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Abstract  In this paper we give an elegant generalization of the formula of Frobenius—Stickelberger
from elliptic curve theory to all hyperelliptic curves. A formula of Kiepert type is also obtained by a
limiting process from this generalization. In the appendix a determinant expression of D. G. Cantor is
also derived.
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1. Introduction

Let o(u) and p(u) be the usual functions from the classical theory of elliptic functions.
The following two formulae were found in the nineteenth century. The first one is
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This formula appeared in the paper of Frobenius and Stickelberger [11]. The second one
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Although this formula can be obtained by a limiting process from (1.1), it was found

before (1.1) by Kiepert [14].
If we set y(u) = 2¢'(u) and z(u) = p(u), then we have the equation y(u)? = z(u)3+- - -,

which is a defining equation of the elliptic curve to which the functions p(u) and o(u)
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are attached. Here the complex number u and the coordinate (x(u),y(u)) correspond by

the identity
(@(w)y(W) qp
A
with an appropriate choice of path of the integral. Then (1.1) and (1.2) are easily rewritten
as
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(1.4)
respectively.

The author recently gave a generalization of the formulae (1.3) and (1.4) to the case
of genus two in [19] and to the case of genus three in [20]. The aim of this paper
is to generalize (1.3), (1.4) and the results in [19,20] to all hyperelliptic curves (see
Theorems 8.2 and 9.3). The idea of our generalization arises from the highly original
paper [12] of Grant. It can be summarized in a phrase, ‘Think not on the Jacobian but
on the curve itself’.

Fay’s famous formula (44) [10, p. 33], which generalizes an addition formula on the
Jacobian variety, known as Schottky—Klein, is another generalization of (1.3). The author
does not know whether Fay’s formula is able to yield a generalization of (1.4). Our formula
is quite elegant in comparison with Fay’s one and naturally gives a generalization of (1.4).
Though no explicit connection between Fay’s formula and ours is known at present, a
paper that seems to investigate this problem recently appeared [9].

We now present the minimal fundamentals needed to explain our results. Let f(z) be
a monic polynomial in x of degree 2¢g + 1 with g a positive integer. Assume that f(z) =0
has no multiple roots. Let C' be the hyperelliptic curve defined by y? = f(x). Then C is
of genus ¢ and is ramified at infinity. We denote by oo the unique point at infinity on C.
Let CY be the coordinate space of all vectors of integrals

(/P1 /Pg> ( 1 z wg—l) q
44 — = x
s 00 2y 2y 2y
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of the first kind for P; € C. Let A C CY be the lattice of their periods. So C9/A is the
Jacobian variety of C. We denote the canonical map by x : C9 — C9/A. We have an
embedding ¢ : C' — C9/A defined by

P P P g-1
dz rdx 97 da
P — —_.. _— A.
H(/m 2y’/oo 2y /Oo 2 )mOd

Therefore, t(c0) = (0,0,...,0) € C9/A. We regard an algebraic function on C, which we
call a hyperelliptic function in this article, as a function on a universal Abelian covering
k™ H(C) (C C9) of C. If u = (u1,...,uy) is in k= 1(C), we denote by (z(u),y(u)) the
coordinate of the corresponding point on C' by

@) /1 291
u = / — L — ., dz
oo 2y 2y 2y

with appropriate choice of a path for the integrals. Needless to say, we have (x(0,0,...,0),
y(0,0,...,0)) = oco.

Our new point of view is characterized by the following three features of the formulae
(1.3) and (1.4). Firstly, the sequence of functions of u whose values at u = ul) are
displayed in the jth row of the determinant of (1.3) is just a sequence of the monomials

of z(u) and y(u) displayed according to the order of their poles at u = 0. Secondly,
the two sides of (1.3) as a function of u = ul¥) and those of (1.4) should be regarded as
functions defined on the universal (Abelian) covering space C not of the Jacobian variety
but of the elliptic curve. Thirdly, the expression of the left-hand side of (1.4) states that
the function on the two sides of (1.4) is characterized as an elliptic function such that its
zeros are exactly the points different from oo whose n-plication is just on the standard
theta divisor in the Jacobian of the curve, and such that its only pole is at co. In the
case of the elliptic curve above, the standard theta divisor is just the point at infinity.

Surprisingly enough, these three features can be used to derive a natural generalization
of these formulae for hyperelliptic curves. More concretely, for n > g our generalization
of (1.4) is obtained by replacing the sequence giving the rows of the right-hand side by
the sequence

1, x(uw), 2*(u), ..., 29(u), y(u), 29 (u), yz(u), ....
Here u = (u1,usz,...,uy) is on k= 1¢(C), with the monomials of z(u) and y(u) displayed
according to the order of their poles at u = (0,0,...,0), replacing the derivatives with

respect to u € C by those with respect to u; along £~ 1¢(C). The left-hand side of (1.4)
is replaced by ,
+112!- - (n — Dlo(nu)/og(w)", (1.5)

where n > g, o(u) = o(u1, ug,...,uy) is a well-tuned Riemann theta series, which is a
natural generalization of the classical o(u). The function oy is defined in the table below:

genusg‘l 2 3 4 5 6 7 8
O ‘0 02 02 024 024 0246 0246 02468
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where

0 0 0

Oijoe(W) (u).
The function (1.5) is a natural generalization of the n-division polynomial of an elliptic
curve, as mentioned in Remark 9.4 below. For the case n < g, we need a slight modifica-
tion as in Theorems 8.2(i) and 9.3(i). As a function on £~14(C), oy(u) has its zeros only
at the points k~1:(co0) (Proposition 7.5(i)). This property is exactly the same as for the
classical o(u). The hyperelliptic function (1.5) can be regarded as a function on C? via
theta functions. Although this function on CY is no longer a function on the Jacobian,
it is indeed expressed simply in terms of theta functions and is treated in a very similar
way to that of elliptic functions.

The most difficult problem was to find the left-hand side of our expected generalization
of (1.3). For simplicity we assume n > g. The answer is remarkably elegant and is

o(u® 4+ u® 4 u) T, 0y (u® —ul))
Uﬁ(u(l))”aﬁ(u(z))n e Jﬂ(u(”))” )

where w9 = (ugj),uéj),...,ugj)) (j =1,.

defined as in the table below:

..,n) are variables on £~ 1¢(C) and o,(u) is

genusg‘l 2 3 4 5 6 7 8
Ob ‘U o 03 03 035 035 0357 0357

Once we found this, we could prove the formula by, roughly speaking, comparing the
divisors of the two sides. As the formula (1.4) is obtained by a limiting process from (1.3),
our generalization of (1.4) is obtained by a similar limiting process from the generalization
of (1.3).

Cantor [8] gave another determinant expression of the function that is characterized in
the third feature explained above, for any hyperelliptic curve. The expression of Cantor
should be seen as a generalization of a formula due to Brioschi (see [4, p. 770, 1. 3]).

Concerning the paper [19], Matsutani pointed out that (1.4) can be generalized to all
hyperelliptic curves, and he proved that the resulting formula is equivalent to Cantor’s
one. He kindly permitted the author to include his proof as an appendix to this paper.

Matsutani’s observation stimulated the author to start working on an extension of
(1.3) for all hyperelliptic curves. The method of this paper is entirely different from that
of [19,20]. It gives probably one of the simplest approaches to these extensions, and
is based on the paper of Buchstaber, Enolskii and Leykin [6]. At the beginning of this
research the author computed several cases by the ‘low blow’ method as in [19,20]. While
Theorem 8.2 was still a conjecture Enolskii suggested to the author that to prove the
conjecture it would be important to investigate the leading terms of the sigma function
as in [6].

Now we outline the idea of the proof. When the curve C, defined by y? = f(x),

2g+1

deforms to a singular curve y? = the canonical limit of the function o(u) is known

to be a Schur polynomial from the theory of representations of symmetric groups. The
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paper [6] treated this fact quite explicitly. Such a limit polynomial is called the Schur—
Weierstrass polynomial in that paper. For our argument, we need a slight extension of
this fact (see §5). To prove our formula of Frobenius—Stickelberger type by induction on
the number of variables u(?), we need relations to connect each factor of the numerator
to a factor of the denominator in the left-hand side of the formula in Theorem 8.2. So,
after proving such a connection with the Schur—Weierstrass polynomial as explained in
63, we will lift the connection to the case of the sigma function as in §7. For this, we
need additional facts on the vanishing of some derivatives of the sigma function, as is
described in §6.

