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1. The statical Reissner-Sagoci problem [1, 2, 3] is that of determining the components
of stress and displacement in the interior of the semi-infinite homogeneous isotropic elastic
solid z = 0 when a circular area (0 £ p < g, z = 0) of the boundary surface is forced to rotate
through an angle « about an axis which is normal to the undeformed plane surface of the
medium. It is easily shown that, if we use cylindrical coordinates (p, ¢, z), the displacement
vector has only one non-vanishing component u,(p, z), and the stress tensor has only two
non-vanishing components, 6,4(p, z) and g4,(p, z). The stress-strain relations reduce to the
two simple equations

J , _ Ou
0',,4, = up % (p 1u¢)’ 6¢z =H ﬁ’ (11)

where g is the shear modulus of the material. From these equations, it follows immediately
that the equilibrium equation

0958 1992 290 _ g

dp 0z p
is satisfied provided that the function u,(p, z) is a solution of the partial differential equation
%%“;%%-Z%%z.zﬁ; =0. (1.2)
The boundary conditions can be written in the form
uy(p,0)=f(p) (0=<p=a), 1.3)
05(p,0)=0  (p>a), (1.4)

where, in the case in which we are most interested, f(p) = ap. We also assume that, as r — oo,
Uy, 0,4 and g, all tend to zero.

A solution of this boundary value problem by the use of a Hankel transform to reduce the
problem to that of solving a pair of dual integral equations was given in [4]. The final form
of this solution is complicated because the solution of the dual integral equation is taken in the
rather complicated form due to Titchmarsh [5].

In § 2 of the present paper the solution of the Reissner-Sagoci problem is again derived in
the form of the Hankel transform of order 1 of a function which is determined in terms of
f(p) by the same pair of dual integral equations, but, instead of using Titchmarsh’s solution,
we make use of an elementary solution closely related to the one given in [6] for the corre-
sponding mixed boundary value problem in potential theory. This enables us to derive a
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simple equation for the torque T in terms of the arbitrary function f(p). Asanexample of the
use of the formulae derived in § 2 the problem in which f(p) = ap is considered in § 3.

Finally in § 4 the solution is adapted to provide a solution of the problem of the torsional
distortion of a semi-infinite circular cylinder 0 < p < b, z = 0 when its plane face is subjected
to the boundary conditions (1.3) and (1.4) and its curved surface is rigidly clamped so that we
have the boundary condition

uy(b,z)=0 (zz0). (1.5)

2. It is easily shown that the displacement u4(p, z) can be written in terms of the Hankel
transform of order 1 of a function involving an arbitrary factor 4(&), i.e., that we can write

ugp, 2) = [ A(©)e™; &= p), (2.1)
where the operator 52, is defined by the equation
W& D; € p] = j BU(E, 2)J(Ep) de.
]
If we substitute this expression into the second of the equations (1.1), we find that
05p, 2) = —pH [A(E)e™%; &> p]; (2.2)

and if we substitute it into the first of the same pair of equations and make use of the recurrence
relation

0 2 (071 &)} = -0y,
ap

we see that the second component of stress is given by the equation

Opalps 2) = —p,[A (D)5 £ p]. 23)

From equations (2.1), (2.2) we see immediately that the boundary conditions (1.3), (1.4)
are equivalent to the pair of dual integral equations

HL[ETTAE); pl=Sf(p) (O=Zp =), 2.4
H[A); p1=0  (p>a). (2.5)
Expressing 4 (&) in terms of an unknown function g (¢) through the equation
A& = r g (1) sin (&t) dt, where g(0) =0, (2.6a)
0
we find that
CA(©) =J g’ (t) cos (&t) dt—g(a) cos (a), (2.6b)
0
and making use of the relation
@ . 1 tH(-p)
cos (EJ (¢p)di =~— ——~ 2| 2.7
_[ 0 ' p pJ(E*=p?)
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we see that equation (2.5) is automatically satisfied whatever the form of g(¢). Similarly, if we
make use of the integral

j " J1(Ep) sin (&1) d& = tp™ (o2 1) *H(p—1), 2.8)
0

we see that equation (2.4) is satisfied if we take g () to be the solution of the integral equation

# tg(t) dt
o J(O* =1

This is an equation of Abel type, which is easily solved to give

=pf(p) 0=p=a).

