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Abstract. For a linearly ordered set X we consider the relative rank of the
semigroup of all order preserving mappings Oy on X modulo the full transformation
semigroup 7. In other words, we ask what is the smallest cardinality of a set 4 of
mappings such that (Oy U A) = Tyx. When X is countably infinite or well-ordered (of
arbitrary cardinality) we show that this number is one, while when X = R (the set of
real numbers) it is uncountable.
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1. Introduction. For a semigroup S, the ‘classical’ idea of rank is concerned
with finding minimum size generating sets for S; see [6] or [10]. When working with
a finitely generated semigroup S determining the rank of S, denoted rank(S), is a
natural consideration. However, for an uncountable semigroup S the rank of S is |S],
and so the classical notion of rank provides us with no information. We introduce
a different rank property which allows us to ‘measure’, from a certain perspective, a
given semigroup with respect to some distinguished subsemigroups. For a semigroup
S, if A C S then we call the minimum cardinality of a set B such that

(AUB) = S,

the relative rank of S modulo A. Alternatively, we may refer to this cardinality as the
relative rank of A in S; which we denote by rank(S : 4). This subject has been studied
in the context of groups in [2] and [14]. In these papers, so called large subgroups of
the symmetric group Sy, over an infinite set X, were considered. The relative rank of
the full transformation semigroup 7y, over an infinite set X, modulo various standard
subsemigroups was first considered in [7]. It was shown in [11] that the relative rank
of Ty modulo Sy is two. In the same paper it was shown that the relative rank of the
set of all idempotent maps on X in 7Ty is, also, two. Sierpinski [15] showed that any
countable set of maps from X to X is contained in a 2-generated subsemigroup of
Tx. An alternative proof of this was given by Banach [1]; see also [8]. An immediate
corollary of this result is that the relative rank of a subset of 7y is either uncountable
or at most two. The corresponding result, that any countable set of permutations is
contained in a 2-generated subgroup of Sy, was given some years later in [3]. The
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analogues of these results in the semigroup of all binary relations, the semigroup of all
partial maps, and the symmetric inverse semigroup were proven in [8].

In this paper we consider the relative rank of the full transformation semigroup
Tx, where (X, <) is an infinite linearly ordered set, modulo the subsemigroup Oy of
all order preserving maps on X. Recall, that a map « € Ty is order preserving if

x < yimplies xa < ya,

forall x,y € X.

For finite X (of size n, say) the semigroup Oy has been studied extensively. Its
order is (Zn”:ll), its rank, in the classical sense, is 7, it is idempotent generated and its
idempotent rank is 2n — 2 (see [4] and [9]). Furthermore, it is easy to see that

rank(Z7y : Oy) = 2.

Indeed, it is well-known that it is possible to generate 7y using elements of Sy and
an arbitrary map o« with the property that |im(«)| =n — 1. If we choose a € Oy
then the result follows from the observation that Oy N Sy = {1y} and the fact that
rank(Sy) = 2.

In [8] the case where X = N (with the usual ordering) was considered, and it was
shown that

rank(Zy : On) = 1.
In this paper we build on the above example and show that
rank(Zy : Oy) =1,

when X is an arbitrary countable linearly ordered set or an arbitrary well-ordered set
(of any cardinality) but that rank(7y : Oy) can be uncountable for some (uncountable,
non-well-ordered) linearly ordered sets X

2. Countable linearly ordered sets. In this section we prove the following result.

THEOREM 2.1. Let X be a countable linearly ordered set. The relative rank of Ty
modulo Oy is one.

For the remainder of this section X will be a fixed countably infinite linearly
ordered set. For x, y € X with x < y we define

