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1. Introduction

Specialization is a technique to prove the existence of algebraic structures over a field
which has prescribed properties. More concretely, one starts with a module M, with
certain properties over a polynomial ring R, = k(u)[z], where k(u) is an extension of
a base field &k by a finite set u = (u1,...,uy) of parameters, and substitute u by a set
a = (aq,...,q;,) of elements of k to obtain ideally a module M,, over R = k[z] with the
same properties.

The theory of specialization of ideals was introduced by Krull [4], (see also [11]).
Following [4], the specialization of an ideal I of a polynomial ring R, with respect to
the substitution u — « was defined as the ideal I, generated by elements of the set
{f(a,x) | f(u,x) € INk[u,x]}. For almost all substitutions u — «, that is for all « lying
outside a proper algebraic subvariety of k™, specializations preserve basic properties and
operations on ideals, and the ideal I, inherits most of the basic properties of I. In [6-8],
the authors developed the theory of specializations of finitely generated modules, and we
showed that basic properties and operations on modules are preserved by specializations.
An outstanding problem is how to specialize non-finitely generated modules. In this
paper, we propose a way to specialize modules that are direct limits of a direct system of
finitely generated modules in the case where the base field is uncountable. Our approach
can be applied to study specializations of local cohomology modules. We show that the
Buchsbaum property, the generalized Cohen—Macaulay property and the Castelnuovo—
Mumford regularity of a module are preserved by specializations.
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2. Specializations of finitely generated modules

In this section we recall basic facts on specializations of finitely generated modules over
a local ring.

Let P be an arbitrary separable prime ideal of R,,. By [4, Satz 14], P, is a radical ideal
of R,, for almost all o. Assume that p is an arbitrary associated prime ideal of P,. In brief,
we will set S = Ry, and S, = R,,. We denote PS and pS, by m and m,. An arbitrary
element f € R, may be written in the form f = p(u,z)/q(u) with p(u,z) € kfu, z],
q(u) € k[u] \ {0}. For any « such that ¢(a) # 0, we define f, := p(a,z)/q(a). For every
element @ = f/g € S with f,g € R, g ¢ P, we define a, := fo/ga if go ¢ Pa. This
definition is valid for almost all «, i.e. it holds for all a except perhaps those lying on a
proper algebraic subvariety of k™.

Let L be a finitely generated S-module. Let S” 2 St 5+ I~ 0 be a finite free pre-
sentation of L, where ¢ is represented by a matrix A = (a;;(u,z)) with a;;(u,z) € S.
Set Ay = (a;j(a,x)), and let ¢ : S5 — St be the homomorphism represented by the
matrix A,. The specialization of L with respect to the substitution u — « is defined as
L, := Coker ¢, (see [8]).

This definition of L, clearly depends on the chosen presentations of L. If we choose
a different finite free presentation we may get a different specialization L, of L, but L,
and L/, are canonically isomorphic for almost all . For this we need to introduce the
specialization of a homomorphism of finitely generated S-modules.

Let v : L — M be a homomorphism of finitely generated S-modules. Consider a
commutative diagram

gm %, gn L 0
s Y g M 0,

where the rows are finite free presentations of L and M, respectively. It is obvious that
Vo (V1)a = (V0)adea, and that the diagram

gm %2, gn Lo 0
lene [
gro Yo, gs M, 0

is commutative for almost all a. Hence, there is an induced homomorphism v, : L, —
M,,, which makes the diagram

gm %2, gn Lo 0
J{(Ul)a J{(W)a l“a
Sr Yo, gs M, 0
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commutative for almost all . The induced homomorphism v,, is called a specialization
of v: L — M with respect to (¢,v) (see [8]). For almost all «, this definition does not
depend on the choice of vy and vy. Indeed, if we are given two other maps wg : S™ — S*
and wy : S™ — S” which lift the same homomorphism v : L — M, then the maps (w;)q
induce the same map v, : Lo, — M, for almost all a. The specialization of id; with
respect to (¢, @) is the identity map idy,_.

We shall need the following basic properties of specializations of finitely generated
modules over the local ring S.

Lemma 2.1 (Nhi and Trung [8, Lemma 1.4]). Letv,w: L - M andu: M — N
be homomorphisms of finitely generated S-modules. Then, for almost all «,

(V+ W)o = Vg + Wq,
(uv) o = UaVq-
Lemma 2.2 (Nhi and Trung [8, Theorem 2.2]). Let 0 - L - M — N — 0 be

an exact sequence of finitely generated S-modules. Then the sequence 0 — L, — M, —
N, — 0 is exact for almost all o.

By virtue of this lemma, one can identify each module L, with its canonical image in
M, when L is a submodule of M, and deduce the following results.

