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Abstract

Let R be a not necessarily commutative local ring, M a free R-module, and = € GL(M) such
that B(w) = im(m — 1) is a subspace of M. Then 7 = 0y - - - g¢p, where o; are simple mappings
of given types, p is a simple mapping, B(c;) and B(p) are subspaces, and ¢t < dim B{(~).
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1. Introduction

Every transformation in the general linear group is a product of simple map-
pings. The minimal number of factors needed in any factorization of a given
transformation is called its length. Recently the length of a transformation in
general linear groups over commutative local rings has been determined (see
{6]). Here we are going to extend these investigations to classical groups over
noncommutative local rings.

The main results in [6] involve determinants which are no longer available in
our more general setting. A suitable substitute for the determinant is the type
of a simple mapping (see [4} and [2]). In order to introduce the type, we need
that the path of each simple mapping is a subspace. Then the factorization
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into simple mappings with given types follows a similar pattern to that over
skewfields (see [2]), except for one special case where the induced mapping is a
homothety. This situation remains partly unresolved.

As an application to modules over commutative local rings we determine the
lengths of transformations of determinant +1, using only transvections or reflec-
tions.

In general the transfer from the commutative to the more general noncommu-
tative setting hinges on two observations: any free left module M over a local
ring has invariant basis number; and every direct summand of M is free (see {1]).

2. The length of a linear transformation

Let R be a not necessarily commutative local ring, I the proper ideal of R
containing all nonunits, and R* the set of units of R. Then R/I is a field by [1,
Proposition 0.3.2]. The coset r + I and the field R/I will be denoted by ¥ and
R, respectively.

Since the local ring R has a field as homomorphic image, it has invariant basis
number (see [1, Proposition 0.2.1]), that is, the rank of every free left or right
R-module is unique.

Now assume M is a finitely generated free left R-module of rank n (left R-
module means that elements of M can be multiplied on the left by ring elements).
Then IM is a submodule of M and M/IM is its quotient module.

Fora+I € R/I and v+IM € M/IM we define (a+I){(v+IM) = av+IM.
Then M/IM is a left vector space of dimension n over R. We denote the coset
v+ IM and the left vector space M/IM by T and M, respectively.

By [1, Exercise 0.3.11] every projective module over a local ring is free. Since
every direct summand of a free module is projective, we have that every direct
summand of the free R-module M is free. A direct summand of M is called a
subspace of M. The subspaces of M form the projective geometry associated
with M (see [8]).

Since Nakayama’s lemma holds even for noncommutative local rings [1, Exer-
cise 0.3.1], we have U = M for every submodule U of M with U = M. Further-
more, let U be a submodule of M and {z},...,z,,} be a basis for U. Then there
is a basis {1,...,Zm,...,2Zn} for M such that {z;,...,2n} C U and T; = z}
fori=1,...,m (see [6, Lemmas 1, 2]).

Let Hom(M) be the set of all R-linear mappings of M into M and let GL(M)
denote the group of all invertible mappings in Hom(M).

Every linear mapping m: M — M induces a linear mapping : M — M:T —
z7. If 1 € GL(M), then © € GL(M).
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For every linear mapping m we define two submodules of M associated with m,
namely F(7) = {z € M|z™ —z = 0}, the fix of 7, and B(rn) = {z"~z|z € M}, the

path of 7. Clearly, B(7) = B(r). If B(r) is a subspace of M for # € Hom(M),
then F(r) is also a subspace of M and codim F(r) = dim B(n); in addition
F(r) = F(7).

A mapping ¢ € Hom(M) is called simple if codim (o) = 1. Let 7 € Hom(M)
be a product of simple mappings o;, * = oy - - - 0¢. Then the smallest integer ¢
with this property is called the length {(r) of 7. Clearly dim B(r) < I(x).

Our first theorem generalizes Theorem 5 in [6) for not necessarily commutative
local rings. Indeed, the proof of [6, Theorem 5] remains true in the noncommu-

tative case.

THEOREM 1. Let R be a local ring, M a free left R-module of rank n,
m € GL(M). Then m is a product of simple mappings in GL(M) and I(7) <

codim F(r).

