Canad. Math. Bull. Vol. 50 (1), 2007 pp. 138-148

On the Structure of the Set of Symmetric
Sequences in Orlicz Sequence Spaces

Biinyamin Sari

Abstract. 'We study the structure of the sets of symmetric sequences and spreading models of an Orlicz
sequence space equipped with partial order with respect to domination of bases. In the cases that these
sets are “small”, some descriptions of the structure of these posets are obtained.

1 Introduction

This paper is motivated by the following general problem considered by Androulakis,
Odell, Schlumprecht and Tomczak-Jaegermann [AOST]. Let SP,,(X) be the partially
ordered set of all spreading models (X;) generated by seminormalized weakly null
sequences (x;) in X. The partial order is defined by domination, that is, (X;) < (§;)
if there exists a constant K > 1 such that || >, ai%i|| < K|| >_, a;i|, for all scalars
(a;). Moreover, identify (%;) and (7;) in SP,,(X) if they are equivalent, that is, if
(%) < (7) and (7;) < (%;). What can be said about the structure of the partially
ordered set (SP,,(X), <)?

The following theorem proved in [AOST] asserts that every countable subset of
SP,,(X) admits an upper bound in SP,,(X).

Theorem 1.1  Let (C,) C (0, 00) such that )", C,' < oo and let X be a Banach
space. For alln € N, let (x'); be a normalized weakly null sequence in X having spread-
ing model (X}');. Then there exists a semi-normalized weakly null basic sequence (y;) in
X such that (7;) C,-dominates (); for alln € N.

The purpose of this paper is to study the structure of the set SP,,(X) when X is
an Orlicz sequence space. For Orlicz spaces X = ¢y, as we shall see, every spreading
model of £y is actually equivalent to a symmetric sequence in £y;. In particular, for a
reflexive ¢y, SP,,(X) coincides with the set of symmetric sequences in X. The above
quoted theorem takes a simple form for Orlicz spaces and it is particularly well illus-
trated. One of our main observation is the following. If a separable Orlicz sequence
space £y contains a symmetric sequence (equivalently, admits a spreading model) (x;)
which dominates (but is not equivalent to) the unit vector basis of £y, then it contains
an uncountable increasing chain of symmetric sequences (equivalently, SP,,({p) con-
tains an uncountable increasing chain). As a consequence, we obtain a description of
the structure of the set of symmetric sequences of Orlicz sequence spaces £); which
have only countably many of them. We show that in this case the structure of this
set (respectively, of SP,,(£))) has a very special form: it contains both the upper
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and the lower bounds and moreover the upper bound is the space ¢y, itself and the
lower bound is some £, space. Moreover, we also show that if the set of symmet-
ric sequences in £, is countable, then it cannot contain a strictly increasing infinite
chain.

The paper is organized as follows. The main results, mentioned above, are con-
tained in Section 3. Section 2 contains basic definitions and facts about the structure
of Orlicz sequence spaces which are followed by some preliminary results.

For more on spreading models and a more general discussion of the structure of
SP,,(X) we refer the reader to the paper [AOST]. Here we only recall the definition
of a spreading model, which is as much as we shall use.

It is a well-known consequence of Ramsey theory that for every normalized basic
sequence (y;) in a Banach space X and for every (g,,) \, 0 there exist a subsequence
(x;) of (y;) and a normalized basic sequence (%;) in some Banach space X such that
foralln € N, (a;)l, € [-1,1]"and n < k; < -+ < ky,

n n
DB e
i=1 i=1

The sequence (%;) is called the spreading model of (x;) (or a spreading model of
X) and it is a suppression 1-unconditional basic sequence if (y;) is weakly null. The
subsequence (x;) of (y;) which generates the spreading model (%;) is called a good
subsequence and it has the property that every further subsequence of (x;) generates
the same spreading model (%;).

<.

2 Orlicz Sequence Spaces and Preliminary Results

We recall the basics of Orlicz sequence spaces following the book [LT] with which
our notation is consistent.

