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Bowen Measure From Heteroclinic Points

D. B. Killough and I. F. Putnam

Abstract. 'We present a new construction of the entropy-maximizing, invariant probability measure
on a Smale space (the Bowen measure). Our construction is based on points that are unstably equiv-
alent to one given point, and stably equivalent to another, i.e., heteroclinic points. The spirit of the
construction is similar to Bowen’s construction from periodic points, though the techniques are very
different. We also prove results about the growth rate of certain sets of heteroclinic points, and about
the stable and unstable components of the Bowen measure. The approach we take is to prove results
through direct computation for the case of a Shift of Finite type, and then use resolving factor maps to
extend the results to more general Smale spaces.

1 Introduction

A Smale space, as defined by David Ruelle [11]], is a compact metric space, X, to-
gether with a homeomorphism, ¢, which is hyperbolic. These include the basic sets
of Smale’s Axiom A systems [[13]]. Another special case of great interest are the shifts
of finite type [3,l6] where the space, here usually denoted ¥, is the path space of a
finite directed graph and the homeomorphism, o, is the left shift.

The structure of (X, o) is such that each point x in X has two local sets associated
with it: X*(x, €), on which the map ¢ is (uniformly) contracting; and X*(x, ¢), on
which the map ¢! is contracting. We call these sets the local stable and unstable sets
for x. Furthermore, x has a neighbourhood U (x, €) that is isomorphic to X*(x, €) X
X*(x,€). In other words, the sets X“(x, €) and X*(x, €) provide a coordinate system
for U (x, €) such that, under application of the map ¢, one coordinate contracts, and
the other expands.

The basic axiom for a Smale space is the existence of a map defined on pairs (x, y)
in X x X that are sufficiently close. The image of (x, y) is denoted [x, y] and is
the unique point in X*(x, €) N X*(y, €). This satisfies a number of identities and in
particular defines a homeomorphism from X*(x, €) x X*(x,€) — U(x, ¢€).

There is also a notion of a global stable (unstable) set for a point x, which we
denote X*(x) (X*(x)). This is simply the set of all points y € X such that

d(¢"(x),¢"(y)) — 0

as n — 400 (—00). The collection of sets {X*(y,9) | ¥ € X(x),0 > 0} forms a
neighbourhood base for a topology on X*(x) that is locally compact and Hausdorff.
This is the topology that we use on X*(x) (not the relative topology from X). There
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is an analogous topology on X*(x). The global stable (unstable) sets partition the
Smale space X into equivalence classes. In other words, there are three equivalence
relations defined on X. We say x and y are stably equivalent if X*(x) = X*(y), unstably
equivalent if X*(x) = X"(y), and homoclinic if they are both stably and unstably
equivalent. Finally, we say that a point z is a heteroclinic point for the pair (x, y) if z
is stably equivalent to x and unstably equivalent to y (i.e., z € X*(x) N X*(y)).

For an irreducible Smale space, (X, ), there is a unique y-invariant probability
measure maximizing the entropy of ¢ [5,[12]. This measure is known as the Bowen
measure, and we denote it by px, or when the space is obvious, simply by .

In [2], Bowen constructed the measure of maximum entropy as a limit of mea-
sures supported on periodic points. Our main goal in this paper is to present an
alternative construction in which the Bowen measure is obtained as the limit of mea-
sures supported on heteroclinic points. The main result is Theorem 2.10, which is
proved in Section 4. From our construction we are also able to relate the growth rate
of certain sets of heteroclinic points to the topological entropy of the Smale space. A
similar result concerning the growth rate of homoclinic orbits was proved by Men-
doza in (7], using different techniques.

2 Main Results

It was shown in [[12] that if a small subset of X is written as a product, then the Bowen
measure on this set can be written as a product measure. This gives us a useful way
of dealing with the Bowen measure. The following theorem makes this result precise.
While this theorem is due to Ruelle and Sullivan, we will provide a new proof of the
result. Along the way, we will also see how this product decomposition is preserved
under resolving maps.

Theorem 2.1 Let X be an irreducible Smale space. For each x in X, there exist mea-
sures py and py* defined on X*(x) and X"(x), respectively. These measures are not
finite, but are regular Borel measures. Moreover, these satisfy the following conditions.

(i) PForallxinX, € > 0 and Borel sets B C X*(x, €) and C C X*(x, €), we have

u([B,C]) = p"*(B)u™*(C),

whenever € is sufficiently small so that [B, C] is defined.
(ii) Forx, yinX, € > 0 and a Borel set B C X"(x, €), we have

w([B, y]) = p"*(B),

whenever d(x, y) and € are sufficiently small so that [B, y] is defined.
(iii) Forx, yin X, € > 0 and a Borel set C C X*(x, €), we have

w([y, Cl) = p**(C),

whenever d(x, y) and e are sufficiently small so that [y, C] is defined.
(iv) us”*’(") o= A"l
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(V) ptP 0o = A,
Here log(\) is the topological entropy of (X, ¢).