Lemma 2.3 (Nhi and Trung [8, Lemma 2.3]). Let M and N be submodules of a
finitely generated S-module L. For almost all a, there are canonical isomorphisms
(L/M)a & Lo /Mo,
(M N N)g = M, N,,
(M 4+ N)o = M, + N,.
Lemma 2.4 (Nhi and Trung [8, Theorem 2.6]). Let L be a finitely generated
S-module. Then, for almost all o, we have Ann L, = (Ann L), and dim L, = dim L.
Lemma 2.5 (Nhi and Trung [8, Proposition 3.3]). Let L and M be finitely

generated S-modules. For almost all a, we have

Extl (Lo, Ma) = Exts(L,M)a, i>0.

3. Specializations of direct limits

Modifying the well-known definition of specialization of a finitely generated S-module,
we will give the definition of specialization of an S-module which is a direct limit of a
direct system of finitely generated S-modules indexed by N.

Let {L;};en be a family of finitely generated S-modules indexed by N. For each pair
i,7 € N such that i < j, let f;; : L; — L; be an S-homomorphism, and suppose that the
following conditions are satisfied:

(1) fi; is the identity mapping on L; for all i € N;

(2) fin = finfi; whenever i < j < h.
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Then we have a direct system {L;, f;;} over N. Let C be the direct sum of the L;, and
identify each module L; with its canonical image in C. Let D be the submodule of C
generated by all elements of the form ¢; — f;;(¢;), where i < j, ¢; € L;. Denote by f
the projection C — C/D and by f; the projection f|, : L; — C/D for all i € N. The
S-module C/D or the system {C/D, f;} is called the direct limit of the direct system
{L;, fij} and is written lim L; (see [2,5]). Let {L;, f;j} be a direct system of finitely
generated S-modules over N. By the definition of specialization of a finitely generated
S-module, there is a polynomial ¢;(u) € k[u] such that if ¢;(«) # 0, then we have a
specialization (L;)o. Moreover, there are polynomials ¢;;(u) € k[u] such that if ¢;;(«) # 0,
then we have a homomorphism (f;;)a : (Li)a — (Lj)a for each pair ¢,j € N with j > 4.
Therefore, there exists a countable family of non-zero polynomials such that if « is not
a zero of all these polynomials, then {(L;)q, (fij)a} is again a direct system of finitely
generated S,-modules. In general, the set of all such o may be empty. However, if the

base field is uncountable, such a set is always non-empty due to the following observation.

Lemma 3.1. Let k be an uncountable field. Let {t;(u) | i € N} be a family of non-zero
polynomials in indeterminates uy, ..., un. Set B; = {a | t;(a) # 0} for all i € N and
B =,y Bi- Then B is an uncountable set.

Proof. The claim will be proved by induction on m. We begin with the case m = 1.
The sets A; = {a = (a1) | t;(a) = 0} are countable sets. Then the set A" = | J,oy 4 is a
countable set. Therefore, B! = k\ Al is an uncountable set, because k is uncountable by
assumption. In the case m = 2, the polynomials ¢;(u,us) are presented as polynomials
of us:

ti(Ul,uz) = aio(ul)ug“ + aﬂ(ul)ug”_l + -0, G4 7é 0, ieN.
Since B! is an uncountable set, there exists \; € B! such that a;o(\1) # 0 for all i € N.
Then t;(A1,u2) # 0 for all i € N. By applying the result of the case m = 1, it is easy to
show that the set of all Ay € k such that ¢;(\1, A2) # 0 for all ¢ € N is an uncountable
set. Thus, the set B2 = {(A1,A2) | t;(A1,A2) # 0 for all i € N} is an uncountable set.
Now it will be assumed that B™~! is an uncountable set. For the case m > 2, note that

the polynomials ¢;(u1, ..., u,) are presented as polynomials of u,,:
ti(ul, ey Um) = aio(ul, ey um_l)uf,j —+ ail(ul, ey Um—l)ufr:71 =+ 5 ;0 7é 0, Z S N
Since B™~! is uncountable by the inductive assumption, there exists (A1,...,A\p_1) €

B™ ! such that aio()\l, ey /\m—l) # 0 for all # € N. Then ti(>\1a .. .,)\m_l,um) # 0 for
all 7 € N. By applying the result of the case m = 1, it is easy to show that the set of all
Am € k such that t;(A1,..., Am—1,Am) # 0 for all ¢ € N is an uncountable set. Hence,
B™ = {(A1,-- 3 Am—1,Am) | ti(A1, . s Adm—1,Am) # Ofor alli € N} is uncountable.
Because B™ C B, B is therefore an uncountable set. ([

Let {L;, fi;} be a direct system of finitely generated S-modules over N. This lemma will
be needed to show the existence of a direct system {(L;)a, (fij)o} of finitely generated
So-modules over N. Now we can modify the notion ‘almost all’ as follows.
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Definition 3.2. A subset V' C k™ is called a quasi-closed set of k™ if V can be
represented as a union (J;o, V (a;), where each a; is an ideal of k[u] and V(a) = {P €
E™ | f(P)=0, for all f € a}.

Lemma 3.3. The union of two quasi-closed sets is a quasi-closed set. The intersection
of a family of quasi-closed sets is again a quasi-closed set. The empty set () and the whole
space k™ are the quasi-closed sets.

