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Abstract

Let K be a field of prime characteristic p and let G be a finite group with a Sylow p-subgroup of
order p. For any finite-dimensional K G-module V and any positive integer n, let L"(V) denote the nth
homogeneous component of the free Lie K-algebra generated by (a basis of) V. Then L*(V) can be
considered as a K G-module, called the nth Lie power of V. The main result of the paper is a formula
which describes the module structure of L"( V) up to isomorphism.

2000 Mathematics subject classification: primary 17B01; secondary 20C20.

1. Introduction

Let Gbe agroupand K afield. For any finite-dimensional K G-module V,let L(V) be
the free Lie algebra over K freely generated by any K-basis of V. Then L(V) may be
regarded as a K G-module on which each element of G acts as a Lie algebra automor-
phism. Furthermore, each homogeneous component L”(V) is a finite-dimensional
submodule, called the nth Lie power of V.

In this paper we consider the case where K has prime characteristic p and G is a
finite group with a Sylow p-subgroup of order p. We give a formula which describes
L"™(V) up to isomorphism for every finite-dimensional X G-module V. The formula
has a strong resemblance to Brandt’s character formula in characteristic zero [4], but
the proof is much deeper.

In [6] a similar (but slightly simpler) formula was obtained for the case where G
is cyclic of order p. The present paper builds on [6] and earlier papers by the author,
Kovics and Stohr: particularly {9]. The results cover the symmetric group of degree r
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with p < r < 2p and the general linear group GL(2, p). These cases were studied
in [8, 17, 10], but closed formulae could not be given there except in special cases.
We shall examine some of the connections between these papers and the present paper
in Section 7 below.

For any group G and any field K, we consider the Green ring (representation
ring) Rxg. This is the ring formed from isomorphism classes of finite-dimensional
K G-modules, with addition and multiplication coming from direct sums and tensor
products, respectively. For any finite-dimensional K G-module V we also write V for
the corresponding element of Rxg. Thus V* corresponds to the nth tensor power of
V, and L" (V) may also be regarded as an element of Rgg.

In [5] it is shown that there exist Z-linear functions <I>}(G, dD%{G, ... on Rgg such
that, for every finite-dimensional K G-module V and every positive integer n,

1
(1.1) L"(V) = ;ZCD‘,’(G(V"/").
din

(The sum on the right-hand side is divisible by n in Rg¢.) The functions &% are
called the Lie resolvents for G over K. As shown in [5],

(1.2) he(V) = un/dyd L4(V"),

din

where © denotes the Mobius function. Furthermore,
(1.3) &% = u(m)yg when char(K) { n;

here ¥¢ denotes the nth Adams operation on Rk formed by means of symmetric
powers (see Section 2 below). In particular, ®} . is the identity function.

Let G be any group and let K be a field of prime characteristic p. Define Z-
linear functions ¢z, : Rxkg —> Rk as follows. For n not divisible by p define
LRe = m(n)yg. In particular, £ is the identity function. Define ¢§; = ®%, that
is, £k (V) = pLP (V) — VP for every finite-dimensional K G-module V. Fork > 1,
with k even, define

k k k-1
tho=—p*7 (V8 +&heovl).

(Note that functions are written on the left and o denotes composition of functions.)
For k > 1, with k odd, define

x _ k k=1 2 i
:lI;G:_pké(l//g +Ekco¥s +&ikcovi )

Finally, for n = p*m, where p { m, define ¢%, = o ¢ R Thus the functions {2
are defined in terms of pth Lie powers and Adams operations.
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THEOREM 1.1. Let K be a field of prime characteristic p and let G be a finite
group with a Sylow p-subgroup of order at most p. Then, for every finite-dimensional
K G-module V,

1
Ln(v) — r_l Zczc(vn/d)_

din

In other words, the Lie resolvents are given by &% = &g for all n. More can be
said in the cases where G is a p’-group and where the Sylow p-subgroup is normal:
see the beginning of Section 7 and the last part of Section 6, respectively.

COROLLARY 1.2. Let K, p, G and V be as in the the?rem. Let n be a positive
integer, and write n = p*m where p { m. Then ®", = ®%; o 7% and

1
L”(V):I;;Zcp';m(u"(v" ).
i=0

The first statement comes from the fact that g . = ;‘,‘}I‘G o &g by definition of &g .
The second statement then follows by (1.1): we write each divisord of nasd = p'q,
where 0 < i < k and g | m, and use the facts that &4 . = <I>’,’('G o ®%; and each &%
is linear. Hence the structure of arbitrary Lie powers is determined by the functions
<I>’;:G and mth Lie powers for integers m not divisible by p. It would be interesting to
know if the corollary is true for all groups.

If we wish to use Theorem 1.1 for a particular group G we need to be able to
calculate the functions 2. Thus we need to be able to find { % (or, equivalently, pth
Lie powers) and the Adams operations yr§. In Sections 6 and 7 we discuss how this
might be done provided that enough information is available about the group G. The
calculation of the yr¢ is simplified a little by the fact that these functions are periodic in
n, as shown in Section 7. It is clear, however, that there will be significant difficulties
in practice except in small special cases such as where the Sylow p-subgroup of G is
normal and self-centralizing.

2. Preliminaries

Throughout this section K is any field. We start by considering an arbitrary group G,
but in the second half of the section G will be finite.

We have already mentioned the Green ring Rxs. This is a free Z-module with a
basis consisting of the (isomorphism classes of) finite-dimensional indecomposable
K G-modules. We write ' for the Green algebra, defined by 'y = C ®7 Rke.
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Thus I'xs is a commutative C-algebra. The identity element of 'xs, denoted of
course by 1, is the isomorphism class of the trivial one-dimensional K G-module.

For any extension field K of K there is a ring homomorphism ¢ : Rxg — Rgg
determined by V > K ®x V for every finite-dimensional K G-module V. It follows
from the Noether-Deuring Theorem (see [11, (29.7)]) that ¢ is an embedding.

If 6 : A — B isahomomorphism of groups, then every K B-module V can be made
into a K A-module by taking the action of each element g of A on V to be the same as
the action of 6(g). Thus 6 determines a ring homomorphism 8* : Rxg — Rg4. If 0 is
surjective then 8* is an embedding. If A is a subgroup of B and § is the inclusion map
then 8* is called restriction from B to A and, for V € Ry, we sometimes write V|,
instead of 8*( V).