The results from §2 to §7 are easily generalized to quite a wide family of algebraic
curves. Such curves are called (n, s)-curves in [6,7]. Unfortunately the standard theta
divisor or every standard theta subvariety, i.e. an image of the symmetric product of some
copies of the curve, in the case of such a general curve, is not symmetric in the Jacobian.
Here the word ‘standard’ means that the embedding of the curve into its Jacobian variety
sends the point at infinity to the origin. Hence the sigma function of such a general curve
has no involution and our naive generalization ended in failure.

There are also various generalizations of (1.1) (or (1.3)) in the case of genus two,
different from our line of approach. An interested reader should consult the Introduction
of [19].

1.1. Notation

We use the following notation throughout the paper. We denote, as usual, by Z, Q,
R and C' the ring of rational integers, the field of rational numbers, the field of real
numbers and the field of complex numbers, respectively. In an expression for the Laurent
expansion of a function, the symbol (d°(z1, za, ..., zm) = n) stands for the terms of total
degree at least n with respect to the variables z1, 2, .. ., 2. This notation never means
that the terms are monomials only of z1,...,z,. When the variable or the least total
degree is clear from the context, we simply denote them by (d° > n) or the dots ‘... .
We will often omit zero entries from a matrix. For simplicity we will occasionally denote
an unspecified matrix entry with an asterisk.

2. The Schur—Weierstrass polynomial

We begin with a review of fundamentals on Schur—Weierstrass polynomials. Our main
references are [6,15].

Let g be a fixed positive integer, and ug,l), e ,u(g) be indeterminates. We fix n (0 <
n < g) and we denote by u, the set of variables u(gl e ,u_S,”). For each k > 0 we denote
by (fl)kUIE"] (ug) the kth complete symmetric function, namely the sum of all monomials
of total degree k of the variables u_gl)7 . ,u_gn). We will emphasize by the superscript ‘[n]’
that U,Ln] (ug) is a function of a set of n variables u,. If k < 0, then we regard U,[Cn] (ug)
as 0.

We now consider the determinant

‘Ug[gj2i+j+1 (ug)llgi,jgg-
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If we write simply Uy = U,Lg] (ug), this is explicitly of the form

Ug Ug+1 Ug+2 U2972 U2g*1
Ug—2 Ug—1 Uy Usg—s Uzy_3
U U Us * * (2.1a)
U() U1 * *
Uy U,
for odd g, or
Ug Ug+1 Ug+2 Ug+3 U2972 Ungl
Ug—2 Ugr Uy U Uzg—1 Uzg—3
Uo U1 U2 U3 * * (21 b)
Uo U1 * *
Us Uy
for even g.
We make use of the following definitions in the rest of the paper:
pj = (ug)) 4 (Y,
M. 1 -
uj 2(g*j)+1(ug ) ’
u® = (u, . ul)), (2.2)
N B O BN () N SO
Uj 1= U, +uj + + u; 2(9 —j) T 1p2(g—j)+1,
wi=uM 4 u® o ul® = (ug,ug, . uy).

In fact our ‘U(Eg_]zi+j+1(ug)|l<i,j<g is none other than S3 2441 in [6]. We introduce new

variables s1, So, ..

pj=—s1) —s2) — - — 89547

Such s; exist for the following reason. Denoting by e (s) with s = (s1, s2, ..
elementary symmetric function of degree k of s;, the numbers s1, s2, .

(2.3) are solutions of

—Ph1
—D2

—DPk

., 82g—1 satisfying

1
—Db1

—DPk—-1
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for k = 1,2,...,2¢g — 1. This fact is given by [15, p. 29, 1. —4, and p. 28, 1. 13]. The
fundamental theorem of the algebraic equations shows that such a system of equations
always has solutions. Hence, we see that |U, ,[f] (ug)| coincides with the Schur—Weierstrass
polynomial S5 94+1(—p1, —ps, ..., —P2g—1) of Theorem 4.3 in [6].

Remark 2.1. Here note that our u; are slightly different from the z; of [6]. The
correspondence is given by z; = —(2j — 1)uy—j41. Moreover, it would be helpful for the
reader to understand the relationship between our setting and that of [6]. Compare the
integral (4.2) below with the definition (5.3) of [6], which has a multiplicative constant

and integrals in the opposite direction.
While U[gj .. 1(ugy)| is obviously a polynomial of u(l), ey u(g), we can prove more.
g—2i+j+1\%g g g

Proposition 2.2. The polynomial

U4 1 () i<i <

above is completely determined by the g values of —p1, —ps,..., —p2g—1 defined above,
and so also by w1, us, ..., ug.
Proof. See Theorem 4.1 in [6, p. 86]. a

So we may write
S(u) = |U£gj2i+j+1(ug)|l<i7j<g~

This polynomial S(u) is called the Schur—Weierstrass polynomial.

We introduce a polynomial weight, defined by taking the weight of u; as being
2(g —j) + 1. We call this the Sato weight. It is easy to see that S(u) is homogeneous
with respect to the Sato weight, and has the Sato weight %g(g +1).

Let m be a fixed positive integer and &, ...,&,, be indeterminates. We denote (—1)"
times the sum of monomials of total degree k of &1, ...,&, by U,Lm} (&) as above, where £
means the set of &1,...,&,.

Definition 2.3. Let m, & and U,Lm} (&) be as above. A matrix, each of whose rows
consists of (m + 1) successive terms of the sequence

oy 0,0, 1, UM, Ui e, ..

except the set of terms
0, ..., 0,0, 1,

is called a fundamental matriz without a simple row with respect to &1,...,&m.
The following is used several times in § 3.

Lemma 2.4. Let m, & and U,Lm} (&) be as above, and M be a fundamental matrix
without a simple row with respect to &1,...,&y,. We denote by ¢;(§) the elementary
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,&m of degree j. Then we have

em(§) 0
Emfl(é-) 0

| o=
e1(§) 0

1 0

Proof. See [15, p. 21, (2.6')].

O

Although the following will be not used in this paper explicitly, it is deeply related to
the Riemann singularity theorem, which is mentioned in §6. So we give it here.

Lemma 2.5. As a polynomial in u

S(u(l) + .

identically when v = 0.

(1)

g oy

RURE Rl Y u(g)) =0

(9)

(9—-1)
9 7u9 )

U we have

Proof. This formula follows from Lemma 2.4 by setting m = g — 1 and M to be the

matrix whose determinant expresses S(u(®) + - - 4 u(9=1),

O

3. Derivatives of the Schur—Weierstrass polynomial

We will discuss some derivatives of the Schur—Weierstrass polynomial in order to inves-
tigate the corresponding derivatives of the sigma function in §7.

Definition 3.1. For an integer n with 1 < n < g, we denote by " the set of positive
integers ¢ such that n +1 < i < g with ¢ = n 4+ 1mod2. Explicitly, ™ is the set

{n+1,n+3,...
or not.

,9—3,9—1}or {n+1,n+3,...

,9—2, g} according to whether n = g mod 2

Definition 3.2. We denote by Sy~ (u) the derivative

(

II

iepn

0

GUi)S(u).

We define in particular § = §' and b = 42, so that Sy(u) = Sy (u) and S, (u) = Sy (u).

In this section we define, as in §2,

g

Dp = Z(uy)

i=1

Lemma 3.3. If we regard a polynomial of UM% (u,), U (u,), . ..

D1, - .-, P2g—1, We then have

0
ki =
Opi,

where we simply write U; = Uj[g] (ug).
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Proof. See [15, p. 76]. O

Now we continue to write U; = Uj[g] (uy). The formula states that (—1)*k(9/0pk)S(u)
is the sum of the determinants obtained by ‘shifting by &’ one of the rows towards the
right of the matrix of the determinant expression of S(u).

Proposition 3.4. Let n be an integer such that 1 <n < g — 1 and let vy be a scalar

variable. Let
1 _
v (29— 1%29 1"""'1”1}93’%)’

, 1 N _ ,
w9 = (29 — (ugj))Qg 1, é(uéj))?’auéj))

Then
(i) Sy(v) = —(—1)le=De=2)(9=3)/2y g,
(ii) Shn+1 (u(l) 4+ o4 u(n) + ’U)
= (=1)lo=mle=n=1/26 (@) ... 4y M)y, 977 4 (d°(vy) = g — n + 2);
(iti) S,(2v) = —(—1)9l9=D(9=2)/29 29-1,
We first prove (ii), then (i), and finally (iii).