An Orlicz function M is a real valued continuous non-decreasing and convex
function defined for ¢t > 0 such that M(0) = 0 and lim,_, .o M(t) = co. If M(t) = 0
for some t > 0, M is said to be a degenerate function.

To any Orlicz function M we associate the space 5 of all sequences of scalars
x = (aj,az,...) such that Y ° M(|a,|/p) < oo for some p > 0. The space £y is
equipped with the norm

x|l = inf{p > 0:> " M(la,|/p) < 1},

n=1

which makes ¢, into a Banach space called an Orlicz sequence space.

The subspace hy; of ) consisting of those sequences x = (a;,a,...) € {y for
which >°°° M(|a,|/p) < oo for every p > 0 is closed and the unit vectors {e, } 32,
form a symmetric basis of k.

An Orlicz function M is said to satisfy the A,-condition at zero if

lim su M)
55PN

< o0
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Some other conditions, each of which is equivalent to the A,-condition [LT, Propo-
sition 4.a.4], are :

i) lu = hu,
(ii) £€p; does not contain a subspace isomorphic to £,
(iii) the unit vectors form a boundedly complete symmetric basis of ;.

Two Orlicz functions M; and M, are equivalent at zero if there exist positive con-
stants K, k, to such that K—'M, (k~1t) < M, (t) < KM, (kt) forall 0 < t < ;. When
M, or M, satisfies the A,-condition, they are equivalent (at zero) if there exist con-
stants K > 0 and ty > 0 such that K~! < M;(t)/M,(t) < K forall 0 < t < t,. This
is the case if and only if £, and ¢y, consist of the same sequences, that is, the unit
vector bases in /)y, and {y, are equivalent.

For an Orlicz function M consider the following subsets of the Banach space
C(0, 1) of all real valued continuous functions on (0, 1);

EM,A:{%;0<A<A}, Ey = ) Eva

0<A

Cm1 = convEy 1, Cum = convEy,

where the closure is taken in the norm topology of C(0, %). Then Ey 1, Eps Cu
and Cy are non-empty norm compact subsets of C(0, 3) consisting entirely of Orlicz
functions [LT, Lemma 4.a.6].

The importance of these sets is due to the following result [LT, Proposition 4.a.7,
Theorem 4.a.8].

Theorem 2.1  For every Orlicz function M the following assertions are true.

(i) Every infinite-dimensional subspace Y of hyr contains a closed subspace Z which
is isomorphic to some Orlicz sequence space hy.

(ii) Let X C hy with a subsymmetric basis {x;}. Then X is isomorphic to some
Orlicz sequence space hy and {x;} is equivalent to the unit vector basis of hy.

(iii) An Orlicz sequence space hy is isomorphic to a subspace of hy if and only if N
is equivalent to some function in Cyy ;.

By (ii) of the above theorem, every subsymmetric basic sequence in an Orlicz
sequence space is symmetric.

Finally we recall that every Orlicz sequence space hys contains isomorphic copies
of some £, or ¢;. Moreover the set of p’s for which £, is contained in hy, is a closed
interval [LT, Theorem 4.a.9].

By Theorem 2.1, the set Cy; “coincides” (i.e., there is a one-to-one correspon-
dence) with the collection of all subspaces of hy; which have a subsymmetric (or
symmetric) basis. The following proposition asserts that the collection SP,,(hy) of
all spreading models of /), generated by seminormalized weakly null basic sequences
is also “contained” in the set Cjs;. The proof is a simple generalization of the argu-
ment given in [LT, Proposition 4.a.7].
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Proposition 2.2 Let M be an Orlicz function. Let (X;) be a spreading model generated
by a normalized weakly null sequence (x;) in hyr. Then there exists N € Cyr, such
that (X;) is equivalent to the unit vector basis of hy. Moreover, (X;) is equivalent to a
subsequence of (x;).

Proof Let (y;) be the good subsequence of (x;) which generates (x;). Since (x;) is
weakly null, by passing to a further subsequence if necessary we can assume that (y;)
is a block basic sequence of the unit vector basis of /.