[x,y]={zeX:x<z=<yp}, (x,y)={zeX:x<z<y}
x,yl={zeX:x<z=<y}L [x,y)={zeX:x<z<y}

We call these sets intervals, delimited by x and y. An element d € X is called discrete
if there exist x, y € X with d € (x, y) such that (x, d) = (d, y) = @. We call an element
r € X right isolated if for every x € X such that x < r we have (x, r) # ¢ but there
exists y € X with y > r such that (r, y) = . Note that, in fact, if r is right isolated,
then |(x, r)] = | X| for all x < r. Perhaps a better name for an element with the above
properties is a right isolated left limit point, but for the sake of convenience we shall use
the shorter name. Left isolated elements are defined analogously. Note that if X has a
smallest or largest element then this element is not right or left isolated or discrete with
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the current definitions. To remedy this, if xo € X is the smallest element of X and there
exists y € X such that y # xy and (xo, y) = @ then we shall call x( discrete; otherwise
we call xj left isolated. Analogously, if X has a largest element then it is either discrete
or right isolated. Finally, an element ¢ € X (which is neither the largest nor the smallest
element of X) is called a limit point if (x, t) # ¥ and (z, y) # ¥ for every x < ¢ and for
every y > t.

We now start a sequence of lemmas, leading to the proof of Theorem 2.1.
Throughout we take N = {1, 2, ...}.

LEMMA 2.2. Let X be a countable linearly ordered set consisting entirely of limit
points, and let ) be any function from X to N. Then there exists an order preserving
injection a from X to X such that | X\im(a)| = | X|(= |im(a)|) satisfying xar > xA, for
allx € X.

Proof. We start by finding an interval / € X such that for every x, y, z € I, with
X <y, there exists ¢ € (x, y) such that tA > zA. Let J be an arbitrary interval. One of
the following alternatives holds:

(1) for every subinterval of J delimited by x, y € J, with x < y, and for every
n € N there exists z € (x, y) such that zA > n; or

(i1) there exists a subinterval K C J and there exists # € N such that xA < n, for
each x € K.
If condition (i) holds then the interval J has the required property and we let 7 = J.
Assume that condition (ii) holds. If for all x, y € K, with x < y, there exists z € (x, y)
such that zA = n, then K satisfies the necessary condition and we let / = K. Otherwise,
there exists a subinterval K; € K such that xA <n — 1, for all x € K;. We consider K
in the same way as we have just considered K, so that if for all x, y € Kj, with x < y,
there exists z € (x, y) such that zA = n — 1 then we let / = K. Otherwise, there exists
a subinterval K, C K such that xA < n — 2, for all x € K,. We repeat this process to
give the sequence of non-empty subintervals:

K=Ky2Ki2K,2K32---,

where xA < n — i for every x € K;. Note that this process always terminates with i =
n — 1 at latest.

Let (a, b) C I be an arbitrary interval. Note that since a and b are both limit points
we have |(a, b)| = | X|. We define o € Oy inductively as follows. First we define o on
the points a and b, so that ba = b and ao = ¢, where ¢ € (a, b) with ¢A > ai. Such a
point ¢ exists from the defining property of 7.

Next, we enumerate the elements of [a, b]:

b=ey,a=ej,e,e3,....

For k € N, our inductive hypothesis is that the elements eya, e, excx, . . ., exa € [c, b]
are defined so that « is injective, order preserving and satisfies e;ad > ¢;A for every
ief{0,1,...,k}. To define e;, 1, we find the largest e; € [a, b] with e; < ej, where
i <k, and the smallest ¢; € [a, b] with ;41 < e;, wherej < k. Since i, j < k the elements
ej and ejor are already defined and e;a < ejo. From the definition of 7 there exists
¥ € (ej, ejar) such that yA > ex4A and so we define ;1o = y. Finally, for x < a and
for x > b we let xa = x. Note that since « is a limit point and [a, ¢) N im(«) = ¥ we
have | X\im(a)| = | X|. O
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We use the above lemma to prove a more general result for linearly ordered
countably infinite sets which contain elements that are not limit points.

LEMMA 2.3. Let X be a countable linearly ordered set. Then there exists an order
preserving injection « from X to X such that | X\im(«)| = | X|(= |im(«)]).

Proof. There are two cases to consider.

Case 1. There is an infinite sequence of consecutive discrete points in X. It is clear
that any such sequence is either strictly increasing or strictly decreasing. Without
loss of generality, we assume that {y; < y» < ---} € X is an increasing sequence of
consecutive discrete points. Define o from X to X by

xa:{yZi x=y; (ieN)
x  xg€{y2, .-t

The map « is an order preserving injection and X\im(«) = {y1, y3, ...}

Case 2. No infinite sequence of consecutive discrete points exists. Without loss of
generality assume that X has no smallest or largest point. (Indeed, if X had a smallest
point, say, then it would start as x| < xp < --- < x; < [, where each Xx; is a discrete
point and / is a left isolated point. But then we can consider X\{x, ..., xk, }.)