Proof of (ii). While we consider four cases according to the parity of g and n, all the
cases are proved similarly. We see that

o+ = {n+2,n+4,...,9—2,9} if n = gmod?2,
- {n+2,n+4,...,9—3,9g—1} if n# gmod2.
We denote the number of this set by v:
(g—mn)/2 if n = gmod?2,
v =
(g—n—-1)/2 if n# gmod?2.

The expansion that we are concerned with is the derivative Syn+1(u) of S(u), which is a
function of g variables u = (u1,...,u,) to be substituted later by u = u™ +- ..+ + 0.
We will apply

0
Dn+1: H 8u1

iegntt
0 o . 0
29 —2n — 3 29 —2n — 7 5—1—
( g )5'p2g—2n—3 ( g )31029—27:,—7 Ops Op1
(if n = gmod 2),
= (3.1)
0 0 o . 0
29 —2n — 3 2g —2n — 7 e T—3—
(29 )8p2g—2n—3 (29 )3ng—2n—7 Opr Op3
(if n #£ gmod 2)
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to S(u). Using the formula in Lemma 3.3 and expressing S(u) as the determinant
|Ug_2i+j+1|1<¢,j<g with Uy = U][Cg] (u(l), e ,u(g))

show explicitly the result given by applying D,, 1 to S(u). Namely, each of the factors
of Dyy1 in (3.1) is simply the sum of certain shifting to the right of all rows of S(u) =
|Ug—2i+j+1]. To explain this more concretely, we regard each row of S(u) to be a partial
sequence consisting successive g terms of the two-sided infinite sequence

., 0,0,...,0 Uy, Up, Us, ...

We denote by sh? the operation of shifting by j terms to the right on the ith row. For
example, if the ith row is (U, Us,Us,Us,...,Ugs1), then sh? transforms this row to
(0,Up,U1,Us,...,Uy_2). Then we have

SN"H (u) = Dn+15(u)
Z shill"flshifjf5 --wsh?  shi [Ug_girjr1| if n=gmod2,

1<in,. i Sy

4v—1_3.4v-5 7 3 :
E sh;”"“shy 7 ---sh; _ sh} |Uj_2iy 41| if n# gmod2.
1<, 00 <9

o
= Tn+1 X

(3.2)

Here v, is a signature £1 coming from the top of the formula in Lemma 3.3, and is
given by

(—1)lg=n+Dl=n)/2 if n = gmod 2,

/ —
’Yn-i-l - (_1)(g_n)(g—n—1)/2 if n 7_é ngd 2.

We claim that if we put

u=u® 4+ ™y
in (3.2), namely, if we set Ug_9;4 ;41 to be

[n+1] _ rrin+1] 1
Ug—2i+j+1 = Ug—2i+j+1(ué )7 .-

. ,ué”), vg),
then all the terms in (3.2) vanish except one. The unique non-vanishing term is obtained
from

4v—1_3.4v—5 5 1 : —
) ) sh, 7y shy o7 oshy ), gshy L (UG oip 41| if = gmod?2,
7n+1|M| = Tnt1 X dv—1 1 4v—5 7 3 .
sh, 7 shy o7 oshyy, gshy L (UG oiq 41| if e # gmod 2
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by putting u = u® + - - 4+ u("). We denote it by

'Y;H-l |M[n+1] |

Here the determinant |M]| is expressed as follows: if n = gmod 2, then

U, Ug+1 .. Ugsn * * * * * * * * *
Ug—o Uj—1 o Uggn—o = * * * * e % * * *
Ug—oni2 Ugonts - Ugpia % % % % % ook  * k%
Ug—on  Uj_opnpr -+ Uy x % % % % -0 % %k %
Uo
Uo U1 Uy
b
Uy U * * * *
UO Ul U2 U3 * * * *
Uy Uy Uy Us Uy * k% %
UO U1 U2 * * * *
Uy U, Uy Us
Uy Uy
and, if n # gmod 2, then
U, Ugi1 o Ugsgn X ok % k& k.o ok ok k%
Ug—2 Ug—1 oo Uggm—2 % %k k& -ee ok ko k%
Ug—2n+2 Ug—2n+3 e Ug—n+2 * * * * * e * * *
Ug—2n  Ug—ont1 Ug—n * * * * * * * * *
Uo
Uy U1 U,
Ug U U, Xk % %
Uy Uy Uy Us Uy * k% %
U() U1 UQ U3 * * * *
UO U1 * * * *
Uy Uy U U;
Ug Up
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In both cases, each determinant is obviously transformed to

U, Ugi1 o Ugyn * ok ek

Ug72 Ug,1 R Ug+n72 * * R *

Ug—2n+2 Ug—2n+3 T Ug—vn+2 * * *

"

Tn+1 Ug72n Ug72n+1 T Ugfn * * * 1,

UO * *

UO *

Uo

where 7,/ | is the signature coming from exchanges of rows and is given by

N 1 ifg—(n+1)#2mod4,
i 1 ifg—(n+1)=2mod4.

We will now prove the claim above by the following three steps.

Step 1. If the index (i1, ...,4,) corresponding to a term in (3.2) contains a repetition,
then this term vanishes when we put u = u" + ... + u(")| for the following reason. Since
j of shg is always odd, any two shifts in the same row is a shift by an even number
of terms. By looking at the expression (2.1a) and (2.1b) of |Ug_2i4,+1|, we see that
either the shifted row coincides with another row or all the terms in the row are 0,
and such a determinant vanishes before applying the remaining shifts and substituting
w=u® 4 ... +u, Hence, in this case, no non-zero term appears.

Step 2. In this step, any g x g matrix [a;;] whose determinant we will consider is
regarded as being divided into four blocks according as ¢ < (n + 1) or not, and as
j < (n+ 1) or not. We take an arbitrary term of the sum (3.2) (after all shifts have
been applied). We reorder its rows so that any column is ordered by increasing index.
We denote the resulting determinant by |M;|, and by |M1[n+1]| the determinant obtained
from | M, | by putting v = u™ + - .- + u(™) + v. Suppose the region of |M1["+1]| consisting
the (n + 1)th row and below contains at least one multi-step as

|M1[n+1]| = - : : : : A (B21).

n+1 n+1 n+1 n+1
Ulgf 1 ! UI£ ] Ul£+l ] U[ ]
U(En-i—l] U[n+l]

taking n 4+ 2 columns
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Then the successive n + 2 columns, proceeding leftwards from the column that contains
the multi-step above, form a matrix without simple rows. By Lemma 2.4 they are linearly

dependent with respect to n+1 variables ugl), e ,u!(]n), vg. Hence |M1["+1]| = 0. Therefore,
we may consider determinants such that all their diagonals in the right-lower block are
Up (=1).

Step 3. Since the totality of the shifts in every term in (3.2) is always the same, Step 2
states that we may consider only the terms in (3.2) such that the sum of the indices of
the entries of the first column in the upper left block is equal to the same sum for |M].
Since we can shift only to the right, the first row of |M| is none other than the first row
of S(u). Hence we may suppose that the sum of the indices from the (2, 1)-entry to the
(n + 1,1)-entry in the first column is equal to that sum for |M|. Then the second row
must be just the second row of |M]. Repeating these considerations, we conclude that
no row in the upper blocks has undergone any shift Sh{ . Hence we see that ~;, 1| M [”+1]|
is the unique non-zero term in (3.2).

Summing up, we see that all the terms in (3.2) except v, |M["*+!| vanish, so that we
have

Shn+1 (U(l) + -+ U(n) + ’U)

vyt gl gl gl X
n+1 n+1 n+1 n+1
Ug[—z ] Ug[—l b Ug£+n—]3 Ug[+n—]2 *ox *
U["‘H] U[n+1] U["'H] U["'H]
g—2n-+2 g—2n+3 e g—n+1 g—n—+2 * X *
Tl [n+1] [n+1] [n+1] , (3:3)
Ugf2n Ugf2n+1 U Ugfnfl Ugfn * *
*
*
1
where
n+1 n+1
U g
and
(+1)(+1) =1 if g—n=0mod4,
- +D)(+1)=1 ifg—n=1mod4,
Tn+1 = Vn+17n =
T T (D (41) = =1 ifg—n = 2mod4,
(-1)(-1)=1 ifg—n=3mod4.