Foreachi =1,2,...,lety; = Z;lnHH cie;. To every vector y; we associate the
function M;(t) = Zg"i—ﬁrl M(|¢/|t). Since y; is normalized, Zl";nHH M(|g)) =1
and hence the functions {M;}?°,, as elements of C(0, %), belong to the set Cyy ;.

Now by the norm compactness of Cy; (in C(0, %)), there exists a subsequence
{M;, }32, of {M;} and an Orlicz function N € Cy 1, which might be degenerate, so
that |[M; (1) —N(#)| <27 "for0 <t <1/2andn=1,2,.... Assume for simplicity
of notation that the subsequence {M;, }5°, coincides with the whole sequence {M;}.

Thus for any a = (a;)7, € cgo, we have

m m
H E a;%| = lim --- lim H E aiyki"
i=1 i=1

ki —o00 kyy—s 00

ki — o0 kyn— 00

= lim -.- lim inf{p:iMkiﬂai\/p)gl}
i—1

= inf{p : zm:N(|ai|/p) < 1} = Hzm:aiei
i=1 i=1

hn

Moreover, the above argument yields that (%;) is actually equivalent to a subse-
quence of (x;). Indeed, since |[M;, (1)—N(t)] <2 "for0 <t < 1/2andn=1,2,...,
it follows that >, M; (|a,|) < oo ifand onlyif Y2, N(|a,|) < oo, provided that
N is non-degenerate. Hence the corresponding subsequence (y;,) is equivalent to
unit vector basis of hy [LT, Proposition 4.a.7]. If N(¢) = 0 for some ¢ > 0, then (y;,)
is equivalent to unit vector basis of ¢y which, in this case, is isomorphic to hy. ]

Obviously, by Theorem 2.1, for every N € Cp1, hy is a spreading model of hy,.
Hence, with some abuse of notation, we can write SP,,(hy) C Cyy C SP(hy),
where SP(h),) denotes the set of all spreading models of hyy.

We recall the following well-known fact [LT, Proposition 4.a.5].

Proposition 2.3  Let M, and M, be two Orlicz functions. Then the unit vector basis
of hy, dominates the unit vector basis of hyy, if and only if there exist constants K > 0,
k > 0 and ty > 0 such that M(t) < KM, (kt) forall 0 < t < t,.

Definition 2.4 Let N; and N, be two Orlicz functions. We say that N; dominates

N, and denote by N, < Nj if there exist constants K > 0,k > 0 and ¢, > 0 such that
N, () < KNj(kt) forall 0 < t < ty. We write N, < N if N; < Nj but N £ N,.
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Obviously, N; < N; and N; < N, mean that N is equivalent to N,. Thus by
Proposition 2.3, we have N, < N, if and only if hy, < hy,, where by the latter
relation we mean that the unit vector basis of hy, dominates the unit vector basis
of th .

As mentioned earlier, it is shown in [AOST] that for an arbitrary Banach space X
every countable subset of SP,,(X) admits an upper bound in SP,,(X). When X is an
Orlicz sequence space, the corresponding result becomes an easy observation. Before
stating this result we need the following lemma, which will be used in the sequel.

Lemma 2.5 Let M be an Orlicz function. The unit vector basis (e;) of hyr is weakly
null if and only if hy is not isomorphic to £, if and only if lim,_,o M(t)/t = 0. In
particular, hy € SP,,(hy) if and only if N € Cpy and lim,_o N(t)/t = 0.

Proof The first equivalence follows from standard known results: if hy is isomor-
phic to ¢1, since £; has a unique symmetric basis, then the unit vector basis (e;) of hy
is equivalent to the unit vector basis of ¢; and hence it is not weakly null. Moreover,
if (e;) is not weakly null, since it is symmetric, it is equivalent to the unit vector basis
of £, [LT, Proposition 3.b.5].

