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Abstract The word "average" and its variations became popular in the sixties and implicitly carried 
the idea that "averaging" methods lead to "average" Hamiltonians. However, given the Hamiltonian 
H = Ho{J) + cR(8,J), (e « 1), the problem of transforming it into a new Hamiltonian H*( J*) 
(dependent only on the new actions J*), through a canonical transformation given by zero-average 
trigonometrical series has no general solution at orders higher than the first. 

1. Introduction 

Hamiltonian perturbation theories reached their apex in 1954, when one of their 
many versions was used by Kolmogorov for the construction of solutions of a per­
turbed Hamiltonian system. Hamiltonian perturbation theories are theories seeking 
for a canonical transformation able to transform the given Hamiltonian system into 
another one whose energy depends only on the new actions (i.e., a Hamiltonian 
independent of angles). They are used in Celestial Mechanics since the XIXth cen­
tury. Examples are Delaunay's theory of the motion of the Moon, the theory called 
"Lindstedt method" by Poincare, and the Lie-series methods, introduced by Born 
and Hori in the study of Quantum Mechanics and Celestial Mechanics, respectively 
(Delaunay, 1868; Poincare, 1893; Charlier, 1907; Born, 1926; Kolmogorov, 1954; 
Brouwer, 1959; Hori, 1966; Deprit, 1969). 

The more ancient methods look for a classical Jacobian generating function 
S(0i, J*), of the old angles 0\ and new actions (or momenta) J*, and the canonical 
transformation is written as 

9* = wf '< = * <' = >.*.-.*)• (i) 

The more recent Lie-series methods look for a function W(0*, J*), of the new 
angles and actions (the use of action-angle variables is not necessary, but we adopt 
them for sake of simplicity), and the canonical transformation is written, using Lie 
series, as 

9i = Ew0\ Ji = EwJt (for each i). (2) 

The Lie series Ew<f>* of a given function 4>{0i, Ji) is defined by 

^ ^ = ^ r , ^ ) + { ^ W } + l { { ^ ^ } , W } + i { { { ^ W } , W } , W } + . . . ( 3 ) 

where { , } denote Poisson brackets. In both cases, the generating functions (S or 
W) are periodic functions of the angles 0\, 02, • • • ,&N (or 9*, 0|, • • •, 0*N) and are 
seek as zero-average Fourier series in these angles with coefficients that depend 
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only on the actions. One problem is considered as solved (at a given order) when a 
zero-average generating function (S or W) and the resulting "average" Hamiltonian 
H*(Jf) are found. 

The word "average", and its variations, became popular in the sixties and 
implicitly carried the idea that "averaging" methods lead to "average" Hamiltonians 
governing the secular variation of the given system. However, in at least one 
instance (Milani et al. 1987), the inverse transformation was explicitly calculated, 
to obtain the asymptotic (or formal) solutions of the given Hamiltonian and, for 
general disappointment, new non zero-average terms appeared in the solution! 
This is obvious when canonical transformations defined by generating functions 
are used. Indeed, in the case of methods using Lie Series, a glance at eqn. 3 is enough 
to see that even if W is a pure zero-average trigonometric series, the series terms 
of order 2, and higher, will involve products of derivatives of W among them, and 
constant terms will be generated. In the case of methods using Jacobian generating 
functions, the solutions given by eqns. 1 are in mixed form. To get them explicitly, 
say Oi = 0i(O*, J*), Ji = Ji(0*, J*), we have to use an inversion procedure, and 
any procedure will involve products of derivatives of S, thus leading to constant 
terms. 

The above discussed drawbacks show that H* is not an "average". The actual 
solutions oscillate about the solutions of the Hamiltonian system defined by H*, 
but with a non-zero average. This fact does not invalidate the classical perturbation 
theories (the zero average is not a necessary condition for their validity). It only 
conducts to some interpretation problems in Celestial Mechanics. The classical 
"secular theory" of Laplace and Lagrange is the construction of a first-order average 
Hamiltonian and the analysis of its solutions. The same is done for asteroids and 
serves to define "proper elements". However, proper elements are not "average" 
elements: second-order proper elements differ from mean elements by second-order 
quantitites. 

In the following, we show that, in general, even if generating functions are not 
used, given the Hamiltonian H = HQ(J) + eR(9, J), (e << 1), it is not possible 
to transform it into a new Hamiltonian H*(J*) (dependent only on the new actions 
J*), through a canonical transformation given by zero-average trigonometrical 
series. 

2. Perturbation Theory with a Direct Canonical Transformation 

Let us consider an N-degrees of freedom, non degenerate, integrable Hamiltonian 
Ho{J), a perturbation H\ - eTZ(0, J), (|e| << 1), and one canonical transforma­
tion (0, J) => {6*, J*) defined explicitly through 

Oi = e* + Q\(6*, r) + Qi(e*, /*) + ••• 
^ = j* + pi(0*, j*) + pfa*, /*)+••-, W 
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where the functions Q %
k (0*, J*), P£ (6*, J*) are zero-average Fourier series in 6, of 

order 0(ek). 
Let us adopt, for the canonical condition, the invariance of Poisson brackets: 

{x, y} = {x*i V*}> xi V being any two of the canonical variables 0t, J,-. From eqns. 
4, there follows: 

