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LOCAL TRANSFORMATIONS BETWEEN SOME
NONLINEAR DIFFUSION EQUATIONS

J. R. KING'
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Abstract

We derive local transformations mapping radially symmetric nonlinear diffusion
equations with power law or exponential diffusivities into themselves or into other
equations of a similar form. Both discrete and continuous transformations are con-
sidered. For the cases in which a continuous transformation exists, many additionat
forms of group-invariant solution may be constructed; some of these solutions may
be written in closed form. Related invariance properties of some multidimensional
diffusion equations are also exploited.

1. Introduction

It is well known that the spherically symmetric linear diffusion equation
dc 1 8 (20c
at 2 or (’ W)
is mapped into the one-dimensional equation
ac _d’C
T ~ aR?
by the simple discrete local transformation r=R, t=T, ¢ = C/R. It has
recently been noted (King [12]) that the cylindrically symmetric nonlinear

equation
%12 (,%)
at r or or
is mapped into the one-dimensional equation
9C _ o (C_l E)
80T OR OR
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322 J. R. King [2]

by the transformation r = R, =T, c= e RC. The purpose of this
paper is to derive and exploit some generalisations of these transformations.

We start in Section 2 by considering radially symmetric equations of the
form

oc 1 8 ( ~Na dc
31 = 157 (r D(c)5> (L.1)
with D(c) = ¢" and D(c) = e°. By straightforward translations and rescal-

ings our results can be extended to diffusivities D(c) = Dy(c + co)" and

D(c) = Doec/ % where D, and ¢, are arbitrary constants. We note that the
apparently more general equation

dc 10 k ac
E =X 5}' (x D(C)a—x>
discussed by Hill and Hill [10], [8] may be written in the form (1.1) with
N =2(1-0/(2-(k+1)) by writing
r=x"% 200 (k +1)/2),
provided that kK +/#2.

The transformations we derive are applied to relate known exact solutions
and to derive new ones. In Section 3 we then extend and apply known Lie
group results for multidimensional equations of the form

dc/dt =V - (D(c)Vc) (1.2)
in a similar fashion.

We conclude with some discussion and mention of some generalisations.

2. Radially symmetric equations

2.1 Introduction
This section is concerned with the equations

dc 1 0 ( ~n-1a0cC
5= (7F) D
and (7] 1 0 (7]
4 N-1 cOC
31~ 1 or (’ ¢ 5) - (22)

Since such equations can arise in contexts in which N does not represent
the dimension, we shall consider arbitrary values of N .
To simplify the algebra we first introduce

r 2—-N
= (gtm)  orvr 23)
x=Inr for N=2,
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and for (2.1)

u=c"" forn#-1, (2.4)
u=Inc forn=-1,
and for (2.2)
c
u=e;
we define
___n_ __{1-N)

with m = —1 for (2.2) corresponding to the limit n — oc. Then both (2.1)
and (2.2) may be written as

Mumg—lt‘=% forn#-1, N#2, (2.6)
2 '"‘3-2‘:-227’; forn#—-1, N=2, 2.7)
x‘%"%:%}% forn=-1, N#2, and (2.8)
2 “%-?:i;% forn=-1, N=2. (2.9)

Before proceeding to derive new mappings for (2.6)-(2.9), we first note the
following well-established continuous transformations under which they are
invariant:

(2.6)-(29 under X =x, T=t+a, U=uy; (
(2.6) and (2.7) under X = x, T =a"'t, U = au; (
(2.8)and (2.9) under X = x, T =e”t, U =u +o; (
(2.6) and (2.8) with M =Ounder X =x+a, T =t, U=u; (2.13)
(2.6)under X =a "x, T =1, U =™y, (
(27)under X =x —mlna, T=t, U= azu; (
(28)under X =ax, T=t,U=u— (M +2)Ing; (
(29 under X =x+a, T=t, U=u-2a. (2.17)

In each case a is an arbitrary constant. In what follows, we shall ignore
parameters corresponding to these transformations.
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We also note the following discrete transformations under which (2.6)-
(2.9) are invariant (in each case k is an arbitrary integer):
(2.6) and (2.7) under X = x, T = t, U = e*™/™y,
(2.8) and (2.9) under X =x, T =t¢, U = u + 2nki,
(2.6) and (2.8) under X = e(Z"k(M”))x, T=tU-=u,
(2.7) and (2.8) under X =x+nki, T=t, U = u.
These transformations can be derived in the course of the analysis which
follows, but since they are given here, we shall not usually refer to them
again.
We shall derive our mappings directly, by restricting attention to transfor-
mations of the form

X = g(x), T=t, UX,T)=h(x,u(x,t)) (2.18)
with
h(x,u)=u/f(x) for (2.6)and (2.7),
and
h(x,u)=u- f(x) for (2.8) and (2.9),

and we shall determine f(x) and g(x) in order to provide mappings be-
tween equations of the form (2.6)-(2.9). These transformations may be con-
tinuous or discrete and may map an equation into itself or into another
equation of the form (2.6)-(2.9).

The analysis for (2.8) and (2.9) is simplest, so we start with the case n =
-1.