Here we have used the fact that Uy = 1. It is easily checked that

Ang1 = (—1)lg=mg=n=1){(g=n=3)
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Similarly, we have

ot Ul Upfns .
vy U Uyt s * *
M (m) Uy L Ul *
Sh" (’U, +---4u ) = Yn g—2n—2 g—2n—1 g—n+1 s (34)
*
1
where U™ = UM, u{?). For the determinant (3.3), we subtract v, times the nth

column from the (n

+ 1)th column. The next time, we subtract v, times the (n — 1)th

column from the nth column. Repeating such transformations for (3.3), we see that (3.3)

is equal to
Ut U Uy
(n] [n] [n]
Ug—2 Ug—l Ug+n—3
U‘gi]Qn U[n]2n+1 Ug[ri]nJrl
Tn+1 n n n
U_(E—]Qn—Q U_(E ]2n 1 Ugg—]n—l

(_ 1)g+nvgg+n

(_1)g+n72vgg+n72

(_1)g—n+2vgg—n+2

(=1)9 "y

*

1

Expanding this by its (n + 1)th column and looking at (3.4) yields the expansion of (ii)
up to a signature. The signature is obviously given by

\_/\_/:l/\_/
S~ T~ T~ T

(
Yrt1/Vn = E
(

1 if g —n =0mod4,
-1 if g—n = 1mod4,
—1 if g—n=2mod4,
1 ifg—n=3mod4

times the signature of the (n + 1,n + 1)-entry of (3.5), so that the signature is

Y1/ - (17" =

Thus we have proved (ii).
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Proof of (i). By (3.4), we have for

1 2g—1 1, 3
v = (2911)95’ see 306", Vg

that

Sy(v) = 11 (=1)%0,9 = (—1)9(9’1)(9’3)/2(—1)gv99 = _(_1)(9*1)(972)(9*3)/2%9.

Proof of (iii). For

1 _
v = (29_ 1vg29 1,...,§vg3,vg),

we have by (3.4) that

Sy(20) = 72 (U2 (v,0) - U (v,0) = U, (0,0) - UPL (0, 0))
= (~1)0DE=29/2(L1)297 (g 4+ 1)v,9 - gug9™t — (g — 1)y~ 2 - (g + 2)v,9 ™)

= (=122 (g + 1)g — (9~ 1)(g +2))v,*
= —(=1)9a=Dg=2)/29;, 29-1

Now all the statements have been proved completely. O

4. Hyperelliptic functions

In this section we recall the fundamentals of the theory of hyperelliptic functions.
Let C be a smooth projective model of a curve of genus g > 0 defined over C' whose
affine equation is given by y? = f(x), where

f(x) = )\0I2g+1 + )\13329 + -+ /\291‘ + )\2g+1.

In this paper, we always assume that A\g = 1. We will use, however, the symbol )y too
when this notation makes an equation of homogeneous weight easy to read.
We denote by oo the point of C' at infinity. It is known that the set of

I~ dx

2y

wj = (Gj=1,...,9)

forms a basis of the space of the differential forms of the first kind on C'. As usual we let
[w’ w"] be the period matrix for a suitable choice of the basis of the fundamental group
of C. Then the modulus of C is given by Z := w'~!'w”. The lattice of periods is denoted
by A, that is,

T T
M=oz z oz wu"|Z oz zZ] (co),

https://doi.org/10.1017/50013091503000695 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091503000695

720 Y. Onishi

Let
29—j

Z(k+1_j)A2g—k—jxk dz (.]: 17"'ag)a

nj = 2 =

which are differential forms of the second kind without poles except at co (see [3, p. 195,
Example i] or [2, p. 314]). We introduce the matrices of periods [1’ 7] with respect
to m,...,ny for the basis of the fundamental group of C chosen as above. We let

T T 5//
vl b A v sy o] 0[]
For a and b in (22)9, we let

) [bl () =9 lb (2;2)

= Z exp[2mi{%(n + )T Z(n+a)+ (n+a)T(z+b)}].
nezZ9I

Then the hyperelliptic sigma function on CY associated with C is defined by
&(u) = exp(—tun'w )8 (w " u"; 2) (4.1)

up to a multiplicative constant, where u = (u1,us,...,uq). We shall fix this constant
later.

Definition 4.1. We define the Sato weight by taking the weight of u; to be 2(g—j)+1.
When we consider several variables u, . u™ on k~11(C) for some n, we also regard
the Sato weight of each uy) as being 2(g — j) + 1. Moreover, we define the Sato weight
of \; to be —2j.

To fix the multiplicative constant above, we recall the following.

Lemma 4.2.

(i) The power-series expansion of &(u) with respect to ui,us, ..., us has polynomial
coefficients in Ao, A1,. .., Aag+1, and Is homogeneous in the Sato weight.

(ii) The terms of least total degree of the power-series expansion of the function &(u)
with respect to the variables uy, ..., uy Is either a non-zero constant multiple of the
Hankel-type determinant

51 U2 o U(g41)/2
Uz us3 T U(g43)/2
U(g+1)/2  U(g+3)/2 " Ug
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if g is odd, or of

ul u2 “ e ug/2
Uy uz e Uggqo))2
Ugj2 Ugt2)/2 T Ug-1

if g is even.

Proof. While statement (i) is shown in the proof of Corollary 1 of [7], it can also be
proved as follows. This proof was supplied by the referee. For any non-zero constant c,
the transform given by = — a2z, y — a?9 Ty, \; — o )\; defines an isomorphism of the
curve C' that maps 27 da/2y — «2U=9~127 dz/2y, and hence u; + o209 "1y;. Since
the position of the zeros and the periodicity of o(u) are invariant under this transform,
and o (u) is determined up to a constant multiple by its zeros and periodicity, its expansion
should be homogeneous with respect to the Sato weight. Statement (ii) is proved in
Proposition 2.2 in [5, p. 32] or in [2, pp. 359 and 360]. |

In this paper we let o(u) be the function such that it is a constant multiple of &(u)
and the terms of least total degree of its power-series expansion at u = (0,0,...,0) are
just the Hankel-type determinant above.

For u € CY9 we conventionally denote by u' and u” the elements of RY such that

u = w'u' + w"u”, where [w'w”] are the period matrices above. We define a C-valued

R-bilinear form L(-,-) by
L(u,v) = u(n/v/ + n//v//)T

for u, v € CY9. For £ in A, the lattice of periods as defined in § 2, let
x(¢) = exp[2mi(¢'8" — 0"§") — mid'¢"].

Lemma 4.3. The function o(u) is an odd function if g = 1 or 2 modulo 4, and an
even function if g = 3 or 0 modulo 4.

Proof. See [17, p. 3.97 and p. 3.100]. |
Lemma 4.4 (the translational relation). The function o(u) satisfies
o(u+£) = x(O)o(u) exp L(u + 3/, 1)
for all w € C9 and { € A.

For a proof of this formula we refer the reader to [3, p. 286].

Remark 4.5. The Riemann form of o(u), which is defined by E(u,v) = L(u,v) —
L(v,u) (u,v € C9) is simply written as F(u,v) = 2mi(u/v"" —u”v’T) (see Lemma 3.1.2(2)
in [18, p. 396]). Hence, E(-,-) is an iR-valued form and 2wiZ-valued on A x A. In
particular, the pfaffian of E(-,-) is 1. This simple expression is one of the convenient
properties for distinguishing o(u) from the theta series without multiplication by an
exponential pre-factor in (4.1).
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Let J be the Jacobian variety of the curve C. We identify J with the Picard group
Pic®(C) of the linearly equivalent classes of divisors of degree zero of C. Let Sym?(C) be
the gth symmetric product of C. Then we have a birational map

Sym?(C) — Pic®(C) = J,
(P1,...,Py) —theclassof P, +---4+ P, — g - 0.
As an analytic manifold, J is identified with C9/A. We denote by x the canonical map
C9— CI9/A=J. Weembed C into J by t: Q — Q—o00. Foreachn=1,...,g—1let ol
be the subvariety of J determined by the set of classes of the form P, +---+ P, —n-oco.
This is called the standard theta subvariety of dimension n. Obviously, A = x~!1(c0) and
ol = ,(0).
Analytically, each point (P, ..., P;) of Sym?(C) is canonically mapped to

w=(u,... uy) = (/:+-~-+/OCPQ)(w1,...,wg>, (4.2)

and o(u) is regarded as a function on the universal covering space C9 of J with the
canonical map k above and the natural coordinate u of CY.

If u = (uy,...,uy) is in £~ 1(C), we denote by (z(u),y(u)) the coordinate of the point
on C' corresponding to u, so that

@ww@) /1 o 91
— - d
B /oo <2y’2y’ ’ 2y> v

with appropriate choice for a path of the integrals. Then we have that z(—u) = z(u),
y(—u) = —y(u) and (x(0,0,...,0),4(0,0,...,0)) = co. We frequently use the following
lemma in the rest of the paper.

