J. Austral. Math. Soc. (Series A) 38 (1985), 241—-254

BERNSTEIN AND JACKSON THEOREMS
FOR THE HEISENBERG GROUP

SAVERIO GIULINI

(Received 4 October 1983)

Communicated by G. Brown

Abstract

We describe on the Heisenberg group H, a family of spaces M(h, X) of functions which play a role
analogous to the trigonometric polynomials in 7" or the functions of exponential type in R”. In
particular we prove that for the space M(h, X), Jackson’s theorem holds in the classical form while
Bernstein’s inequality hold in a modified form. We end the paper with a characterization of the
functions of the Lipschitz space A’, by the behavior of their best approximations by functions in the
space M(h, X).

1980 Mathematics subject classification (Amer. Math. Soc.): 41 A 17, 43 A 80.

Introduction

Let G be R” or the n-dimensional torus 7" and X = L#(G) or Cy(G). For every
positive real number h, we consider the subspace of X:
M(h,X)={fe X:f(A\) =0ifA € Gand |A\| > h}.

More explicitly for G = T", M(h, X) is the space of all trigonometric polynomi-
als of degree equal or less than h, while, if G = R”, M(h, X)) consists of all entire
functions of exponential type h in C” which, as functions of the variable x € R",
lie in X.

It is well known that the following inequalities hold:

a) (Jackson’s theorem) for every integer N > 0, there exists a constant C,, such
that

Inf - < 1/h,f, X
gEMl(lh,X)“f g"x CNwN( /h, f )
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Jor every f € X, where w, is the N-th modulus of smoothness;
b) (Bernstein’s theorem) for every multiindex I and every f € M(h, X)

IDf lx < A N1 x-

Our goal is to find for G the Heisenberg group H, a family of spaces M(h, X)
(h € R™") which satisfy conditions a) and b). For this purpose we consider the
non-trivial representations 7, of the Heisenberg group H, and we suppose that m,
acts on the Bargmann space . If f(\) is the Fourier transform of a function
f € X, we denote by {f(k)}a,ﬁ (a, B € N") the matrix entries of f(A) with
respect to the canonical orthonormal basis in 5.

We define the space M(h, X) in the following way:

M(h, X)={f€X: {f(A)}ap=0if 28]+ n)]\| > h?}.
We prove that for these spaces Jackson’s theorem holds in the classical form,
while Bernstein’s inequality holds in a modified form, with a constant greater
than one. Finally we give a characterization of the functions of the Lipschitz

spaces A’ by the behavior of their best approximations by functions of the
classes M(h, X).

Notation

The Heisenberg group H, is the Lie group whose underlying manifold is
R X C” and whose composition law is given by
(t,z) (¢,z2)=(+¢ +2Imz-Z,z+ 2)
where ¢,¢' € R, z = (zy,...,2,), 2’ =(2},...,2,)€C" and z-z' = Zj 12;2)
The complexified Heisenberg Lie algebra (4 ,) ¢ is generated by the left-invariant
vector fields
(] d ¢ = d .9 .
T—-—‘a—t', Zj a—J-’rlzjat Zj—éz_;—lzjat (]—1,...,").
We denote by V the vector space spanned by Z,, Zj (j =1,...,n). Since the only
non-trivial commutation rule is [Z;, Z;] = -2iT, V generates ()¢ as an algebra
(that is H,, is stratified). The natural dilations on (} ) are given by
8(T+Z)=¢T+eZ (Ze€V,e>0).
We shall denote also by 8, the corresponding dilations on H,:
8,(t,z) =(e’,ez) (t,z) € H,.
We define on H, a homogeneous norm

p(t,z) = (12 +|z|*)

/4

https://doi.org/10.1017/51446788700023107 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700023107

(31 Bernstein and Jackson for Heisenberg 243

If D is an invariant differential operator on H,, we say that D is homogeneous of
degree N if

(1) D(f°8,)=¢"(Df°8,).

In particular N = 1 ifand only if D € V.

The Haar measure on H, is Lebesgue measure on R X C". Let X denote either
L?(H,) or Cy(H,). The subspace Y C X is defined as the space of all infinitely
differentiable f such that Df € X for every invariant differential operator D. We
set

(2) o= e 2+ f o 8/, (e >0).
Clearly, if f € L'(H,) one has
/H" f(e) = '/H,, f’

and, if f € Y and D is an invariant differential operator homogeneous of degree
N,
(3) Df = e M(Df )o)-

In defining Fourier transforms for H, (see [4]) we are concerned only with the
infinite-dimensional irreducible unitary representations of H,. These representa-

tions can be considered as acting on the Bargmann space 5%, (A > 0) which
consist of all holomorphic functions F in C” such that

IF|* = (ZA/W)"Ln |F(w)|" exp(-2Alw|*) dw < +co.

The monomials
Foa(w) = (Xw)*/al,  aeN”,

form an orthonormal basis for the Hilbert space 5#,. For A € R* = R — {0} the
representations m, on ), are given by

(m\(t, z) F)(w) = F(w — Z)exp(iAt + 2A(w - z — |2%/2))
if A > 0, and m,(¢, z) = m, (¢, -2) if A < 0; these exhaust all non-trivial irreduc-
ible unitary representations of H,. The Fourier transform of a L'-function f is the
operator valued function

f(n) =fH f(u)m(u) du.