22 n=-1

2.2.1 Derivation of transformations. The appropriate form of (2.18) for
n=-1is
X = g(x), T=1:, U=u-f(x),
and (2.8), (2.9) then transform respectively to
2 42 2 2
MU (2)' Y Loy &y
orT dx) 9gx? dx*0X gx?
2 42 2 2
2xefeuﬂl__(dg) ‘U dgﬂ_'_df

and

e

8T ~ \dx) ax?  dx?9X = 4x*’
so we must impose the conditions
d’f d’g
—2=0. -5=0,
dx dx
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giving f = fy+ fix, g = g, +&x, where f,, f|, g and g, are arbitrary
constants. Equation (2.8) then becomes

voU Me20°U

(X - go) exp({ /L X + /o8 — /18&}/8)e 57 = & (2.19)

ax’
while (2.9) maps to
8U _ 19U
exp({(f, + DX + g~ (h+ D80} /8)e gr =8 =7+ (220)

In (2.19), if M # 0 we must set
& =0, fi=0, fo=(M+2)Ing,,

which corresponds to (2.16) and gives nothing new, though by exploiting the
multivaluedness of Ing, we may also derive the discrete invariants of (2.8)
referred to in Section 2.1.

When M =0 in (2.19) we may take f, = 2g,, f, —2g, = 2Ing,, to give
a mapping from (2.8) into (2.9). The parameter f; corresponds to (2.16)
while g, corresponds to (2.13) so we set

fo=0, 8 =0, fi=2, g =1

to give
X=x, T=t, U=u-2x.

Hence the transformation

R=¢, T=t, C=e "¢ (2.21)

bc _ 0 (10c
ot~ or ar

oC 1 8 -10C
a_T'Ea—R(RC a_R)'

This transformation has already been referred to in Section 1. Turning now
to {2.20), by choosing

/=0, &=0, fi=-2, g=I
we have a mapping from (2.9) into (2.8) with M = 0 taking the form
X=x, T=t, U=u+2x.

maps

into

Hence
R=Inr, T=t, C=rc (2.22)
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maps
dc 10 -10c¢
into
oC 0 -10C
ﬁ‘ﬁ@’ﬁf (224)
This is the inverse of the mapping (2.21) and will be exploited shortly. Choos-
ing

fi+2=2g, fo—28,=2Ing,

in (2.20) we have a mapping of (2.9) into itself. The parameter g, corre-
sponds to (2.17) and we set

& =0, g=1+8, fo=2In(1+ B), fi=28,
where f is an arbitrary constant. Hence
X=(1+pB)x, T=t, U=u-2px—-2In(l+ ) (2.25)

so that
R=r", 1T=¢, c=0+p"%* (2.26)

maps (2.23) into itself.

The transformations we have derived for (2.8) and (2.9) could be spotted
without the analysis given here, but the value of the systematic approach will
become more evident in dealing with (2.6).

Nariboli [15] went some way towards giving a Lie group analysis for an
equation equivalent to (1.1) with N =2 and N =3 (aswellas N = 1),
but does not give a result corresponding to the continuous transformation
(2.26). Mapping (2.9) into (2.8) with M = 0 maps invariance properties of
the former into those of the latter as follows: (2.10) goes to (2.10), (2.12) to
(2.12), (2.17) to (2.13), and (2.25) to (2.8) (with a =1+ f).

2.2.2 Applications of transformations. The transformations that we have
derived here have already been used to derive some exact solutions in King
[12], but some further results may also be noted.

We start by listing the similarity solutions of (2.24) together with the so-
lutions of (2.23) to which they map; in each case y is an arbitrary constant.

(i) C=FR-T), c=e " f(rle");
(i) C=T"2FR/T), c=r4"2Fnr/7); (227
(i) C=e ?TFR/eT), c=re ' F(nr/e™);

(ivy C=TF(R+yInT), c=t 7fr/’); (2.28)

https://doi.org/10.1017/50334270000007074 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000007074

7 Local transformations 327

where in (i) and (iv) f(n) = r)_zF (Inn). It is evident from (2.26) also that
solutions to (2.23) of the form (2.28) for all values of y # 0 can be derived
from the solution for a single y.

Further exact solutions to (2.23) of the form (2.27) not noted in King

[12] are the general solution of the form ¢ = r 2F (Inr/ t%) corresponding

to taking y = % in (2.27), which can be derived from the Fujita [6] solution

to (2.24), and the separable solution ¢ = tr F (Inr) which corresponds to
y = 0. In the latter case we have

d -1dF
aR (F dR) F
with general solution

4
F(R) = F,/ sinh’ {(%) (R+RO)}

where F, and R, are arbitrary constants. We note that if we write the
separable solutions to (2.24) and (2.23) in the forms
C =Te*® c=te’"

we have 5

¥ _ v 14d (,éz) —e¥,

dR? r
and the transformation (2.22) reads

R=Inr, ¥Y=y+2inr,

giving the usual transformation between the one-dimensional and cylindri-
cally symmetric Liouville equations.
23 n=-1

2.3.1 Derivation of transformations. We now turn to (2.6) and (2.7), the
required form of (2.18) then being

X=gx), T=t, U=u/f(x).
Under this transformation (2.6) and (2.7) become, respectively,

M mdU _ . (dg 25%U df dg oU  df
T (H) ax? T\%axax t f ax+d 2U>
(2.29)
and
JRAprT maU_ dg\?o’U df dg oU  d'f
r f(dx) 5?+(2dxdx+f 8X+d2U
(2.30)

https://doi.org/10.1017/50334270000007074 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000007074

328 J. R. King [8]

Hence we must impose conditions
df o wwgfég
dx? ’ dx dx

so that f = f, + fix where f; and f, are arbitrary constants. If f, =
O then g = g, + g,x where g, and g, are arbitrary constants, and this
transformation is simply a rescaling of u# and a translation and rescaling
of x. We may therefore limit discussion to the case f # 0 when g =