If V is a finite-dimensional K G-module then, for every positive integer n, L"(V)
denotes the nth Lie power of V, as already defined. Similarly, A”(V) denotes the nth
exterior power of V, and S”( V) the nth symmetric power of V. All of these are finite-
dimensional K G-modules and may be regarded as elements of R¢¢. The exterior and
symmetric powers may be encoded by their Hilbert series A(V, 1) and S(V, 1). These
are the power series in an indeterminate ¢ with coefficients in Ry defined by

AV, D) =1+ AWVt + AV + -
S(V,) =14+ 8"\t + S (V) +---.

We shall need to use the two types of Adams operations on R defined by means
of exterior powers and symmetric powers. Following [5] and {6] we denote these by
¥ and ¥g, respectively. We summarise the basic facts and refer to [5] for further
details. In the ring of all symmetric functions in variables x,, x,, .. ., the nth power

sum may be written as a polynomial in the elementary symmetric functions and as a
polynomial in the complete symmetric functions:

2.1 x{+x3+ - =pale, ..., e)=0,(h,..., h,).

For each positive integer n, ¥ and ¥ are Z-linear functions on Rg¢ such that, for
every finite-dimensional K G-module V,

22 Vi) = oA V), AYV)), Y5V = 0u(SH(V), ..., SY(V)),
(2.3) VAV =PIVt + (V)PP — - = %bg/\(V, 1),

2.4) VIV 42Vt + P2V - = %log S(V. 1),

Also, ¥} = ¥§ when char(K) { n. Furthermore, the following result was established
in [5, Theorem 5.4].
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LEMMA 2.1. Let q and n be positive integers such that q is not divisible by char(K).
Then Yl oy = ¢¥" and Yyl oy = ¥i".

In Section 1 we described the basic properties of the Lie resolvents ®%,. Like
the Adams operations, these are Z-linear functions on Rgg. Also, in Section 1, we
defined Z-linear functions {g; on Rk in the case where K has prime characteristic
p. We shall establish some elementary properties of these various functions on Rgg.
Whenever we discuss {¢; we assume implicitly that K has prime characteristic p.

LEMMA 2.2. Let 8 : A — B be a homomorphism of groups, yielding the ring
homomorphism 6* : Rxkg — Rga. Then, for every positive integer n and every
finite-dimensional K B-module V,

L*0*(V)) =0"(L"(V)), A"(@"(V)) =60 (A"(V)), S"(*(V)) =06"(S"(V)).
PROOF. This is straightforward. a

LEMMA 2.3. Let 86 : A — B be a homomorphism of groups, yielding the ring
homomorphism 6* : Rxg — Rgs. Then, for every positive integer n,

Yro8* =00y, Ys o6 =6%o Yy,

Php 00" =0"0 Dy, Lxa 00" =0"0lpp.

PROOF. The results for ¥, ¥¢ and ®%; follow from (2.2), (1.2) and Lemma 2.2.
The result for ¢ ; follows from its definition. g

LEMMA 2.4. Let ¢ : Rxg —> Ry be the ring embedding associated with an ex-

tension field K of K. Then, for every positive integer n and every finite-dimensional
K G-module V,

L"w(V) =u«L™(V)), A"(V) =u(A"(V)), S"W(V))=uS"(V)),

Yrot=1oy), Ygot=toyg, Proor=10®L, LR ot=108gg.
PROOF. This is similar to the proof of Lemmas 2.2 and 2.3. O

LEMMA 2.5. Let V be a finite-dimensional K G-module, and | a one-dimensional
K G-module. Then, for every positive integer n,

L"dVy=1"L"(V), A'IV)=I"A\"(V), "I V) =1"S"(V),
VAAV)=T1"Y(V),  YsUV)=1"Ys(V), Dy V) =T"®s(V),
LI VY =1"Cpa(V), YD) =ys) =1",  Pyel) =§xe) = nmI".
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PROOF. This is mostly straightforward. For the statement about &% ;(7), note that
L*(I™%) = 0 for divisors d of n such that d > 1. The statement about {2 (/) comes
easily from its definition, using the results for yr¢(/) and Sh (). )

From now on in this section, assume that G is finite, and write p = char(K). (We
are particularly interested in the case where p # 0.) Let K be the algebraic closure
of K and let G, be the set of all elements of G of order not divisible by p. Let A
be the C-algebra consisting of all class functions from G, to C, that is, functions &
such that §(g) = 6(g’) whenever g and g’ are elements of G, which are conjugate
in G. Let ¢ be the least common multiple of the orders of the elements of G,,
and choose and fix primitive cth roots of unity £ in K and w in C. Then, for every
finite-dimensional K G-module V we may define the Brauer character of V to be the
element Br(V) of A such that if g € G, has eigenvalues £*, ..., &% in its action
on V then Br(V)(g) = o* + --- + o*. (See [3, Section 5.3].) Furthermore, we
may extend the definition linearly so that Br( V) is defined for an arbitrary element V
of 'kg. Then Br: IM'ks — A is a C-algebra homomorphism.

For each positive integer n, define a function ¥§ : A — A by ¥§(8)(g) = 8(g")
forall § € A and g € G,.. Clearly ¥ is an algebra endomorphism of A and

(2.5) Yooy =g,

for all positive integers m and n.
LEMMA 2.6. Let V be a finite-dimensional K G-module. Then, for all n,
Br(y{(V)) = ¥4 (Br(V)) = Br(y5(V)).

PrOOE. This is well known: however, for the reader’s convenience we sketch a
proof. If g € G, has eigenvalues £*, ..., &% on V, then, fori = 1,...,n,

Br(A'(V))(g) = e, ..., &%), Br(S'(V)(g) = hi(", ..., o").
Thus, by (2.2) and (2.1),

Br(¥2(V))(g) = pu (e1(@", ..., &%), ..., &(0", ..., "))
=" + .- + 0" = Br(V)(g") = ¥2Br(V))(g).

This gives the result for ¥%. The result for ¥§ is similar. O

The following result is Brandt’s character formula [4], as generalised to Brauer
characters (see, for example, [7, (5.4)] or [17, (2.11)]).

https://doi.org/10.1017/51446788700014531 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700014531

7N Modular Lie representations of finite groups 407

LEMMA 2.7. Let V be a finite-dimensional K G-module. Then, for all n,
1
Br(L"(V)) = =) (@ Y5 Br(V" ).
dln

We can now calculate the Brauer characters associated with &% and &g .

