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Abstract

We describe on the Heisenberg group Hn a family of spaces M(h, X) of functions which play a role
analogous to the trigonometric polynomials in T" or the functions of exponential type in R". In
particular we prove that for the space M(h, X), Jackson's theorem holds in the classical form while
Bernstein's inequality hold in a modified form. We end the paper with a characterization of the
functions of the Lipschitz space A', by the behavior of their best approximations by functions in the
space M(h, X).

1980 Mathematics subject classification (Amer. Math. Soc.): 41 A 17, 43 A 80.

Introduction

Let G be R" or the n-dimensional torus T" and X = LP(G) or C0(G). For every
positive real number h, we consider the subspace of X:

M(h, X) = {/<= X:f(X) = 0 if A <E Gand|A| > h).
More explicitly for G = T", M(h, X) is the space of all trigonometric polynomi-
als of degree equal or less than h, while, if G = R", M(h, X) consists of all entire
functions of exponential type h in C" which, as functions of the variable x e R",
lie in X

It is well known that the following inequalities hold:

a) (Jackson's theorem) for every integer N > 0, there exists a constant CN such
that

Inf \\f-g\\x^CNuN{\/h,f,X)
g<=M(h,X)
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242 Saverio Giulini [2]

for every f e X, where uN is the N-th modulus of smoothness;
b) (Bernstein's theorem) for every multiindex I and every f & M(h, X)

Our goal is to find for G the Heisenberg group Hn a family of spaces M(h, X)
(h e R+) which satisfy conditions a) and b). For this purpose we consider the
non-trivial representations wx of the Heisenberg group Hn and we suppose that irx

acts on the Bargmann space 3VX. If /(A) is the Fourier transform of a function
/ e X, we denote by {/(X)}o^ (a, P e N") the matrix entries of /(A) with
respect to the canonical orthonormal basis inJfx.

We define the space M(h, X) in the following way:

M(h, X) = { / G X: {f(\)}a,p = Oif (2|/?| + n)\X\ > h2}.

We prove that for these spaces Jackson's theorem holds in the classical form,
while Bernstein's inequality holds in a modified form, with a constant greater
than one. Finally we give a characterization of the functions of the Lipschitz
spaces Ar

x by the behavior of their best approximations by functions of the
classes M(h, X).

Notation

The Heisenberg group Hn is the Lie group whose underlying manifold is
R X C" and whose composition law is given by

(t,z)-(t',zr) = (t + t' + 2\mz-z',z + z')

where t, t' <E R, Z = (zlt. ..,*„), z' = (z[,.. .,z'n)
 G C" and z • z' = YTj.^z).

The complexified Heisenberg Lie algebra (E)n)c is generated by the left-invariant
vector fields

We denote by Vthe vector space spanned by Zp Zj(j = 1,...,n). Since the only
non-trivial commutation rule is [Zj, Zj\ = -lit, Vgenerates (t)n)c as an algebra
(that is Hn is stratified). The natural dilations on (t)n)c are given by

SC(T+ Z) = e2T+ eZ (Z e K, e > 0).

We shall denote also by 8e the corresponding dilations on Hn:

8e(t,z)=(e2t,ez) (t,z)^Hn.

We define on Hn a homogeneous norm
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If D is an invariant differential operator on Hn, we say that D is homogeneous of
degree N if

(1) D ( / . a , ) = e" (D/o8j .

In particular N = 1 if and only if D e V.
The Haar measure on Hn is Lebesgue measure on R X C". Let X denote either

Lp(Ha) or CQ(Hn). The subspace 7 c l i s defined as the space of all infinitely
differentiable / such that Df ̂  X for every invariant differential operator D. We
set

(2) f(e) = ^"+1)f°81/E ( e > 0 ) .

Clearly, if/ e L\Hn) one has

and, if / e Y and D is an invariant differential operator homogeneous of degree
N,

(3) Df(t)-e-»(Df){ty

In defining Fourier transforms for Hn (see [4]) we are concerned only with the
infinite-dimensional irreducible unitary representations of Hn, These representa-
tions can be considered as acting on the Bargmann space Jifx (X > 0) which
consist of all holomorphic functions Fin C" such that

|F(w)|2exp(-2X|w|2) dw < +oo.