Proof. Assume that V; = |J;2, V(a;) and V5 = U;’io V(b;) are two quasi-closed sets.

Then - - -
V=VuV,= (U V(ai)> U (U V(bj)> = |J V(aine,)
i=0 j=0 i,j=0
is a quasi-closed set.
Assume that V) = (J;2, V(ax;), X € 4, is a family of quasi-closed sets. Then

w= =0 (Uven) =U(Qven) =Ur(Ze)

Hence, W is a quasi-closed set. The empty set ) = V(1) and the whole space ™ = V(0)
are the quasi-closed sets. O

Definition 3.4. We define the Zariski topology on k™ by taking the quasi-open subsets
to be the complements of the quasi-closed sets.

Proposition 3.5. Let k be an uncountable field. If { By, h = 1,. .., s} is a finite family
of quasi-open sets of the form By, = k™ \ ;= V (tni(u)), thi(w) € k[u], then (\;_, B, is
an uncountable quasi-open subset of k™.

Proof. Without loss of generality, we need only prove the proposition for s = 2.
The intersection By N Bs is a quasi-open subset of k™ by Lemma 3.3. Suppose that
By = k" \ U2y V(ti(u)) and By = k™ \ ;2 V(pj(u)). Then

BinBy=k"\ | Vti(u)p;(w).
i,j=0

Thus, the quasi-open set B; N By is an uncountable set by Lemma 3.1. |

Let T be a property which can be asserted or denied for each a € k™. We shall say
that 7" holds for almost all o € k™ if it holds for all « lying outside all the zeros sets of a
countable collection of polynomials. If k is assumed to be an uncountable field, then the
set of points P for which the property T holds should contain an uncountable quasi-open
subset of k™. From now on, the base field k is assumed to be the uncountable and perfect
field. For the sake of simplicity, the phrase ‘for almost all o’ will be deleted in the proofs
of all results.

Let {L;, fi;} be a direct system of finitely generated S-modules over N. One can raise
a question about the existence of hg(Ll)a The following result is an answer to this
question.
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Proposition 3.6. Let {L;, f;;} be a direct system of finitely generated S-modules
over N. There exists @(Li)a for almost all «.

Proof. From the definitions of specializations of a finitely generated S-module and
of a homomorphism, it was well-known that there are polynomials ¢;(u),t;;(u) € ku]
such that if ¢;(a)t;j(a)t;;(a) # 0, then we have the specializations (L;)q, (L;)e and
homomorphisms (fij)a : (Li)a — (Lj)a- Since the set A = {t;(u),t;;(u) | i,j € N} is a
countable collection of polynomials, the set B = {a € k™ | t(a) # 0 for all t(u) € A}
is countable by Lemma 2.1. Thus, the family {(L;)a, (fij)a} exists for almost all c.
Since (fii)a is the identity mapping on (L;)s for all i € N and (fin)a = (fjnfij)a =
(fin)a - (fij)a forall ¢ < j < h by Lemma 2.1, therefore {(L;)a, (fij)a} is a direct system
of finitely generated S,-modules over N. Therefore, @(Li)a exists for almost all a. O

Definition 3.7. Let {L;, f;;} be a direct system of finitely generated S-modules over
N. We call the direct system {(L;)q, (fij)a} of finitely generated S,-modules over N a
specialization of {L;, fi;}.

Definition 3.8. If L is an S-module and L = ligLi, then we define L, = lim(L;)q
for almost all o and call such a specialization of L (with respect to {L;, fi ;}).

We shall see that, up to an isomorphism, this definition does not depend on the cho-
sen direct system of finitely generated S-modules. First of all, we need to define the
specialization of a map of direct systems.

Let {L;, fi;} and {M;, g;;} be direct systems of finitely generated S-modules over N.
Then a homomorphism ¢ : {L;, fi;} — {M;, gi;} consists of a family of homomorphisms
{¢; : L; — M;} such that all diagrams

®i

fijl igij
L; TJ> j

are commutative for all pairs 7,5 € N with ¢ < j. Suppose that L = limL;, M = limM,;.
There is a unique homomorphism ¢ = lime; : L — M (see [2,5]). One can define spe-
cializations of homomorphisms between direct systems of finitely generated S-modules
over N.

Lemma 3.9. Let {L;, fi;} and {M;,g;;} be direct systems of finitely generated
S-modules over N and consider a homomorphism ¢ = {¢;} : { L, fi;} = {M;, gij}. Then

t.bere are bo.momorphisms {(@i)a} : {(Li)as (fij)a} = {(Mi)a, (gij)a} and ligl(@)a :
hﬂ(Lz)(l — hﬂ(Mv)(y for almost all «.