In [2]] the unique entropy maximizing ¢-invariant probability measure is con-
structed as the weak-* limit of the sequence (,,, where (i, is defined as follows. Let
S» = U Per(X, ¢), then

where d, is the point mass at z. In our construction we use points that are heteroclinic
to a given pair of points instead of periodic points. It is worth noting that in Bowen’s
construction each (i, is a p-invariant probability measure. In our case, the measures
constructed are not y-invariant, but in the limit we recover y-invariance.

Definition 2.2 Let (X, ) be a mixing Smale space, x, y € X, B C X"(x), and
C C X*(y) open with compact closure. For each positive integer k, we define

Hie =" (B) N X(C)

and the measure

1
/~L}f<3,c = T Z 0z

k
BC zehk .

Remark 2.3 * As X"(x) and X°(y) intersect transversally and ©*(B) and ¢~ *(C)
have compact closure for each k, #h5 . is finite for each k.

. hlf;,c may be empty, and hence 4§ - may not be well defined for some positive
integers k. However, for given B, C there exists a K such that for all k > K, N’E,C
is well defined. Since we will be interested in the (weak-x) limit of these measures
as k — oo, we will not be concerned with the finite number of k’s for which our
definition is not valid.

We have the following result relating the growth of the heteroclinic sets hg,c to the
topological entropy.

Theorem 2.4 Let (X, ) be a mixing Smale space, B, C as in Definition2.2] Then we
have
lim A~k o = " (B)uy (C),

k— o0

where %™ and 11y are as in Theorem 1} and log(\) = h(X, ) is the topological
entropy of (X, ). In consequence, we also have

log(#hgc)
Jm - = hXe).

Theorem 2.5 Let (X, ) be a mixing Smale space, and let :ulé,c be as in Definition[2.2]
For each continuous function f: X — C we have

iim | = [ fnx
k— o0 X X
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where Ly is the Bowen measure. In other words Ulfz,c — px in the weak-* topology.

Now suppose (X, ¢) is an irreducible Smale space (not necessarily mixing). By
Smale’s spectral decomposition [[13]] we can find a partition of X into pairwise dis-
joint clopen subsets, X;, X;, ..., X; such that o(X;) = Xj4; (with the indices inter-
preted modulo I) and (!|X; mixing for each i.

Definition 2.6 With the notation as above, let x, y be in the same component, Xj,,
of X and let B C X*(x) and C C X*(y) be open with compact closures. For each k,
we define

h]é,c _ Ull;()l(sakjﬂ(B) n cpfklﬂ'(c))

and the measure

1
ko
:u“B,C - #h’é Z 5Z'

< th’l;C

Remark 2.7 ¢ The same remark applies as before concerning hgc being empty.
¢ In the case that (X, ¢) is mixing (and I = 1), this clearly reduces to the same
definition as before.

With this extended definition, the analogous results as stated above for the mixing
case also hold in the irreducible case.

Theorem 2.8 Let (X, @) be an irreducible Smale space, B, C as in Definition[2.6] Then
we have

lim A~M#hE - = 155 (B)u (C),

k—o0 ’
where uy" and uj&y are as in Theorem 2} and log(\) = h(X, ) is the topological
entropy of (X, o). In consequence, we also have

) log(#hgc)
Iim —————

koo 2K hX, @)

Remark 2.9 This result is essentially [[7, Theorem 3.1], replacing hﬁ’c with gok(h’f‘gﬁc)
in the case that the heteroclinic points happen to be homoclinic points.

Theorem 2.10 Let (X, ) be an irreducible Smale space, and let lea,c be as in Defini-
tion[2.6] For each continuous function f: X — C we have

lim [ e = [ s,
k— o0 X X

where i is the Bowen measure. In other words, ji% - — jux in the weak-x topology.
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3 Resolving Factor Maps and the Bowen Measure

In the case that the Smale Space is a shift of finite type (SFT), the Bowen measure is
the same as the Parry measure. We present a brief description of the Parry measure
for a mixing SFT and prove Theorem[2.1]in this case.

Let (X, o) be a mixing SFT, considered as the edge shift on a directed graph G
with adjacency matrix A. See [6] for a thorough treatment of SFTs. Then (X, o) is
mixing precisely when A is primitive, i.e., when there exists N such that, forn > N,
A" is strictly positive. This allows us to use the consequence of the Perron—Frobenius
theorem ([6} Thm. 4.5.12]), which says lim,,_, oo A™"A" = u,u;, where u,, u; are the
right/left Perron—Frobenius eigenvectors of the matrix A normalized so that uju, = 1,
and A is the Perron—Frobenius eigenvalue. This result is critical in the proof of our
main result in the case of SFTs. Fix m > N, vertices v;, v; in the graph, and let { be a
path of length 2m, indexed from —m + 1 to m, originating at v; and terminating at v;
(A primitive guarantees such a & exists). Consider the set

Emij @) ={x€X|x=&for —m+1< k< m}.