& + & /(fy+ fix). Writing g, = -F,/F,, g = 1/F, gives

1 1
= F ,
£= (A+A 0)
so that (Fy + F, X)(f, + f,x) = 1. Equations (2.29) and (2.30) now read,

respectively,
M+2 52
~(m+M+4) oU o°U
(F,+ Fx)™" U—@Q—AﬂX)U%ﬁﬁ=;zaF (2.31)
1
and
(Fy+ F,.X)""" ¥ exp (f, (———FO+F1X j;))) 37 F2 ax2 (2.32)

Since F, # 0, (2.32) cannot be written in the form (2.6)-(2.9) so we obtain
no new results for (2.7). For (2.6), however, there are a variety of possibil-
ities; (2.31) becomes an equation of the form (2.6) in all the following five
cases:
(i) M=0, F,=0.
Imposing F,"*2f? = 1, (2.31) then reads
2
(m+ay, mOU _0°U
X U 9T 6X2 .
The parameter f; corresponds to (2.13) and f; to (2.14) so taking
fo=0, fi=1, Fy=0, F =1
the transformation is
=1/x, T=t, U=u/x.

(i) m+M+4=0, f,=0.

Imposing F, = M *2 (2.31) now reads
mdU _8°U
U ST = (2.33)
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F, corresponds to the invariance of (2.33) under translations of X, and f]
corresponds to (2.14) so taking

=0, fi=1, F,=0, F =1
yields
X=1/x, T=t, U=u/x. (2.34)
This is the inverse of the transformation given in (i). The condition
m+ M + 4 =0 is equivalent to
n=-2(N-3)/(N-4) (2.35)

and the transformation (2.34) becomes for N # 4

’ N-2 ’ —(N-4)
R = (IN——j_I) s T=t, C= <M) ¢, (2.36)

which maps (2.1} into

2N~
ocC 0 (C M@C)

= Ty 2
oT OR OR

when the condition (2.35) holds. Thus when n = —~2(N — 3)/(N — 4), the
radially symmetric equation (2.1) maps to its one-dimensional equivalent.
For N =3 we have n = 0, giving the usual reduction for linear diffusion.
As N — 2 wehave n — —1 asin Section 2.2, For N =1 we have n = —-4/3
and this case is discussed in more detail below. Finally, for N = 4 we have
a transformation from

(2.37)

dc 1 0 (3 .0c
5= 35 (r e 57) (2.38)
10 acC o ocC
c
3T ~ 3R (e a_R) (2:39)
given by
R=r*/4, T=t, C=c+2In(r/2). (2.40)
(ii) f,=0, F,=0.
Imposing F,"*™*2 fM*2 = 1 (2.31) now reads
2
~(m+M+4), mOU _ 8°U
X U T = ot (2.41)
Taking
f6=0, -fl=l’ F0=0, Fl=l
we have
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giving a transformation between (2.6) and (2.41). Equation (2.1) with
n # —2/N is mapped into

ocC 1 7] n8C
3T R"_N,_l 3R ( “Ic a—R> (2.42)
where )
22n— N+ 4) 22n—-N +4)
N=2o 27 = 2.43
(hN+2) ° (nN' +2) ( )
by the transformation
R< 2(n +]:])(N2 2) ‘ (IN 2|)2(n+1) r—1.
nur / (2.44)

€= (INr—2I) ¢

The transformation (2.36) is a special case of (2.44) correspondingto N' = 1.
Similarly, equation (2.2) is mapped into

E 1 RUM-1, cdC
8T ~— RWM-T 16R dR

by

R=42(NN_2)’(|N:2|)¥, T=t, C=c+(N—2)1n(|7VL_2—|).

(2.45)

The transformation (2.45) generalises (2.40).
From (2.43) we see that we have a mapping from N =3 to N' =1 (or
vice versa) if n=0,from N=1to N =1 if n=-4/3, and from N =3

to N' = 3 if n = —4/5. The transformation gives a discrete mapping of
(2.1) into itself when N' = N so that n = —4/(N + 2); in this case (2.44)
reads

=|N=2%"", T=u, =(r/IN-2)"*c. (2.46)

(iv) M=0, m= -4,
This implies N =1 and n = —4/3 and imposing fl2 = Fl2 , (2.31) reads
ytou _o'U
0T 9R?
so that we have mapped (2.8) into itself. The parameters f, and F, are
arbitrary, corresponding respectively to translations of x and X . Choosing

=1, f,=B8, F,=1, F=-§,

(2.47)
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where B is an arbitrary constant, gives the continuous transformation

X u
= _1—+_ﬂx , T=t, U= m s
so that the transformation
r 3
R_1+ﬂr’ T=t, C=(1+8r)c (2.48)
maps
Oc 0 [ -40c
e (12

into itself,

It is well known that (2.49) possesses one more group invariant than (2.1)
for N =1 with n # —4/3 and the form of the infinitesimals correspond-
ing to (2.48) has been established by Lie group methods (see, for example,
Ovsiannikov [16] and Nariboli [15]). The global form of the invariant ex-
pressed by (2.48) may alternatively be derived from the infinitesimals, and
is exploited below.

Vy m+M+4=0, fFp=1.