Lemma 4.6. Suppose u € k= '«(C). The Laurent expansions of x(u) and y(u) at
u=(0,...,0) on the pull-back k= 4(C) of C to CY are

1 . 1 o
w(u) = ug? +(d°(ug) 20),  y(u) = T u B + (d°(ug) > —29 +1)
with their coefficients in Q[Ao, A1, . .., Aag+1]. Moreover, x(u) and y(u) are homogeneous

in the Sato weight —2 and —(2g + 1), respectively.

Proof. We take t = 1/\/z as a local parameter at oo along ¢(C). If u is in £~ 1:(C)
and sufficiently near (0,0,...,0), we can assume that ¢, u = (u1,...,u,) and (z,y) are
coordinates of the same point on C'. Then

@Y) 9-1 4z
o = / 2y

/(r,y) 2=3/2 do
= . 2\/1+)\1/"E+"'+)\2g+1/x2‘q+1

P2/ dt
_/0 2+ (d°>1)

—t+ (d°(t) = 2).
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Hence x(u) = 1/u? 4 (d°(uy) > —1) and our assertion is proved, because z(—u) = x(u)

and y(—u) = —y(u). The rest of the statements are obvious from the calculation above.
O
Lemma 4.7. If u = (u1,uz,...,u,) is a variable on k~*(O)), then
W = g2 1 (d(uy) > 2)
2g—1"7 I ’
1 s o
uz = g™+ (d(ug) > 29 = 2)

1
Ug—1 = §UQS + (d°(ug) > 4)

with the coefficients in Q[Ag, A1, - - ., A2g+1], and these expansions are homogeneous with
respect to the Sato weight.

Proof. The assertions are easily obtained by similar calculations to those used in the
proof of Lemma 4.6. O

Remark 4.8. The second set of equalities in (2.2) is the canonical limit of the equali-
ties in Lemma 4.7 when we let all the coefficients A1, ..., Ayg41 tend to 0, because of the
homogeneity there.

5. The Schur—Weierstrass polynomial and the sigma function

The polynomial S(u) is closely related to the function o(u) as follows. We put

o 0 0 o 0 0]
S¢1i2...in (u) = auil 8ui2 6uin S(’u,)7 Oi1in-in ('LL) = 6ui1 8ui2 . au% U(U)

Proposition 5.1. The function o(u) has the power-series expansion
o(u) = (—1)90DE=D2G(u) 4 (d° (A1, Aoy oy Aogar) = 1) € Q[ Al[[un, - ., ug]]

at u=(0,0,...,0), and is homogeneous with respect to the Sato weight.

Proof. It is easy to see from the proof of the Corollary 1 of [7] that the power-series
expansion of o(u) with respect to ug, ug, ..., u, belongs to the formal power-series ring
QAo, A1y, Aggra] X [[ua, ug, . .., ug)], namely, is expanded over the rational numbers.
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If g is odd, then

Uo
Up Uy U,
UO U1 * * *
5134..9(’&): Uo U1 U2 U3 * * * :1,
UO Ul U2 * * *
Uy * * *
Uy U,

and 013...4(0,0,...,0) =1 by Lemma 4.2. If g is even, then

Uy
Up Ui U,
Yo oro 1 if g=0mod4,
Sl3---(g71)(u) = Uy U U, * * ¥ = 1 ifg=2 d4:
Uy Uy Uy Us LI S T B =eomods
UO U1 * * *
Uy U
and 013...(g—1)(0,0,...,0) = 1 by Lemma 4.2 again. Hence the form of expansion of
o(u) follows straight from Theorem 6.3 of [6]. The last statement is a repetition of
Lemma 4.2(i). O

Corollary 5.2. The derivatives of o(u) and S(u) are related as follows:
Ojtig - in (U) = (—1)g(g_1)(9_3)/231'11'2...1'” (U) + (do()\h )\2, ey )\29+1) > ].)
This series is homogeneous in the Sato weight.

Proof. This is obvious from Proposition 5.1. (I

6. The vanishing structure of the sigma function and of its derivatives

We investigate vanishing structure of o(u) and of its derivatives by using the Riemann
singularity theorem and calculations using the Brill-Noether matrices. The following is
fundamental for us.
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Proposition 6.1 (Riemann singularity theorem). For a given u € k= 1(0l9~1),
we denote a divisor on the curve C which corresponds the point w modulo A by Py +
<-4+ Py_1—(g—1)-00. Then

dimI'(C,O(Py + -+ Py_1)) =r+1
if and only if both of the following hold:
(i) Oiyig-ip (w) =0 for any h < r and for any i1,...,i, € {1,2,...,9};
(ii) there exists an (r 4 1)-tuple {iy,i2,...,9y41} such that o;,i,...;,,, (u) # 0.

Proof. By (4.1) we easily restate the fact stated in [1, pp. 226 and 227] into the
statements above. g

To compute the dimension of the zeroth cohomology group above, we recall the Brill- change ox?
Noether matrix, defined as follows. We fix a local parameter of every point of C. To
clarify the following argument we define the local parameter ¢ at each point P by

y if y(P) =0,
t={z—x(P) ify(P)#0and P # oo,
1
it P = oo0.

Nz
We denote by 2! the sheaf of differential forms of the first kind. For a point P of C, let

t be the local parameter defined above. We denote by P; the point of C' at which the
value of the local parameter is ¢t. Then we define for u € I'(C, 21)

, q¢ Py
5#(1)):@ K

oo

t=0

Since p is a holomorphic form, 6°u(P) takes a finite value at every point P. Let
D := Zle n; P; with different values of P; be an effective divisor. A matrix with
deg D :=3 n; rows and g columns is called the Brill-Noether matriz for D if its
(n1 + -+ + nj_1 + £,i)-entry is 6%w;(P;), where 1 < £ < n; and w; = (z'71/2y)dx.
We denote by B(D) the Brill-Noether matrix for D. Our computation starts with the
following.

Proposition 6.2. Let D be an effective divisor of C. Then
dim I'(C,O(D)) = deg D + 1 — rank B(D).

Proof. For u € I'(C, '), we can find uniquely the set of elements c1, ..., c, € C such
that = ciwi + -+ - + cqwy. Let D = Z?:l n; P;. In this situation, the three statements

(i) peI(C 2'(-D)),

(ii) 5eu(Pj) =0forall jand ¢ with 1 < j <k and 1 </? < nj, and
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are equivalent. So dim I'(C, 2'(—D)) = g — rank B(D). The Riemann-Roch theorem
states

dim I'(C,O(D)) = deg D — g + 1 + dim I'(C, 2* (= D)).
Hence dim I'(C, O(D)) = deg D + 1 — rank B(D). O
To compute the rank of B(D) we need only consider the case where D is of the form
D=P +Py+-+P,+(g—n—1)-00 (P, # Pj, P for any i # j, and P; # 00),

where P; is the hyperelliptic involution of P;. Then the matrix B(D) is given by

M1 T 2t z" 2973 972 z971 ]
— (P, — (P . P —(P P P; P
2y( 1) 2y( 1) 5 (P1) 2y( 1) N (P1) on (P1) 5% (P1)
1 x 1 " 293 292 291
S (B () (P | E(e) (B SR LRy

0 0 0 1
0 0 0

0 0 1

0 0

0 1

Here the right lower block was calculated in a similar way to Lemmas 4.6 and 4.7.
Therefore, the rank of B(D)isn+ (g —n—1)/2 or n+ (g — n)/2 according to whether
g —n is odd or even. Combining up the considerations above, we have

dimI(C,O(Py+ Py+--++ P, +(g—n—1)00)) =g—1— (n+ (g —n)/2])
=|(g—n—1)/2] +1.

Again we denote by u the point in x~1(69~1) corresponding to P, + Py +---+ P, + (g —
n—1)oo—(g—1)oc. Proposition 6.1 yields that if h < |(g—n—1)/2], then 0;,4,...5, (u) =0
for all d1,...,in and 05,y i (y_p_1y/2)4r (0) # O for some ji,j2,..., J|(g—n—1)/2)+1. Here
we record the first fact as follows.