LEMMA 2.8. Let V be a finite-dimensional K G-module. Then, for all n,
Br(®y (V) = u(m)ygBr(V)) = Br({ (V).

PROOF. By (1.1), Br(L"(V)) = 1 3~ Br(®%;(V"/*)). Hence, by Lemma 2.7 and
induction on n, we have Br(®} (V) = u(m)¥§(Br(V)). It remains to prove that

Br(¢z5(V)) = w(n)y§(Br(V)) for all n.
If p { nthen $g5(V) = u(n)y¥¢(V) and the result follows by Lemma 2.6. Also,
Ik = g, so the result for {g, follows from the first part. This implies that

Br(é'l,;G(w) = —‘/f{)’(Br( U)) forall U ¢ RK(;.
Suppose that k > 1 and k is even. Then, by the definition of ¢g,

Br¢f6(V)) = —p* 7 Br(wl (V) - p*?Brgfe(wi (V).
Hence, by Lemma 2.6 and the result for £,

Br(¢2g(V)) = —p* 2y Br(V)) + p“~ 2y (w&"™ Br(V))).

Therefore, by (2.5), Br({,’ékc( V) =0= p,(p")l//{)’k(Br( V)). Thus the result holds for
{xc- The result for {,’;kc when & > 1 and k is odd is proved in a similar way using the

results for ¢§ ; and Zg 6.
Now suppose that n = p*m, where p t m. Then, by the definition of ¢},

Br¢} (V) = BrC2e G re(V) = n(pYwe Bris(V))
= n(PHYE (m)Pr Br(V))) = wmYEBr(V)).
This is the required result. O

Recall that R has a Z-basis consisting of the finite-dimensional indecomposable
K G-modules. Let (R k) proj and (R G)nonp be the Z-submodules spanned, respectively,
by the projective and the non-projective indecomposables. Then, for V € Rgg, we
can write V = Vo5 + Vionp, uniquely, where Vi € (Rgg)proy and Vionp € (RkG)nonp-

LEMMA 2.9. Let U, V € Rkg- If Ujonp = Vaonp and Br(U) = Br(V) then U = V.
In particular, if G is a p’-group and Br(U) = Br(V) then U = V.

PROOF. The hypotheses yield Br(Uyq) = Br(Vy). However, if W and W’ are
finite-dimensional projective K G-modules such that Br(W) = Br(W') then W= W'
(see [3, Corollary 5.3.6]). Thus Upej = Vi andso U = V. O
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3. Exterior and symmetric powers

Throughout this section, let K be a field of prime characteristic p and let G be a
finite group with a normal Sylow p-subgroup of order p. As we shall see, there are
certain basic indecomposable K G-modules J;, J, ..., J,. The main purpose of this
section is to give formulae for the power series A(J,, t) and S(J,, #). The formula for
A(J,, 1) is due to Kouwenhoven [15] and was also proved by Hughes and Kemper [14].
The formula for S(J,, ) is a corollary of a result in [14].

Kouwenhoven’s results are primarily concerned with GL(2, p) and go beyond what
is required here. In order to keep the treatment as simple as possible we have therefore
chosen to follow [14]. However, we use slightly different notation and we consider
right K G-modules instead of left K G-modules. If V is a left K G-module then V
becomes a right K G-module by defining vg = g~'v forall v € V, g € G. This
gives a one-one correspondence between left and right K G-modules. We shall use
this correspondence in order to interpret the results of [14] as results about right K G-
modules, noting that the correspondence commutes with taking direct sums, tensor
products, exterior powers and symmetric powers.

Let P be the (normal) Sylow p-subgroup of G. Thus P has a complement
in G, and G is a semidirect product, G = H P, where H is a p’-group. Let
P ={1,a,...,a?"'). There is a right action of P on the group algebra K P given
by multiplication and a right action of H given by a’ + h~'a‘h forall h € H and
i=0,...,p — 1. In this way K P becomes a right K G-module. Forr =1, ..., p,
the rth power of the augmentation ideal is K P(a — 1), and this is invariant under
the action of G. Thus, forr =1, ..., p, we obtain a right K G-module J, defined by
J. = KP/KP(a—1)". Itis easily verified that J, has dimension r and corresponds
to the left module V, of [14]. (Also, the isomorphism class of J, does not depend on
the choice of complement H.) Furthermore, J; = 1 in the Green ring Rgg.

For each h € H, let m(h) be the element of {1,...,p — 1} determined by
h~'ah = a™®, and let m(h) also denote the corresponding element of the prime sub-
field of K. There is then a homomorphism « : H — K ~\ {0} given by a(h) = m(h)
for all h. This yields a one-dimensional right K H-module, which we also denote
by «. Furthermore, we regard « as a right K G-module, by means of the projection
G — H. ltis easily verified that this module corresponds to the left K G-module
denoted by V, or  in [14]. In Rkg, as in Rgy, we have a?~! = 1. Indeed, « has
multiplicative order g where ¢ = |H/ Cy(P)|.

As shown by the pullback constructlon described in [14], there eXlS[S a finite p’'-
group H and an extension field K of K with homomorphisms 8 : H — H and
B: H—> K~ {0} such that 6 is surjective and B(h)? = a(8(h)) forall h € H.LetG
be the semidirect product H P with P normal such that, for all h € H , the action of
h on P by conjugation is given by the action of 6(h). Thus 8 extends to a surjective
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homomorphism @ : G — G which is the identity on P.

We regard the ring R as a subring of Rg; by means of the embedding ¢ : Rxg —
R described at the beginning of Section 2. Also, we regard R g as a subring of Rz¢
by means of the embedding 8* obtained from 6 : G — G, as described in Section 2.
Thus Ry is a subring of Rgz. It is easily verified that the images under 8* o ¢ of the
K G-modules J, and « are isomorphic to the K G-modules defined in the same way for
G over K. Thus there is no conflict of notation. By Lemmas 2.2 and 2.4, the exterior
and symmetric powers of J, in Rg ¢ are the same as the exterior and symmetric powers
of J, in Rgz. Thus we may use Rgz in order to find expressions for A(J,, t) and
S(J,, 1).