Then we impose f3” (—F,/f,)*? = 1 and (2.31) becomes
M Um _(?_U _ 62U
0T ~ 9x?
so that (2.6) is mapped into itself. Choosing
f;):l, fi:ﬂ, F0=l’ Fl=_ﬂ’
where f is again an arbitrary constant, gives
X u
X—1+ﬂx’ T=t U_1+ﬂx’
which is a continuous mapping of (2.6) into itself. The case m+M +4 =0,
giving n = -2(N-3)/(N—4), also arises in (ii) above where a transformation
to (2.33) corresponding to M = 0 is given. The invariance properties of (2.6)
with m + M + 4 = 0 map under (2.34) to those of (2.6) with M = 0 as
follows: (2.10) goes to (2.10), (2.11) goes to (2.11), (2.14) goes to (2.14), and

(2.50) goes to (2.13) (with a = B). Equation (2.50) leads to the following
continuous mapping of (2.1) with n = -2(N — 3)/(N — 4) into itself:

X

(2.50)

R= (rN—2 + y)w‘:z

where

. T=t, C=Q+p V¥, (251

y=BIN 2",
In addition, (2.2) with N = 4 is mapped into itself by

R=(P+4p)}, T=t, C=c—In(1+48/r"). (2.52)
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2.3.2 Summary. We have derived the following for N #2, n# —1;
(I) Discrete transformations

(a) Equation (2.1) is mapped to
8C _ 10 (pN-10ndCY
8T ~ gN'-19R AR
where N' =2(2n — N +4)/(nN +2) by,

2(n + 1)(N - 2) ro O\ % _
nN +2 IN =2 ’ =b

N-2

r n+1
€= (!N—2|) x

see (2.42)—(2.44). When n = —2(N — 3)/(N — 4) we have N’ = 1;
see (2.35)-(2.37). When n = —4/(N +2) we have N' = N; see

R=

(2.46).
(b) Equation (2.2) is mapped to
oC _ 1 0 (4/N)—1 CBC
8T ~ REUM-T 3R (R aR) (2.53)
by

R= .2<N 2>’(|N 2|)*, T—1, c=c+(N_z)m(W'__2|);

see (2.45). When N = 4, (2.53) becomes (2.39); see (2.38)—(2.40).
When N = -2, (2.2) is mapped into itself.

(II) Continuous transformations
(a) When n=-2(N -3)/(N —4), (2.1) is mapped to itself by

N=2 ) w3

R=(r +7y , T=t, C=(l+yr_(N—2))Hc;

see (2.51). For the specialisation of this result for N =1, n=—-4/3,
see (2.48)—(2.49).
(b) When N =4, (2.2) is mapped into itself by

R=(r2+y)%, T=t, C=c—ln(1+y/r2);
see (2.52).

2.3.3 Application of transformations. Many exact solutions to (2.1) are al-
ready known (see, for example, Lacey et al. [14], Hill [10], Hill and Hill [8]
and King [12]) and our transformations may be used to derive new solutions
from these.
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In particular, (2.1) and (2.42) have the following classes of similarity so-
lution which are mapped into one another by (2.44):

G) c=1°f (r/t*““”“)) . Cc=T"F (R/T*“‘"A’) , (2.54)
where a is an arbitrary constant and

(nN+2)a—(N-2) 2(n+1a+ (N -2)

4= 2n+ 1) T N 12)

(i) c=ef(re?"™), C=eTF (Ret™T)
where
(nN+2)a _2(n+1)a

2(n+1)  (aN'+2)°

Closed-form solutions of the type (2.54) are known for a = N/(nN +2) (the
instantaneous source solution) and a = 1/(n + 1) (the ‘dipole’ solution); see
King [12] and references therein. These map respectively to solutions with

=1/(n+1) and 4= N'/(nN'+2) and therefore give little new. We note,

however, that in King [12] the general similarity solution of ‘dipole’ form
(i.e. for a = 1/(n + 1)) was constructed for n = %N — 2 and this maps to
the similarity solution C = F (R/T%) of (2.42) with N’ = 0. This solution
is also easily constructed directly; writing ¥ = R/T 4 gives

dF d ( ndF)

A=

—2Ya'Y Yoy Y Fd_Y

F " 1 2
/F. F—FODF‘_ZY ’
where F, and F, are arbitrary constants.

Further progress is possible in the special case n = ~2(N - 3)/(N — 4)
when (2.36) maps (2.1) to (2.37) and the continuous transformation (2.51)
mapping (2.1) into itself exists.

From (2.51) it follows that if ¢ = g(r, t) satisfies

dc 1 8<N- _L_JBC)
= rc

so that

(2.55)

— = w4
ot JPN-1or or

then so does
= (M) (g (M2 4y )

for any value of y. In particular, we may generalise the similarity solutions
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listed above as follows:
@) o=t (ret* (D) 2.56)
maps to

c= 101 4 pr VD)= £ ((rN_2+y)Wj'7 /t5+(x-—-:3)a) .

Similarity solutions equivalent to this form were discussed by Hill [10] for
the case N =1, n = —4/3; the fact that they could be derived directly from
the standard similarity forms (2.56) was not noted however.

() c=e ¥f (r / exp ((—Ilz—__—i) at))

maps to
N—4

oo (1 +yr—(N—Z))_(ﬁ)f((rN—2+y)ﬁJ-z /exr’(<11:/’_:—3) at)) )

Closed-form solutions to (2.55) are given by the instantaneous source solution

- 2!N—4!
- _N(N=3) _ (N—3)
Cc = —(iﬁi (u[ (N=2) +r2t l)
2(N -2
and the ‘dipole’ solution
—'(_ZN—_L“J)
(N—

c= Nt (N - 3)2 (ﬂt—(N—Z&) + r2(N—2)t—l) ’
2(N -2)

where in each case u is an arbitrary constant. Using (2.51) these map to

_ — _(N—4
c=r"TH N T 4y

N(N-3 _%(I_VN;-% (2.57)
X {__(_Iv_:i)_ <ﬂl_ -2 4 (rN—Z + y)ﬁg?zt_l) }

2(N -2)?
and
-3
N—4 (N-=-3) —(N-3) N-2 2 -1
c=r —— (ut +(r + )t 2.58
{ AN —2) (/t ( ?) ) (2.58)

respectively. When N = 1 these two solutions are equivalent and correspond
to the ‘source-dipole’ solution derived by Hill [10], [8].