The collection of such sets, as m, i, j, and & vary over all possible values, forms a base
for the topology on 3. The Parry measure on such a basic set is

ps (T j(©)) = A7 un(@)u (7).

Fix x in ¥ and suppose t(x;,) = vj, i(x_;z1) = v;. That is to say, x_;;, originates at
vertex v;, and x,, terminates at vertex v;. Consider the sets

SHx, 27" ={z€ X |z = x; Vk < m},
Y(x,27h = {zeX|zx=xVk > —1+1}.

These sets form a base for the topology on 3*(x) (respectively ¥°(x)) in a neighbour-
hood of x. Suppose now that $4(z,27") C ¥*(x,¢) and ¥°(y,27") C ¥%(x, €) Then
the stable/unstable components of the Parry measure are

(227" = A (), (S (0n27) = A,

Proposition 3.1 Theorem 21l holds for (¥, o) a mixing SFT, with puy", p3y defined
as above.

Proof We must verify the five conditions stated in Theorem 2.1}

(i) This is obvious from the formulas defining the measures on basic sets.

(ii) Consider the homeomorphism w — [w, x'] from X%(x, €) to 3*(x’, ¢’). Under
this map,

X4z,27™) — {v €Y | v =20 <k < mv=xVk < 0} = Z“([z,x’],Z_m).

Now,

HE(2(02,x'1,27) = A" () = (24, 27)
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(iii) Similarly, the map w — [x’, w] takes the measure %" to ,usz’x/.
(iv) Now consider

(M;,J(X) ° O.)(Zu(z,z—m)) —_ M;’U(")(Z“(a(z),z_mﬂ))

= AT () = M5z, 27).
(v) Similarly,

(157 0 0) (2, 270) = "™ (2 (0(3),277h)
= A" uy(@) = AT (S0, 27h). (]

In the case of a SFT, the topological entropy h(¥,0) = log(A), where A is the
Perron—Frobenius eigenvalue of the adjacency matrix associated with the SFT. Simi-
larly, for other Smale spaces X we will write A such that h(X, ¢) = log(A). Whenever
we are talking about two or more Smale spaces, there will be an almost one-to-one
factor map between them, so the entropies will be equal, hence it will be unnecessary
to distinguish which space the A comes from.

Definition 3.2 (Fried [4]) A factor map 7: (Y,¢) — (X,p) is s-resolving
(u-resolving) if for every y € Y, 7|ys() (|y«(y) respectively) is injective.

We will primarily be concerned with almost one-to-one resolving factor maps. A
factor map 7: (Y, 1) — (X, @), where (Y,1)) is irreducible, is called almost one-to-
one if there exists x € X such that #77!(x) = 1.

In (1], Bowen showed that for an irreducible Smale space (X, ¢), there exists an
irreducible SFT (¥, o) and an almost one-to-one factor map 7: ¥ — X. Moreover,
letting E = {x € X | #7~!(x) = 1}, Bowen showed that us(7~'(E)) = 1. In other
words, 7 is one-to-one py-a.e. It follows that for any Borel set B C X, ux(B) =
(7~ 1(B)) ([I, Thm. 34]).

In [9} Cor. 1.4], the second author showed that the factor map 7 can be realized as
the composition of two resolving factor maps. In other words, given an irreducible
Smale space (X, ¢), we can find a Smale space (Y, 1), a SFT (¥, ¢), and factor maps
m: X — Y, m: Y — X such that
(i) (3, 0)and (Y, ) are irreducible;

(ii) m; and m, are almost one-to-one;

(iii) 7y is s-resolving and 7, is u-resolving.

The Bowen measures on X, Y can be obtained from the Bowen measure on X as
follows:

(i) for E C Y the Bowen measure on (Y, %)) is uy (E) = ug(ﬁfl(E));
(ii) for F C X the Bowen measure on (X, ¢) is

pix(F) = py (73 1 (F)) = ps((myom) ™ (F)).

This requires only that 7, 7, be almost one-to-one factor maps, not that they are
resolving. We now wish to define the measures on the stable and unstable equivalence
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classes in (Y, %) and (X, ¢), from /fz , u;’ ", 71, and . In this case, it is not enough
that the factor maps are almost one-to-one; resolving plays an important role in what
follows. We begin by stating the following result which is proved by the second author
in [8]].

Proposition 3.3 Let (Y, ) and (X, ) be irreducible Smale spaces and let m: Y —
X be an almost one-to-one u-resolving factor map. If x € X with 7 '(x) =

1, y2, -5 Y} then
@) = U YO,
i=1
and the union is disjoint. Moreover, using the topologies from the introduction, for each

1<i<mn
T

vt Y'(yi) — X"(x)

is a homeomorphism.

