
NOTE ON AN APPLICATION OF THE 6-FUNCTION 

IN THE REPRESENTATION OF SOLUTIONS 
OF ALGEBRAIC EQUATIONS 

J. B. Sabat 

The "function" 6(x - x ) is known as the Dirac Delta 
function and may be defined as zero everywhere except at x , 

where it is infinite in such a way that 
I 

b ' 0 x 7 (a, b) 

(1) / 6(x-xo)dx = { 
a j 1 x e (a, b) 

having property that for every continuous function ç?(x) on (a, b) 

( 
b i 

(2) / p(x)6(x-x )dx = { 

b f° Xo * (a' b) 

<p(x. ) x € (a , b ) 
: O O 

It is well known [2] ô(x-x ) can be approximated as a limit of 
o 

a sequence of piecewise continuous functions, and there is an 
abundance of such sequences. 

The subject matter of this note is to point out an 
application of the Ô-function in the representation of solutions 
of algebraic equations. 

Given an algebraic equation 

(3) <p(x) = 0 

and it is known that (3) has a single root x in the interval 
& o 

(a, b). Further if (pf(x) exist on (a, b) and <p !(x) ^ 0 on 
(a, b), then there exists an inverse function x = x(<p(x)) 
on (a, b). 

Hence ç is monotone on (a, b), and from [l] we have 

735 

https://doi.org/10.4153/CMB-1967-076-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-076-3


b b 

(4) f x5(<p(x)) |^'(x) | dx = f x6(x-x )dx = x 
J J o o 
a a 

which is the roof of <p(x) = 0 on (a, b). 

Thus 
b 

(5) x = f x ô M x ) ) | ? ' ( x ) | d x 
o J 

a 

The fact that (5) presupposes the knowledge of the root of (3) 
makes it useless for pract ical computation, and one must 
resor t in (5) to the use of Ô-function as a limit of an appropriate 
sequence. 

For instance, for the sequence of functions 

2 2 
/ / \ " n x 

s = (n/ ) e 
n /TT 

one can easily show that lim s (x) = ô(x) and that 
ri-*- oo n 

b 2 . 2 
(6.1) x = lim ( n / . - ) f x e"" W x ; ' L ' (x ) | dx 

o ^ n J^ \ 

Some of other possible choices would be to take 

(6.2) s (x) = sin nx/nx 
n 

( 6 .3 ) s (x) = - ^ — , 
n TT t 2 2 

1+n x 

, 2k-l - A 

( 6-4 ) S a ( x ) = bTlïr-ZV b = / 2T 
(a +x ) -oo 1 +x 

Using (6.4) the root of the algebraic equation (3) is given by 

a /• | cp] (x) | dx 
(7) x - lim —; / x 

o a -* n b J p-> o u v 2k 2k. x 
a ° a a + <p (x) 
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A s a s i m p l e i l l u s t r a t i o n of m e t h o d i n (7) c o n s i d e r t h e e q u a t i o n 

c o s x = 0 o n ( 0 , T T ) . T h e s i n g l e r o o t i s g i v e n by 

.. a r s i n x d x 
x = l i m — / x — 

o TT
 J 2 2 

a->o o a + c o s x 

w i t h x = TT - t 

We h a v e 

jr TT - 1 1 - 1 1 
/• s i n x d x TT r s i n t d t TT f t an (—)-tan (-— )1 

J 2 2 2 J 2 2 2 a 
o a + c o s x o a + c o s t 

and t h u s 

x = l i m a , TT [ t a n (—) - t a n (— )] = T 
o ~ —- a a 2 

a-> o TT 2 a 

M o r e o v e r , m e t h o d s a b o v e c a n b e e a s i l y e x t e n d e d to s y s t e m s 
of a l g e b r a i c e q u a t i o n s . 

F o r i n s t a n c e , g i v e n </>. (x . x . . . . , x ) = 0, i = 1 , 2 , . . . , n , 
l 1, 2 n 

s u p p o s e t h a t in a r e g i o n R t h e r e e x i s t s a s i n g l e r o o t fo r t h e 
s y s t e m i n (8) and t h a t t h e J a c o b i a n of t h e s y s t e m i s d i f f e r e n t 
f r o m z e r o i n R . T h e n i t c a n b e e a s i l y s h o w n t h a t (7) t a k e s 
t h e f o r m 

o n ( 2 k - 1) r r x . , , 
x. = l i m a . . . i J d x d x ^ . . . d x 

i J r> J Z 7j rr— 1 2 n 
a-*o n K n . 2k 2k, 

b n (a + cp. ) 
j = l J 

O n e c a n g e n e r a l i s e t h e m a i n r e s u l t s of t h i s n o t e a s f o l l o w s : 
L e t <p b e a c o n t i n u o u s , m o n o t o n e f u n c t i o n i n [a , b ] , p o s s e s s i n g 
a c o n t i n u o u s d e r i v a t i v e o n (a, b ) . A s s u m e 

<p(a) = c < 0, (p(b) - d > 0 and c^(x ) = 0 . 

D e n o t e by L)J t h e i n v e r s e f u n c t i o n of cp d e f i n e d i n [c , d] by 

i(j(y) = x if and o n l y if y - <p(x). W e h a v e < 6 , ^ > ~ ^ ( ° ) - x • 

L e t s b e a s e q u e n c e of i n t e ^ r a b l e f u n c t i o n s , h a v i n g t h e i r 
n 

s u p p o r t s i n [c , d ] , t e n d i n g w e a k l y to 6 . 
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d 

Then x = < 6, dj > = l im f s (y)Jj(y)dy 
o „_>™ J„ n n->oo 

lira / x s (x) | <pJ (x) | dx. 
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