We may also exploit the reduction to (2.37) to derive new solutions. The
instantaneous source and dipole solutions of (2.37) lead (using the invariance
of (2.37) under translations of R ) respectively to (2.58) and (2.57). Equation
(2.37) has additional similarity solutions not shared by (2.1) with N # 1 as
follows:

(iii) C =F(R—-qT), where q is arbitrary constant.
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These are the travelling waves and map under (2.36) to solutions of (2.55)

of the form
N-4 N-2
r r
o= (=) F((IN—ZI) “’T)'

F can be determined exactly in the form

F—Z(N 3)/(N-4)
/ E UF - —q(R-qT),

where F, and F, are arbitrary constants. Taking F, = F, =0 gives

(N—4)
_ [2(N-3) Y
C—{—(WQ(R—QT)} )

and this leads to

_ _N-4 2(N-3) N-2

}—%ﬁv;-%

(where B =gq|N — 2IN _2) as a solution to (2.55). This solution may also be
written in the form (2.56) with a = —(N — 4)?/2(N = 2)(N - 3).

(N-3)
(iv) C=T**3F(R+ ulnT), where u is an arbitrary constant.

This maps to solutions of (2.55) of the form

N-4 N-2
(N—3) r r
— 12(N-2)
c=t (lN—2|> F((IN—Zl) +/Alnt) .

When u =0 we have the separable solutions to both (2.37) and (2.55). The
former is easily expressed in terms of quadratures (see, for example, Hill
[10]) and may be used to deduce the latter.

We note that all our additional similarity forms (as well as the one-
parameter group represented by (2.51)) can also be derived by standard Lie
group methods. When N =1,s0 n=—-4/3, (2.36) reads

R=r_1, T=t, C=r

and gives a discrete transformation of (2.49) into itself. This case also pos-
sesses the continuous transformation (2.48) which is a special case of (2.51)
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and this leads to further additional similarity forms as follows:
(i) c= f(r—gqt) (2.59)

maps to

c=(l+/>’r)_3f(l+rﬂr—-qt>.

(iv) c=tif(r+pulng

maps to
r

c= z5*(1+;3r)‘3f<1

+
In particular, a solution of the form (2.59),

c= (%q(r - qt))—% ,
_3

=t (fo e

as a further solution to (2.49).

Br +ulnt) .

gives

3. Multidimensional diffusion

3.1 Introduction
In this section we shall exploit and extend known Lie group results for
equations of the form

— =V-(c Vo) (3.1

in both two and three dimensions.

Lie group methods are well established for nonlinear diffusion equations.
The one-dimensional problem was first considered by Ovsiannikov [16] and
later by Nariboli [15], Ames [1], Bluman and Cole [3] and Hill [9). Higher
dimensional problems have been studied by Nariboli [15], Branson and Steeb
[2], Dorodnitsyn et al. [5] (see also Galaktionov et al. [7]), Kersten and
Gragert [11] and Yang et al. [18]. These references show that in N di-
mensions the invariance group of (3.1) possesses extra parameters when
n = —4/(N + 2); as we have already seen, when restricted to the radially
symmetric equation, the extra invariant for this case with N > 2 turns out
to be a discrete one. In the special case N =2, n = —1 the group becomes
infinite-dimensional, as first noted by Nariboli [15].

We shall limit discussion to this two-dimensional case when

dc 0 ( —10c 0 ( —10c
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and to the three-dimensional case

dc 8 -3 dc a -36c i(_§6c)

3t~ ax (C 8x)+6y( 6y>+62 ¢’3z) B3
32 ¢, = (c_lcx)x + (c'lcy)y

Considering now (3.2), the infinite-dimensional group can be determined
directly by seeking a transformation

X=X(x,y), Y=Y(x,y), T=t, (3.4)
C(X,Y, T)=c(x,y, t)/f(x,) '
to give
2 aX d (10C
6 X X
i —16C)
oY
X 6Y 0X dY
1
2{6x Bx ay 6y} (nC
8% x 6X -18C oY 9Y -10C
{ 2}C 6—X+{32+ay2}c Y
Py
+ | —(nf)+ —(In ,
(Zm+ Z-au)
which gives a mapping of (3.2) into itself provided that
6X)2 (ax 2 (6Y)2 (aY)
Z) (=) =(5=) + =/
Ox dy 0x oy
oX oY  9X 3Y _
dx 8x ' Ay oy ~
a'x a'x %Y aY 02 8?
+ = In f) + Inf) =
ax? 8y2 6x2 ( 7 y2( )
This implies that, without loss of generality,
o0X o90Y X ayY
ax =8y’ 8y~ ox 3

so that X and Y are harmonic conjugates, and

~(5) (%)
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Writing z =x + iy, Z(z) =X +iY it follows that

az
dz

2

f=

so that J
Z
In f =Re (Zln E)

and the condition
2 2

0 0
Ec—z(lnf)+52—(lnf)—0

is automatically satisfied.
The transformation (3.4) thus reads

X =X(x,y), Y=Y(x,y), T=1,

c(x,y,t)={(g_i()2+(%_;\;>2}c(x’Y’T) (3.6)

where X and Y satisfy (3.5) but are otherwise arbitrary.