For the second equivalence, first we note that for every Orlicz function M,
lim, o M(t)/t exists. This follows from the fact that the function M(¢)/¢ is mono-
tone. Indeed, by convexity of M, forall 0 < t < s, we have M(¢) < (t/s)M(s) +
(1 —1t/s)M(0) = (t/s)M(s), i.e., M()/t < M(s)/s.

Moreover, for all 1, by definition of the norm of hy, we have

HZ?:I ei”hM _ 1 _ M(tn)
n nM~1(1/n) ty

Y

where M~! is the inverse function of M and for all n, M~(1/n) = t,. (Note also
that t,, tends to zero.) It follows thatlim, . || Y.+, €i|n, /7 exists as well. Now recall
a well-known fact [LT] that a symmetric (even subsymmetric) basis (y;) is equiva-
lent to the unit vector basis of ¢; if and only if lim,_. || >_\_, yil|/n > 0. Since
the unit vector basis (e;) of hys is symmetric, consequently it follows that the unit
vector basis (e;) of hyy is not equivalent to the unit vector basis of ¢; if and only if
lim, oo || Do, €illny/n = 0 if and only if lim, o M(¢)/t = 0.

Finally, if hy € SP,,(hy), then by the remark following Proposition 2.2 the unit
vector basis of hy is equivalent to a subsequence of the generating weakly null basic
sequence in hyy, therefore it is weakly null, and by the above, lim, o N(t)/t = 0. ®

Remark It follows from the above Lemma and the remark following Proposition
2.2 that if an Orlicz sequence space h); does not contain an isomorphic copy of ¢,
then the sets SP,,(hy) and Cyy,; coincide, that is, SP,,(hy) = Cp,1.

Proposition 2.6  Let M be an Orlicz function. Suppose that hy,, hn,, . .. € SP,,(hy).
Then there exists hy, € SP,,(hy) such that hy, dominates hy, for everyi € N.
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Proof By Lemma 2.5,N1,N,, ... € Cp; and lim,_ N;(#)/t = 0 for all i. Define
No(t) = >0, 27'N;(t); then clearly Ny € Cpr1. Foreveryi € N, No(t) > 27'N;(¢)
for all t > 0. Hence hy, dominates hy, for every i € N. It remains to show that
lim; o No(t)/t = 0.

Observe that, since N;(¢)/t is non-decreasing, N;(¢)/f <
ieNand0<t<1/2.

Lete > 0 and m € N such that 2= < ¢/4. Since lim,_,o N;(¢)/t = 0 for all ,
there exists . > 0 such that forall 0 < ¢ < £, >\, Z*iN‘T(t) < €/2. Then for all

2N;(1/2) < 2 for all

0<t<t,
Ny(t N;(t N;(t
o() Zzl() Zz,() 2221<5
i=m+1 i=m+1
Consequently, lim;_,o No(¢)/t = 0, as desired. [ |

3 The Structure of SP,,(¢y)

We have seen by Proposition 2.2 that every spreading model (X;) of an Orlicz se-
quence space hy, generated by a weakly null sequence in hy, corresponds to a func-
tion N in Cp,;. This reduces the study of the partially ordered set SP,,(hy) to the
study of the partially ordered set Cys ;. Hence our next results are on the structure of
the set Cpy 1.

We start with an easy observation.

Lemma 3.1 Let M be an Orlicz function satisfying the A,-condition. Then for allN €
Cw,1» there exists a sequence (G,,) of Orlicz functions which belong to the equivalence
class of M in Cpy 1 such that (G,) converges uniformly in the norm topology of C(0, %
to N.

Proof The fact that for every N € Cy, there exists a sequence (G,,) of the form

ico, 0 =Tland0 < X < 1/2
so that the (G,) converges uniformly to N (in the norm topology of C(0, 1)), follows
from the definition of Cy ;.