0=t=ga). (2.9)

\/(12 2 =

The solution to the problem is therefore given by equations (2.1), (2.6a) and (2.9).
The torque T which must be applied to produce the prescribed boundary conditions is
given by the equation

gy=2 f {of (o)} -2

T= —2nj P05, 0) dp.
[}
If we substitute from equation (2.2) into this equation and make use of the result

a ) a?
J' 02 ,(Ep) dp =% T (ad),
. g

we find that
T = 2npa®#,[E71 A(¢); a],
and recalling that

f Ia)sin (G dE =25 0S1Sa)

we obtain the equation
T= 4nyj tg(1) dt. (2.10)
0

We now note that we can write equation (2.9) in the form

() = ' p’f(p) dp
nt dt o J({E=p)’

from which we deduce that

T 8#'[“ p*f(p) dp 211

0 \/(az__pz) .
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We can express the other quantities of physical interest in terms of g(¢). For example,
using equations (2.1), (2.6a) and (2.8), we find that

* tg()di

\/( 2_ 2)

Similarly, from equations (2.2), (2.6b) and (2.7), we deduce that

uy(p, 0) = - (p > a). (2.12).

ooxlp, 0 = ’g(‘)d’ _ra 9@ g<p<a). 2.13)

»JE=pD) o J@>-p)

Also, if we substitute from equation (2.6b) into equation (2.3) and make use of the result

—2t)H(p—t
we find that
o= _A[re -2 ar ,,2_ H } 2.14
asth o’ {,[o Jp*=1») \/(p (a) (p—a) (2.14)

where m = min (p, a).
Finally, we note that if we substitute from equation (2.6a) into equation (2.1) and make
use of the result

f e (p0) de = [ o 2)] (Rep>0),

we may write
1 [* (z+idg()de
uy(p, z) = —_—Z
AT B/ prren L

where g (1) is an odd function of ¢ defined for ¢ > 0 by equation (2.9). This is the form of solu-
tion used by Green and Zerna. (See p. 173 of [7]).

3. As an example of the use of these formulae we consider the special case in which
f(p) =ap. It is then easily shown from equation (2.9) that g(t) = 4at/n and hence from
equation (2.6a) that

A = % (sin £a—&a cos &a). 3.)
ki3
From equation (2.10) we deduce immediately that

T = }é paa.
3
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Similarly from equations (2.12), (2.13) and (2.14) we have, respectively, the relations

uglp, 0) = %}[p sin”" (g)—-ZJ(aZ—pZ)] (o > a), (32

Glp, 0) = — 7-17(4;‘3‘[’7) ©0<p<a) (3.3)
4 2_2q?

oo, 0= 2%, [mJ(zr’—mﬁ—% H(p—a)], (34)

where as before m=min (p, a).

The displacement and the components of stress at an interior point of the elastic half-
space can be calculated by substituting from equation (3.1) into equations (2.1), (2.2), (2.3) and
making use of known results concerning the integrals involved [8].

4. We shall now consider the problem of determining the distribution of stress in the
interior of a very long circular cylinder of radius b of homogeneous isotropic material when a
circular area 0 £ p < a of its flat end z = 0 is forced to rotate through an angle « about the
axis of the cylinder. We suppose also that the curved surface p = b, z =z 0 of the cylinder is
fixed. We therefore have the boundary conditions (1.3), (1.4) and (1.5). We shall find it more
convenient to use the equivalent relation

F fuyb,z); z-E]=0 .1

instead of (1.5), where # , denotes the operator of the Fourier cosine transform defined by the
equation

Flflp,2); z-¢] = \/g J ? f(p, 2) cos (£z) dz.
0

To the simple solution (2.1), we add a second function which is also a solution of equation

(1.2):
uglp, 2) = S, [{7 AW (- p]+ F [E7BO(Ep); E- 2] (4.2)
From this displacement we derive the stress components
0p:(p, 2) = =t [ADe™%; (> p]—puF [BOL(&p); ¢~ 2], 4.3)
0P, 2) = = uH,[A(De™%, > p]+uF [BOI(Ep); &- 2], (4.4)

where % is the operator of the Fourier sine transform, so that the boundary conditions (1.3),
(1.4) reduce to the pair of dual integral equations

#\[LA); p]+\/§ J " EBELE) dE=f(p) OSpSa), (4.5)

0

H[AD; p1=0  (p>a) (4.6)
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If we again take the representation (2.6a, b) for 4, we see that equation (4.6) is identically
satisfied, and noting that