Consider an arbitrary right isolated point r. Then there exists x| such that r < x;
and (r, x;) = @. Clearly, x; is either a discrete point or a left isolated point. If x;
is discrete then there exists x; > x; such that (x;, x;) = . By assumption we can
continue this for only finitely many steps to obtain a finite sequence r, x1, X2, ..., Xk, [
where each x; is a discrete point and / is left isolated. Thus for every right isolated r € X
there exists a corresponding left isolated / € X such that the interval (r, /) is finite. Let
o be the equivalence relation with equivalence classes {¢}, where ¢ is a limit point, and
{r, x1, X2, ..., Xk, [} where x; is a discrete point foreach i € {1, 2, ..., k}, [ is left isolated
and r is right isolated. Let X = X/p, the quotient of X by p. The order on X induces
a (linear) order on X:

x/p <y/pifandonlyif x/p = y/porx’ <y forall X' € x/p, y € y/p.

We claim that every point x/p of X is a limit point. We have two cases to consider,
when x/p = {x} and when x/p = {r, x1, x2, ..., Xk, [}, for some k > 0.

In the first case, we have that x is a limit point in X. Let y € X with y/p < x/p.
We show that (y/p, x/p) # ¥. From the definition of the order on X we have y < x
and so |(y, x)| = | X|. It follows that there exists z € (y, x) such that z £ xand z & y/p,
since y/p is finite. Since x/p is a singleton this implies that z/p € (y/p, x/p) and so
(y/p,x/p) # @, as required. An analogous argument shows that for any z € X with
x/p < z/p we have (x/p, z/p) # @. It follows that x/p is a limit point.

In the second case, note that for any y, z € X such that y/p < x/p < z/p we have
y < r <1l <z Sincerisarightisolated point it follows that (y, r) is infinite. Again, since
y/p and r/p are finite there exists ¢ € (y, r) such that t & y/p and t & r/p. This implies
that t/p € (v/p,r/p) = (¥/p,x/p) and so (¥/p, x/p) # ¥, as required. An analogous
argument shows that (x/p, z/p) # @. It follows that x/p is a limit point.

We now label each element of X according to the size of its class, so that we may
apply Lemma 2.2. More precisely, we define A : X — N by

(x/p)r = Ix/pl.
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By Lemma 2.2 there exists an order preserving bijection @ from X to X satisfying
(x/p)ar = (x/p),

such that X'\im(&) is infinite. We shall now ‘lift’ the function & to a functione : X — X
as follows:

y if x is a limit point and (x/p)& = y/p = {y} where y is a limit point,

r if x is a limit point and (x/p)a = {r, x1, x2, ..., X, I},
Xo = . . —
x; ifx=x;in{r=xp,x1,..., Xk, Xkt1 = I} € X and
(x/p)a ={r = xp, x\,....x;, x| ="} fors > k.

In the final case, since @ satisfies (x/p)air = |(x/p)@| > |x/p| = (x/p)A, it is clear that,
under @, the image of x/p = {r = x¢, X1, . .., Xk, X+1 = /} must be a set with at least
k + 2 elements. Note that, xa € (x/p)a for every x € X.

For arbitrary x, y € X, with x < y, we show that xa < yo and hence « is order
preserving and injective. There are two cases to consider. Firstly, if x/p # y/p then
(x/p)a < (y/p)a, since & is order preserving and injective. It follows from the definition
of the order on X that z < ¢, for all z € (x/p)@ and for all ¢ € (y/p)a, and hence
xa < ya. Secondly, if

xX/p =1{r=2x0,X1,..., X, Xka1 =1} = y/p

then x = x; and y = x; for i < j. By definition we have
(x/p)a ={r' = xp, x1, ..., x, X, =1 = (/p)a,

where s > kand xa = x < x} = ya, as required. Note that im(«) C | im(&), and since
X\im(@) is infinite, it follows that X \im(e) is infinite. (|

The next two lemmas allow us to use methods similar to those in the proof of [8,
Example 1.6] to encode an arbitrary map into an order preserving map.