Lemma 6.3. We fix the genus g. Let n (< g — 1) and h be integers such that 0 <
h < |(g—n—1)/2]. Let 41,1, ...,in be arbitrary h elements in {1,2,...,g}. Then the
function u > 0;,4,...;, (u) on k(M) is identically zero.
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Table 1. Table of oyn (u)

genus gy Oy O'hfs Uh4 O'u{) Uhﬁ Uh7 Uhg Uhg O'hlo
1 o o o o o o o o o o
2 o2 o o o o o o o o o
3 o2 o3 o o o o o o o o
4 024 o3 o4 o o o o o o o
5 024 o35 o4 o5 o o o o o o
6 0246 035 046 o5 06 o o o o o
7 0246 0357  O46 os7 O  O7 o o o o
8 02468 0357 0468 Os7 Ops O7  O8 o o o
9 02468 03579 0468 0579 068 079 08 o9 o o

7. Special derivatives of the sigma function

We will introduce some special derivatives of the sigma function. These are important to
state our Frobenius—Stickelberger-type formula.

Definition 7.1. Let §” be the set defined in Definition 3.1. Then we define a derivative

oyn (u) of o(u) by
oyn (u) = (H 68'>J(u).

U
iehn ?

In particular, we define
oy(u) = oy (u), op(u) = o2 (u).
These functions are given in Table 1.
We now prepare tools for investigating the zeros of these derivatives.

Lemma 7.2. Suppose0 < n < g—1.
Let §™ be a proper subset of 1™, and let

Then the function u — o, (u) on x~1(0IM) is identically zero.

Proof. Since the number of elements in the set ™ is |(g—n+1)/2], we see the number
of elements in §” is less than or equal to | (g —n — 1)/2]. Hence we have the assertion
from Lemma 6.3. O

Lemma 7.3 (the translational relation). Let n be an integer such that 1 < n <
g — 1. Assume u belongs to x~*(0). Then we have

ogn(u+€) = x(€)oyn (u) exp L(u + 10, 0)
for all £ € A.
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Proof. This follows from Lemma 7.2 using Lemma 4.4 and Definition 7.1. (]

Proposition 7.4. Let n be an integer such that 1 < n < g— 1. The space spanned by
the functions u + ¢(u) on k= (6" vanishing only on k=1(6"~1) and satisfying the
equation

p(u+0) = x(O)p(u) exp L(u + 3£,0)

for all ¥ € A is one dimensional.

Proof. Let ¢1(u) and @o(u) be non-trivial functions on x~*(O") with the stated
properties. Since O"1 is a prime divisor of the variety O™ the equations assumed
for these functions imply that we may assume that the vanishing order of wa(u) on
x~1(OM=1]) is less than or equal to that of 1 (u). Then the function ¢y /s is holomorphic
on k™! (@["]). Classically, this is a situation where we might use a special case of Hartogs’s
analytic continuation theorem. On the other hand, we have

Pliut+0) =) forallue n(OM) and £ € 4,

®2 2]

by the supposed equations. Therefore, ¢1 /@2 can be regarded as a holomorphic function
on O!". Hence this is a constant function, by Liouville’s theorem. O

Proposition 7.5. Let v be a variable on = (O!). Then we have the following.

(i) The function v — oy(v) has a zero of order g at v = (0,0,...,0) modulo A and no
zero elsewhere. This function has an expansion of the form

oy(v) = (1) 9DE=3/2y 9 1 (d°(vy) = g + 2).

(ii) Let n be an integer such that 1 < n < g — 1. Suppose v, uM, u@ )
belong to k=1 (OM). If u® 4 ... 44" ¢ k=1 (@), then the function v
O'thrl(U/(l) + -+ u™ +v) has zeros of order 1 at v=—u, ..., —u™ a zero
of order ¢ — n at v = (0,0,...,0) modulo A and no other zero elsewhere. This
function has an expansion of the form

Opn+1 (u(l) +fu™ 4 v)
= (_1)(g—n)(9—n—1)/20hn (u(l) S u("))vgg_” +(d°(vg) = g —n+1).
(iil) Ifu ¢ k= 1O, then o(u) # 0.

Proof. Statement (iii) is well known (see Theorem 5.3 in [19, p. 3.80]). We prove (i)
and (ii). The usual argument by integration of the logarithm of

oot (W + -+ u v+ )
= X(ﬂ)gunJrl (u(l) I CO N v) exp L(u(l) I () BT %&[)
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of Lemma 7.3 along the boundary of a polygon representation of the Riemann surface of
C shows either that the functions v — o4(v) and v — oynt1 (u® + -+ u™ +v) above
have exactly g zeros modulo A or that they vanish identically (see [13, p. 147] for details).
These functions, however, do not vanish identically because of Proposition 3.4 and Corol-
lary 5.2. The other statements of (i) follow from Corollary 5.2 and Proposition 3.4(i).

We prove the rest of statement (ii). Since the number of elements in " is [ (g—n)/2],
Lemma 6.3 shows that the function

v O'thrl(u(l) 4+t u™ )

has zeros at least at v = —u(P), ..., —u(™. For v € k=1 (OM), we let

Uhn+1<u(1) et w(™ + U) — Z<p(j)<u(1) et u("))vgj7
=0

where ¢() are certain functions on x~(0[™). Let the Sato weight of opnrr(uD) + - 4
u(™ 4 v) be m, so that m = ng — %n(n + 1). Let jo be the minimal js such that
@(j)(u(l) 4+ u(”)) is not identically 0 as a function of the variables u(¥), ... u("). So,
we can write

Tyn1 (u(l) R w™ + ’U) _ Sa(jo)(u(l) Lt u(n))vgjo R

Then the Sato weight of ©U0) (u™ + ... 4 u(™) is m — jo.

We claim that the function u — ©U) (u) on £~ (O[") satisfies the equation in Proposi-
tion 7.4. To prove it, let us take £ € A and u € k= *(O[). Then, since u + £ € k= (OM),
we have

Opn+1 (u+v+4{) = sp(jo)(u + g)vgjo 4+

On the other hand, the translational relation for oyn+1 gives

Joyn+1(u+v)exp L(u+v + 34,0)

)(@(jo)(u)vgjo +--)expL(u+v+ %f, 0)
() e ) (exp L+ 5,0 + (& (0y) > 1))
)U0) () exp L(u + 3£, £)v,7 + (d°(vg) = (o + 1))

Comparing these two equations, we see that
Pl (u + £) = x(0)p") (w) exp L(u + 50, 0).

This proves the claim.

Proposition 7.4 yields that ¢(°) (u) is, as a function on £~(6"), equal to oy (u) up to
a multiplicative constant. The Sato weight of oy (u) is (n—1)g—2(n—1)n = m—(g—n).

By Propositions 5.1 and 3.4(ii) and (i), we see that the expansion of oy»(u) contains a
term whose coefficient is 1 or —1. Therefore, the multiplicative constant above must be a
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polynomial of A\g(= 1),..., Agg+1. Hence the Sato weight of (7o) (u) is at least m—(g—n),
so that jo > g — n. Therefore, we have identically

W (u)=0 forj=0,...,g—n—1.

Because we have already found at least n zeros of v+ oynss (uP) + -+ + u(™ +0) for
v # 0, it is impossible that (9= (u(M) 4 ... + u(™) = 0 identically. So we see jo = g —n
and have

o (u+0) = @ (u)vg? " + (d°(vg) > g)

for the non-trivial function ¢(9=™ (). Thus, we see that
pla=n) (u) = (_1>(g—n)(g—n—1)/2ghn (u)

for u € k~1(OM) by Proposition 3.4(ii) and Corollary 5.2. Now all the other statements
are clear. g

Lemma 7.6. Let u € s~ *(OM). Then
0y (2u) = (—1)7 120,01 + (d°(ug) > 29 + 1).

Proof. The statement follows from Proposition 3.4(iii), Corollary 5.2 and Lemma 4.3.
O

Lemma 7.7. Let u € x~*(OM). Then

ab(2u) _(_1\9 w

Proof. Lemma 7.3 shows that the left-hand side is periodic with respect to A, and is
an odd function by Lemma 4.3. We have by Lemma 7.6 that
0y(2u) _ (~1)77120,2" ¢ (d°(uy) > 29 + 1)

op(u)t (ug? + (d°(ug) > g +2))*

2
— (_1)9—1
= (-1) aE

= (=1)72y(u).

8. Frobenius—Stickelberger-type formulae

The initial case of our Frobenius—Stickelberger-type formulae is as follows.

).

Lemma 8.1. Suppose that u and v are in k~1(O1). We have

(- 2Ll 0 ) 4 o) (Z L

1 z(v)

oy(u)?oy(v)?
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Proof. As a function of u (or v), we see that the left-hand side is periodic with
respect to A, by Lemma 7.3. Moreover, we see that the left-hand side has its only pole

at u = (0,0,...,0) modulo A by Proposition 7.5(i). Proposition 7.5 also shows that the
Laurent expansion of the left-hand side is of the form

(75(0)ug? ™+ )0y (—0)ug 8 ) .