Proof. The homomorphism ¢ : {L;, fi;} — {M;, gi;} consists of a family of homomor-
phisms {¢; : L; — M, }. By Proposition 3.5, there are specializations {(L;)q, (fij)a} and
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{(M;)a, (gij)a} of {Li, fi;} and {M;, gi;}, respectively. By Lemma 3.1 and by Proposi-
tion 3.5, there are homomorphisms (¢;)q : (Li)a — (M;)q such that all diagrams

(fij)al \L(gij)a

Lj)o —— (M
( ]) (¢j)a

are commutative for all pairs 4,5 € N with ¢ < j. Hence, we obtain a homo-
morphism {(L;)a, (fij)a} = {(Mi)a, (gij)a} consisting of a family of homomorphisms
(({bf)a : (Li)o — (M;)q, and a homomorphism lign((bi)a : @(Li)a — h_r)n(M,)a for almosDt
all a.

Definition 3.10. Let {L;, f;;} and {}M;, g;;} be direct systems of finitely generated
S-modules over N, respectively, and let {¢; : L; — M;} be a family of homomorphisms
determining a homomorphism ¢ : {L;, fi;} — {M;, gi;}. We call the homomorphism

{(Li)as (fis)a} = {(Mi)a, (9ij)a}

defined by a family of S,-module homomorphisms (¢;), for all i € N a specialization of
¢, and it will be denoted by ¢,. The homomorphism hgl(d)i)a : liﬂ(Li)a — hAl(Ml)a is
called a specialization of ¢ = hg(bi : @Li — thl with respect to the system {¢;} and
is denoted by g

Next, we want to prove the following proposition about specializations of direct systems
of finitely generated S-modules over the directed set N.

Proposition 3.11. Let {L;, fi;}, {Mi,gi;}, {Ni,hij} be direct systems of finitely
generated S-modules over the directed set N. If

¢ ¥
0— {Li,fij} — {Miygij} — {Ni, h,‘j} —0
is an exact sequence, then the sequence

0= {(Li)as (Fis)a} 2 {(Mi)ao (g5)a} 225 {(Ni)as (ig)a} = 0

is exact for almost all .

Proof. Assume that the sequence 0 — {L;, f;} 2, {M;, g9:5} LNEN {Ni, hij} — 0is an
exact sequence of direct systems of finitely generated S-modules over the same directed
set N. Then the sequences

0— Li 25 M; Y5 N; -0
are exact for all ¢ € N. By Lemma 2.2, the sequences

(4)7)0

0= (Li)a 222 (0ry), L2y

(Ni)a —0
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are exact sequences and all diagrams

(Pi)a (Yi)a

0 (Li)a (Mi)a _— (Ni)a —0
l(f’ij)a l(gu)a l(hw)a
i) (¥5)a
00— (L)o ~222 (M))0 2% ()0 —>0

exist and are commutative for all 4, j € N with ¢ < 7 by Lemma 2.1 and Proposition 3.5.
Therefore, the sequence

0 = {(Li)as (fig)a} 22 {(Mi)ar (953)a} ~2 {(Ni)a, (hij)a} = 0

is exact for almost all . O

Corollary 3.12. Let {L;, f;;} and {M;, g;;} be direct systems of finitely generated
S-modules over the same directed set N. Let ¢ : {L;, fij} — {M;,gi;} be a homomor-
phism. Then, for almost all «, ¢, is injective (surjective) if ¢ is injective (surjective).

Corollary 3.13. Let {L;, fi;}, {M;, gi5}, {Ni, hij} be direct systems of finitely gen-
erated S-modules over the directed set N. If

0= {Li, fis} 2 {Mi,gis} 2 {Nihi} — 0
is an exact sequence, then
0 = lim(Ls)o % L (M;)o = lm(N)o — 0
is exact for almost all a, too.

Proof. The sequence

Pa Ya
0 = {(Li)as (fij)at = {(Mi)as (gij)at = {(Ni)as (hij)a}t — 0
is exact by Proposition 3.11, and by Lemma 3.9 there are homomorphisms
Pa ligﬂ([/i)a — @(Mi)om
7% : hgﬂ(Mz)a — ligﬁl(]\fi)a-

The exactness of the sequence 0 — liﬂ(Li)a Loy hﬂ(Mz)a Y, @(Ni)a — 0 follows

from [5, Theorem A2]. O

The following theorem shows that we may speak about a unique specialization of a
direct limit of a direct system of finitely generated S-modules.

Theorem 3.14. Let L be an S-module. Let {L;, f;;} and {M;, g;;} be two different
direct systems of finitely generated S-modules over the same directed set N such that
lii>nLi =L= thz Denote by f; and g; the projections L; — limL; and M; — lL}nMi,
respectively, for all i € N. Then, for almost all «, we have hﬂIm(fi)a = liglm(gi)a.
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Proof. By Proposition 3.5, there exist the S,-modules (L;), and (M;), for all i € N.
By Proposition 3.6, there exist L, = @(Li)a and M, = hg(Mz)a Denote by g; the
projection M; — L for all ¢ € N. For each r € N there exist i,7 € N with ¢ < j such
that Im f; € Im g, C Im f; and s > r such that Im g, C Im f; C Im g,. Consider two S,-
modules P = lig(lm fi)a, Q= lig(lmgr)a. From Lemma 2.2, the module (Img,), is
considered as a submodule of (Im f;),. Because the modules (Im f;), are submodules of
P, there are the inclusions