Lemma 3.4 Let (Y, ) and (X, @) be irreducible Smale spaces and let m: Y — X be
an almost one-to-one u-resolving factor map. Fix y € Y, theset {y’ € Y(y) | n(y’) =

7(j) for some § # y'} has iy’ measure zero. In other words, m|y+(,) is one-to-one yy’
almost everywhere.

Proof AsY is compact, we may cover Y with a finite number of sets of the form U; =
(Y*(z;,0:),Y(z;,6;)]. FixU;and y € U, let B; = [Y*(z;,6), y], Ci = [y, Y*(z,67)],
so we can write U; = [B;, C;].

LetS; = {y’ € C; | m(y") = w(y) for some y # y'}. Since 7 is u-resolving, the
setU;N{y’ € Y| 7n(y") = n(z) forsomez # y'} = [B;,S;]. Now, we know that =
is one-to-one py almost everywhere, so

0=y ([Bi,Si]) = py” By’ (Si).
We also know that
0 # uy(U;) = uy([B;,Ci1) = py” By (Cy).
So 1y’ (B;) # 0 and thus 1y’ (S;) = 0. The conclusion follows. [ |

Note that the analogous result with an s-resolving map and 1y also holds.

Proposition 3.5 Let (Y,v) and (X, @) be irreducible Smale spaces and let w: Y — X
be an almost one-to-one u-resolving factor map. Let x € X and y;, y, € © '{x}. Let
B C X"(x, €) be a Borel set, then jy”" (m~1(B)) = py”* (7 ~1(B)).

Proof For each z; € Y*(y) there exists a unique z, € Y*“(y,) such that 7(z;) =
m(z,). Consider the following set:

E={zn €Y'() |z e Y ()

and its compliment in Y*(y,), E°. We will show that " (E°) = 0, and that on E the

u,y2

map defined by f(z;) = z, takes the measure py”" to p1y””.
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We begin by showing that E is non-empty. Fix x € X such that x has a unique
pre-image under m, 7~ '{x} = {y}. Now, since Y*(y) is dense in Y, we can find a se-
quence {z;} C Y*(y;) such that z; — y. Now consider the sequence {z/} C Y*(y,),
where 7(z;) = w(z]). By the compactness of Y, {z/} has a convergent subsequence
{2/ }. Denote the limit of this subsequence by y’. Now by the continuity of 7 we have

n(y") =7(lim z/) = lim 7(z;) = lim 7(z,) = 7n(lim z,) = 7(y) = x.
k— o0 k—oo k— o0 k— o0

As x has a unique pre-image, we see that y’ = y. It follows that for k sufficiently
large, d(z;,, zi’k) < €. Therefore, by [8} Lemma 3.3] we have z;, ~ zi’k, and hence E is
non-empty.

We now show that E is open in Y*(y;). Let z; € E. Since z X z,, we can
find n large enough so that d(¢"(z;),4¥"(z;)) < €/3. Choose § small enough so
that Y*(¢"(21,0)) C Y*(¢"(z1), €x/3) and choose U(¢"(2,)) C Y*(¢"(z2),€x/3),
where 7(U(¢¥"(22))) = 7(Y*(¥"(21),6)). Let Ay = ="(Y*(¥"(21),0)), Ay =
Y "(U(1)"(z3))). Now for each z € Ay, the unique z’ € A, such that 7(z) = 7 (z’)
is such that d(¢"(2),¢"(z")) < €, and w(1)"(z)) = 7(¢p"(z)). By [8l Lemma 3.3] we
have that ¢)"(z) ~ 1" (z’) and therefore z ~ z’. So A; € E, and hence E is open.

Now E open (and non-empty) implies that ;"' (E) > 0, and since E is ¥-invariant
and uy”"' (Y(E)) = Apuy”" (E), we must have that py”" (E) = oo.

We now show that on the set E the map f(z;) = z, takes uy”" to uy”. Let n,
Ay, A, be as above. Then for z € A; the map f(z) = z' € A, can be written as
f(z) = ¥7"([Y"(2),19"(22)]). So for a Borel set B C A we have

py o f(B) = py”* (7" (["(B), 4" (22)]) )
= A"y ([U"(B), " (22)])
= A"y (¥"(B)) = py”" (B).