(ugg+"')20'u(’l])2 :(_1)qu792+:(—1)qx(u)+ .

Here we have used the fact that o4(—v) = (—1)9%0y4(v), which follows from Lemma 4.3.
Since both sides have the same zeros at © = v and uw = —wv, they coincide. O

The general case of our Frobenius—Stickelberger-type formula is as follows.

Theorem 8.2. Let n be a fixed integer. Suppose that u*), ... u(™ are variables on
rk=H(6M).

(i) If 2 < n < g, then we have

n

(_1)g+n(n+1)/2 Oyn (u(l) ot u(”)) Hi<j Ub(u(i) _ u(j))
oy (u(l))n .. Uﬁ(u(n))

]_ x(u(l)) 1'2(u(1)) “e xnfl(u(l))
1 x(u(Z)) xQ(u(Q)) e xn_l(u(z))

(ii) If n > g + 1, then we have

(u(l) R u(n)) Hi<j Jb(u(i) — u(j))
oy (M) oy (ulm)

z(u®) 22 (u®)

m(u(2‘)) x2(u(2))

(—1)era)g—1/27

1 z(w™) 22(u™)
29(u®)  yu®) 29t (D) ayu®)  29T2(uD)
29(u®) yuw®) 9t w®)  ay®)  z9t2(u®)

29w yw™) 9t W) zy(u™) It (u()

where the right-hand side is an n X n determinant.

Proof. While this theorem is proved using Proposition 7.5 and the same argument as
in [19,20], we give the details here because of complexity of the signature.
We prove (i) first by three steps as follows.
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Step 1. Lemma 7.3 shows both sides in (i) are periodic functions of u(™ with respect
to A. Hence we regard them as functions on C' and will compare their divisors.

Step 2. We are still regarding both sides as functions of u(™. By continuity, we
may assume that vV, ... u("~1) are pairwise different. The right-hand side vanishes at
u® ... u™=1) by Proposition 7.5(ii). The left-hand side has zeros of order 1 at the same
points because of the product of g,s. We see that the left-hand side has a pole only at
u(™ = (0,0,...,0) modulo A and its order is (g—n-+1)+(g—1)(n—1)—gn = 2(n—1) by
Proposition 7.5(i). Obviously, the right-hand side has also a pole only at (™ = (0,...,0)
modulo A. Because the lowest term of its Laurent expansion is coming only from the
(n,n)-entry, the pole is also of order 2(n — 1). Let v(®,... v~ be the other zeros of
the left-hand side than u(®, ..., u("~Y. As we also consider their multiplicities, it may
happen that some of v, ... v~ coincide with some of v, ..., u(»1) Anyway, the
Abel-Jacobi theorem shows that

u® (D) L) o () 2 g

We denote this element by £. Then Lemma 7.3 states that

ogn (u® 4w My = g (™ — o™ — (D) (0) exp L(u + 10,0).
Hence this function of u(™ has zeros at vV, ..., v("~1) of order 1 by Proposition 7.5(ii).
Therefore, the two sides have the same divisor, and they are equal up to multiplication
by a function of u(®, ... w1,

Step 3. Finally, we check that the undetermined function above is 1 by comparing
the coefficients of the lowest term in the Laurent expansion with respect to u(™. The
expansion of the left-hand side is

[{(_1)(gfn+1)(gfn)/2ghn,1(u(l) N u(nfl))vggfwr1 +---}
*Ticjen—1 0o —uO) ITSH{(=D) D02 20, () (—ug”)o ! + -]
[og(uM)m ... oy (ur=)n{ (=1)5=2(9=3)/2 ()9 4 - In] 4 -

- (_1)(9—n+1)(g—n)/2+(g—1)(9—2)(n—l)/2+(g—1)—(g—2)(9—3)n/2

o ) [ ) — )
oy(uM)n=1... gy (uln=1))n-1 (ug”))2(n—1)

Here we see easily that the index of (—1) is given by

s0-n+Dg—n)+5(¢—-Dg—-2(n—-1)+(g—1)—3(g—2)(g —3)n

The expansion

1 x(u(l)) x2(u(1)) AN (En_2(u(1))

1 m(u(2)) 1‘2 (u(z)) v xniz(u(Q)) 1

: . : , . 2" (u™) +
1 x(u(”_l)) xQ(u(n—l)) . xn—Z(u(n—l))
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of the right-hand side with z(u(™) = 1/(u(™)? + - -- and the induction hypothesis shows
that the coefficients coincide. Thus, we have proved (i).

Now let us prove (ii). While the argument is entirely similar to that of (i), we describe
it explicitly again, in order to enable the reader to check the signature of the desired
formulae more easily. Regarding both sides to be functions of (™ again, the formulae
corresponding to the Steps 1 and 2 above are proved similarly. So, we omit them. To
prove the part corresponding to Step 3 above, we note that the leading term of the
Laurent expansion of the right-hand side contains the signature

(71)(n+971)
(ufy o=t
1 z@®) .. x9 (uD)) y(uM) 29+ (1) zy(u™)
1 z@®) o z9(u®) y(u®) 29t (u(2)) zy(u®)
X . . . . . .
1 oz by ... xg(u(n—l)) y(u= D) 9t (=) py(ur—D)

Expanding the left-hand side gives
[{O'(u(l) R u("—l)) +---}
*Ticjen—t 0 (u? —u0) [T5H{(=1) D02 20, () (—ug™)o~! -]
[og (uM)n .. Uu(u("_l))”{((—1)(9—2)(9—3)/2(u§"))g)n -

— (_1)(9—1)(5—2)(n—l)/2+(g—1)—(9—2)(g—3)n/2

Uhn71 (u(l) + 4 u(nfl)) Hi<j<n—1 O (u(z) — u(])) 1

X
O-u(u(l))n—l oy (u(n—l))n—l (u‘(q7l))n+gil

Because the index of the quotient of the signatures of the two leading terms above is
given by

50-Dg—2)n—-1)+(g—-1)—3g—-2)(g—3)n—(n+g—1)
=12n-2-g)(9—1)mod2,

we can use the induction hypothesis to obtain (ii). O

9. Kiepert-type formulae
The function o(u) is directly related to a(u) as follows.
Lemma 9.1. Fix j with 0 < j < g. Let v and v be on k=" (6)). Then

. op(u—w) 1
Jm w—v; a2 l(v)
j Vi
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Proof. Because of Lemma 8.1 we have

z(u) —x(v) Ry op(u+v) oy(u—v)

uj — v oy(u)?oy(v)? uj —v;
Now we let u tend to v. Then the limit of the left-hand side is

lim ou) = ¢(v) = ﬁ(v)

u—v  U; — U du;

This is equal to 2y/z7~!(v) by the definition. The required formula follows from
Lemma 7.7. ]

Definition 9.2. For u € x~!(O!) we denote by ,,(u) the function oyn (nu)/oﬁ(u)”2
if n < g, and U(?’Lu)/aﬁ(u)"2 ifn>g+1.

This function ¢, (u) has the following expression, which is a natural generalization of
the classical formula of Kiepert [14].

Theorem 9.3 (Kiepert-type formula). Let u € x~'(O!!) and let n be a positive
integer.

(i) If 1 < n < g, then 1, (u) = (—1)9T(HD/2(9y () ) (n=1)/2,
(ii) We fix j with 1 < j < g. If n > g+ 1, then we have

(_1)(271—9)(51—1)/2(1!2! co(n = D)) (u) = x(j—l)n(n—l)/2(u)

3;‘/ (w2)/

2" (;E2)”

2 (:62)”/
X

(@?) Y G (yz)’ (wo2)
(mg)// y// (I,g+1)// (yx)/l ($g+2)// .
(x3)/// y/// (xg+1)/// (yx)/// (xg+2)l/l . (u)

(xg)(n—l) y(n—l) (xg+1)(n—1) (yx)(n—l) (xg+2)(n—l)

where the size of the matrix is (n — 1) x (n — 1), and the symbols ',” ... (»=1

denote ) )
4 (4 KR
du]- ’ de Ty de ’

Proof. If 1 < n < g+ 1, the right-hand side of Theorem 8.2 is a Vandermonde
determinant. Hence we have statement (i), by using Lemma 9.1. Statement (ii) is proved
by the same argument as in [19], using Theorem 8.2 and Lemma 9.1. (]
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Remark 9.4. The polynomials ), (u) are the natural generalization of division poly-
nomials of an elliptic curve, and are used to find torsion points on the curve C in the
Jacobian variety J. Indeed, for n > g, u € k7 14(C) is an n-torsion in J if and only if

all of ¥ gi1(w), Yn—gro(w), ..., ¥n(w),. .., Ynyg—1(u) vanish. A detailed description of
this fact is seen in [8].