We regard Rgj as a subring of Rgz by means of the embedding given by the
projection G— H. Clearly ¢ € Rgj. The homomorphism 8 : H—> K~ {0} yields
an element of Rz 5 which we also denote by 8. From the properties of 8§ we see that
B*> = a. Hence %2 = 1 and B~ exists. Note that if p = 2 we have @ = 1 and
char(l? ) = 2: thus the definition of B gives 8 = 1 in this case.

As in [14], but using A instead of u to avoid the notation for the Mobius function,
we extend Rz by an element A satisfying A2 — 8! J,A +1 = 0 to form a commutative
ring Rgz[A]). Note that this is a free Rgg-module: Rgz[A] = Rgg® Rggh. Also, A is
invertible in Rgz[A]. We shall find expressions for A(J,, ¢) and S(J,, t) as elements
of the power series ring Rgz[A1[[7]].

By [14, Lemma 1.3],

r—1
3.1) Jo=p7" Y o,
j=0

forr =1,...,p. Also, by [14, Theorem 1.4], Rgz[A] is generated by Rz and A,
that is, Rgz[A] = Rgilr]. Tensoring with C we obtain I'gz[A] = CggzlA], where
Fie=CQ® Rzzand Tz = C® Rij-

By [12, (81.90)], the algebra I' ¢ is semisimple. Thus it is isomorphic to the direct
sum of m copies of C, where m is the number of indecomposable K G-modules. Thus
there are exactly m non-zero algebra homomorphisms I'gz — C. The restrictions to
Rg¢ of these homomorphisms are called the ‘species’ of Rgz. Notethatif U, V € Rz
and ¢ (U) = ¢ (V) for every species ¢ then U = V.

Let M;, denote the subset of C consisting of all 2pth roots of unity except for 1
and —1. Thus y#?~* 4+ y®* 4 ... + y> + 1 =0forall y € M;,. By the proof of
[14, Theorem 1.6}, for each y € {8, B~} U M3, there is a C-algebra homomorphism
¢, : T'ge[A] — I’,?E given by ¢,(x) = x forall x € I'gg and ¢,(1) = y.
Also, for each h € H there is a C-algebra homomorphism ¢, : I'gg — C such
that, for all x € I'gg, €, (x) is the value at h of the Brauer character of y, that is,
en(x) = Br(x)(h). Fory € (8,87 '} U M;, and h € ﬁ, let ¢4, = &, 0 ¢,. Thus
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¢, is a C-algebra homomorphism ¢, : 'gz[A] — C. The following result is [14,
Theorem 1.6], apart from minor notational differences.

LEMMA 3.1. Foreachy € {8, B~'}U M;p and each h € H, the restriction of b,
to Rz is a species of Rgg. The homomorphisms ¢, , and ¢, restrict to the same
species if and only if h and h' are conjugate in H and v’ € {y, y'). Every species of
Ry arises as the restriction of some ¢y, ,,.

In particular, ¢, s gives the same species as ¢ s1. Since elements of Rz are
determined by their images under the species, we obtain the following result.

COROLLARY 3.2. Let U, V € Rgg. If du, (U) = ¢y, (V) forall y € {B} U M;,
andallh € H, orif $,(U) = ¢, (V) forally € (B} U M;,, then U= V.

The description of A(J,, t) is as follows.

THEOREM 3.3 ([15, Lemma, page 1709]; [14, Theorem 1.10}). Forr=1,...,p,

r—1

AU D) =[]+ g2,

j=0

We write W = J, —aJ,_;and@ = 1 +a + - -- + o 2, recalling that o' = 1.
By direct calculation from (3.1) we get the following result.

LEMMA 3.4. For the homomorphisms ¢g and ¢,, where y € My,, we have

ds(Jp) =1+a, ¢s(J,-1) =q, dp(W) =1,
&, (Jp) =0, ¢, (Jpm1) = —y? P73, ¢, (W) =yPpP.
Forr=1,..., p, write

X,=QA=-WTH)A =)A= AU+ NP2 =)
Thus, by Theorem 3.3,

r-1
X, =(1-W'r)a - T[a-pg"2"2n.
j=0
Let the homomorphisms ¢ and ¢, act on I'gz[A][[£]] by action on coefficients. Then
it is easily verified that ¢5(X,) = ]"[;;(1,(1 —a/t)7! and, fory € M;,,

r—1

¢y (X,) = (L— P 0y?e 0y — ) ] = gy ¥~

j=0
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Replacing a by Br(a)(h) and 8 by Br(B8)(h), for h € ﬁ we obtain expressions for
¢n5(X,)and ¢y, (X,). Comparison with [14, Proposition 1.13] shows that ¢, 4(X,) =
Onp(S(J, 1)) and @y, (X,) = @4, (S(J;, 1)). Therefore, by Corollary 3.2, X, =
S(J,, t). Thus we have the following result.

THEOREM 3.5 (based on [14, Proposition 1.13]). Forr=1,..., p,

SUn D=0 =(J, —al,.)) 'YL =)' AU, -7
r—1
==, —alo) ')A =) T - gAY

j=0
4. Adams operations

We continue to use all the notation of Section 3. In particular, G is a finite group
with a normal Sylow p-subgroup of order p. We shall find expressions for the
elements ¥%(J,) and ¥§(J,) of Rxg. By Lemmas 2.3 and 2.4, it suffices to find such
expressions within Rgz. Recall that @’ ~! = 1 and 8% = a, so that -2 = 1. For
refl,...,p),wewritea, = 1 + o + -+ - + &""'. Of particular importance is &, _1,
which we also denote by &, as in Lemma 3.4 above. For each non-negative integer i,
we have a‘a@ = @. Thus a,& = r&. The identity element of Rgz[)\] is denoted by 1
or Ji, as convenient. As in Section 3,let W = J, —aJ,_,.

LEMMA 4.1. For every non-negative integer n,

=BT+ d,  ifnisodd;
B+ =M, ifniseven.

n

PROOF. We use the homomorphisms ¢; and ¢,, for y € M;,, as defined in Sec-
tion 3. Note that these homomorphisms fix « and 8. Suppose that » is odd. Then, by
Lemma 3.4, we find ¢5(W") = 1 = ¢p(—B"*'J,_1 + J,) and

¢y(W") = ypﬂn+p-1 = ¢y(_ﬁ"+l-lp~l + »’p)-
Thus, by Corollary 3.2, W" = —B"*'J,_, + J,. The proof for even n is similar. O
By Theorem 3.3 and (2.3),

r—1

VAl = VAU + YU = = BT A4 g

j=0
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Hence, as stated in [15, page 1720],

r—1

4.1) Yr(J,) = U0 Y " ACTIEm forall r and n.
j=0
THEOREM 4.2. Let k be a positive integer and let r € {1, ..., p}. Ifr is odd,

V) =87 N~ ) +ad,.