The monomials

form an orthonormal basis for the Hilbert space Jfx. For A 6 R* = R - {0} the
representations irx on Jf|X| are given by

(•nx{t, z)F){w) = F{w - z)cxp(i\t + 2X(w • z - \z\2/l))

if X > 0, and wx(f, z) = TT|X|(-/, -I) if X < 0; these exhaust all non-trivial irreduc-
ible unitary representations of Hn. The Fourier transform of a Ll-lunction / is the
operator valued function

= / f(u)«x(u) du.
J

Let &x be the linear span of {Fa\}a^^ and let Si be the set of all families
S = {S(X)}XeR. of linear operators S(X): J^x -»3VX. The matrix of S(X) is
defined
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If / G S(Hn), the Schwartz space, the Plancherel formula

U/II2-C,/ \\f(x)\\2
HS\x\" dx

holds, where || • \\HS is the Hubert Schmidt norm and cn = 2"~1/IT"+1. Then we
can extend the Fourier transformation to an isometry from L2(Hn) onto the
Hubert spaced2, where

^ = | s = {S(X)} e <#: ||S(A)||HS< + 00 for almost all X

and f \\S(\)fHS\X\" dX < +00

More generally let S'(Hn) be the conjugate dual of S(Hn); we define (see [4])

S(hn) = { S e 3 ? : S = / f o

and we topologize it to be homeomorphic to S(Hn). Let S'(hn) be the conjugate
dual of S(hn). By polarization of the Plancherel formula we can extend the
Fourier transformation to an isomorphism between S'(Hn) and S'(hn) which we
also denote by". If { R(X)} e 91, we shall say that { R(X)} e S'(hn) if the map

E \(R(X)FaiX,S(X)Fa<x)Jrx\\\\
HdX

aeN"

is defined and continuous from S(hn) to C (see [5], Chapter 2).
We observe that, if / , g e S'(Hn),

7 ( ) ^ , x ( | | ( , ) ) / ( ) F a + x,
(4) _ _ i f \ > 0

( ) 1 / 2

(where { e^ }J=l „ is the canonical basis for R", if X < 0 we must reverse the right
sides) and

(5) D{f*g)=f*Dg

(where D is any left invariant differential operator).

Moduli of smoothness in Hn

Moduli of smoothness in Hn were studied by I. R. Inglis [6]. The results of this
Section are analogous to the results obtained by P. M. Soardi [7] in R" in the
non-isotropic case.
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For every integer N and every 0 < 0 < 1 we define

We set A^o/ = A^/and we remark that A.Nu
+1f = AN

ulf - ANJ.

DEFINITION 1. For every h e R+ and N e N, the function

u>N(h,f,X) = Sup \\ANj\\x

is called the N-th modulus of smoothness.

For ease of notation we shall write uN(h, f) and || • || instead of uN(h, f, X)

and || • || jr. Since Hn is stratified the space of left-invariant operators which are

homogeneous of degree N is exactly the linear span of the monomials XXX2 • • •

XN, where Xt = Zj or Zk (/' = l,...,N;j, k = 1 , . . . , n ) . We denote by VN the set

of all differential monomials in Zj and Zk (j, k = 1 , . . . , « ) . Obviously V = Vv

LEMMA 1. Suppose D e VN. There exists a constant C = C{D) such that for

every h > 0 andf e X

for some g e Y.

PROOF. We choose <j> e S(Hn) such that fH <f> = 1 and supp<J> c {u e i/n:
p(w)< 1/Af2}. We define

Q= )

(for the definition of <t>(J) and P(j) see (2)). Obviously / ^ P = 1, SH.Q = ( - 1 ) ; V + 1

and s u p p Q Q {u e Hn: p(u) < 1}. We define g = (-l)N+1f * Q(h"y By changing

variables one sees that

g(u)-f(u)-
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Then

S i n C e /p(u)<

h»\\Dg\\=h»\\fDQ(h)\\

< T77

Furthermore

and by (1),

• r,s — l

A change of variables shows that

fDQw-(h-»/m) £ (-D'(Y)/ £

LEMMA 2. Le/ N be a positive integer and 0 < 0 < 1. 77iere exute a positive
constant C, not depending on 6, such that for every f G l , g e Yandh > 0

P(uf Z ||/)g||).

PROOF. Since

we have to evaluate A^eg when g e 7 . Suppose v = (0, zu...,zn) e expV; we
observe that

^;(g(u" • 8sv))
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We set

(6) t {z*Zk + zkZk) = E(v).
k = l

Moreover there exist a constant C" > 0 and an integer M such that any u e Hn

can be expressed as
, •. u = v1 • ... -vM where vt = (0, w,) G exp V and p(u,) <
*• ' C'p(u) (/ = 1,.. .,M; see [3], Lemma 1.40).
Therefore an application of Taylor's theorem to the function s -* g(u" • 8svt)
(u" e f f ; / = 1,...,M)yields:
(8)

g(u'• 8j+eu) - g(u') = I g ( « ' - « > r ••.•vi.1)-Sj+evi)