LEMMA 2.4. Let Y be a countably infinite linearly ordered set. Then there exists
Z C Y such that either Z=7 Y or Z =7~

Proof. There are two cases to consider.

Case 1. All the points in Y are discrete points. We construct Z as follows. Let
z; € Y be arbitrary. Then at least one of thesets {y e Y:y >z }lor{ye Y:y <z}
is infinite. Without loss of generality we assume that

HyeY:y>z}|=1|Y]

We may choose z3,z3,... so that (z1,z2) =0, (z2,z3) =%, etc. Then Z =
{21, Z2,Z3, .. } = Z+.

Case 2. There exists a left isolated point, a right isolated point or a limit point in
Y. Without loss of generality, we assume that there is a right isolated point r € Y. Let
z1 < r be arbitrary, since r is right isolated we have (z1, r) # @. Hence we may choose
zy € (z1, r). Continue to choose z3 € (2, 1), z4 € (z3,r),etc. Then Z = {z1, 25, z3, . . .} =
7+, O
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LEMMA 2.5. Let X be a countable linearly ordered infinite set. Let Z C X be such
that Z = 7% or Z = 7, and let a be an order preserving map from Z to Z. Then there
exists B € Oy such that Bl 7= «.

Proof. We assume, without loss of generality, that Z = {z; <z, < ---} = Z" and
let & be an order preserving map from Z to Z. We define 8 € 7y by
X if x < zy,
xB =13z ifxelzzi),
X if x > z;, foreveryi e N.

It is easy to verify that 8 is order preserving and 8], =«. [l
We are now in a position to prove the main result of this section.

Proof of Theorem 2.1. Let Y € X such that |Y| = |X\Y]| = |X]| and let 8 be an
order preserving bijection from X to X'\ Y; these exist by Lemma 2.3. Assume, without
loss of generality, that thereexists Z € Y suchthat Z = ZtandletZ = {z; <z < -},
as described in Lemma 2.4. Since X\ Y and Z have the same cardinality there exists
a bijection € from X\Y to Z. Note that Be is a bijection from X to Z. Let § be any
mapping from Z to X such that

21728 = Zkéilﬂil,
where py is the kth prime and j € N arbitrary. Let A € 7y be any mapping such that

xe ifxe X\Y
XA = (x5 ifxeZ
arbitrary ifx e Y\Z

Let o € Ty be arbitrary. We show that o can be generated using A and elements
of Oy. We define y from Z to Z inductively. First we define y on zj, so that if
zie 'p~laBe = z; then z;y = z,,. For # > 1 we assume that y is defined and order
preserving on zy, ..., z,_1. To define z,y we first let

M =max{i:z; € {z1,...,zi-1}¥}.
Since Be is a bijection from X to Z there exists x € X such that
ze g =x

and there exists z, € Z such that (xa)Be = z,. We choose j € N such that p} > M and
we define z,y =z e Our choice of j ensures that y is order preserving. Let n € 7y be
an extension of y to an element of Oy, as described in Lemma 2.5.

We claim that

o = BAnA.

Let x € X be arbitrary. Since SA is a bijection (from X to Z) there exists a unique
element z; € Z such that xBA = xBe = z,. Analogously, there exists a unique element
z, € Z such that xaBA = xafe = z;. Hence

XBANA = xBenA = znA =zy A =z, A=z, =z 7 = xa.

We have shown that @ € (Oy, A) and so rank(7y : Oy) = 1. O
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3. Well-ordered sets. In this section we extend the result of the previous section
to well-ordered sets of arbitrary cardinality. Recall that an ordered set (X, <) is well-
ordered if every subset of X contains a least element. We start by introducing some
standard results concerning well-ordered sets which we shall use later. For more details
see [5], [12] or [13].