Ifp =2
. 2(L-0) fk=1;
yrup =4
24 if k>2
If p is odd and r is even,
—rf ot a,J, if kis odd,

v, = l

_rﬂr+p—1jp_l +a,J, if kiseven.

PROOF. We assume that p is odd, noting that the proof for p = 2 is similar but
much easier. Suppose first that r is odd. By (4.1),

r—p- r—1 r=1
k _ k —1—2i\pk —1—iipnk S P
¢ﬂ(‘/ff J,)) =ﬂ(r Lp Zﬂ(r 1-2j)p =Za(r 1-j)p ___Zar 1-j ~a,.
j=0 j=0 j=0

Also, by Lemma 3.4,
Sp(rB NN — L) +ady) =—rf a4+ a,(1+a) = —ra +a, + ra = qa,.
Fory € M}, (4.1) gives

r—1
G, (W2 () = POV Yy IRt o pgretet g,

j=0

Also, by Lemma 3.4, ¢, (rf~' (J, — Jp) + a,J,) = rB""". Thus, for r odd, the result
follows by Corollary 3.2.

Now suppose that r is even. Note that r + p — p* = r (mod 2p — 2) if k is odd,
andr+p —p* =r+p—1 (mod 2p — 2) if k is even. Thus it suffices to show that

Y2 () = =B I+ oy,
By (4.1), ¢5(¥2 (J,)) = ,, just as for r odd. Also, by Lemma 3.4,

Gp(—rB PP I o)) =—ra+a,(1+a) =—ra+a, +rd =a,.
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Fory € M;p, (4.1) gives
r—1

¢y(¢fk(~]r)) = pgr-iw! Z s Ly Y . e

j=0
Also, by Lemma 3.4,

by (=rB7 P Sy @, dy) = 1T P P = P P
Thus the result again follows by Corollary 3.2. O

LEMMA 4.3. Let n be a positive integerand r € {1, ..., p}. Then

0 ifn#0 (mod p);
s =¥, =
I//S( ) w/\(‘,) [p(ll — W(’_l)"/p) l:fn EO (mOd P)-

PROOF. By (2.4) and Theorem 3.5,
Vs +¥iU)E+ -
d d d
=—1 — WPy — —1 —tP)y— — . —1).
P og(l— W='#) o og(l —1¢°) P log A(J,, —1)
Hence, by (2.3) and multiplication by ¢,

Ws(1) — Yt + W5() = RN+ -
=—pW P — W)y +pr 1 —).

The result follows by comparing coefficients. a
THEOREM 4.4. Let k be a positive integer and letr € {1, ..., p}. If ris odd,

V2N =@~ -nB Y= ,)+ad,

If r is even,
phi—=J)+@—np'Joi+a.J, if kis odd,

ph(-]r) =
Vs [P(Jl — L)+ @ —np P, +a,J, Iif kiseven.

PROOF. This holds for both p odd and p = 2. It follows by straightforward
calculations from Lemma 4.3, Theorem 4.2 and Lemma 4.1. ]

LEMMA 4.5. Forall k, i and r, Y2 (@'J,) = o'y (J,).

PROOF. This follows from Lemma 2.5, since a?* = . O
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The following lemma is proved by direzct calculation from Theorem 4.4 and
Lemma 4.5, using the linearity of ¥§ and y§ .

LEMMA 4.6. Let r € {1,...,p}. If ris odd,

W2 o yD)(J,) = (W2 oYU = (W2 o ¥2)(J,) = (W2 o ¥2)(J))
=(p-p*+@-D@-np " +pa)—J)+al,
If r is even,
W o ¥ =p(l—p + (p — NB +a)i — Jp)
+@ =N +a,d,

W WU =pU—p+(p —NE ™ +a)(i = Jp)
+ (p — r)ﬂ'ﬂ’_l.]p_l + arjpy

W oy =p(—p+(p - +a)Ji —J,)
+ (P - r)ﬂrjp—l + a,.]p,

W o¥E)U) =pU—p+ @ - + o)~ Jp)
+(p — r)ﬂ'.l,,_l +arjp-

The remaining lemma of this section follows easily from Theorem 4.4 and Lem-
ma 4.6. It is required for the calculations in Section 5.

LEMMA 4.7. Letr € {1,...,p}. Ifrisodd,

(=¥ + 92 oyl + p¥E)U) = (=8 + ¥ oyl + p¥h)(J) = pa,J,
(¥ + 92 oy + p¥D)U) = (=¥ +¥2 o ¥l + pyYl)(J) = pa,J.
If r is even,
(=2 + 92 oyl +p¥E)U) =p — 1By + B Jo_y — 1) + paydy,
(v + Loyl + pyl)(J,) =p(p — B + Jo_i — J,) + pa i,
(¥ + 92 oyl + py¥2)(J) =p(p — DB Uy + B I,y — 1) + paydy,
(¥ + 9L oy + pyI)U) =pp — B Uy + Jpoy — ) + paJy.

5. The key special case

Let K be a field of prime characteristic p, and let Q be a group of order p(p — 1)
generated by elements a and b with relations a? = [, b*~! = 1 and b™'ab = d',

https://doi.org/10.1017/51446788700014531 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700014531

[15] Modular Lie representations of finite groups 415

where [ is a positive integer such that the image of [ in K has multiplicative order
p — 1. In other words, Q is isomorphic to the holomorph of a group of order p. In
this section we shall prove Theorem 1.1 for Q by proving the following result.

THEOREM 5.1. Let K be a field of prime characteristic p and let Q be isomorphic
to the holomorph of a group of order p. Then ®% , = &g, for all n.

The K Q-modules J,, ..., J, and o are defined as in Section 3. When convenient we
also use B such that 2 = «, as in Section 3. There are, up to isomorphism, precisely
p(p — 1) indecomposable K Q-modules. In [6, Section 4] these were denoted by J; .,
fori=0,...,p —2and r = 1, ..., p, and further details can be found there. It is
easily checked that, in the notation of the present paper, J;, = a'J,.