(Imfi)a - (Imgr)a - (Imfj)a

in the module P. By an analogous argument, we have the inclusions

(Imgr)a C (Im f;)a € (Imgs)a

in module Q. Hence, P = Q. Consider the surjective maps f; : L; — Im f; and g, :
M, — Img,. We also have the surjective maps (fi)a : (Li)a — (Im f;)o and (g,)a :
(M;)o — (Im g, ) by Lemma 2.2. Since Im(f;)o = (Im f;),, for each i € N, we therefore
obtain @Im(fi)a = P by [2, Corollary 4.14]. Analogously, ligIm(gT)a = P. Hence,
li_r)nlm(fi)a = H_r)nIm(gi)a. The claim is proved. O

Notice that our definition of L, depends on the chosen direct system {L;, f;;}. If we
choose a different specialization of {L, f/;} we may get a different specialization Ly, of
L. However, L, and L/, are canonically isomorphic for almost all . To see this we need
to introduce the specialization of a homomorphism between two direct limits.

We turn to the definition of specializations of homomorphisms between direct limits.

Let L and M be the S-modules with L = @Li and M = hg M; and a homomorphism
¢ : L — M. The projections L; — liﬂLi and M; — @Mz will be denoted by f; and
gi, respectively. Then L = @Li = ligﬂlm fi, M = QMZ = ligllmgi, and ¢ can be
considered as a homomorphism

o : @Imfi — @Imgi.
Now Im f; C Im f; and Im g; C Img; for j > 7. We write
Tij - Imfl — Imfj and 5ij : Imgz — Imgj

for the natural inclusions. For each i € N there exists p(i) such that ¢(Im f;) C Im g,,),
¢(Im f;) € Im gpy—1. Set ¢ := Glim f,- Then {@i(Im ), 5p0i)p(j)l6: (1m £,) } 18 & direct sub-
system of submodules of {Im g;, d;; }. We have a homomorphism ¢ = liggbi : liglm fi—
ligl(ﬁi(lm fi). By the definition of specialization of a limit-homomorphism, there is a
homomorphism

hgl((ﬁi)a : hgﬂ(lm fi)a — hg(bz(lmfz)a

Because

{6i(Im £2), 0p(iyp(3) | 1m )}
is a direct system of submodules of {Im g,(;), d,(:)p(j); }» therefore lima; (Im f;)q is a sub-
module of lig(hn Ji)a- Hence, there is a homomorphism

hﬂ(%)a : hﬂ(lm fi)a — hﬂ(lmgz’)a-
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Definition 3.15. Let L, M be S-modules and consider a homomorphism ¢ : L —
M, where L = liqui, M = h%li Let the projections L; — liﬂLi and M; — hﬂMZ be
denoted by f; and g;, respectively, and set ¢; := @|im s, The homomorphism ¢, :=
@(¢i)a : ligl(hn fi)a — ligﬂ(lm gi)a 1s called a specialization of ¢ for almost all .

As a consequence of the above definition we have the following corollary.

Corollary 3.16. Let L, M and N be S-modules and consider homomorphisms ¢ :
L — M and v : M — N. Then, for almost all «, (¢ - $)q = Vg - -

Lemma 3.17. Let L, M be S-modules and ¢ : L — M a homomorphism, where
L= ligLi, M = h_n}MZ Let the projections L; — li_n}Li, M; — @Mi be denoted by f;
and g;, respectively. Then, for almost all «,

(i) each homomorphism (f;)q is a projection (L;)q — liﬂ(Li)a,
(i) lim(L;)o = lim Im (£,
(iii) ((b ’ fz)oz = Qo (fi)a-

Proof. (i) Assume that {L;, f;;} and {M;, g;;} are direct systems of finitely gener-
ated S-modules over the directed set N, where L = ligLi, M = hﬂM7 Denote the
homomorphism ¢ - f; : L; — thl by d; for each i € N. Since L; is a finitely generated
S-module, d;(L;) is also a finitely generated S-module. Therefore, d;(L;) may be spe-
cialized. Since d;(L;) = ¢(Im f;) C Im g,(;), in the notation introduced after the proof of
Theorem 3.14, d;(L;), can be considered as a submodule of lig(lm Ji)a by Lemma 3.3.
On the other hand, since f; = f; - fi; for all pairs 4, j with j > ¢, we have d; = d; - f;;, and
(di)a = (dj)a - (fij)a by Lemma 2.1. Thus, by the universal property of lig(Li)a, there
exists a unique homomorphism lim(L;), — lig(hn gi)a which will be denoted by ¢, and
which satisfies (d;)o = @ - T OF (¢ - fi)a = @a - m; for all ¢ € N, where 7; is the projec-
tion (L;)o — hﬂ(Lz)a It is easy to show that if ¢ = id, then ¢, = id by Theorem 3.14.
Hence, (f;)a = 7, and the homomorphism (f;), is a projection (L;), — li_n>q(Li)a.