For an arbitrary x € X we call the set s(x) = { y € X :y < x } the initial segment of
x. It is well-known that for any two well-ordered sets X and Y either X is isomorphic to
Y, X is isomorphic to an initial segment of Y or Y is isomorphic to an initial segment
of X; see for example [12, Theorem 1]. This induces a natural (well) ordering on the
class of all well-ordered sets, so that

X < Yifand onlyif X = Y or X is isomorphic to an initial segment of Y. (1)

A natural reformulation of this result relates a well-ordered set to its subsets.

PROPOSITION 3.6. Each subset of a well-ordered set X is either isomorphic to X or to
an initial segment of X.

Another useful and natural consequence of the order on the class of all well-ordered
sets is:

PROPOSITION 3.7. No well-ordered set is isomorphic to an initial segment of itself.

For a proof see [12, Lemma 2.2].

In light of the previous section a natural question to ask is whether, or not, there
exists an uncountable set X for which the relative rank of 7y modulo Oy is countable?
The next result answers this question in the affirmative.

LEMMA 3.8. Let X be an arbitrary infinite set and let Q denote the least well-ordered
set of cardinality | X|. Then the relative rank of T modulo Og is one.

Proof. Let Q (x € ) denote subsets of € such that || = |Q|and @, N Q, =0
whenever x # y. Since each 2, has cardinality |X| and 2 is the smallest well-ordered
set of cardinality | X/, it follows from Proposition 3.6 and Proposition 3.7 that Q, = Q,
for all x € Q. Fix a mapping u € 7g such that

Qu=y (y€Q).

For an arbitrary o € 7o, we define a map 8 € Oq by transfinite induction as
follows. If xax = y then we define xf = z, where z € Q,, and z > 18 for every ¢ < x.
Such an element z exists since 2,(= ) is not isomorphic to an initial segment of €2,
by Proposition 3.7. For an arbitrary x € Q, if xa = y then we have

XU =z =y = Xa,

and so o € (Ogq, ). It follows that 7q = (Oq, 1) and in particular rank(7g : Oq) =1,
as required. O

We use this lemma to prove the main result of this section:

THEOREM 3.9. Let X be an arbitrary well-ordered set. The relative rank of Ty modulo
Oy is one.

Proof. Let T be the smallest well-ordered set of cardinality | X|. By Proposition
3.6 either there exists an initial segment of X which is isomorphicto 7 or X = T. In
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the latter case the result follows by Lemma 3.8. In the former case, let Y denote the
initial segment of X isomorphic to 7" and let Z = X\ Y. By the same argument as in
the proof of Lemma 3.8, we may find pairwise disjoint sets Y;, Y2, Y3 C Y such that
Y=Y, UY,UYsand Y; = Y, for each i. By Lemma 3.8 there exists a map € € Ty,
such that (Oy,, €) = Ty,. We define a map o : 7y, —> 7Ty such that for x € X and
p €Ty,

X XxeZ,

(¥)po) = {yp xe€Y, wherey=min{ze Y,:z> x}.

In the second case, note that such an element y always exists since Y> is well-ordered
and is not a subset of an initial segment of Y. It is easy to see that Oy,0 € Oy. Since
Y=Y, and y <z for every y € Y and for every z € Z, we may define an injection
B € Ox from X to Y7 U Z such that Y8 = Y7 and ZB8 = Z. Since Y; U Z has the same
cardinality as Y, we may find a bijection § from Y; U Z to Y>. We let i be any order
preserving bijection from Y> to Y3 and define u € 7y by

{x x>y, forall y € Y>;

W= yii y=min{z € Y:z> x}.

In fact, u is order preserving. In order to see this, it is enough to note that {x:x >
yforally € Y»} = Z since Y, being isomorphic to Y, is not contained in an initial
segment of Y. From the definition it is obvious that u restricted to either Zor ¥ = X\Z
is order preserving. In addition, Yu = Y,u=Y3C Y, Zu =7 and y < z for all
yeY, zeZ

Next, we defineamap y : Y3 — X by

yy =yp~'67'p7h
Note that the domains of the maps 8, € and y are disjoint and that their union is X

itself. Hence we may define a map n € 7y by

x5 xe Yy uZz
xn=4{xe xeY,
Xy xe€Ys.