By [6, Theorem 4.4] with { = 0, combined with [6, Lemma 4.1], we have

J, for n=1;
G Y (@0 vi YU =1 -pU, —ad, ~ ) for n=p;
din 0 for n #1,p,

forr=2,...,p. Also, by Lemma 2.5,

(5.2) O o (J1) = n(n)Ji, forall n, and
(5.3) Dy o' J)) =a""<b',’(Q(J,), forall n,i and r.

Equations (5.2)—(5.3) yield <I>’}<Q(aijl) forall nand all i. Forr > 2, (5.1)and (5.3)
yield @ ,(a'J,) in terms of Adams operations and values of the functions % , for
proper divisors d of n. Thus tD}(Q, <I>§(Q, ... are the unique linear functions on Rk
satisfying (5.1)—(5.3).

LEMMA 5.2. Ifn = p*m where p { m, then ®% , = d>’,’;Q o w(m)y7.

PROOF. By [6, Theorem 4.4, Lemma 4.6 and Lemma 5.1 (ii)], we have by =
<D’,’;Q o &% ;. The result follows by (1.3). a

By (5.1) with n = p, ¥£(J,) + d>’,’<Q(J,) =—p(J, —aJ,_y — J)),forall r > 2.
However, £, = %, by the definition of £ . Thus, forall r > 2,

(5.4) CkoUD =phi+pad,.y —pJ, —¥EWU).
Also, by Lemma 2.5,

(5.5) gho) = —Jy.
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From the definition of £ ,, if n = p*m where p { m, then

(5.6) Lo =Lhgo n(m)yl.

The following result is easily obtained from (5.5), (5.4) and Theorem 4.4. (Recall
that 2 =canda =1+a+---+af72)

LEMMA 5.3. We have &g o(Jy) = —Jy and §go(J,) = pad,_; — (1 +@)J,. Also,
for p odd, C,’;Q(Jp_l) = (pa — ﬂ”_l).lp_l —al,.

Since Ry is spanned by the modules a'J,, Theorem 4.4 and Lemma 4.5 give
G7  yE=yf =yf = and y§ =yf =yf = on R

LEMMA 5.4. Let m be a positive integer, where m > 3. Then

U+ o w T +pul T Hhgo (<uET B0t +put ) =0

PROOF. Let x and y’ be the linear functions on Rk ¢ defined by

X =—Y5 +VE o¥5 +pyl +Lkgo (—V§ +¥s oyl +pyf),
’ p? p? p? p P p P p? p?
X =—Ys +¥s5 ov¥s +p¥s +8kpo (—¥s +¥soys +pvs).
By (5.7), it suffices to prove that y = x’ = 0. By Lemma 4.5, wgt(a‘J,) = ailllgk(.],)
for all k, i and r. Similarly, by Lemma 2.5, g o (a'J,) = a’¢f 5(J;). Hence it suffices
to show that x(J,) = x'(J,) = 0 for all r. This follows by direct calculation from
Lemmas 4.7 and 5.3. (]

COROLLARY 5.5. Forall k > 3, {,’;kQ = p{,';kQ_l.

PROOF. By (5.7) and the definition of ;‘,’;kQ, we have {,’?Q = ng,’;;z forall k > 4.
Thus it suffices to prove that C,';!Q = pC,’QZQ. However,

3 2 3 2 2 2
C;Q_pC§Q=_¢g _§£Q°‘ﬁg _§1’;Q°‘/’§_P§1‘;Q
3 2 2 2
=—Y§ —&lroo Vs + (Y5 +Skpo V) oy +p(WE + koo v)
P’ p? P p? P pt P I P
=—Ys + Vs o¥s +p¥s +ixgo (—¥s + VY5 o¥s +piy).

This is equal to 0, by Lemma 5.4. Therefore ;,’,’}SQ = pc,’ézg. O

LEMMA 5.6. Fork >2, ¥°r_, thyo 2 =0
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PROOF. For k = 2, the result follows from the definition of ;,’élQ. Suppose that
m > 3 and that the result holds for k = m — 1. Then, by Corollary 5.5,

m . - - ot s s m ; -
S koo wt” = + koo vt +tkgo vl + > thoo vt
Z 2
R m—1
=yl +8hoowl +&koovwl +p Y thpovd

j=2

m—lj

= Y5 + koo ¥l 4tk ovl —pWWE +k,ovt ).

By definition, g',’QZQ = —(‘l/jgz + Sk g © ¥§)- Therefore 37, ;,’}jQ o y2"" is equal to

m 2 m-2 m-1 m—1 m-2 m-2
— (v U o o o (—uE ko wt T vt ).
This is equal to 0, by Lemma 5.4. Hence the result holds for k = m. By induction,
the result holds for all £k > 2. |

PROOF OF THEOREM 5.1. We need to prove that %, = {g, for all n. By (5.6)

and Lemma 5.2, it suffices to prove that <I>’,’:Q = {,’;kg for all £ > 0. We consider
(5.1)~(5.3) restricted to values of n which are powers of p. These equations uniquely
determine the linear functlons Dy or Pior o, ... - Hence it suffices to show that
the functlons Sk 0 Skor §K o> - - - satisfy the same equations. Equations (5.2) and (5.3)
for the ;KQ are given by Lemma 2.5. This leaves (5.1). For n = 1 the required result
is clear. For n = p it is given by (5.4). Finally, for n = p* with k > 2, the result is
given by Lemma 5.6. O

6. Normal Sylow subgroup

In this section we prove Theorem 1.1 for the case in which the Sylow p-subgroup
of G has order p and is normal. It suffices to prove the following result.

THEOREM 6.1. Let K be a field of prime characteristic p and let G be a finite group
with a normal Sylow p-subgroup of order p. Then &%, = ¢¢ for all n.

We use the notation of Section 3. In particular, G = H P, where P is the Sylow
p-subgroup of G and H is a p’-group. We consider the K G-modules J, ..., J,
and @. When convenient we also use K, G, B and A, as in Section 3.

LEMMA 6.2. The isomorphism classes of finite-dimensional indecomposable K G-
modules are represented by the modules I ® J,, where 1 < r < p and I ranges over
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a set of representatives of the isomorphism classes of irreducible K H-modules, these
being regarded as K G-modules through the projection G — H.

PROOF. This is given by [14, Proposition 1.1], where it is not necessary to assume
that the field is a splitting field. See also [16, Proposition 4.4]. O

LEMMA 6.3. Let U and V be elements of R suchthat Ul y p = V] p for every
cyclic subgroup Hy of H. Then U = V.