It remains to show that uy”"' (E) = 0 (by the above 9)-invariance remark, the

measure of E° is either 0 or c0). Fix y € Y*(y1), § < €y/2 and consider the sets
A =[ENY*(y,0),Y(y,0)], Ay = [EENY*(y,8),Y*(y,0)]. We know that

py (A1) = py” (ENY"(y,8) wy” (Y*(y,6)) >0

and
py(A2) = py” (E°NY"(y,8)) 1y (Y5, 9)) -

Since py’ (Y*(y,8)) > 0, to prove that uy”'(E) =0 it suffices to show that
ty(Az) = 0. To this end consider ¥(A;). A typical point z € A, can be written
z € Y(Z',6), where 2/ = [z,y] € E*. So ¥(z) € ¥(Y*(',8)) C Y(¥(2),0),
where 1(z’') € E°. This shows that A; N ¢¥(A;) = <. Similarly we can show that
AN wk(Az) = @ for any k > 0. However, 9 is strong mixing with respect to py, so

we have
py (A py (Az) = lim py (A N 94(Ay) = v (@) = 0.
Since we know piy(A;) > 0, we have iy (A;) = 0, and hence " (E°) = 0. [ ]
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We state the following result that was proved by the second author as [[10, Theorem
2.5.3].

Theorem 3.6 Let (Y, ) and (X, ) be Smale spaces and let m: Y — X be an almost
one-to-one u-resolving factor map. There is a constant M > 1 such that:

(i) forany x € X thereexist yy, ..., yx with K < M such that
K
(X)) = U Y (s
i=k

(ii) foranyx € X,#n '{x} < M.

The previous two results allow us to make the following definition.

Definition 3.7 Let (Y,) and (X, ) be irreducible Smale spaces and let 7: Y — X
be an almost one-to-one u-resolving factor map. Let x € X. Fix y € 7~ '{x}, and fix
{y1,...,yk} asin Theorem[3.6

Define measures on X*(x), X“(x) by

K

SX * S, Vk wx % Uy

UX—E TRy, Hx =T Hy”-
k=1

Remark 3.8 We have stated Definition 3.7] in terms of an almost one-to-one u-
resolving factor map. Given two Smale spaces and an almost one-to-one s-resolving
factor map, we would make the analogous definition, interchanging roles of stable
and unstable sets.

Proposition 3.9 Let (Y,v), (X, ) be irreducible Smale spaces and let m: Y — X
be an almost one-to-one resolving factor map (s or u-resolving). Suppose Y satisfies the
conclusion of Theorem 2.1l With the measures defined in Definition[3.7] X also satisfies
the conclusion of Theorem 2.1

Proof We prove the result in the case that 7 is u-resolving. The s-resolving case
is completely analogous. Let x € X and let C = X’(x1,0) C X’(x,¢), B =
X"(x,0) C X"(x,e). Fix y € Y and U(y) C Y“(y) such that 7(y) = x,,
m(U(y)) = X"(x2,0) = B. We need to show the following:

(i) px([B,C]) = py (B)uy (C)s
(i) For z close to x, py™ (B) = uy*([B, z]);

(i) 15" (0(B)) = Ay (B);
(iv) For z close to x, uy (C) = py*([z,C));

V) 1 (@(C) = A ().
We will prove item (ii) first, as we will use this result in the proof of item (i).
(ii) We can find y’ € 7~ !(z) such that y’ is “close” to y. Then
P (B) = i (U(y)) = e (1U (), 1) = e (= (UG, ¥'1))
but 7([U(y), y']) = [7(U(y)),7(y")] and 7(U(y)) = B, w(y’) = z, so we have

px (B) = px* (7 (U, ¥'1)) = px*([x(UW),7(y)]) = px*([B,2]).
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(1) Since C C X%(x, €) is open with compact closure, by Lemma 3.6 we can write

™ (C)=UC],
i=1

where C/ C Y*(y;) for some y; € Y. Moreover, we write each C/ as a disjoint union
of finitely many sets

U Cl]7

where C,»’j C Y(yij,ev/2),and y;j € Ci’j. Let x;; = m(yij), and let B;; = [B, x;;]. Let
B,-’j C Y*(yi;) be such that 7: Bi’j — Bjj is a homeomorphism. We can then write

[B,C] = W(U[Bl], )

So

px([B,CI) Zuy< Bj;,C ) Z“Y L)) = S B (C).
]

ij

Now uy’y”(B’ ) = uy (Bij) = px*(B) forall i, j (by part (ii)), so we have

px([B,C) = uy (B)Z/fyy”(c,])—u (B)ZW'(C{)— *(B)ux ()

i) " (e(B) = uy" (VW) =My (U() = Mi™(B).
(iv) We can find y’ € 7~ !(2) such that y’ € Y"(y,¢€). Let x;j, yij, C/, Ci’j be as in
part (1) Let Cij = ﬂ'(ci/j)’ Zij = [Z,X,‘]‘], C(Z)ij = [Z, Cij], yl/] € Tril(Zl‘j) s.t. yi/j S

Y¥(y;j,€) and Ci’j = [y{;,C};]. Then z;; = 7(y)), Cij = w(C})), W(Ci/j) = [z, Cijl,
and UC(z);; = [z, UC;;] = [z,C], so

u;{‘(ozz (e ZW”(C{,-)