(ii) Consider the epimorphism f; : L; — Im f;. The homomorphism (f;)q : (Li)a —
(Im f;)o is an epimorphism by Lemma 3.3. Then Im(f;)o = (Im f;)o for each i € N.
Because (f;)q is the projection (L;), — hg(Ll)a by (i), we therefore obtain

hﬂ(Li)a = ligIm(fi)a.
(iii) Since (¢ fi)a = (¢ fi)a = (¢i)a - (fi)a for each i € N, by Lemma 2.1, (¢;)a -

(fi)a = Pa - (fi)a- Thus, ¢o = hgl((bz)a = ¥q, and then (¢ : fz)oz = ¢ - (fi)a for almost
all a. 0

Corollary 3.18. Let L be an S-module. If {L;, f;;} and {M;, g;;} are direct systems

of finitely generated S-modules over the directed set N and @Li =L= ligMi, then
@(Li)a = th(Mz)a for almost all «.
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Proof. The projections
L; — h_H)lLl and M,; — h_H)lMl

will be denoted by f; and g;, respectively. Then liﬂ(Li)a = liﬂ(Im fi)a and hg(Ml)a =
lig(lm gi)a by Lemma 3.17 (ii). Since ligl(lm fi)a = li_ng(lmgi)a by Theorem 3.14,
li_r>n(LZ-)a = li_r)n(Mi)a for almost all a. O

Corollary 3.19. If L is a finitely generated S-module, then L, is also a finitely
generated S,-module for almost all «.

Proof. Assume that L is a finitely generated S-module. By Theorem 3.14, we need
only construct a direct system of the form {L, f;; : L — L is the identity map} such that
L = limL. The projections L — limL are given by f; = id. By Lemma 3.17 (ii), we have
L, = @La. Hence, L,, is also a finitely generated S,-module for almost all . O

From this corollary we see that the above definition of L,, is of course an extension of
the definition of specialization of finitely generated modules in [8].
The following theorem states one of the most important properties of specializations.

Theorem 3.20. Let L, M and N be S-modules with L = ligLi, M = thZ and
Nzliﬂ]\h. If the sequence 0 — Lo MESN - 0 is exact, then the sequence
0— L, — M, — N, — 0 is also exact for almost all c.

Proof. The projections L; — lignLi, M; — @Mi and N; — h'gNi will be denoted
by fi, g; and h;, respectively. The exact sequence

0L LML N0
can be replaced by the exact sequence
0 = lim Tm f; % lim Tm g; *» limg Im h; — 0.
Because ¢ is injective, ¢; = @|m f, is injective and then (¢; ), is also injective for all i € N,
by Lemma 3.3. Thus, the homomorphism ¢, = ligﬂ(d)i)a : @(Im fi)a — hﬂ(Imgi)a is

an injective map by Corollary 3.13.
Set ;1= |img,, for all i € N. We have a homomorphism

P = hﬂwz : liﬂlmgi — liglmhi.
Since each ; : Im g; — ¥ (Im g;) is a surjective map and 1) is surjective,
lim Im h; = (lim Im g;) = limep(Im g;) = lime); (Im g;).

By virtue of Theorem 3.14 one can obtain lig(lm hi)a = ligz/}i(lm Ji)a- By the def-
inition of specialization of a limit-homomorphism, there is a homomorphism v, =

hgl(wl)a : ligl(hn Ji)a — héﬂ’(/)*hﬂ Ji)a- Similarly, we have the homomorphism (¢ - ¢),.
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Since each v; : Im g; — ¥(Im g;) is a surjective map, the homomorphism (¢;), is an epi-
morphism by Lemma 3.3 and v, = hgn(wz)a is also an epimorphism by Corollary 3.13.

Since (¢;)a((Img;)a) = ¥i(Im g;)a, Ve : hﬂ(lmgi)a — hg(%)a((lmgz)a) is an epimor-
phism.
From Corollary 3.13 we have

lim(Im b ). = Hm{ () (I gi))} = lim(t)o (lim(Im gi)a) = o (lim(Im g; ).

Hence, the homomorphism ), : lig(hn 9i)a — lim(Im h;), is also an epimorphism. Since
o= hgnqﬁz and ¢ = ligibi, we have Im ¢ = liggbi Im f;) and Kervy = ligKerwi. By the
universal property for direct limits there is ¢ - ¢ = hg% ~¢i. Now (- @)q = o - P by
Corollary 3.16. By Definition 3.15 we have

(Im @)y = hgﬁbi(lm fi)a = Qsa(hﬂ(lm fi)a) = Im ¢q,
(Ker), = h_r)n(Ker Vi)a = ligﬂKer((iﬁi)a) by [7, Corollary 2.5]
= Ker(limg(#)a) = Ker .

Since Im ¢ = Ker ¢, (Im ¢), = (Ker ¢),, by Theorem 3.14 so Im ¢, = Ker t),. Hence, the
sequence

0 — lim Im(f;) o Loy lim Im(g;)a e, lim Im(h;)a — 0

is an exact sequence, so the sequence 0 — L, ¢—Q> M, w—a> N, — 0 is exact for almost
all a. 0

4. Specialization of local cohomology
We will study first the relation between Extjé and direct limits under specializations.