Finally, we mention the degree of the polynomials above.

Proposition 9.5. The number of roots, counting multiplicities, of the equation
Yn(u) =01is 3n(n—1)(2g+1) if 1 <n<g—1andn?g—3g(g+1) ifn>g.

Proof. The number of the roots is equal to the order of the pole at u = (0,...,0).

If u e k= 1(OM), then ug is a local parameter at u = (0,...,0) because of Lemma 4.7.
We calculate it for the case j = g. We denote u, by ¢. If n > g, the lowest term of the
Laurent expansion of the determinant in Theorem 9.3 at u = (0,0,...,0) is exactly the

same as that of

2 4
3 15
4.3 6-5
4 t6
o (n+1)--3 L (n+3)-5
ap D o) s
2g n+g—1
T i
(294+2)(2g+1) . (n+g+1)(n+g)

129+2 o {ntg+l

n—I-Qg.—l)-n(Qg—l)

(_1)n_1( (—1yn-1 2n+g—1)---(n+g—1)
t29+n—1 t2n+g—2
This is equal to
+3
t 1
16
*
1
+3g
t 1
139+2
1
t2n+4g
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times a non-zero constant. This determinant is the (3g(g + 1) + (n — g — 1)(n + 2g))th
power of 1/t. Hence we see that

o= Dn(=1/2)) = 1 /gla=Dn(n=1)

So the lowest term of the Laurent expansion of the right-hand side of the formula in
Theorem 9.3 is the (n%g — %g(g + 1))th power of 1/t. If n < g, then the lowest term is
easily seen to be the in(n — 1)(2g + 1)th power of 1/¢. O

Finally, we have a remark. The derivation Do, used in Mumford’s book [17, p. 3.155]
is essentially no other than our d/0uy. While we could rewrite our expressions using
mainly this D, the author hopes to describe such things on another occasion.

Acknowledgements. The author thanks the referee who read carefully the first
version of this paper. If this final version is easier to read, this is due to the referee’s
suggestions. The author also thanks Shigeki Matsutani for permission to reproduce his
proof of Cantor’s formula below. It forms an essential part of the results presented here.

Appendix A. Connection between the formulae of
Cantor—Brioschi and those of Kiepert type

In this appendix* we prove a formula of Cantor in [8] (Theorem A1 below) by using
Theorem 9.3. This is a detailed exposition of the appendix in [16]. Since our argument
is reversible, Theorem 9.3 is proved using the formula of Cantor.

Let v = (u1,u2,...,u4) be the system of variables explained in §4. We assume
that u belongs to £~ 1.(C). So we may use the notation z(u) and y(u). If u(u) is
a function on x~14(C), we can regard it locally as a function of u;. We denote by
W (u), 1" (u), ..., 1) (u),... the functions obtained by applying

d (dY ay
duy” \duy /)’ 77 \duy ) T

to the function p(u) along +(C); and by fi(u), ji(u), ..., ut") (u),... the functions given

by applying
4 (ay ay
dz’ \dz /)’ "~ \dz)’

to p(u). Here we regard u(u) locally as a function of z = z(u).
Recall that ¢, (u) was defined in Definition 9.2. A determinant expression for 1, (u),
due to Cantor, is the following.

* By Shigeki Matsutani, 8-21-1, Higashi-Linkan Sagamihara 228-0811, Japan (rxb01142@nifty.com).
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Theorem A1 (Cantor [8]). Suppose n > g + 2. Let s be the largest integer not
exceeding (n —g)/2, and r =n —1—s. Then

y<g+2> y(g+3> y(r+1)

(g+2;! (g+3;! (7'+1;!

yl9+3 ylo+d y(r+2

(9+3)! (g+4)! (r+2)!' ifn#£g mod?2,
y<r+1) y<r+2) y(nfl)

r+D! r+2)!  (n—1)

Yn(u) = éen - (23/)”(“71)/2 X

ylotl)  glet2) yr )

g+ (g+2!  (r+1)

y<g+2; y<g+3; o y<r+2;

(9+2)t (g9+3)! (r+2)! ifn=g mod 2,
y<r+1> y<r+2> y(n_1>

r+1)! (r+2!  (n—1)

where ¢, is determined by g modulo 4 and n modulo 4 as in the following table:

gmod4d &9 €1 €3 €

3
0 -1 -1 1 -1
1 -1 1 1 1
2 1 -1 -1 -1
3 1 1 -1 1

Remark A 2.
(i) Both matrices above are s X s.

(ii) The number r and s are just the number of entries of the form (z*) with k > 1
and of the form (yz7)" with j > 0, respectively, in the first row of the determinant
in Theorem 9.3(ii).

(iii) The constant factor is not clear from our definition of ¥, (u) in Definition 9.2
and [8]. It will be determined when our calculation has been completed.

(iv) This formula for the case g = 1 is known classically (Brioschi [4]).

(v) Since our proof depends on Theorem 8.2, it works only over the field of complex
numbers.

The following lemma is easily checked.
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Lemma A 3. Let m > 0 be any integer. One has

() -oro(d] +Sao(s)

(m)

Here a; " (u) are polynomials in

d2y

dy v 4%
dz?

2w,

y(u),

dmfly
’ dgm-—1

(u), ...

(u).

Let s=n —1—r. Then, by Theorem 9.3 for j = 1, we have

1120 (n— 1)1y, (u)
— (_1)r(r+1)/2

.'LJ (xQ)/ (x’l )l y/
IN (mQ)// (IT)N /!
% " (1‘2)11/ (ZL‘T.)N/ "

x(n—l) (xQ)(n—l) (xr)(n—l)

Yo ()Y

(yxs—l)(n—l)

Here the determinant is (n — 1) x (n — 1). By Lemma A 3 we have that

4T
dU1
d Y 2y
duq agl) (2y)?
d 31— agl) agz) (2y)3
du1 :
_agllll agll a51331

d n—1
()

Now we consider

o (@) (&)
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for p = x,22,... and y,yx,yx?, . ... Obviously,

d
dx _
1!
i 2 91 *
dx 3!
i 3 |:£L' .’L'2 e {L‘rj| = .
dx 7!
d n—1 O
(&)

For i = y,yx,...,yz°" 1, we have that

)2
)3 v ope oyt o e

is equal to
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which is equal to

0
0)(i) ?)

CONAT AT e Y
O 0T e
COET ()

L 1 I o 1€ IS Gl £

[

y yT y-T% - y- T 1
y y-2T - y-(s—1)T52
% y 2! o y-(s—1)(s—2)T573
y-(s.fl)! P
Thus
4
dz
d 2
()
det 13 [Jc 2 "y yr yxs_l]
dx
d'n71
(&) |

is equal to (112!---7!) times
1 r—s+2
&) (G
—1:d"*1 .. —1:d"*5
(no )(@) (Z—1)<£>

det
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y yI' y-T? - y T
y y-2T - y-(s—1)T"2
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By dividing the first row by (r + 1)!, the second row by (r 4+ 2)!, and so on, we see that
this determinant is equal to

S r—s+2)
(r+1)! d (r—s+2)!
y(r+2) ylr+D) y(r=s+3)

F+DIE+2) (=D +2)! F+1)! (r—s+3)].
g1y n2) yn=s)
(n=1)! (n-2)! (n—s)!

If we reorder the columns (or the rows) of this determinant, we have the right-hand side
of Theorem A 1 with the signature (—1)*(®*=1/2. Then the total signature is given by

(—1)@r=9)e=1)/2  (_1)s(s=1)/24r(r=1)/2

(_1)(%—9)(9—1)/2 1)~ s(s—1)/2+r(r—1)/2

(_1)(2n—g)(g—1)/2 1) r—s)(r+s)/2—(r—s)/2

1 (r—s)(n—2)/2

(_1)(27179)(9*1)/2

(—
(—
(—
= (—1)@n=9)(s=1)/2 { —1)9(n=2)/2 if n # gmod 2,

—1)lo~ D(=2)/2 " if n = gmod 2.
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Computing this for n and g modulo 4 yields the value of &, in the table in Theorem A 1,
and the desired formulae have been obtained.
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