—Z VICh) = 1 (UC(@)) = i ([2,C))

W) Mx)(sa(C))*Z;f“ W(C)) =Y A (C) =20, -
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Proof of Theorem[2.1l As in [9} Cor. 1.4], for the irreducible Smale space (X, ¢) we
can find another irreducible Smale space (Y, ¢) and an irreducible SFT (¥, o), as well
as almost one-to-one factor maps m;: X — Y, m: Y — X such that 7 is s-resolving
and m, is u-resolving. The conclusion then follows from Proposition 3.1l and two
applications of Proposition ]

4 Proof of Main Result

To prove Theorem [2.5] we first establish the result for a mixing SFT and use the ma-
chinery of resolving maps to obtain the more general result.

Proposition 4.1 Let (X, 0) be a mixing SFT. Fixx,y € 3, n,m € 7 and define

B={zeX|zi=x Vi <n}=3hx) C Z"x,ex)
C={zeX|z=y;Vi>—-m+1} =% (y) C Z(y,ex).

For each function f € C(X) we have

iim [ fasc = [ faus.
k—o00 » b

In other words, Ng,c — Wy, in the weak-* topology.

Proof Let A be the adjacency matrix for the SFT. It suffices to prove the result for
a function of the form ¢/(§) = xg(), where Ej(§) = ;s j/(§). Now for k >
max{n+1,m+1},

k
/ i ¢ = s (Eie)) — TS M hic)
) #hB,C

Consider a point z € Ej(¢) N hlé,c' Since z € E(§),zp, = & forall =1+1 < p <,
and since z € h§7c,zp =xpforallp < n—-kz, =y,forallp > —m+1+k
Therefore the number of points in E(£) N K . is equal to the number of paths of
length —/+1—(n—k)—1 = k— (n+]) from t(dk(x),kw,) =t(x,) =vitoi(§_;41) =
v;s, which equals AZT("”) times the number of paths of length —m+1+k—1—1=
k— (m+1) from t(&) = vjr 10 i(0 X ()k_m1) = i(y_ms1) = v; Or A’;fj<'"”>. The
number of points in hgc is the number of paths from t(c*(x) _ts,) = t(x,) = i to

i D) = i) = vj, or Afj—‘f("w). We therefore have

k—(n+l)Ak—(m+l)
K i Ay

/el(g)dﬂB-,C = 2k—(n+m)

by Aij
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and
lim / e
k—o00 »
k—(n+l) pk— 1
oA (n+ )Ajlj(nﬁ ) ' eiAkf(nJrl)ei/ej,Akf(erl)ej
= lim ————>— = lim T
k—o0 A nm) k—o00 e;A? (”“")e]'

1]
B )\_2[ e; limk()\fk+(n+l)Ak7(n+l))ei/ejl limk()\fk+(m+l)Ak7(m+l))ej
- e limk(A72k+(n+m)A2k7(n+m))e].

B )\,Z,ei(uruz)ei'ejf(uruz)ej

by [6, Thm. 4.5.12
ei(u upe; by m D

_ )\leur(i)ul(i/)”r(j,)(ul(j)
u () ()

= A (1) = (S () = / () dps. -
b
In the above, the choice of the sets B, C, is limited to certain basic sets. We now

wish to extend this result to open sets with compact closure B’ C ¥%(x), C' C X*(x).
To do this we will first need the following lemmas.

Lemma 4.2 Let (3, 0) be a mixing SFT. Fixx,y € ¥, n,m € Z and define

B={zeX|zi=xVi <n}=3h(x) C Z"(x,ex)
C={zeX|z=y;Vi>-m+1} =% (y) C Xy, ex).
Then
lim A\~%#HE . = 1 (B (©),
k— o0 ’

where log(A) = h(X, o).

Proof Lett(x,) = v; and i(y_,+1) = vj. We then have

lim A~%#h o = lim A~2A7 0
’ k—o0 ]

k— o0
_ )\7(11+m) kli{n )\72k+n+meiA2k7(n+m)ej _ )\7(”+m)eiu,ulej
00
= A" (A" w() = pg (B (C). m

Lemma 4.3 Let B C ¥*(x), C C X*(y) be open and compact. Then

lim A"k o = p8(B)s? (C),

k— o0

where log(A) = h(X, o).
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Proof If B and C are clopen, then each is a finite disjoint union of cylinder sets of
the form considered in Lemma[.2] Let

B= iBi, C
i=1

I
P

k . . e k _ k .
then for fixed k, the hB,-‘c’] are pairwise disjoint and U; jhy - = hyc. Using
Lemma[4.2] we can now write

Jlim At = Jim D N Helh e, =3 Jim Ao
ij i,j
=) u (B (Ch) = py(B)py! (C). [ |
i’j
Lemma 4.4 Let B C ¥%(x), C C X°(y) be open with compact closure. Then

lim A™2#hf o = pi (B)s? (C),

k— o0
where log(\) = h(X, o).