Proposition 4.1. Let L be the direct limit of a direct system of finitely generated
S-modules over the directed set N. Let M be a finitely generated S-module. Then, for
almost all a, we have Ext(M, L)y = Exty (Ma, La), j = 0.

Proof. Let L = @Li. Since
Extl(M, L) = Extg (M, limZ,) = lim Ext§(M, L;), j >0,
by [9, Lemma 3.3.7], for almost all «, we have
Ext(M, L) = lim Extg (M, L)a-

Since Exté(M, L)y = Extga (M, (L;)o) by Lemma 2.5, for almost all «, there are iso-
morphisms

Extl (M, L), = @Extga (Ma, (Li)a) = Extl, (Mo, La), j >0,

by Theorem 3.20. O
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Since HI(M) = lim Ext(S/a’, M) and Extg(S/ctf7 M) is a finitely generated S-module,
Hj (M) may be specialized and H3 (M), = li_n)lExtfg(S/ai, M), by the above definition.
Thus, we can specialize local cohomology modules of finitely generated S-modules, even
when they themselves are not finitely generated modules.

Theorem 4.2. Let L be a finitely generated S-module and let a be an ideal of S.
Then, for almost all «, there is

Hi(L)o 2 H] (Lo), j>0.

N
Proof. Since HJ(L) = ligExté(S/ai, L), j >0, we have
H](L)a = lim Ext}(S/a’, L)a.
Since Ext’(S/a’, L) & Extga(Sa/ag, L) by Lemma 2.5, we obtain
H(L)a = tin Fixt], (Sa /b, La) = H1, (La)
for almost all a. O

We use E(S/m) to denote the injective envelope of S/m. Since F(S/m)= H{(S),
E(S/m) can be specialized. We shall see that forming the injective envelope commutes
with a specialization.

Corollary 4.3. For almost all o, we have E(S,/m,) = E(S/m),.

Proof. Set dimS = ¢t. Then dim S, = ¢ by Lemma 2.4. Since S and S, are Goren-
stein rings, F(S/m) = HL(S), and E(S,/my) = H. (Sa) by [9, Corollary 10.1.10]. By
Theorem 4.2, E(S/m)q = HL (S)o = HL, (Sa) = E(Sa/mg) for almost all . O

Now k will be assumed to be a perfect field. The preservation of the Buchsbaum
property of modules by specialization was proved in [8, Corollary 3.8] by using its char-
acterization in terms of systems of parameters. This result will be now reproved by using
Theorem 4.2.

Theorem 4.4. Let L be a Buchsbaum S-module. Then L., is a Buchsbaum S,.-module
for almost all «.

Proof. By [10, Corollary 2.16] the Buchsbaum property of L means that the canon-
ical map ¢} : Ext(S/m, L) — Hi (L) is surjective for all i < dim L. We have dim L,, =
dim L by Lemma 2.4. Since Ext%(S/m, L), = Extga(Sa/ma,La) by Lemma 2.5 and
Hi(L)o = H (La) by Theorem 4.2, ¢}, are surjective for all ¢ < dim L, by Theo-
rem 3.20. Thus, L, is a Buchsbaum module. O

Recall that, more generally, a non-zero finitely generated module L of dimension d > 0

is said to be a generalized Cohen—Macaulay module if H: (L) is finitely generated for all
i=0,...,d—1 (see, for example, [12]).
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Theorem 4.5. Let L be a generalized Cohen—-Macaulay S-module. Then L, is also a
generalized Cohen—Macaulay S,-module for almost all o.

Proof. Assume that L is a generalized Cohen—Macaulay S-module of dimension d >
0. We have dim L, = d by Lemma 2.4. Since H( (L) is finitely generated for all i =
0,...,d—1, Hi (L), is also finitely generated for all i = 0,...,d — 1 by Corollary 3.19.
But Hi_ (M,) = H} (L) by Theorem 4.2, so H, (M,) is finitely generated for all i =
0,...,d—1. Thus, L, is also a generalized Cohen—-Macaulay S,-module for almost all c.

O

In [1], the ith pseudo-support Psupp’(L) and ith pseudo-dimension psd'(L) of L are
defined as follows:
i . i—dim S/p
Psupp’(L) = {p € Spec(5) | H,g, (Lyp) # 0},

psd’(L) = sup{dim S/p | p € Psupp’(L)}.
Let g be an m-primary ideal of S. The multiplicity of local cohomology modules is defined
by

i i—dim S

Sl HLL) = Y s, (Hy ™ P (Ly))e(a. S/p).

pE€Psupp’ (L),
dim S/p=psd*(L)

We shall see that the pseudo-dimension and the multiplicity of local cohomology modules
of L are preserved under specializations.

