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LAURENT EXPANSION OF DIRICHLET SERIES

U, BALAKRISHNAN

Let (an) be an increasing sequence of real numbers and (bn) a
sequence of positive real numbers. We deal here with the Dirichlet
series f(s) = Z bn a;s and its Laurent expansion at the abscissa
of convergence, X , say. When an and bn behave like

1 b a

logk a = P_(log N) + Ck + 0(1\]_E logk N ,
a <u n o n n 2
n
as N =+ « , where Pz(x) is a certain polynomial, we obtain the

Laurent expansion of f(s) at & = A , namely

fls) = P (s=0) + ] k?lck(x—s)k ,
k=0

where Pl(x) is a polynomial connected with Pz(x) above. Also,
the connection between Pl and P2 is made intuitively transparent

in the proof.

Suppose the Dirichlet series f(8) = Z bn a;s , 8§ =0 + it , is

convergent for o > A (> 0) and has a pole of order d2 0 at s = A

and also suppose that f(s) has an analytic continuation to ¢ > oo(< A) .

Then we know that f(s) has the Laurent expansion

(1) fley =P is-0 + [ Kt e (-5 K
k=0
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where
-d 1-d -1
= (d- -2) ! .
(1%) P, (x) (d-1)! by X T F (d-2) by ® + tA X
at s = A , with some constants % and Ai . It is conjectured that the

ck's are given by

. - k
e = lim( Z b a” log a, - Pz(log m )

where

_ -1_k+d .1 k+d-1 -1 _k+1
(2) Py(x) = Ad(k+d) x + Ad_l(k+d 1) "z o+ Al(k+l) x .

In special cases of the function f(s) this is known to be true
(see [3]1,04]). wWhat we deal here is a conditional converse of this. We

have the following Tauberian theorem:

THEOREM 1. Let 0 < a; S<a,<a, ... be an increasing sequence of
real nwnbers and 0<b_,n =1,2,3, ... be arbitrary positive real
numbers satisfying

X logk a, = P2(log Ny + o t ow logk Ny ,

for k =0,1,2, ... ,[f € log N1 , for all N = IV0 with the O-constant

absolute and with a fixed € , 0 <e < % , where P2 (x) s given by (2).
Then the Dirichlet series f(s) = ana;s is convergent for o > A and
has the Laurent expansion (1) at s = A , with Pl (x} as in (1%*),
provided that e << (2k/e)k , for k2 [1 ¢ log 1v0j

REMARKS. 1. It follows that the order of the pole of f(s) at
8 = A 1is exactly the largest power of log N appearing in ana;x .

2. The condition in Theorem 1 could be altered to

¥ bnar‘l" logk a, = P,(log M) + ¢; + o ¢ logk M,
<
an\N
for k=0,1,2, ... , [t € log M for all N > NO where M = M) + =

as N » o and we restrict a, by a, < (1‘/1(r1))100 for n = NO .
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3. The proof of the Theorem reveals explicitly how the

- -1 .
powers of log N in Z bnank are transformed to powers of (s-1) in

the Laurent expansion of f(s)

4, We have given in Theorem 2 below a class of sequences

satisfying the hypothesis of Theorem 1.

Proof of Theorem 1. we write a;s in the form

-8 - -1.2 2 -1t t
= ! .. !
a, a, (1 + n log a, + 2! "n” log a, + . + t! "n log an)

1

+ O(t!_ |n|t ain|_x logt an)

where we have denoted X - s by n and have used the fact that for
x €C

Ferrzen Tt st v om™ |xft elxl)

. ] ] -8
Now we consider a , a r e 2 Q

1 5 v for the above expansion and by

columwise addition we get

a®=7 bna_x

Y -1t - t
O L +nlba”loga, + ...+t ) ba ' log a,

SQ
A~
é!w

+ ottt lnlt ) b a, _A+|nl log a,)

and using the hypothesis of the theorem we get for

(3) 0# |n| <107 ¢ min(1,A) and £ = (4 € log N]
that
SE -1 kr . &1 &k
(4) J ba® Z k1 Z A (k+r) ~ (log M) + 1 kT ogn
a < nn k=0 r=1 k=0