We claim that n together with Oy generates 7y. Let o € 7y be arbitrary. First note
that for any 6 € 7Ty, there exists p € (Oy,0, n) € (Ox, n)(S Tx) such that p[y,= 6.
This follows from (¢o)[y,= ¢ for all ¢ € Ty,, n[y,= € and (Oy,, €) = Ty,.

In particular, since 8§ is a bijection from X to Y;, we may find a map p € (Oy, n)
such that p[y,= 8§~ 'aBs. Then, for an arbitrary x € X, with x88 = y € Y, we have

xBnoun = (xB8)pun = youn = y8~' B apsun = (xa)BSun
= (xaBop)y = xafdui~'87' p7" = xa,

and so a € (Oy, n) and Ty = (Oy, n). O

4. Concluding remarks. We can extend the main result of the last section to a
wider family of linearly ordered sets by means of the following lemma.
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LEMMA 4.10. Let X be an infinite linearly ordered set such that there exists a
subset Y C X with |Y| = |X| and where any order preserving map from Y to Y can
be extended to an order preserving map from X to X. Then rank(7y : Oy) < 2 implies
rank(7y : Oy) < 2.

Proof. By assumption, there exist €, 8’ € 7y such that (Oy, €, 8') = 7y, and for
every o € Oy there exists n € Oy such that n[y =«. Let €, § € Ty be any mappings
such that €|y =¢' and 8]y =48'. Let B : X — Y be any bijection and let y € 7y be
arbitrary. We show that it is possible to generate y using elements of Oy and four
other mappings. Since (Oy, €, §') = Ty we see that for any map o € 7y there exists
u € (Oy, €, 8) such that u|y =a. In particular, there exists u € (Oy, €, §) such that

uly= B 'yB.

Let v be any extension of 8~! to an element of 7y. For an arbitrary x € X if xg = y
then

xBuv = ypv = yByBv = yp~y = xy.

We have shown that y € (Oy, 8, €, 8, v) and so 7y = (Oy, é, €, B, v). It follows from
[8, Corollary 1.2] that rank(7y : Oy) < 2. O

COROLLARY 4.11. If X is an arbitrary linearly ordered set, such that there exists a
well-ordered subset Y C X, with | Y| = |X|, then rank(7y : Oy) < 2.

Proof. Let o’ be an order preserving map from Y to Y. Then o € Ty defined by

x x>yforallyeY
Xa = .
¢ yo! y=min{ze Y:z> x},

is an order preserving map from X to X. The result follows by Theorem 3.9 and Lemma
4.10. O

Having found the relative rank of 7y modulo Oy and the relative rank of 7g
modulo Og a natural question to ask is: what is the relative rank of 7g modulo Og?

EXAMPLE 4.12. The relative rank of 7g modulo O is uncountable. We show this by
proving that the cardinality of the semigroup of all order preserving mappings on the
reals R is 2% < 22 = |7g|. For an arbitrary a € Or we show that « is discontinuous
at only countably many points in R. Let D = { x: « is discontinuous at x}. For x € D,
let a, = sup,_. {ta} and let b, = inf,. . {fe}. Next, define 8 : D — G, where G is the
family of all open subsets of R, by:

xB = (ay, by).

Observe that the family { x8 : x € D } consists of non-empty pairwise disjoint open sets,
hence

{xB:x €D} < Ro.
The map 8 is injective and so

ID| = [{xB:x €D} <Ro.
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Next, we show that « is almost determined by its rational points. For x e R\ Q
define sy = sup gl g :q < x} and 7, = infco{ g : ¢ > x } and observe that

xXa € [y, ty],

since « is an order preserving map. Since « is discontinuous at only countably many
points there are only countably many intervals [sy, £,] which are not singletons. It
follows that there are only 2% maps in Og.

The cardinality of the set P of all order preserving mappings Q — R is 2™ Since
every element o of O is almost determined by a [ge P it follows that |Og| = 2™ too.

We conclude the paper with the following two questions:

OPEN PROBLEM 4.13. Is it true that if rank(7y : Ox) < 2 for a linearly ordered set
X then there exists Y C X such that | X| = |Y| and Y, or YR (the set Y with the order
reversed), is well-ordered?

OPEN PROBLEM 4.14. Does there exist an infinite linearly ordered set X such that
rank(7y : Oy) = 2?
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