If o is a simple mapping, then F(o) is in general not a subspace of M. But
for local rings without zero divisors we get

LEMMA 2. Let R be a local ring without zero divisors, M a free left R-module
of rank n, 0 € GL(M). Then o is simple if and only if F(o) is a hyperplane
(that 1s, a subspace of dimension n — 1) of M.

For a proof see [6, Proof of Lemma 7).

3. Factors with given types

From now on we consider only transformations = € GL(M) for which B(x) is
a subspace of M.

If o is a simple mapping in GL(M) and B(o) is a subspace of M, then there
is some a € M \ IM such that B(o) = Ra. Obviously a® = Aa for some A € R*.
The conjugacy class A of A is uniquely determined by o. It will be called the
type of o.

We intend to obtain factorizations of a transformation into simple mappings
with given types.

LEMMA 3. Let R be a local ring and M a free left R-module of rank n. Let
7 € GL(M) such that B(m) 13 a subspace of M, dim B(w) > 2, and T is not a

homothety modulo F(n). Then for any unit X\ € R there i3 some simple mapping
o € GL(M) such that B(c) and B(ro~!) are subspaces of M, type 0 = A, and
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dim F(7) + 1 = dim F(no~!). Further, if 3 < codim F(r), then o can be chosen
such that mo—1 is not a homothety modulo F(ro—1).

PROOF. Assume dim F(r) = r — 1. Then there is a basis {z;,...,2,_1} for
F(r). Let {by,...,by} be a basis for B(r). Clearly there are z; € M \ IM,

r <14 < n, such that z7 — z; = b;, and Z; ¢ (Z1,...,Zr-1,%r,...,Fi-1). Thus
X ={z1,...yZy-1,%y,...,Zn} is a basis for M.
Then z7 = Z;'=1 ai;z; for some o € R, 7 = 1,...,n. In addition we may

assume that a,, is a unit for some s > r, as we shall see now. If &;; = 6;;07,
for r < 1,7 < n, where §;; is the Kronecker delta, then @, lies in the center
Z(R\ {0}) of R\ {0} and 7 is a homothety modulo F(x), which contradicts our
assumption. Therefore either ag; # 0 or &xx # @y for some k, I with k # [,
r<k,l<n. Ifa,-—j=(—lforalli;éja.ndr <, j £ n, then we choose a new basis
X' ={zl|lz;=z;fori=1,...,1—-1,l+1,...,n and 2] = zx + 2;}. Calculating
modulo F(7) we obtain the following congruences:

fli = (Tk + fl)? = QxxZk + O]
= (Okk — On)Tk + 00Tk + T1) = (Okk — o) Ty + O]

Obviously {b, = z,* — z}|i = r,...,n} is a basis for B(r). Now let z,” =
Z;‘=1 o)y, of; € R, i=1,...,n. Then oj, # 0. Therefore (returning to our
original notation and renumbering if necessary) we may assume that @5 # 0,
that is, a,, is a unit for some s > r as claimed.

Now Y; = {zl,.n,zr_l,xr,xr“,---,xs-l,br,xs“,;--,zn} and Y, =
{21y s Zy—1,ZF Zry1y- oy T, Abp, Zsi 1, ..., Ty} fOr any unit A € R are bases
for M. ’

We define a simple mapping o by zJ = z; for ¢ # r,s; b7 = Ab,; 27 = 2.
Then ¢ € GL(M) since Y{ =Y;, and B(c) = Rb,. Using the basis Y7 we get

n
B(ro™!) = Z "y,-(:l:Z"’_l —z;)+ '73(b:”’_l —b)|veER i=r+1,...,n
t=r+1
i#£s
n
=Q > %lbi +Bibe) + (6] —b,) + Bb)lw ER, i=r+1,...,n
t=r+1
t#8

for suitable g; € R, i =r+1,...,n, and {b; + BibyJr +1 <7 < m, 7 # s} U
{bT — by + Bsb,} is a basis for B(wo~!) since {bs|r < i < n, 1 # s} U {bF — b, }
is a basis for B(w). Thus B(mo~1!) is a subspace of M and dim F(mo~1) =r =
codim B(ro~!) = dim F(r) + 1.