2" _dp i\ﬁr ~1B(&)pl,(Ep) d =<3>”’j°°3 d J'__”I°(é”)d”
7)o TF—H 2o\ 7)o £ B(&)pl,(Ep) dS - . (&) dé o JE—pD
2 3/2 fo
=<_) '[ £='B(¢) sinh (&1) d¢,
T 0

we find on comparing with equation (2.9) that the equation (4.5) is equivalent to

g(r)+() f £-1B(8) sinh (&1) d& = h(), @7
where

h(1) = f {efP} 77— (4.8)

J(t’

Since

F [, “5]=\/%¢2i—c2’ #, [;“‘TCC‘ cap]=sinh (EK,(Ep) (o> 1),

we see from equation (4.2) that the boundary condition (4.1) is equivalent to
c"B(c>1,(bc)+\/ 1(bé)f 9(0) sinh (¢0) dt = 0.

If we eliminate B({) between this equation and equation (4.7), we see that g () is the solution
of the Fredholm integral equation of the second kind

g()— f @K@ D de=h(t) OStSa), 4.9)
0

where the free term is given by equation (4.8), and the kernel by the equation

K@, ©)=L({+7)—-L(|t—1}))
with

_2 K,(¢b)
L(w) = PL 1.5 [cosh (éw)—1] dé&.

We note also that the torque is still given by equation (2.10). In the case in which
f(p) = ap, h(t) = 4at/z, so that, if we write

g(t) = 2au¢ (t/a),
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we find that ¢(2) is the solution of the Fredholm equation
1
$()- f PWK (L wdu=21 0151, (4.10)
0 T
whose kernel is defined by the equations

K(t,u)=L ('*“) L1<"‘“‘>, (4.112)
4

L (w)= —f ‘('1) [cosh (wn)—1] dn, (4.11b)

with ¢ = b/a.
Also in terms of ¢ (), we find that the torque is given by the equation

1
T= 8nuaa3f td (1) dt.
0
When b > a, T takes the value

16
T, = — poa®
3 I
so that we have the relation
T 3n
— =" z t) dt. 4.12
=3 é() (4.12)

0

The integral equation (4.10), with kernel defined by the pair of equations (4.11) has been
solved numerically by Sneddon and Tait [9] and the quantity T/T,, calculated. The values
obtained are shown in Table 1.

TABLE 1
bla 1-05 110 1:20 1-30 1-6667 2:5 50
T/T, 19704 1-6649 1-3670 1-2725 10994 1-0205 1-0027

In the same paper an iterative solution (for small values of a/b) of equation (4.10) was
derived. This yields the formula

T 1403382 % £00815 % 401144 % 100125 % +0(a®/b® 4.13

w0

The solution of this problem can be derived in an entirely different way. If we assume a
displacement of the form

up )= Y. o5 e (), (4.14)
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then the boundary condition (1.5) will be satisfied if we take the constants a, to be the positive
zeros of J, (a,b) written in ascending order of magnitude, and the boundary conditions (1.3),
(1.4) will be satisfied if we choose the constants u, to be the solution of the dual series relations

Y 4w, () =S() 05 pSa), (4.15)
i U 1(%,0) =0 (a<p<b) (4.16)

Dual series relations of this type have been discussed by Cooke and Tranter [10] and more
recently by Sneddon and Srivastav [11]. The solution in [10] is reduced to that of an infinite
set of linear algebraic equations for the constants u,, while the solution in [11] consists in
showing that if the function on the left side of equation (4.16) is represented in the closed
interval [0, a] by an integral of a form equivalent to that in equation (2.13) involving a function
g(t), then g(t) is the solution of the integral equation (4.9).

It is interesting to note that when we attempt to solve the Reissner-Sagoci problem for a
cylinder whose curved surface is stress-free, i.e., when the condition (1.5) is replaced by the
condition 0,,4(b, z) =0, z 2 0, the procedure given above can be repeated purely formally;
but we find that the integral defining the kernel in the integral equation (4.9) is

4 [*® K,(EDb) . .
77_[0 Izz((féb)) sinh (u&) sinh (&) d¢

and this is divergent since the integrand is O(£~%) as £ » 0. On the other hand, by assuming
a displacement of the form (4.14) but with the Fourier-Bessel series on the right replaced by a
Dini series, we can derive a pair of dual series relations which can be solved by a method due to
Srivastav [12]. The details of the calculation are given in a subsequent paper [13].
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