PROOF. This is given by [16, Corollary 4.4]. It can be obtained by applying

Lemma 6.2 to G and to the subgroups Hy P. O
LEMMA 6.4. Let U be afinite-dimensional K H-module, regarded as a K G-module.
Then, forr =1, ..., p and every positive integer n,
VA(UJ) =y (D)¥R()), vs(UJ) = v5(DYs(J),

Pyc(UJ) = ¥ ()Ph()),  Lxa(UJ) = ¥ (U)egs(J)).

PROOF. By Lemma 2.4, we may assume that K is algebraically closed. By Lem-
mas 6.3 and 2.3 it suffices to prove the corresponding results for the subgroups Hy P,
where Hj is a cyclic subgroup of H. Thus we may assume that H is cyclic. There-
fore U is isomorphic to the direct sum of one-dimensional modules, and it suffices
to consider the case where U is one-dimensional. Let ¥" denote either ¢, ¥, @
or {g;. Thus, by Lemma 2.5, y*(UJ,) = U"y"(J,) and U" = ¢y (V) = ¢5(U).
The result follows. g

LEMMA 6.5. Forr =1,...,p andall n, ®(J,) = £25(J,).

PROOF. Let Q be the holomorph of P, identified with the group Q of Section 5.
Thus Q = Aut(P)P where P is generated by a and Aut(P) is generated by b. The
action of H on P by conjugation gives a homomorphism H — Aut(P). This extends
toa homomorphism : G — Q whichis the identity on P and gives a homomorphism
" . Rkg = Rgg. Itis easy to check that t*(J,) = J, (using the same notation J,
in connection with both @ and G). By Theorem 5.1, <I>’,‘(Q(J,) = {x(J;). Hence
(P o(J1) = 1%k o(Jr)). Therefore Oy (J,) = &g (J-), by Lemma 2.3. a

PROOF OF THEOREM 6.1. By Lemma 6.2, it suffices to show that we have

Qi) =Lxc(1])

for r = 1,..., p and all irreducible K H-modules /. However, by Lemma 6.4,
ic(1J) = YD) Pyc(J) and $g(1],) = ¥i(1)Egs(J;). Thus the result follows
from Lemma 6.5. d
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If we wish to apply Theorem 1.1 for our group G with a normal Sylow p-subgroup
we need to know the Adams operations on Ry and the functions {,’;kc (or, at least,
{kc)- By Lemmas 6.2 and 6.4, these can be obtained from the Adams operations on
Rky and the values of the Adams operations and the functions C,’ékc on the modules
J,. These values of 2;,‘}; are given by the following result, in the notation of Section 3.
(Recallthat B2 = anda, = 1 +a + --- + 1)

LEMMA 6.6. We have £2.(J)) = —Jy and £25(Jy) = 0. Forr > 2,

pad,.1+ (=B — ) —a.d, if risodd,
pa,_1—(p—npJ—a.J, if riseven,
palp —(p —nB ' —a,)J,_1 if risodd,
pa(p —(p —nB —a,)J, if riseven.

tLo(d) = [
tLo,) = [

Furthermore, {,’;;(J,) = pé‘,’;;l(J,)for all r and k > 3.

PROOF. We use the homomorphism t* : Rxy — Rkg, as in the proof of Lemma 6.5.
As observed there, t*(J,) = J,. It is also easy to verify that t*(«¢) = « (using the
same notation « in connection with both @ and G). The powers of 8 in the formulae
of the lemma are actually powers of @, since 82 = a. Thus, by Lemma 2.3, it suffices
to prove these formulae for Q instead of G. The results for % o are obtained by
straightforward calculations from (5.4), (5.5) and Theorem 4.4. Also, by definition,
C,’QZQ(J,) = —wfz(l,) — Zko(¥s(J,)). This allows the calculation of ;‘,‘;ZQ. The last
statement of the lemma is given by Corollary 5.5. O

As far as Adams operations on Ry are concerned, we only need finitely many
because of the periodicity given by the following result.

LEMMA 6.7. Let g = |H/Cy(P)| and let e be the least common multiple of 2pq
and the orders of the elements of H. Then, for all n, Y = Y™+ and Y7 = y§**.

PROOF. This was proved in [16, Proposition 4.7], using results for GL(2, p). We
sketch an independent proof.

By Lemma 6.2 it suffices to show that we have y:(IJ,) = ¢2*“(1J,) and
Vi) = ¢5*°(1J,) for r = 1,..., p and all irreducible K H-modules I. By
Lemma 2.6 and the choice of e, the elements Y2 (I), ¥**¢(I), y2(I) and ¥§**(I) of
Ry have the same Brauer character. Thus they are equal, by Lemma 2.9. Therefore,
by Lemma 6.4, it suffices to prove that ¥2(J,) = ¥*(J,) and ¥§(J,) = vste(J,).
In fact we prove the stronger result that, for all n, ¥*(J,) = ¥it*%(J,) and
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Yi(J,) = ¥5+t*9(J,). For this we may assume that K = K and G = G, in the
notation of Section 3. By (4.1),

r—1 r-1

\l’:(-lr) — ﬂ(r-l)n Z A(r—l-2j)n’ ¢:+2pq(1r) = ﬂ(f—l)(n+2pq) Zk(r~l—2j)(n+2pq).

j=0 j=0

However, g~ = gU=Nmt2d) gince 4 = 1. Also, from the formula for J,
givenby (3.1), A\¥ — 1 = (A* — DAP~'B7P+ ], € Q, where Q is the ideal of Rxg[A]
generated by J,. Therefore YIr®a(J) = yr(J,)+ U, where U € QN Ry . However,
€N Rxg = RxkgJp. Thus U € (Rgg)pj In the notation at the end of Section 2.
Also, by Lemma 2.6, Br(¥~**(J,)) = Br(y"(J,)). Thus y2**9(J,) = ¢¥7(J,) by
Lemma 2.9. From this we obtain ¢;+2"q(1,) = ¢2(J,) by Lemmas 4.3 and 4.1. O

The values of the Adams operations on the J, can, at least in principle, be calculated
using (4.1) and Lemma 4.3. (See [1] for corresponding calculations for the group of
order p.)

