
ON THE SIGN OF A MULTIPLE INTEGRAL
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One proof of Minkowski's fundamental theorem on lattice points in an
M-dimensional parallelopiped depends upon a multiple Fourier expansion.
Its terms involve multiple integrals which are easily evaluated and so are
shown to have positive values. Then the expansion takes only positive values
and the desired proof follows at once. It seems of interest to note a multiple
integral which assumes only positive values. We have the

THEOREM
Suppose that for xl^0, xz ^ 0, • • •, xn ^ 0, f(x) = f{xlt a;a, • • • ,xn)

is defined, that f(x) ->• 0 when any variable tends to infinity, and that

(1) (_ i)« _J*!ZM_ ^ o.

Suppose also that

(2) f. f f { X ) , dxr ( r - l , . . . , H )
J 0X± 0X% • • • OXr

exists for all finite values of the x, that the functions gr(x) are continuous for
all x ;> 0, and that the

hr(x) =

are bounded and non-negative for all x 5; 0.
Then the repeated integral (in the order xllxi, • • •)

Too /*oo (*oo

Jo Jo Jo

converges and In ^ 0. Also

h Jo Jo 8xl " " " Sxn 1 X

The integral (4) converges and its value is independent of the order of
integration. For it is majorized by the integral obtained by omitting the h
terms. Also the integral
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... —!±
JL\ JL-nOXl"'

which is easily evaluated in terms of f(x) where the x's take the value Llt L'x
etc., (see (6), (7)) is seen to tend to zero independently of the way the L->- oo.
A simple case is when gr(xT) = sinnx,..

We first show that

8f(x) 82f(x) &f{x) (r, s, t = 1, 2, • • •, n,\
(5) ^ 0 ^ 0, <~, 0 etc. I I

dxr ~ dxT8x, 8xrdxs8xt~ Xr^s.s^t.tj^r, etc./

It will suffice to prove the result for n = 3. We denote the variables by
x, y, z, and suppose that x2 > xx 2? 0, yz> yx7> 0, z2 > zx ^ 0. Then from
(1).

(6) {V ' V' ' dxdydz <Z 0.

This integral is easily evaluated and gives

y2,2j) + f{x2, yx,

In this, put y2 = oo, 22 = oo. Then ^(a;^ ylt zj ^ /(»!, yx, zx) and so
/(x, y, z) is a decreasing function of x and so #/(*, y, z)Jdx g 0. We remark,
this implies f{x, y, z) ^> 0 since /(oo, y, z) = 0. Put next z2 = oo in (7). Then

Divide by yx — y2 and then make y2 -*• yx. Then

'.—'.— ^ o.
8yx 8yx

Hence 8f(x, y, z)\Zy is an increasing function of x and so d*f(x, y, z)J8x8y~^ 0
etc.

We begin with a well known case when n = 1 and write

(8) IX=\L f(x)g{x)dx,
Jo

(9) / 1 =

Writing g(x)dx — d(h(x)), we have from (8), on integrating by parts,
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When L -> oo, Jt converges since it is majorized by $ — {df(x)jdx)dx
which converges. Since df{x)jdx ^ 0, ffdf(x)ldxh(x)dx converges to a
negative value, and hence l™f(x)g{z)dx converges to a positive value. We
take next n = 2, and write

(11) h=\ f(xty)gl(x)g2(y)dxdy,
Jo Jo

In (10), replace f(x) by f{x, y)gz{y) and integrate both sides for y between 0
and M. The left hand side becomes I2, and so

rM rL rM df(x
Ii=h1{L)\ f{L,y)gz(y)dy— — —

Jo Jo Jo vx

h1(x)gt(y)dzdy.

As in Ilt the first integral is h2(M)f(L,M) - ff (df(L,y)ldy) ht(y)dy. So for
the second integral, integrating first for y, we have

\*.y)
dx

Hence we have

, M) - hx{L) J

dxoy

Make L -> oo, M -> oo. The two first integrals -»• 0 because of their
obvious majorizers, and we have the result of the theorem with n = 2.

We now deal with the case when n = 3. Here

t ^ y- z)h1(x)hi(y)h3(z)dxdydz.

We deduce the result corresponding to (13) by replacing f(x, y) in (11)
and (13)byg3(2)/(a;, y, z) and integrating the new / 2 in (13) for z from 0 toiV.
The result and the proof take such a shape that it is quite clear that the
obvious general result follows by induction, and so there is no need to argue
from n to n + 1. We show that
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CL 8f(x M N)
I, = K{L)K{M)h3{N)f{L, M,N)-2 h,(M)h3(N) J M ' f a ' h(x)dx

pM pN pat IT ,. ~\
(16) +2*i(i) a ' / ' ' K{y)h{z)dydz

Jo Jo Jo oxdydz

Making L -> oo, M -*• oo, Â  -> oo, all the integrals except the last have
obvious majorizers which all converge, and tend to zero. Hence we have
the case n = 3 of the theorem.

We take each of the four terms in the new (13) in turn.
Firstly

J f(L,M,z)g3(z)dz = f(L,M,N)h3{N)-j n 'fe ' ' hz{z)dz.

Secondly

on integrating by parts for z becomes

The third integral is similarly

The fourth integral, on noting that

becomes

p

0 Jo

Jo Jo Jo ox

Gathering the terms together, we have (16).
We conclude by noting a simple result when the range of integration is

finite. We now consider
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(17) K^JS---! f(x)Si(xi)S^)SnMdxl •••dxn,

where the integration is taken over the bounded region

(18) xx ^ 0, • • • xn ^ 0, g(x) ^ 0,

where g(x) is such that it gives x1 5S h1(x2, • • •, xn), where h^x^, • • •, xn)
is a continuous function of the variables x2, • • •, xn for x2 ^ 0, • • •, xn ^ 02

and similarly for x2, • • •, xn; and that the gT(x), hr(x) are as before. Suppose
that if g{x) = 0, then

8f(x) 8*f(x) 8«-if(x)
dx1 8x18x2 dxy • • •jxn_1

are all zero. We suppose these differential coefficients are integrable in turn
for xltx2, • ••,xn_1 respectively. Then if (— 1)"( dnf(x)l8x1 • • • 3xn) > 0,

taken over (18).
The proof is obvious on integrating by parts for xx, x2, • • •, xn successively
in (17). The result shows that I'n ^ 0.

This work has been supported in part by the National Science Foundation,
Washington, D.C.

University of Arizona, Tucson, Arizona, U.S.A.
St. John's College, Cambridge, England

https://doi.org/10.1017/S1446788700027865 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700027865