Proof Fixe > 0. Wecan findsets By C BC B, C ¥¥(x)andC; CC C C, C ()
such that By, B,, C}, and C, are compact and open and

HE B (C2) — € < P (B (C) < p* (B (C1) +e.

Notice that #hf, . < #h]fs,c < #hgz_cz, SO
P By (C) — € < (B (Cy) = lim A\~2#hE o < liminf \=*#h .,
k— o0 1l k— o0 ’

By (C) + € > ™ (B iy (Cy) = Jim A7Rehl oo > limsup AR .

k—o0

As this hold for all € > 0, we have

lim sup A\~ #hk o < pe*(B)us) (C) < likm inf A\~ 2k#Hk
' —00

k—o00
and hence limy_, o, )\_21‘#1111‘3,C = ME"X(B)MSZ’}’(C). [ |
We are now ready to prove the more general version of Propostion .11

Proposition 4.5 The result of PropositiondIl holds with B C ¥*(x), C C X*(y) open
with compact closure.

Proof We can write B = (J; B;,C = U,‘ C;, where each B;, C; is of the form consid-
ered in Proposition[4.]] and the unions are disjoint. For brevity we write

= hlfa,Ca ﬂk = Hga
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_ ok
= M. c;

Notice that for fixed k, the hk s are pairwise disjoint and U; ]h = hk. We can write

lim
k— o0

#hk

k _ .
R

Now let M =

/ fdus;.

sup, ¢y, | f(2)|, which is finite as f is continuous and 3 is compact. For

each k, Z #hE /#hk = 1so forany I € N we can write

k I k

#h?. #h
Y — i
lzj: T e ; #hk

1= lim
k—o0

where I is the set of all pairs (i, j) such that either i

that

“’X(B-w(c-)

T B0

and we may choose I large enough so that

i #h e
kim < oM

I
and ‘
ij

Using Lemmal[4.4land Proposition E.Ilwe now have

e

- k—>oo #I’lk /fdﬂE
L #hk
_ . i
- (kli{golz]: #hk +k1—> #hk /fd,u,]
I e 2k hk

lim

k—o00 AT 2k#hk #hk
ij

oy
It

ﬂz *(Bi)py! (C)

d 1
L (B) (C) / fps + lim

1)‘+

i7j
u%"(B sl (C))

dps
/ ! 15" (B (C)

IN
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””‘(B)u;y(C) _ €
¥ (B)us! (C)

#hk

lim E
k—o0
I+

#h@
#hk ’

2

> I, or j > I. We also know

2M°

/ fdps
o[ it [ ran
/fdu” [ raus)

#hk.
ij k
/2 fdui;
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I u,x s, k
» Bi 2y C: #hi‘
<(3 e — )|+ [ S < v e
B (C) -

k—o00

This holds for all € > 0, s0 limy_,o [5, fdp* = [, fdus [ ]

We now wish to extend this result to the mixing Smale space case. The main tool
will be resolving factor maps and the results in [9].

The following proposition allows us to extend the result of Lemma[£4lto general
mixing Smale spaces.

Proposition 4.6 Let (X, ) and (Y, 1) be mixing Smale spaces, let m: Y — X be an
almost one-to-one (s or u) resolving factor map, and suppose the conclusion of Lemma
@A holds for (Y, ). Then the conclusion of Lemmal&A holds for (X, ).

Proof Suppose 7 is u-resolving (the s-resolving case is completely analogous). Let
X1, % € Xand B C X*(x;), C C X°(x;), and let

k _ 1k k _ k
hy = hB,Cv Hx = Upc-

Now, set C' = Wfl(C). By Theorem C’' = U] C!, where the union is disjoint
and C! C Y*(y,,) for some y,; € Y. Also, fix y; € 7 !(x;), and set B’ such that
m: B’ — Bis a homeomorphism, so B’ C Y*(y;). Now

m
m
Wy oo =Uhy e #hkicr = § #H
J . , C
1

Notice that since h’g, c C Y*(¢~*(y,)) and 7 is u-resolving, 7 is one-to-one (and

hence bijective) on 1%, ... In other words #h]];C = #hg/,C/- Also, recall from Proposi-
tion[3.9 that

m
M;.(.,xl (B) — u;v)ﬂ (B/) and IUJ;XZ(C) — Z/U‘;yzj(cil)'
1
Now,
m
: —2k 41k : —2k 41k . —2ky1.k
lim A7kl = lim A", oo = lim Z/\ #hiy
m
= > wy" By (C) = g™ (B () m
1

We are now ready to prove Theorem [2.4]
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Proof of Theorem[2.4] As in [9, Cor. 1.4], for the mixing Smale space (X, ), we can
find another mixing Smale space (Y, ) and a mixing SFT (X, o), as well as almost
one-to-one factor maps m: X — Y, m: Y — X such that 7 is s-resolving and  is
u-resolving. The first conclusion then follows from Lemma 4 and two applications
of Proposition

For the second statement notice that

lim A™%*#hf . = pi“(B)uy (C).

k—o0

Hence,
lim log(\~##} ) = log(uy" (B! (C))

Jim (log(#1; ) — 2klog(A) — log(“ (B (C)) =0

¢ log(#ht ) log(1*(B)us (C))
klig}o( 2% X ¢) = 2k ) =0
] log(#h’lgc)
Jim (SRS hxg)) =0 .