This transformation may be of value numerically in mapping a problem for
(3.2) on a complicated region to one on a computationally more convenient
one.

When X and Y are chosen such that the transformation is a continuous
one, the infinitesimals corresponding to (3.6) are equivalent to those given in
Nariboli [15] and Dorodnitsyn et al [5]. The transformation (3.6) can also
be a discrete one. As an example of the latter we note, after first defining

X =rcosf, y=rsinf, X =Rcos© Y = Rsin®,
that writing Z =1In z gives
X=Inr, Y=6, T=t, C=rc,

and this is a generalisation of the discrete transformation (2.22) between
cylindrically symmetric and one-dimensional versions of (3.2). As an exam-
ple of a continuous transformation we write Z = 2" 10 give

R=""* e=+po, T=t, C=Q1+pHr %,

which generalises (2.26).
The transformation (3.6) enables many new solutions to (3.2) to be con-
structed. If ¢ = g(x, t) is any solution to

dc 0 -10c¢
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it follows from (3.6) that

. {(%)2 + (%)2} (X(x, ), ) (3.8)

satisfies (3.2) for any harmonic function X(x, y). The question of deter-
mining whether given initial data for a Cauchy problem for (3.2) leads to
a solution in the essentially one-dimensional form (3.8) is addressed in the
Appendix. Here we exploit known similarity solutions of (3.7) as follows:
(1) c¢= f(x—qt), where g is an arbitrary constant. Possible forms are

¢ = fo/(1— e ")
where f, is an arbitrary constant, and
c=1/q(x —q1),
corresponding to f; = 0. These give two-dimensional solutions
2

X2 ax
{8+ ()b

1 — e~ 2h(X=a1) and ¢= a(X —qt)
1+

C =

the latter solution becomes
B (1+ g)*r*
g(r'cos(1 + B8 — q1)’
which may also be written as a similarity solution of the form

c=t_l‘_:§h(i y )

(9 (T

Choosing Z = z

(ii) c=tf(x).

This solution was given in Section 2.2.2 and takes the form
Sot
sinh? {(!20) t (x+ xo)}

where f, and x, are arbitrary constants. Hence

2 2
2{(gy+ ()}
sinh? X
satisfies (3.2) for any harmonic X(x, y). We note that writing

C =

(3.9)

c= (3.10)

c=teW(x’y), (3.11)
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(3.2) becomes
o’y 8*
o (3.12)
o0x oy
the two-dimensional Liouville equation, which also possesses an infinite-
dimensional group which is easily derived from (3.6). Writing

Z=InWwW, W =u(x,y)+iv(x,y) (3.13)
(3.10) is equivalent to
) 2
s{6e’+ (8)')

(u* + v - 1)

which is a standard form for a general solution to (3.11) (see, for example,
Stuart {17} equation (5.6)). In the limiting case f, — 0, the solution (3.9)

becomes ¢ = 2¢/(x + xo)2 which maps to

)G o

In Dorodnitsyn et al [5], a very special case of the separable form
¢ = tg(x,y) was considered. By using the global form of the group we
are here immediately able to obtain the general case (3.10), together with the
singular case (3.14). As a simple example, again choosing Z = P , (3.14)
reads
2(1+ )%t

r? cos?(1 + o’

We note that separable solutions of the form ¢ = (¢, — £)g(x, y) (where ¢,
is a constant) can also be of interest. The solution in one dimension then
reads

3
c=(ty—0fy/ cosh’ { (%) (x+ xo)}

and yields the two-dimensional solution

c={(‘3—’:)2+ (%)2}(to—t)/cosh2X. (3.15)

ew(x »¥)

Equivalently, writing ¢ = (¢, - ?) now gives the Liouville equation

'y 8’y v
Ztoa=-e
dx oy

https://doi.org/10.1017/50334270000007074 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000007074

[21] Local transformations 341

and, using (3.13), (3.15) becomes

e’ = 8{(3—;)2+ <g—;)2}/(u2+v2+ 1)2,

which is equivalent to equation (5.4) of Stuart [17].

Several other exact solutions to (3.7) are also known, and these may be
used in a similar fashion to derive new two-dimensional solutions.
33 ¢, = (c_gcx)x + (c_gcy)y + (c_gcz)z

We now turn to the three-dimensional equation (3.3). The results of Bran-
son and Steeb [2], Dorodnitsyn et al [5] and Kersten and Gragert [11] show
that there are three extra parameters in the invariance group of (3.3) com-
pared to that of (3.1) in three dimensions with n # —% . We consider trans-
formations (parametrised by ¢) of the form

X=X(x,y,z;¢), Y=Y(x,y,z;¢), Z=Z(x,y,z;¢€),
T=t, C=C(x,y,z,c;¢),
with corresponding infinitesimals x*, y*, z*, ¢*, where
X~x+ex'(x,y,2), Y~y+ey(x,y,2z),
Z~z+ez'(x,y,2), C~c+ec’(x,y,z,0),
as ¢ — 0. The extra infinitesimals for (3.3) are given by
(@) x*=x*—y*— 2%, y* =2xy, z* =2xz, ¢* = -5xc,
(b) x* =2xy, y =y —x*- 2%, z* =2yz, ¢" = -5yc,
(€) x*=2xz, y =2z, 2" =2"-x*—y*, " = —5zc.
The global form of the group is given by the solution to
ax av _