"

•

By the inequality p(u • v) < p(«) + p(u) (see [2]), we have

(9) ^ • • • U A ) < E P W < C ' M P ( U ) 0 = I,...,A/).
* - I

Furthermore

k=o

+ remainder term.
Repeating this process we obtain

)

+ remainder terms
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where R(u, u', j + 6) consists of all remainder terms, hence it can be written as a
sum of terms like

(10) (j + 6)N(\\ - s)N-l-k^^[Dg]{u' • u(s)) ds

where D e VN and O^k^N-l; w = ( w j , . . . ,wn) e C"M with vt = (0, w,) and
\w,\ < C'p(u) by (8); a, 0 e NnA/ and /«/ + /^/ = N; p(u(s)) < (y + ff)C'Mp(u)
by (9). Now

su=0j=0

Since E*_oy*(-l)-'(i
v) = 0 if A: < N, the first term in the previous sum is 0; it

follows from (10) that

-,j + 8)\\<C"(j + 6)Np(u)» I \\Dg\\.
D<EVN

Because 0 < 0 < 1, finally we obtain

where C '" depends only on N.

We can summarize Lemmas 1 and 2 in the following statement: let N be a
positive integer; there exist two constants Cl and C2 such that for every/ e f̂ and
/j > 0

(12) O*(*,/)< inf
y

The second member of (12) is the analogue in Hn of the classical Peetre
^-functional (see also [7]).

COROLLARY 1. Let e > 0, then

PROOF. Obvious from (12).
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COROLLARY 2. Let N be a positive integer. There exists a constant C such that

for every f e X,u& Hn and 0 < 0 < 1.

LEMMA 3. Let K and k be two positive integers such that K > k. We suppose
g e X and Dg e Xfor every D e Vj (i < k). Then

)k E <*K-k(p(u),Dg).

PROOF. If we set 8 = 0 and N = 1 in formula (8), we get

K

i - l 7 - 1

M K—\

u'-8j+l(Vl- ...-v^-S/,,))*.
' u

Now

\..ol-1-t,ol,iE('>i)g\\ < C'p(u) E \\*Z~.1...Bl_1.».BltDg\\ (by (6) and (7))

< C"P ( ") E «jf-1 (CMp ( w ), £>g) (by (9) and Corollary 2)
D<=V

<C'"p(u) I uK_x{p(u), Dg) (byCoroUaryl).

Therefore

<3 /C ' "p (« )

Repeating this process, we obtain the thesis
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Jackson and Bernstein theorems

Before proving the main theorems we observe that given a radial Schwartz
function / in Hn (in the sense that f(t, z) = f(t, \z\)) we have {/(X)}a „ = 0 if
a =£ /} and

(13) {/(*)}„,„ = / f{t,z)e*<ll{2\\\\z?)dtdz

where /° is the Laguerre function of type 0 and degree a [4].

DEFINITION 2. Let h > 0. We denote by M(h, X) the class of all functions
/ <= X such that

THEOREM 1. Let N be a positive integer. For every f e X and every h > 0 there
exists a function gh e M{h, X) such that

\\f-gH\\<C(N)UN(l/h,f),

where C(N) is a constant which depends only on N.

PROOF. Let <#>: R -» R be an even C°°-function such that <J>(0) = 1 and supp <J>
c [-1,1]. We consider S e 3? such that

if a = 0,

\ 0 otherwise,

for every X e R*. Then S(X) is the Fourier transform of a function in S(Hn) (see
[4], Theorem 1). Obviously G <E M(l, X). We consider

N

and gh = (-l)Ar+1/ * K. We observe that gh e M(h, X). Moreover

f*K{u)
Hn

Since linix-.o{^(^)}o,o = 1 for all a, by (13) and the Lebesgue dominated
convergence theorem we have jH G = 1. Thus

and

(14) I k - / I N /
H.
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From Corollary 1 it follows that

\\gh-fHC'(N)UN(l/h,f)j \G(v)\(l + p(v))Ndv

THEOREM 2. Let h be a positive number and D be a left-invariant differential
operator with degree of homogeneity N. There exists a constant C(D) such that
\\Df\\ < C(D)hN\\f \\ for every fe M(h, X).

PROOF. Let <J> <= Q°([0, + oo)) such that </>(*) = 1 if x e [0,1]. We define S and
G as in Theorem 1. Since f e M(h, X) we have f *G{l/h) = / ; hence / is a
C°°-function in Hn such that (by (3) and (5))

f*{DG\1/h) = h-ND(f*G(1/h)) = h-NDf

and

\\Df\\ < A'HDGIIxll/ll = C{D)hN\\f\\.