The following proposition allows us to extend Proposition [4.5] from the mixing
SFT case to the mixing Smale space case and prove Theorem [2.5]

Proposition 4.7 Let (X, ) and (Y, 1) be mixing Smale spaces, let m: Y — X be an
almost one-to-one (s or u) resolving factor map, and suppose the conclusion of Theorem
holds for (Y, ). Then the conclusion of Theorem[2.5 holds for (X, ).

Proof Suppose 7 is u-resolving (the s-resolving case is completely analogous). Let
x1,% € Xand B C X"(x;), C C X°(x,), and let

Wy =Hyc, Ky = Hic.
Now, set C’ = 7~ !(C). By Theorem[3.6, C’ = |J' C/, where the union is disjoint

and C! C Y*(y,;) for some y,; € Y. Also, fix y; € m !(x;), and set B’ such that
m: B’ — Bis a homeomorphism, so B’ C Y*(y;). Now set

m m_#hk,
k _ 1k _ k kK k. B'.Cl &
hy = hB’,C’ = Uh3/7ci'7 Hx = Mg/ c = § T Hprc;-
1 1 B’ C’

Notice that since h’{, C Y*(p~*(y1)) and 7 is u-resolving, 7 is one-to-one (and hence
bijective) on h%. In other words h% = w(h%), and therefore ¥ = (uf o 7). Also
recall from Theorem [2.4] that

k .
#hB',Ci' B /iju("yz.l(cil)

klgrolo #hk TNk Wyrjcry
B/,C’ Z]‘:l Ky (Cj)
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Now, for f € C(X),

/fdux:/ (fow)d(uxom:/(fow)duy
X m—1(X) Y

lim /(f o w)dug,ﬁc, for any i, by hypothesis

k—oo Jy

. ~  wy(C)
=( lim /(foﬂ)dﬂk/ ’ =F o
<1Hoo v B,c,) ;Zﬁl 1y (CY)

m
. B’C’
(Jim > #h% [ omat)

lim /(fow)dﬂlf,: lim /(fow)d(ugzow): lim /fdué‘(. |
k—oo Jy k—oo Jy k—oo Jx

We are now ready to prove Theorem 2.5

Proof of Theorem[2.5] As in [9} Cor. 1.4], for the mixing Smale space (X, ), we can
find another mixing Smale space (Y, 1) and a mixing SFT (3, ), as well as almost
one-to-one factor maps 7wy : X — Y, m: Y — X such that 7, is s-resolving and m is
u-resolving. The conclusion then follows from Proposition [4.5]and two applications
of Proposition[4.7] [ |

Finally, we prove Theorems[2.8 and .10l

Proof of Theorems2.8land[Z.10] We assume that B, C are contained in X;,. Without
loss of generality, we assume iy = 1. Since for any n > 0, ¢"(B), ¢"(C) are both
contained in X;, (where 1+ # is interpreted modulo I), the intersection of hgc with

X; is i =1(B) N o~ *H=1(C), which we denote by h¥. Furthermore, we define

= (#HHIY 6.

z€hk

With 1 < i < T fixed, consider Theorem [2.4] applied to the system (X, o Xp)
with local unstable and stable sets ' ~!(B) and (' ~!(C). Notice also that h(X;, ©!) =
Th(X, ), so if log(A) = h(X, @), log(\) = h(X;, ¢!). It now follows that

lim #h£(\)~ % — W (G(B)) e D (1 (0)
= NTUFBINT 1Y (C) = py" (B)u (C).

k

#h
BC — I, we have

Noticing that limy i

li]{n#hﬁ,c)\_z“ = Iy (B)us (C).
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It then follows as in the proof of Theorem [2.4] that
k

b ¢
hkm Tkl = h(X, p).

We also note that Theorem 2.5 implies limy 1f = p1x,. Putting all of this together, we
have

I
hmuBC = hrn(#hBC)*1 Z 0, = llm(#thf1 Z Z 0z

z€M i=1 zenk

kilZ(S —hmz #hk'uf

zehk i=1 J 1

= hmZ

e~ #hAW *(B) 5 (C)
:hinzz T _me By )" Z i = e

i=1
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