First recall that a sequence of elements a = a1, ...,a, in m is a multiplicity system of
L if A(L/(a)L) is finite, where A is the length of modules. Let q = (a1,...,a,)S, an ideal
of S. Let d denote the dimension of L. We know that the multiplicity of L with respect
to q is defined as the number

e(q,L) = hlim

Note that e(q, .S) will be denoted by e(q). The following lemma shows that the multiplicity
of L with respect to q is unchanged by a specialization.

Lemma 4.6. Let L be a finitely generated S-module of dimension d and let
q= (yla"'7yd)5
be a parameter ideal on L. Then e(q4; Lo) = e(q; L) for almost all c.

Proof. Since yi,...,yq € PS, for almost all o there are (y1)a,-.-, (Yd)a € PaSa-
By Lemmas 2.3 and 2.4, dim Lo, /((¥1)a, - - -, (Yd)a)La = dim L/(y1, ... ,y4)L = 0. Then
(Y1)ay - -+, (Yd)a 1s a system of parameters on L. Since

ML/q"L) = X(La /42 La), forall h €N,

by [8, Proposition 2.8] and by Lemma 3.1, e(qq; Lo) = e(q; L) for almost all a. O
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Set K¢ = Homg(H{ (L), E(S/m)), i = 0,...,d. The modules K% are again finitely
generated S-modules. Clearly, Kt =0 for all i < 0 and i > dim L. We often write K,
instead of K¢. This module K7, is called the canonical module of L (see [1,10]).

Lemma 4.7. Let L be a finitely generated S-module. Then (K)o = K} _,i=0,...,d,
for almost all .

Proof. By Lemma 2.4, dimL, = dimL = d for almost all a. Since H} (Lg) =
H}(L)o by Theorem 4.2 and E(S,/my) = E(S/m), by Corollary 4.3,

Homs (Hy, (L), B(S/m))q = Homs, (Hy, (L), E(Sa/ma))
by Proposition 4.1 and so (K} )o = K} _ for almost all o. O

Proposition 4.8. Let L be a finitely generated S-module and q an m-primary ideal
of S. Set n = m,,. Then, for almost o, we have

(i) an ideal b of S with Psupp’(L) = V(b) such that Psupp’(Ls) = V (b)),
(ii) €'(da, Hy(La)) = €'(q, Hy (L)),
(iii) psd’(Lq) = psd’(L).

Proof. (i) By [1, Proposition 1.2(iii)], Psupp’(L) = Supp(Ki) = V(b), where
b = Ann Kj. Since (K} ), = K} by Lemma 4.7 and b, = (Ann K} ), = Ann K} by
Lemma 2.4, Psupp'(La) = Supp(K} ) = V(ba).

(ii) By [1, Proposition 1.2 (ii)], we know that
¢(a, Hy (L)) = e(q, K}) and  ¢(da, Hy(La)) = e(da, K1,)-
Since (K} )o = Kj_ by Lemma 4.7 and e(qa, (K} )s) = e(q, K} ) by Lemma 4.6,
e(da, K1) = e(a, K1)
Hence, €(qa, Hy (La)) = €'(q, Hy (L))

(iit) By [1, Theorem 2.4], we know that psd‘(M) is equal to the dimension of HZ (L).
Since Ann H},(Lq) = Ann Hj, (L), by [8, Lemma 3.5], upon simple computation, we get
dim H!(Ly) = dim H{ (L). Hence, psd®(L,) = psd’(L) for almost all a. O

We want to prove again that specializations of graded modules preserve the Castel-
nuovo—Mumford regularity (see [3,6]).
For a finitely generated graded R-module L = @, L, we set

o(L) = max{t | Ly #0} if L #0,
e if L=0,

reg(L) = max{a(HL (L)) +i|i>0}.

The number reg(L) is called the Castelnuovo—Mumford regularity of L.
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In [6] it is known that if F' = _, R(—h;) is a free graded R-module, then its spe-
cialization F, = @jlea(—hj) is again a free graded R-module and if

S1 S0
¢ : @ R(—h1;) = P R(—ho;)
j=1 j=1
is a graded homomorphism of degree 0, then the homomorphism
S1 S0
o : €D Ral(—D1j) = €D Ra(—hoy)
j=1 j=1

is also a graded homomorphism of degree 0. Therefore, L, is a graded R,-module for
almost all «v if L is a finitely generated graded R-module, and if

Fo0oF 2% F > RS E

is a minimal graded free resolution of L, then the complex

(Fa : 0= (F)a 2% (Fim)a — - = (F)a 22% (Fy)a — La — 0

is a minimal graded free resolution of L, with the same graded Betti numbers for almost
all a. Now we shall see that the Castelnuovo-Mumford regularity of a graded R-module
is preserved under specializations.

Proposition 4.9. Let L be a finitely generated graded R-module. For almost all a,
we have reg(L,) = reg(L).

Proof. The equality a(H: (L)) = a(H: (L)) follows from the definition of H{ (L),.
Since H{(L)o = H} (La) by Theorem 4.2, a(H}, (Ls)) = a(H} (L)) for most all a.
Hence, reg(L,) = reg(L) for almost all a. O
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