+ o™ ¥ k! |n 1log le + t!-llnlt ) bna;x+|nllogt a,)
=0 a
n

Now using the hypothesis of the theorem again, we get

(5) t!-llnlt Z ba >‘+|n| log a, << 1\7I | long\Hf:l'1 In logIVIt
a <N
<< N’nl_e logd N
using the choice of ¢ from (3). Now let
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t d
- - k
(6) =) k! n¥ I A, (ke b (1og M
k=0 r=1
d t
=7 o nT T ket (ntog M k1) () ... (Rer-1)
r
r=1 k=0
We write for a fixed »r
(k+1) ... (k+r-1) = Al +A2(k+1n) +A3(k+r) (k+r-1) +... +Ap(k+r) (k+r-1) ... (k+2),
as an identity in k . It is easy to check that, for 1< 7 < r-1 ,
7y YA o+ (@-n A+ v 4. =0; A = (- e ;A4 =4 ).
: 1 : 2 T 1+l . ' m m
Iet us use this expansion in (6) and get
-1 r t . -1 k+Y‘
8 Q= ] a0 [ ] A ksr-it1)1 (n log M)
r=1 i=1 k=0
d r . t .
= ) a0 ] Anlogm” LY (ker-i41) 1Y (n 10g 0 RFPTEHL
r=1 ° =1 k=0
d -r v -1 -1 2
= 3 b0 ) A;(n log M) {Nn - (L+n log ¥ + 2! “(n log M° +
r=1 =1
bt =017 0 1o T 4 o™ wlnl |y 10g Nlt”d)}

d r ,

=7 60T ] A tmiegmTTE "+ o wlnl-e 106

r . 7
r=1 1=1

d r
-3 Anr{A +(A+A)n log N + ... + (n log HTT Z(r—i)z'l/;.}.
r IR B : 1
r=1 1=1

- T _l
o 0 2V T A HA KA, L, 7“_Zl(r—z)z A;

are zero. Also by the choice of n and ¢ as in (3) and reading Al

Using (7), we have all of Al + 4

from (7) we get from (8) that
d

(9) Q=- ) (r-1)t (-1)
r=1

d

r-l s’ +ow" 1o+ wInl=¢ 1042% m)

It now follows from (5), (6) and (9) that

y bna;s = f (r-1)1 AP(-n)—p + f T cknk + 0" logd v+ NIy
a <N r=1 k=0

n
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We are in o > A and hence Re n < 0 and the truth of the theorem

follows, as we let N » = |

Now we verify the hypotheses of theorem 1 for the case f(s) = ¢(s,a),

the Hurwitz zeta function. We have

t(s,a) =a >+ (1+a) P+ 2+a) 4+ ... ,0>1,0<a<1.
We consider the sum
n+l
N )
(10) ) ()"t log® (nia) = ) {(n+a)_l logk (n+a) - f Wt logk u du
n=0 n=1 7

b
+at logk a + I ut logk wdu+ ot 1ogkA)
1

- n#l
+0 z |(n+a)-1 logk(n+a) - J w1 logku du\
n=N

Now
n+l

+
(11) | @) "t 10g¢ (nea) - j L 1065w du| < 2007 106k (1) - (+1) "F 1ogKm)
n

< 2(ﬂ+l)—l(logk (n+1) - logk n) + 2n_2 logk (n+1)

< 2n"2{k(1og (n+1))k—l + logk (n+l1) }

’

so the first sum on the right side of (10) is absolutely convergent and

further, for k < e log ¥V ,

n+1
U | eyt logk (n+a) - [ Wt 1ogk udul <6 (n+1) 2 logk (n+1)
n=H é =N

<12nt 1ogk v.

Evaluating the integral we can write (10) as

N
T ) ! 1ot (n+a) = (k+l) (iog MK 4 o @ oW 10 Wy
n=0
and so the hypotheses of the Theorem 1 are satisfied, with A, =1, d = 1
and even € = 1 . Also observe using (11) that
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8

n+l
opta) = y {(n+a)_l logk (n+a) - J u1 logk u du} + a1 1ogk a
n=1

n

<< k!

Now Theorem 1 gives us the Laurent expansion of [(s,a) as

z(s,a) = (.‘3-1)-1 + bo(a) + (1-s) bl(a) + (1-s)2 bz(a) + ...

with
N .
b, (a) = 17 1im ) (n+a) L 1097< (n+a) - (k+1) * (log N)kﬂ}.
N-o § n=0

Of course, for a 1 we get the Laurent expansion ¢f (s) at s = 1.

This expression for bk(a) is already present in [7] and [Z]. We can

easily see from the above estimates that bk(a) = k!_l ck(af << 1 , which

implies the wvalidity of the Laurent expansion of z(s;a) in

|1-s] < 1 . A better estimation of bk(a) is given in [1].

Below we include a theorem, without proof, which gives a good degree

of freedom in choosing a sequence an satisfying the hypotheses of

Theorem 1. We restrict ourselves to the special case d =1 = A and
bn =1 for all n . 1If SN denote the number of an's in the sequence

1-¢

with an < N we would expect SN to behave as S, = AlN + O(NV )

N
This is in fact true provided we choose the AlN numbers as described

below.

THEOREM 2. Let integer G =2 1 , positive real numbers A, B, T and
0 < e <% be fized. Suppose for each n = Ny s we choose G real

nt € , T+ Bnl+€] (the same real

nunber may be chosen for differemt n's, provided that we pick them from

numbers from the interval [Tn - A

the prescribed interval) and insert into the sequence thus formed any
number of positive real numbers subject to the condition that

€

Sy = 7w+ oWt , for w> Ny . Then the sequence thus constructed

satisfies the hypotheses of Theorem 1 with 4, = T 6 and A=1=4d.
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