To show that G, is equivalent to M for every n € N, it is sufficient to show that
the functions ’\t) (0 < XA < 1/2) are equivalent to M. Since M satisfies the A,-

condition and 1t 1s non-decreasing, it follows that for every A > 27" we have
M(t) - M(\t) < M(1)
KmM(X) = M) — M(\)’

for some finite subset o, € N and scalars a(" with .

where K is the A,-condition constant. Also due to the Az—condition M is not de-
generate, hence M(\) # 0. This concludes that the functions (( N and hence G,’s

M
are equivalent to M, for every n € N. |
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For our main result on the structure of the set Cys,;, we also need the following
lemma, which is a reformulation in our context of [AOST, Proposition 3.7].

Lemma 3.2 Let C C Cy, be a non-empty subset satisfying the following two condi-
tions:

(i)  C does not have a maximal element with respect to domination.
(ii) For every (N;) C C there exists N € C such that N; < N for everyi € N.

Then for all ordinals o < wy, there exists N® € C such that if o« < 8 < w; then
N® < NP,

Sketch of the proof We use transfinite induction. Suppose that N* has been con-
structed for & < 3 < w;. Then N is chosen using (i) if 3 is a successor ordinal. If
3 is a limit ordinal, then use (ii) to choose N? and use (i) to show that N® < N” for
a< f<uw. [ |

The following theorem gives an important criterion on the structure of the
set Cpr1.

Theorem 3.3  Let M be an Orlicz function satisfying the A,-condition. Suppose that
there exists Ny € Cpy1 such that Ny is not dominated by M. Then the set Cyy 1 contains
an uncountable increasing chain of mutually non-equivalent Orlicz functions.

Proof We will show that there exists a subset C of Cy,; which satisfies the conditions
(i) and (ii) of Lemma 3.2.

First, we observe that the assumption implies that there exists Nj € Cy satisfying
Nyj £ M which is, additionally, of the form

iC‘M(Ait)
—~ " M)’

for some ¢; > O with ). ¢; = 1,and for 0 < \; < 1/2.

Indeed, let (G,) be a sequence in the equivalence class of M which converges uni-
formly to Ny (Lemma 3.1). Since Ny £ M, there exists a sequence () ~\, 0 such that
forall k € N,

M(ty) 1
< —.
No(l'k) k2k

For every k, let n be such that G, (t;) > (1/2)Ny(#), and put

Nyj(t) =Y 275G, (t) € Cua.
k=1
Then Nj(t) > 275G, (tr) > 2= DNy(t) > (k/2)M(ty), i.e., limsup, Nol(f =
oo and hence Nj £ M. And clearly,

/ oy MOt M(\;t)
Ny(t) = ZZ “G,,. (1) ZZ kz M(A("k)) Zci M(X) '
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for some ¢; such that ), ¢; =Tand 0 < \; < 1.
For convenience of notation we denote Nj by Ny again. So suppose that No(t) =

DG Aﬁ(’f\’f)). Observe that ¢; # 0 for infinitely many s, due to the assumption that

Ny
For all n, let s, be the normalized partial sum,

n

o M(\it)
su(t) = ST ;c, MOy |

Then s, € Cp 1. Let kg € N such that Zf"zl ¢;i > 1/2. Then for all n > kg, we have
su(t) < 2No(t) forall 0 < ¢ < 1. Let us relabel the sequence {Sn}siko and denote it
again by {s,}52,.

Let

C= {N €Cumy: N@t) = ansn(t), for some b, > 0 and an = 1}.

n=1 n

First, we remark that for all N’ € C, we have Ny £ N. Indeed, let N = 221 b,s,(t) €
C for some b,, > 0 with Zn b, = landlete > 0 be arbitrary. Let i € N be such that
S .1 ba < &/4. Using the fact that > b,s,(t) is equivalent to M and Ny £ M,

we pick . > 0 such that 3| b, 3% < /2. Then, since s,(t) < 2Ny(t) for all n
and t, we have

N(t.) - < su(t:) - su(t:)
NO(ts) _anNO(ts) " Z bnNO(ts)

n=1 n=m+1
9]
< —+2 Z b, <e
n=m+1

That is, lim inf, % =0,and Ny £ N.
Now we check the conditions (ii) and (i) of Lemma 3.2 for the set C.
(i) EN;(t) = >, b¥s,(t) € C for some b’ > 0 with > b = landi =

1,2,...,then we put N(t) = >°7°, 27*N;(t). Then
N =D 27 bsi(t) =D cusalt),

where ¢, > 0 with Zn ¢, = 1. Thatis, N € C. Moreover, for all i, we have N; < N.