;- X X, Y, 2), 7e =Y X, Y, Z),
iz _ . ic . (3.16)
“d—é——Z(X,Y,Z), E_C(X’Y’Z’C)’

with X=x, Y=y, Z=z, C=c, ate=0;
see, for example, Bluman and Cole [3]. Considering (a), and defining
r=C+y 420, R=(x*+1i+2zH},
(3.16) leads to
dy az

dR’ 2 dC
_FE—_ZXR’ EE—_SXC’
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so that
yZ=zY, yR=rY, yic=cri, (3.17)
and (3.16) also implies
4 (X\__K&
de\Y) Y
so that
yX = (x —er)Y. (3.18)
From (3.17) and (3.18) we may deduce, writing ¢ = —a,
X +ar2 y
=T o Y=Si o
1+ 2ax +a'r 1+2ax+a’r (3.19)
zZ

=— 2 .,  C=(+2ax+a’)lc.
1+ 2ax+a’r

The infinitesimals (b) and (c) lead to similar expressions and by combining
all three groups we end up with
_ X + ozr2 )
1 +2(ax + By +y2)+ (@’ + B2+ 7*)r*’
_ y+pr
C142(ax+ By+rn) + (@ + B+ } (3.20)
_ z+yr?
T 14 2(ax+By+yz)+ (@ + B+

3
C= (1 +2(ax + By +yz) + (a2 +ﬂ2 + yz)rz) c,
where a, B and y are arbitrary constants. The relation

2
2 r

1+ 2(ax + By +72) + (@ + B2+ yH)r?
also holds. We note that (3.20) corresponds to (3.19) combined with rota-
tions.

If in (3.19) we replace x by —(1/a)—x and X by X +(1/a) (we note
that we are exploiting the invariance of (3.3) under reflections of x as well
as translations) and set « =1 we obtain the discrete transformation

X=x/r*, Y=y, Z=z/F*, C=rc (3.22)
which gives R = 1/r and generalises (2.46) with N = 3. It should be
emphasised that (3.22) is not a special case of (3.20). It follows from (3.20)
that if ¢ = g(x, t) is a solution to the one-dimensional problem

bc _ 0 (-30c
7= a5 ('5) 323
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then

c= (1 +2(ax+ By +yz)+ (Ot2+192 + J’z)’z)~§

x g X+ ar /
l+2(ax+,b’y+yz)+(a2+ﬂ2+y2)r2’

is a solution to (3.3).
To give a simple example, we note that

c= (gq(x - qt)>_§ ,

where ¢ is an arbitrary constant, gives a travelling wave solution to (3.23).
Setting f =y = 0, this maps to

22\"3 /4 X +ar -1
c—(1+2ax+ar) <§q<1+2ax+a2r2_qt>> '

Applying the transformation (3.22) instead yields

-4
c= (%qrz(x - qtrz)) ,

which is equivalent to solution (11) of Yang et al [18] (with misprints cor-
rected) and gives a more straightforward derivation of it.

Other well-known exact solutions to (3.23) can similarly be used to give
three-dimensional solutions, as can (for example) solutions to (3.3) which

depend only on (x2 + yz)% and ¢.

4. Discussion

In this paper we have employed a technique of directly determining trans-
formations which is more general than a Lie group approach in the sense
that it identifies discrete as well as continuous transformations which map a
given equation into itself as well as giving transformations to other equations
of interest. An analogy may be made with the direct method of determining
similarity solutions used by Clarkson and Kruskal [4], which finds nonclassi-
cal and well as classical self-similar solutions. We have clearly not considered
the most general local transformations possible, but the ones we have con-
sidered seem the most general forms likely to give nontrivial results for the
equations studied. The form of the transformations considered can easily be
generalised, however, and this is necessary for linear diffusion (n = m = 0)

https://doi.org/10.1017/50334270000007074 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000007074

344 J. R. King [24]

where (2.6) and (2.7) become

MOou 8%u

E—ﬁ, N;éZ, (41)
2xau _ azu _

E—a—x—z, N=2. (4.2)

Making the more general transformation
X=g(x,1), T =h(1), U=u/f(x,1),
(4.1) yields

Mf@?ﬂ=f(‘_1£)zgz_u

dt 8T dx) 9x?
of dg v 9g\YoU ([8°f wmof
+(28x 6x+f 6t)8X+(ax2 *5:) Y
so that we must impose
Maf 8% f
X 5r = Yo (4.3)
and s
M08 _ 0°g  ,0f0g
ot —faxz tiox ox (4.4)
Writing g = G/f and using (4.3), (4.4) becomes
mdG 8°G
X' —=—.
ot axz

We also require that

xMZ}tl / <6x)

be independent of T, and this requires that

g=w (x# (‘%’)i + go(t)) ,

for some functions @ and g,. g must also satisfy (4.4), and this restricts
the possible forms of w, g, and /. Similar results hold for (4.2) but we
will not complete the analysis here.

The results of this paper show that the cases n = —4/(N + 2) and
n = -2(N - 3)/(N —4) are special and it is noteworthy that the two cases in
which they coincide are n=-4/3, N=1,and n=-1, N=2.

In Section 3 we used the global forms of the transformations to derive
new solutions which add significantly to the class of known genuinely mul-
tidimensional exact solutions to nonlinear diffusion equations. It is hoped
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that these solutions will provide useful test cases for codes for the numerical
solution of such equations.