REMARK. Suppose/e M(h, X); then/(X) = 0 if |X| > h2/n and for such X's
^ / (^ ) = 0, for every invariant differential operator D. Therefore to avoid trivial-
ity we suppose |X| < h2/n. If N is the degree of homogeneity of D, by (4) we have

fi = 0 if 101 > N + (*Vl*l - n)/2. Namely

n + 1) , X)

(while in the abehan case we have Df e M(h, X) iff e M(h, X)).

Suppose n = 1. Let <f> e CC°°(R*) and supp <£ c (0, h2]. Let S e ^ b e such that

1.0 otherwise.

Then S = /for some/ e SiHJ and/ e M(h, X). By formula (4)

By the Plancherel formula we can choose a sequence of functions <f>k such that

||AH2 = 1 and \\Z%\\2^(N\2N)1/2hN ask^oo.

Hence the constant C(D) of Theorem 2 is not necessarily equal to 1. This
contrasts with the abelian case, and with the situation for compact Lie groups (see
[1], Lemma 2).
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Lipschitz spaces

We can apply the results of the previous sections to obtain a characterization of
the Lipschitz spaces Ar

x(Hn) by the behavior of their best approximation by
functions of the classes M(h, X).

DEFINITION 3. Suppose r > 0 and N = [r] + 1. We say that the function /
belongs to the Lipschitz space Ar

x(Hn) if / e X and there exists a constant
M = M(f) such that

(15)

for every u e Hn.

The space Ar
x becomes a Banach space if we put

where Mf is the lower bound of all M 's for which (16) is satisfied (compare with
[3], Chapter 5-C).

THEOREM 3. The function f belongs to Ar
x(Hn) if and only if there exists A > 0

and a family of functions gh G M(h, X), A > 1, such that

(16) ll/-foll<^/*r.
Moreover, ifO < k < r and D e Vk, there exist two constant Q, C2 such that

(17) \\Df\\ < Qdl/ll + i4)

(18) hk~ruN(h, Df) < C2(||/|| + ><) for every integer N > r;

(obviously ifk = 0we must replace Df with fin (18)).

PROOF. We suppose/ e Ar
x. If we set N = [r] + 1 in Theorem 1, it follows by

(14) and (15) that

(19) 11/-foil <

= Mh~rf p(v)r\G(v)\dv=Ah-r.
JH

Vice versa we consider a sequence g2, G M(2y, X) for which inequality (16) holds
and we define
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Obviously Qj e M(2j, X) and by definition

(20) ||G0|| = ||gl|| < Il/H + A,

If D e Vk, it follows from Theorem 2 that

(21) | |D0 j< C(Z>)2*>||eJ< C'y<2<*-'», j = 1,2,...,

In view of (20) / = £°°.o G> m t n e sense of X. Moreover the estimates (21) show
that the series Ey_0 DQj converges in X to Df, if D e Kfc ()fc < r). Hence Df & X
and (17) holds.

We consider u & Hn and we choose a positive integer A" such that 2~(*+1) <
p(«) < 2"^. UN>r-k>0 and D^Vk using inequalities (11) (with 9 = 0)
and (21) we obtain

(22) |A*DGj<C(JV)p(«)w £ \D'DQ]li<C'P(u)NA2*li+k-'\

Obviously

||A>/|| < I W^DQjW + +f
7-0 7-AT+l

Now

7-0

< C '"(ll/ll + ^)2*<w+*-'>p(«)JV < C '"(11/11 +
(the first inequality follows from (22) and the third one from the choice of K);
moreover

+ OO +OO

These estimates prove (18); if we set k = 0, it follows that/ e A^.

REMARK. It follows from Theorem 3 that / e A1^ implies Z)/ e A^ where
J = r - k > 0 if D e F*. Now, let k > 0 and N > r - k > 0. We can define on
Ar

x the following norms

t A>0

= ll/ll +sup/.r inf | |/- gj
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These norms are equivalent. In fact, let M be an integer such that M > r > k
and D e Vk.\\ follows from (14) and Lemma 3 that

\G(v)\p(v)k £ Otf.k(p(v)/h,Df)dD

C'h-k sup ou_k(l/h, Df)f \G(v)\p(v)k(l
D^V JHn

uM_k(l/h,Df).

If we set M — k = N > r — k we obtain

hr inf | | / - g j < C"hr~k sup oN(l/h, Df).
gH<EM(h,X) DeVk

Therefore

for every pair of integers N and k such that k ^ 0, N > r — k > 0. On the other
hand, it follows from (18) that

**-'«w(A, Df) < C'( Il/H + supe' inf \\f - gt\\) < C
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