(i) Suppose that there is a maximal element M € C. Then M(t) = >, bys,(t) for
some b, > 0 such that )~ b, = 1. By the above remark, Ny £ M, and hence there
exists a sequence (#) ~\, 0 such that for all k,

M(ty) <L
No(t) — k2K
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Since the partial sums s, converge to Ny, for all k we may choose (1;) such that
S (t) > (1/2)Np(tr). Let Mo(t) = >, 27%s, (t) € C. Then for all k,

Mo(t) = 27 s, (1) = 27 INo(1) > (k/2)M(1).
That is, lim sup,_,, Jj‘(t/to((tt)) = oo and My £ M, a contradiction. Therefore, C does not
contain a maximal element.

The proof is now complete by Lemma 3.2. ]

Remark Asitwas observed in [FPR], the set of all block bases (or spreading models
generated by block bases) of a Banach space is either countable (up to equivalence)
or has cardinality continuum. Thus the following consequence of Theorem 3.3 is
immediate.

Corollary 3.4  Let M be an Orlicz function which satisfies the AA,-condition. Suppose
that there exists a spreading model generated by a normalized weakly null sequence (or
a symmetric sequence) in £y which is not dominated by the unit vector basis of {y.
Then the set SP({yy) (respectively, the set of all symmetric sequences in {yr) has, up to
equivalence, cardinality continuum.

The next consequence of Theorem 3.3 gives a description of the structure of the
set of symmetric sequences (respectively, of SP,,(£)) in £y for which these sets are
“small”.

Corollary 3.5 Let ¢y be an Orlicz sequence space which is not isomorphic to £;. Sup-
pose that the set of symmetric sequences, up to equivalence, (respectively, SP,,({y)) is
countable. Then

(i) the unit vector basis of £y is the upper bound of the set of symmetric sequences in
Uy (respectively, it is the upper bound of SP,,({xr));

(ii) the unit vector basis of £,, for some 1 < p < oo is the lower bound of the set of
symmetric sequences in £yr (respectively, it is the lower bound of SP,,({pr)).

Proof Observe that the assumptions immediately imply that M satisfies the A,-
condition. Indeed, otherwise /., embeds into ¢);, which implies that the set of sym-
metric sequences (respectively, SP,,({p)) is uncountable, e.g., forall 1 < p < oo,
£, C ls C {Ly. Moreover, the assumptions also imply that £); does not contain
an isomorphic copy of ¢; (hence it is reflexive). Indeed, if /; C £j, since the unit
vector basis of ¢; trivially dominates the unit vector basis of {y/(= hyy), it follows
from Corollary 3.4 that either the set of symmetric sequences in ¢); (respectively,
SP,,(£y)) is uncountable or ¢ is isomorphic to ¢;.

Therefore by the remark following Lemma 2.5, we have that SP,,(hy) = Cpu,1.
Moreover, by reflexivity, these sets coincide with the set of all symmetric sequences
in /). That is, the structure of these sets is isomorphic with respect to corresponding
partial orders.

(i) By Proposition 2.6, Cy,; contains an upper bound. Suppose that there exists
N € Cpy,1 such that N is not equivalent to M and the unit vector basis of hy is the
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upper bound for the set of symmetric sequences in £ (respectively, of SP,,({y)). It
follows that N £ M and by Theorem 3.3, Cj,; contains uncountable mutually non-
equivalent Orlicz functions, and thus the set of symmetric sequences in £ (respec-
tively, SP,,(hy)) is uncountable, a contradiction. Therefore £5; must be the upper
bound.