Now assume codim F(r) > 3 and mo—! is a homothety modulo F(zo—1).
Since (mo-1) = F(r) ® RzZ,, there is some ¢, t > r + 1, t # s, such that
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T ¢ F(no~1). We define a 31mple mapping o’ by z¢ = z; for z' # 18t
29 = x4+ by; b2 = Aby; 22 = z¥. Then o € GL(M) since Y¢' = Y3 =
{xh cee ,xr—l,xryxr+17 s axt—l,xt+brvzt+1) s azs—la)\brazs+1a s »xn} which
is a basis for M. We have B(o’) = Rb, and

n
N 1 r_ r_
Bro ™) ={ 3 %@ —z) %0 —b) + (@l — o)

i=r+1
15#8,t

H“wERi=7r+1,...,n

n

=4 D Wi+ Bibr) + 75 (57 ~ by) + Bsby) + (b + Bebr)|
t=r+1
i1#£3s,t

wWERi=7+1,...,n

for suitable g; € R, i =r+1,...,n. Hence B(wa"l) is a subspace of M.
Since 7o~ is a homothety modulo (F(mo—1), there are § € R\ I and z € M
with Z € F(no~1) such that Z7° ' = §Z;+Z. Hence Z} = 673 +2°.Sincet #1,s,
we have z7 = z;. Now let z € Rz, & --- ® Rz,, that is, 2 = Z:=1 a;z; where
a; € R. Then 2° = Z'_ll a;z; + o,z7. Thus 77 = 6%; + Er-;ll ;T + GrIr

and therefore 27 ' = 577 Ty Z -1 %% = 6(F + A~ 1b,) + 2. Since Z €
F(mo~1) = F(mo'~1), we get T7° ' = 3( A~15,) modulo F(ro'-1). But

A~1h, ¢ F(wo'~1), hence mo'~1 is not a homothety modulo F(mro’'—1).

LEMMA 4. Let R be a local ring, M a free left R-module of rank n, and
m € GL(M) such that B(r) is a subspace of M and dim B(n) > 2. Suppose T is
a homothety ne modulo F(T), where ¢ € Z(R \ {0}). Assumee =1 ore # A1
for some unit A € R. Then there 13 some simple mapping 0 € GL(M) such that
B(o) and B(ro) are subspaces of M, type ¢ = X, dim B(7) = dim B(77), and
7T 18 not a homothety modulo F(75).

PROOF. Let {z1,...,2,_1} and {b,,...,b,} be bases for F(r) and B(r),
respectively. Then there is a basis X = {z1,...,z,} for M such that 2] —z; = b;
fori=r,...,n.
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We define a simple mapping o by z7 = z;, 7 # r, s for some s with r < s < n;
z¢ = Az, 2J = z5 + z,. Then 0 € GL(M), B(c) = Rz, is a subspace of M,
type o = A, and F(r) C F(0).

We intend to establish that B(mo) is a subspace of M. Now

B(7ra) = {iﬂ,’(zzw —I,‘)fﬂi €ER, 1= 1,...,n}

=1

n
= E ﬂibg +.Bf(bg + (’\ - 1)27‘) + ﬂs(bg +zf)|ﬂi = R’ 1= 15 N
i=_;+l
178

= (7,67 + (A = D)z, b5 + z,|r <i<m, i #3).
Clearly B(mo) is a subspace of M if and only if B(my)"—l is a subspace of M.
Now
B(ma)® = (bi,by + (1= A"y, b + Az r <i < m, i # s).

If € = 1, that is, B(F) C F(%), then {§;,Z.|r < ¢ < n} is independent since
Z, ¢ F(%). Thus B(w0)° " is a subspace of M. .

Now we assume € # 1, that is, B(F) N F(7) = {0} and A~! # &. Then
¥ = o,z + 2+ v, where o, € R, 2 € F(n), v € IM, and &, = ¢. Thus
b, = (ay — 1)z, + z + v and b, = (&, — 1)Z, + Z. From B(%) N F(7) = {0} we
conclude that a, — 1 is a unit. Therefore z, = (o, — 1)~1(b, — 2 — v) and

B(ra)® " = (bs, by + (1 = A"V (ay = 1) (b, — 2 — ),

bs + A" ay — 1)71(b, — 2z —v)|[r <i<n, i#s).

