that, for a
suitable integer m, there exists a number «q depending on m, ! and dim(G) such that

(i) if m is even, then limy_, o, K3™ * f(x) = f(x) for all continuous function f
if and only if @ > «ay;

(ii) if m is odd, then limy_ ., Ky™ * f(x) = f(x) for any continuous function f
if and only if ¢ > .

Here, a suitable integer m means that the critical index a, should be less than 1.
Otherwise (for instance when ay = 1), the Cesaro kernels K™ will identically be
positive kernels no matter whether m is odd or even.

We will treat this general case in future publications.
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