(ii) Since the set of p’s for which £, embeds into £y, is a closed interval [LT, The-
orem 4.a.9], it follows from the assumption that this set is a singleton. (Hence there
exists a unique 1 < p < oo such that £, € SP,,(hy).) Moreover, it follows from
Theorem 2.1 that £y is £,-saturated. That is, every subspace of /;; has a further sub-
space which contains an isomorphic copy of £,. For Orlicz sequence spaces, by The-
orem 2.1, £, embeds into hy if and only if t# € Cyy. In particular, for all N € Cyy,y,
the function t? belongs to Cy ;. Moreover, the assumption that M satisfies the A,-
condition implies that N also satisfies the A,-condition for all N € Cyy ;.

If (the unit vector basis of) £, is not the lower bound of the set of symmetric
sequences in £y (respectively, of SP,,(f))), then there exists N € Cp; such that
t? £ N. But, by the above, t? € Cy ;, hence it follows from Theorem 3.3 that Cy; C
Cy,1 is uncountable. This implies that the set of symmetric sequences in hy C £y
(respectively, SP,,(hy) C SP,({y)) is uncountable, a contradiction. Therefore £,
must be the lower bound. u

Remark It is also worth noting the following. If £ is non-reflexive then either £y
is isomorphic to £y or SP,,(€yr) is uncountable. This is obvious if M does not satisfy
the A,-condition for then ¢, contains /... On the other hand, if M satisfies the A,-
condition and ¢y is non-reflexive then it is known [LT, Proposition 4.a.4] that £y,
contains £;. By the first part of the proof of Corollary 3.5, either ¢, is isomorphic to
¢y or SP,,(45r) is uncountable.

We give only a sketch of the argument for our next result as it follows along similar
lines to the proof of Theorem 3.3.

Theorem 3.6  Let M be an Orlicz function satisfying the A,-condition. Suppose that

Cwm,1 contains a strictly increasing infinite sequence M, < M, < ---. Then the set
Chwm,1 contains an uncountable increasing well-ordered chain of mutually non-equivalent
Orlicz functions.

Sketch of the proof By passing to a subsequence, if necessary, assume that (M,,)
converges (uniformly) to some Ny € Cyy,. First, assume that there exists a constant
K > 1 such that M,(t) < KNy(t), forall ¢ > 0.

We proceed as in the proof of Theorem 3.3 by defining

C={N€Cui:N(t) =) byM,(t) forsomeb, >0and Y b, =1}.
n=1 n

Next, using the above assumption and the fact that for all m € N and b, > 0,
> buM,(t) is equivalent to M,,(t) and M,, < N (due to the fact that (M,) is
strictly increasing), we show that for all N € C, Ny £ N (in fact, N < Np).
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Finally, using the fact that (M,,) converges to Ny, one can show, similarly as in the
proof of Theorem 3.3, that C satisfies (i) and (ii) of Lemma 3.2.

If the assumption that there exists K > 1 such that M,,(t) < KNy(¢t) forallt > 0
fails, then put Nj(t) = >_°° 27"M,,(t). Now take

n=1

1 n
M)(t) = =—— > 2 FM(t).
227k kz:;

Note that M, (t) < 2Nj(¢t) for all ¥ > 0 and, of course, M,, converges (uniformly)
to N§. So now replace (M,,) in the first part of the proof by M, and Ny by N{. This
finishes the proof. ]

Corollary 3.7  Let {y; be an Orlicz sequence space. Suppose that the set of symmet-
ric sequences, up to equivalence, (respectively, SP,,(€y)) is countable. Then the set of
symmetric sequences in £y (respectively, SP,,(£y)) cannot contain a strictly increasing
infinite sequence.

Question Does there exist an Orlicz sequence space /) so that the set of symmet-
ric sequences in £y, up to equivalence, (respectively, the set SP,,(fy)) is precisely
countably infinite?

We have recently [S] extended Corollary 3.7 to arbitrary Banach spaces X for
SP,,(X). For a recent discussion of more general form of the above question see
[DOS].
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