In order to see that B(1r¢7)"—l is a subspace, we show that the following set
W is independent. Put

W = (5,5 + L= A" D)(ar - 1)1 — 2),50 + X-1(ar ~ D~ 1(5r ~ 3)|
r<i<gn, i#s}
= {by, (ar — A=) (ar ~ 1) 10y + (1 — A=) (ar — 1)-1Z,bs + A~ I(ar — 1)~ (by — Z)|
r<i<n, 1 # s},

where a, — A-! # 0 since @, — A=1 = & — A-! # 0. The set W is independent
since {b,,...,bn} is independent, and if Z # 0, also {b,,...,bn,Z} is independent.
Clearly dim B(77) = dim B(7).

Finally we shall show that 7@ is not a homothety modulo F(7&). Obviously
27 = a2, +t + w, where a; € R, t € F(7), w € IM, and &, = €. Then zJ° =
@s2% +1° +w° = as(Ts +2,) +t +w°. Thus Z2° = &(Fs +Zr) +{ # €T, modulo
F(77) since F(no) O F(r), dim B(ro) = dim B(x), and %, ¢ F(7) = F(70).

Now we are ready to state and prove our main factorization result in this
section.
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THEOREM 5. Let R be a local ring, M a free left R-module of rank n, and
m € GL(M) such that B(r) 13 a subspace of M with dim B(n) = d > 2. Suppose
€; are units in R for + = 1,...,d. If ¥ i3 not a homothety modulo F(T), then
there are simple mappings o4, p € GL(M) such that B(o;), B(p) are subspaces of
M, typeo;=€; forr=1,...,d—1, and # =01 ---04_1p.- If T i3 a homothety
ne modulo F(%), where ¢ € Z(R\ {0}), and if either ¢ = 1 or &; # ¢ for some
1 £ d, then there are simple mappings o;, p € GL(M) such that B(o;), B(p) are
subspaces of M, type o, = €&; fori=1,...,d, andw =0y 04p. If x =01 --04,
then€, =c¢ for1 <i1<d.

PROOF. If 7 is not a homothety modulo F(7), then we apply Lemma 3 and
use induction. If 7 is a homothety modulo F(7), then we apply Lemma 4 and
proceed as before. Finally suppose 7 = o - -- 64, where type o; = &;, €; € R*,
fori=1,...,d. Then ¥ =&, -- G4 and type 7; = &;. Now [2, Lemma 4] implies
that &, =ecfori=1,...,d.

PROPOSITION 6. Let R be a local ring, M a free left R-module of rank n,
and m € GL(M) such that B(w) 13 a subspace of M with dim B(w) = d. Assume
7 is a homothety n. modulo F (%) for some ¢ € Z(R\ {0}). Thenw =01 04,
where oy € GL(M) are simple mappings such that B(o;) are subspaces of M,
type 0; = €; withe; € R* and &, =¢ fori=1,...,d.

PROOF. Let {by,...,bq} and {z441,-..,Zn} be bases for B(x) and F(r),
respectively. Clearly there is a basis {z1,...,Z4, Zd+1,..-,2Zn} for M such that
z] —z; = b; forv =1,...,d. There are ¢; € R, 2; € F(r), and v; € IM such
that €, = € and 2] = €;z; + 2; + v; for 1 < j < d. We define 04 € Hom(M)
by z7¢ = z, for ¢ # d and z3* = 27. Then 04 € GL(M) since 4 = ¢ # 0, and
B(oy4) is a subspace of M since 25¢ — x4 = 7] — 74 = by # 0. Also

-1 . -1,
B(rog') = {Z Bzl —z))|Bi € R} = {Z Bibi¢ 1B € R}
=1 =1
is a subspace of M and dim B(mo;') = d — 1. Now we shall see that 7o’
modulo F(wogl) is a homothety n.. Clearly F(wa;l) = (z1,...,zq4) D F(=x).
mo ! =1 -
For1<j<d-lwegetz; * =€j$j+2'j+1);d , where z; € F(m) C F(ro')

-1
and U;d € IM. We use induction to finish the proof.
4. Transvections and reflections
Transvections and reflections are the most widely used simple mappings. We

shall determine the minimal number of transvections or reflections needed to
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express certain transformations. This also provides an application of Theorem
5.

A transvection 7 is a simple mapping in GL(M) whose path is a subspace of
M such that B(r) C F(r), or equivalently type 7 = 1.

For the rest of this section we assume that the local ring is commutative, so
a determinant is defined for a mapping in GL(M). If ¢ € GL(M) is a simple
mapping such that B(c) is a subsapce of M and type o = A for some A € R*,
then deto = A = type 0.