7. The general case

Let K be a field of prime characteristic p. If G is a finite p’-group then ®% . = §¢;
for all n, by Lemmas 2.8 and 2.9. (Indeed, we also have &%, = u(n)yg by
Lemmas 2.6 and 2.8). Thus, to complete the proof of Theorem 1.1, we only need
consider the case where G is a finite group with a Sylow p-subgroup P of order p.
We write N for the normalizer of P in G. Thus N is a finite group with a normal
Sylow p-subgroup of order p, and the results of Sections 3-6 apply (with N replacing
G). We write N = H P, where H is a p’-group.

The subgroup P of G is a trivial-intersection set, so a simple form of the Green
correspondence applies (see [2, Theorem 10.1], where the field does not need to be
algebraically closed): there is a one-one correspondence between finite-dimensional
non-projective indecomposable K G-modules and finite-dimensional non-projective
indecomposable K N-modules. Here, if V corresponds to V* then V|, is the direct
sum of V* and a projective module. It follows that if V, V' € Rxkgand V], = V'|y
then Vionp = V.p- The proof of Theorem 1.1 is completed by the following result.

nonp*

THEOREM 7.1. Let K be a field of prime characteristic p and let G be a finite group
with a Sylow p-subgroup of order p. Then ®% . = ;¢ for all n.

PROOF. Let V be a finite-dimensional K G-module. Then, by Theorem 6.1 and
Lemma 2.3, ®%,(V)ly = &gs(V){n. Hence, by the Green correspondence,
D% 6(Wiomp = Ex(V)nonp- However, Br(®} (V) = Br({gs(V)), by Lemma 2.8.
Therefore @7 ;(V) = ¢g;(V), by Lemma 2.9. This gives the required result. O

https://doi.org/10.1017/51446788700014531 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700014531

21] Modular Lie representations of finite groups 421

By Theorem 1.1 we can calculate all Lie powers L"( V) if we can find tensor powers,
Adams operations and the pth Lie powers of all indecomposables. By the next result,
only finitely many Adams operations need to be found. With H as defined above, let
q = |H/ Cy(P)| and let ¢ be the least common multiple of 2p g and the orders of the
p’-elements of G.

THEOREM 7.2. Let K be a field of prime characteristic p and let G be a finite
group with a Sylow p -subgroup of order p. Let e be as defined above. Then, for every

positive integer n, Y" = Y™ and Y = Yt

PROOF. (For G = GL(2, p), this is given by [15, Proposition 3.5].) Let V be a
finite-dimensional K G-module. Then, by Lemma 6.7, y2(V){y = ¥ (V).
Hence, by the Green correspondence, V¥ (V)uony = V2T(V)uonp- However, by
Lemma 2.6 and the definition of e, Br(y¥2(V)) = Br(y:**(V)). Thus, by Lemma 2.9,
Yr(V) = yrre(V). Similarly, ¢ 2(V) = ¥¢+¢(V). This gives the result. a

If we have detailed information about the indecomposable K G-modules and KN -
modules, the Green correspondence, and the Brauer characters of G, we can hope
to find the Lie powers of a finite-dimensional K G-module V from Lie powers of
K N-modules as follows. Since L (V)] = L"(V]y), by Lemma 2.2, L"(V)|, can
be calculated by the methods described at the end of Section 6. Thus, by the Green
correspondence, we can determine L"(V)gonp and hence Br(L"(V)yo). However,
Br(L"(V)) is given by Brandt’s character formula (Lemma 2.7). Thus we can find
Br(L"(V)po). Therefore L"(V),; can be found, at least in principle, by the modular
orthogonality relations. Hence we can find L"(V).

The connection between Lie powers of K G-modules and Lie powers of KN-
modules was a key factor in obtaining the results of {8, 17] and [10]. The following
theorem generalises one of the main qualitative results of [10]. Recall that the (p — 1)-
dimensional KN -module J,_, is as defined in Section 3.

THEOREM 7.3. Let K be a field of prime characteristic p and let G be a finite group
with a Sylow p-subgroup of order p. Let V be a finite-dimensional K G-module and let
n be a positive integer. Then, in the notation established above, every non-projective
indecomposable summand of L" (V) is either a summand of the nth tensor power V"
or is the Green correspondent of a K N -module of the form 1 ® J,_,, where I is an
irreducible K H-module.

PROOF. We give a sketch only. Note that L"(V),y = L"(V{y) and V*], =
(V1iy)". By the Green correspondence it suffices to show that every non-projective
indecomposable summand of L"(V],) is either a summand of (V] ,)" or has the
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form I ® J,_;, where I is an irreducible K H-module. Thus we may assume that
G=N=HP.
Write n = p*m where p { m. By Theorem 1.1 and Corollary 1.2,

1 .
L"(V):FZC,’;G(L"'(V” ))-

i=0

However, fori = 0, ..., k, L’"(V”H) is a summand of V™", since p 1 m (see,
for example, [13, Section 3.1]). Hence it suffices to show, for i > 0, that if Y is a
finite-dimensional indecomposable K G-module then ££(Y) is a linear combination
of projective K G-modules, summands of ¥?', and modules of the form I ® J, _;, where
I is an irreducible K H-module. By Lemma 6.2, Y = U® J, where 1l <r < pand U
is an irreducible K H-module. By Lemma 6.4, £2(Y) = %7 (U)z2(J,). However,
by (2.2) or (2.3), 1//,’:‘ (U) is a linear combination of modules which are homomorphic
images of U?'. Thus, since H is a p’-group, wf'(U) is a linear combination of
summands of UP'. It therefore suffices to prove that £(J,) is a linear combination
of projective modules, summands of J?', and modules of the form / ® J,_;. This is
trivial for i = 0 and, by Lemma 6.6, it is clear for { > 2. Suppose then that i = 1. By
Lemma 6.6, the result is clear for r even, r = 1 and r = p. By the same lemma, it is
true for r odd with 1 < r < p provided that 87~'J; is a summand of J?. This can be
proved as follows, using the notation of Section 3.

It is sufficient to consider the case where K = K and G = G. Let Q' be the
ideal of Rxg[A] generated by p Rxg[A] and J,. Then, as in the proof of Lemma 6.7,
A% —1 e Q. Also, B~V7 = g1, However, by (3.1),

r-1
JP = BUIP Y AP (mod Q).

j=0

Hence J? = rg™'J, (mod Q' NRgg). However, Q' N Ry = pRxg+ RxgJ,. Since
r is not divisible by p it follows that 87! J; is a summand of J?. O
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