{x,y} = {x*,y*} + {x*,Yx} + {Xuy*} + {x\Y2} + {XUY{\ + {X2,y*} 

+ K , y3} + {XUY2} + {x2, Y1} + {x3, »*} + ••• 

where the letters X and Y were used instead of P\Q\ since x and y can be any 
of the 2N canonical variables; their meanings are immediate. Then, because of the 
canonical condition, 

0 = {x\Y,} + {Xuy*} + {x*,Y2} + {X1,Y1} + {X2,y*} 

+ K , y 3 } + {XUY2} + {X2,YX} + {X3,y*} + •••. (5) 

If we assume that the above equation is satisfied identically in c, it decomposes 
itself into 

{x\Y1} + {Xuy*} = 0 0(el) 
{x*,Y2} + {Xt,Yt} + {X2,y*} = 0 0(e2) 
{x*,y3} + {XUY2} + {X2,Y,} + {X3,y*} = 0 0(e3) (6) 

The generic equation, at order 0(ek), is 

{Xk,y*} = {Yk,x*}-rktX,y, (7) 

where Tk,x,y represents a known function of X\, • • •, Xk-\, Yi, • • •, Yk-\. 
Let us, now, write HQ and H\ in terms of the transformed variables. Limiting 

ourselves to the Taylor second-order terms, we have 

H0(J) = H0(J*) + £ ViP\ + £ uiFi + I £ uxFiPi + O(e'), (8) 
2 ^ 

where 

dH0(J*) d2H0(J*) 
Vi ~ djr ' Vii ~ dmJ* ; ( 9 ) 

and 

HM j) = Hx(e*,n+E dHiej:nPi+E dHfe;
r)Q\+o{J)m 
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The sequence follows the same steps of other Hamiltonian perturbation theories. 
We substitute the above expansions in the law of conservation of the Hamiltonian 
under a time-independent canonical transformation: 

H(9, J) = H\6\ J*) = #0* + H1 + HZ + ---; (11) 

and identify in the powers of e. Then, 

HQ = Ho(J*), 

H*x=Y,ViH + Hx{e*,r), (12) 
i 

Hi = Y."-n + iL^HH + £ fN+E tr«'» 
i i,j i * t ' 

etc. 
The above equations may be compacted in the homological equation 

J2viH = H*k-Vk(6*,J*) (13) 

for all k > 1. In all cases, the function *¥k(0*, «/*) is independent of Pk and is 
known if the equations for the previous subscripts were solved. 

The homological equation has N unknowns Pk. Its indeterminacy is, however, 
only apparent, since the Pi must obey at the corresponding canonical condition 
given by eqn. 7. Let us transform eqn. 13 by composing it with the 2N canonical 
variables, in Poisson brackets: 

or, decomposing the left-hand sides brackets, 

E^-^P;} ={H;,jj}-{¥h,jf} 

where we did take into account that {i/,-, J J} = 0 because Vi is independent on the 
angles. We may, now, use eqn. 7, and transform the above set into 

EiMPLJn + Ei^n^j, ={H*k 

£,• MQl J?} + Hi "iTkMi + Zi Pi{n,q}={H*k 

After the computation of some elementary brackets, we obtain the homological 
system of equations: 

^ dPl _dHl_d^jL_yr 

i * 3 3 i 

V - dQk V - ™ dHk , Wk ^ _ 

i l i 3 3% 

r*v;}-m,./;}(16) 
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3. Non-Existence of Average Hamiltonians 

Let us consider, in this section, the question title of this article, and search for 
solutions of eqns. 17 and 18 such that < P£ >=< Q\ >= 0. The condition for the 
existence of such solutions is that the right-hand sides of the two equations have 
zero averages, that is, 

< W > - E ^ < r M . ^ > = 0 (19) 
80* 

and 

- < | p > + ^ | ^ - 1 > < r*.** >= o (20) 

These equations show that, for A; > 1, it is not possible to find a solution 
of the given problem such that we have simultaneously (for all i) < PI >= 0, 
< Q\ >= 0, and HI independent of 0*. Indeed, in this case, < -ggf >= 0, and 

3 

eqn. 19 can only be generally satisfied when < Tk,ji,jj >= 0, what is true, in 
general, only if A; = 1. 

3.1. FIRST-ORDER AVERAGE HAMILTONIAN 

For k - 1, since r ^ j ^ = 0, eqns. 19 and 20 become 

80* 

and 

_ < ^ > + ^ = 0 (22) 
8J] aj; 

which have the trivial solution H\ =< H\ >. It is worth recalling that, to this 
order, the methods using the generating functions (5 or W) also give this same 
result. 

The calculations were done following a constructive scheme, but it is easy to 
make a verification using a reversed reasoning and prove that, indeed, this solution 
satisfies the condition given by the first of eqns. 6, for the components of P\. 

This result means that it is possible to obtain a first-order "average" Hamiltonian. 
This fact certainly played a role in the introduction of the word "average" and its 
variations in the study of the construction of asymptotic (or formal) solutions of 
perturbed systems. 
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4. Conclusion 

The conclusion of the above sections is the following: Given the Hamiltonian 
H — HQ(J) + eR(6, J), (c << 1), the problem of transforming it into a new 
Hamiltonian H*(J*) (dependent only on the new actions J*), through a canonical 
transformation given by zero-average trigonometrical series has no general solution 
at orders higher than the first. It is worth mentioning that a general solution cannot 
be found even in the particular case, usual in Celestial Mechanics, in which the 
disturbing potential R(0, J) is a cosine series. 
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