Our results can be extended in a number of ways. For example, a simi-
lar analysis has been performed on more general inhomogeneous nonlinear
diffusion equations of the form

2
FGu2E = 2%,
ot o _x2
also giving new results.

Direct extensions of our solutions to other equations can be obtained using

nonlocal transformations such as those given by King [13]. In particular,

solutions to 5 5 5
[ C
3 = ox (D(C)a)

may also be used to generate solutions to

v v\ o%v ow ’w
a1 =0 (5%) 5 W—K(—axz) ’
via the relations
_ 3_'0 _Ow ¢
T ax’ T ax’
and also solutions to

c

v _ (av*) o™
a1

66‘ 6 *, * 3C‘
W-a—f(’) (c )37)’

D*(c")=D(1/c")/c**, K*(¢*) = —K(1/c"), and

* 31}' -1 - Bw‘ -
C =7——=¢C , v =ax,.. =X, X =9,

w+w' =xx", " =1.

where

These transformations are described in more detail in King [13].
An analogous hierarchy of equations may be obtained in higher dimen-
sions. Writing c =V -v, v = Vw gives

ov

—t=D(V-v)V2'v, VAv=0, (4.5)
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and 9
w 2
- = ] 4.
57 = K(V'w) (4.6)
The hodograph transformation
v =x, x'=v, =1t

may be applied to (4.5) to obtain a problem for v*(x*, ¢) and, equivalently,
the Legendre transformation

* * * *
V,.w =X, X =V,w, w+w =X-X

~

may be applied to (4.6), but the resulting equations seem unlikely to have
physical application. We note in particular the case (3.2), when (4.6) reads

ow ’w 9w
Z=h|l—+=—]. 4.7
ot n(ax2+6y2) “7
This has an infinite-dimensional group corresponding to that of (3.2); if
w(x, y, t) satisfies (4.7) then so does

w0 eon((35) + (5))

provided that X(x, y) and Y(x, y) are harmonic conjugates. An equivalent
result holds for the corresponding system of the form (4.5).

Appendix: Conditions for the reduction of the dimensionality
of initial-value problems for (3.2)

We consider the Cauchy problem for (3.2), imposing the initial condition
att =0, ¢ =cylx,¥y) for(x,y)eRz, (A.1)

together with suitable conditions at infinity. We shall derive conditions which
co(x, y) must satisfy in order for (3.2) subject to (A.1) to have a solution
which may be determined by solving the one-dimensional equation (3.7).

It is clear from (3.8) that if

ol v) = { (Z)+ (%)2} (%) (a2)

for some function g, and some harmonic X(x, y), then (3.2) has a solution
which satisfies (A.1) and takes the form (3.8) for all time, with g(X, ¢) being
determined from a solution ¢ = g(x, t) of (3.7) which satisfies the condition
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at t =0, ¢ = g,(x). We note in passing that the form of solution (3.8) gives
a similarity reduction for (3.2) resulting from the infinite-dimensional group.

We must therefore derive conditions on ¢, such that (A.2) is satisfied for
some g, and some harmonic X . The conditions derived enable g, and X
to then be constructed. We first note that if (A.2) holds then, defining

wlx,y) = 1 (—aiz(lnco) + —aiz(ln co)) R (A3)
¢ \9x ay
it follows that R
0, y) = ~ 2 (Ing,) (A4)
& dX

so that @ must be a function of X only. Then if @ # constant, we therefore
write X = X(w) and define

o(x,y)= (%% + %;_c;)) / ((%—?)2 + (?9—6;))2) . (A.S)

It then follows that

_ d’x /dx

T do? /| do’
For a given ¢,, @ can be evaluated from (A.3) and then o from (A.5).
Equation (A.6) requires that o0 depend on x and y only through @, and
this provides the first condition that ¢, needs to satisfy in order that (A.2)
hold. If this condition is met then (A.6) may be solved to give X(w), and
X(x, y) is then known. We note that if X,(w) is one solution to (A.6) then
the general solution is given by

X (w) = ky + k, X, (o) (A.7)

(A.6)

where k, and k, are arbitrary constants; k, represents a translation of X
and k, a rescaling so all solutions (A.7) are equivalent.
Once X is determined the remaining condition to be satisfied is that

u(x,y)=cy(x, )/ ((i;_i()z 4 (%)2) (A.8)

depends on x and y only through X , and this gives g,(X). Hence the two
conditions ¢, must satisfy are that:

(i) o depend only on w.
w and o are calculated from ¢, by (A.3) and (A.5). Solving (A.6)
with o(w) determined then gives X(x, y).

(ii) p depend only on X .
(A.8) defines u, and g, is then given by gy,(X) = u.
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The foregoing analysis breaks down if w = w,, a constant, so that ¢ is not
defined. Then (A.3) reads
2 52
é?(ln Co) + 6—y2(ln Co) = WyCo

and a solution is given by the separable form ¢ = (1 + wyt)c,(x, y) .

As a very simple illustration, we construct X and g, in the radially
symmetric case, which we have already shown may be reduced to a one-
dimensional problem. Writing r* = x2+ y2 s Co = Co(r) . (A.3) reads

w= Li ( j—(lnc ))
Torey dr Fart "%

s 14 (do) ] (do)?
T rdr \dr dr )
Clearly w and o are functions only of r, so that ¢ depends on x and y

only through @ and condition (i) is satisfied. (A.6) becomes

dod’X /dX _ | d'w [do
dr dp?/ do r gr? dr

and (A.5) is

o)
dwdX k
drdo 1
and
X=ky+k/nr.

Setting k, =0, k, =1 gives X =Inr so that (A.8) reads u = rzco(r) which
may be written as a function of X only and condition (ii) is satisfied, giving
8o(X) = e co(eX) . This gives the reduction mentioned in Section 1.
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