PROPOSITION 7. Let R be a commutative local ring, M a free R-module of
rank n, * € GL(M) such that B(w) is a subspace of M and detw = 1. Then
T =17y, where 7; are transvections. The smallest number t for which such a
factorization of T exists ist = dim B(w) if T i3 not a homothety modulo F (7). If
T is a homothety . modulo F(%) for some € € R\ {0}, then t < dim B(r) + 1.
Ife #1, then t = dim B(rw) + 1.

PROOF. If dim B(7) = 1, then 7 is a transvection, thus ¢t = 1. If dim B(w) >
2, we apply Theorem 5. If ¥ is not a homothety modulo F(7), then = =
71+ Td—1p Where 7; are transvections, p is simple, and B(p) is a subspace of
M. Since detm = 1, we get detp = 1. Thus 7; and p are transvections for
t=1,...,d—1. Now assume T is a homothety n. modulo F(7) where ¢ € R\{0}.
Then # = 11 ---74p where 7; and p are transvections for 1 = 1,...,d. This is
immediate if ¢ = 1. If ¢ # 1, then we observe that all Z; = 1 # ¢. Finally if
e#1landm =1 -7, then T = 7;---T, where 7; are tranvections. Now |2,
Corollary 8] shows that ¢t > dim B(w) + 1.

For Proposition 8 we need the additional assumption that 1+ 1 ¢ I. Then
a reflection is defined as a simple mapping ¢ € GL(M) such that B(o) is a
subspace of M and deto = —~1. If ¢ is a reflection, then M = B(o) @ F (o).

We shall show now that every transvection is a product of two reflections.
Let 7 be a transvection. There is a reflection o such that B{o) = B(r). Let
{z1,...,2Zn-1} and {z,} be bases for F(o) and B(o), respectively. If z € M,
then z = 3., a;z; where a; € R. Then z7 — z; = y;z,, for some v; € R and
v, ¢ I for some j < n since B(r) is a subspace. Now

n n—1 n
g _— T —_ —_
T -z = _;_ ai(zl" — ;) = E oi(z] — i) — 2ap2, = E Y — 20 | Tn.
i=1 i=1 i=1

Since «y; ¢ I for some j < n, there are a; € R such that 2?;11 oY — 20, = 1.
Therefore B(or) = Rz, is a subspace. Clearly det o7 = —1. Therefore o/ = o7
is a reflection.
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PROPOSITION 8. Let R be a commutative local ring, 1+1 € R*, M a free R-
module of rank n, m € GL(M) such that B(r) is a subspace of M, dim B(n)
d> 2, and detw = *1. Then m = o, ---0y where o; are reflections for 1 =

1,...,t. Let l(w) denote the smallest number t for which such a factorization
exists.

(a) Assume T ts not a homothety modulo F(T). Then
I(ry=d if detw = (-1)¢,
(r)=d+1 if detw=(—1)¢+1
(b) Assume T is a homothety ne modulo F(7), € € Z(R\ {0}). Then
() =d+1 if detw=(~1)%*! ande# -1,
() =d+2 if detw=(~1)¢ ande# -1,
my=d ord+2 ifdetmr=(-1)? ande=-1,
Ir)=d+1 ord+3 ifdetwr= (-1 ande=-1.

PROOF. We apply Theorem 5. If 7 is not a homothety modulo F{7), then
T =0y - - 04—1p where o; are reflections and det 7 = (—1)% ! det p. Thus pis a
reflection or a transvection. In the latter case p is a product of two reflections.

If 7 is a homothety 7, modulo F(7), and € # —1, then 7 = o, --- 04p and
det m = (—1)4det p. Again p is either a reflection or a product of two reflections.
If # = 0y - - - 01 where o; are reflections, then ¥ = @, - - - 7; and &; are reflections.
Now [2, Corollary 9] confirms that /(7) cannot be smaller than stated.

If 7 is a homothety 7. modulo F(7) and € = —1, then by Lemma 4 there is a
transvection r such that B(wr) is a subspace of M, dim B(n7) = dim B(r) =d,
and 7T is not a homothety modulo F(77). Clearly det 77 = detw. Now we can
apply the first part of this proof to 7.
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