Let #, be the linear span of {F,,},cn- and let & be the set of all families
S = {S(A)} rers Of linear operators S(A): F, — #),. The matrix of S(A) is
defined

{8(M)}ap=(SQA)F, I?i,k)f,‘ .
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If f € S(H,), the Schwartz space, the Plancherel formula

1= e, [, IFON) s N

holds, where || - || 45 is the Hilbert Schmidt norm and ¢, = 2" !/#"*L. Then we
can extend the Fourier transformation to an isometry from L*(H,) onto the
Hilbert space.# 2, where

&= {S = {S(A)} € Z: |S(A)|lus < + oo for almost all A

and [ ISV sl dh < +oo).

More generally let S'( H,,) be the conjugate dual of S(H,,); we define (see [4])
S(h,)={SeR:S=fforsomefec S(H,)},

and we topologize it to be homeomorphic to S(H,). Let S’(h,) be the conjugate

dual of S(h,). By polarization of the Plancherel formula we can extend the

Fourier transformation to an isomorphism between S’(H,) and S’(h,) which we
also denote by . If { R(A)} € ®, we shall say that { R(A)} € S'(4,,) if the map

S= [ T |(RO)E,r S(NE, ) 2]A1"d
R* 4eN"
is defined and continuous from S(#4,) to C (see [5], Chapter 2).
We observe that, if f, g € S'(H,),
— 1/2 5
Zf(A)Fyp = =(21(e; + 1)) 7 F(A) Fus o s

_ s ifA >0
ij(}‘)Fa,}\ = (Z‘Alaj) f(A)Fa—ej,)\’

(4)

(where {e;},_ is the canonical basis for R”, if A < O we must reverse the right
jlj=1,...n
sides) and

(5) D(f*g)=f+*Dg

(where D is any left invariant differential operator).

Moduli of smoothness in H,

Moduli of smoothness in H, were studied by I. R. Inglis [6]. The results of this
Section are analogous to the results obtained by P. M. Soardi [7] in R” in the
non-isotropic case.
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For every integer N and every 0 < 8 < 1 we define
al N+j[ N
Nof )= L)YV 80),  ww e, sex
j=0
We set A f = Al f and we remark that AY*'f = A}, f — AV f.

DEeFINITION 1. For every h € R* and N € N, the function

wy(h, f, X) = Sup [|JA%f]x

p(u)<h

is called the N-th modulus of smoothness.

For ease of notation we shall write wy(k, ) and || - || instead of w, (A, f, X)
and || - || - Since H,, is stratified the space of left-invariant operators which are
homogeneous of degree N is exactly the linear span of the monomials X, X, - - -
Xy, where X; = Z; or Zk (i= 1,...,N;_j, k =1,...,n). We denote by V), the set
of all differential monomialsin Z; and Z, (j, k = 1,...,n). Obviouslty V' = V.

LEMMA 1. Suppose D € V. There exists a constant C = C(D) such that for
everyh > Qandf e X

If = gl + A" Dgll < Cawn(h, f)

for someg € Y.

PrOOF. We choose ¢ € S(H,) such that [ ¢ =1 and supp¢ C {u € H,:
p(u) < 1/N?}. We define

P—— Z( 1)"“( )J By

T =1

0- Z( (Y,

(for the definition of ¢, and P;, see (2)). Obviously [, P =1, [, Q = (-nHN+t
and supp Q C {u € H,: p(u) < 1}. We define g = (-1)¥*'f » Q ,,,. By changing
variables one sees that

g(u) = f(w)=[  w2Dp(s, 07)

p(v)<

- ENI (—I)N”(I}/)f(u - 8v) dv

Jj=0
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Then
-gll< P, (v )| A% f)|d
=g/ 1Pl [0l
<||Plhwy(h, f)-
Furthermore
1 r+s
Q(h)= ("]W) Zl( 1) +( )( )’ Dlhrsys
and by (1),
h_N N r+s( N\(N
DQ(h)= W Z—l(_l) (,. )( s )(D¢(s))(hr)'

A change of variables shows that

f+DQgy = (/W) T (1 (V) > ((V)

s=1 p(v)<h,=1

f(u ’ 8,1))(D¢(s))(h)(v'1) dv.
Since [,y <x(Dd5)) n)(v") dv = 0, we have
1 IDgll = kYD

L s (N | A
SW 21( s )'/l:(v)sh‘(D‘p(S))(")(v )l (g

: N
(M)l an(h, ).

s=1

LEMMA 2. Let N be a positive integer and 0 < 8 < 1. There exists a positive
constant C, not depending on 8, such that for everyf€ X, g € Yandh > 0

latofll< {1 gl + o0 % 10gl).

DeVy

PROOF. Since

8% or | <I8% o(f = &)l + 1A% o8]l < 2717 — 8l +[|A%,

we have to evaluate AY ;g when g € Y. Suppose v = (0, z,,...,2,) € expV; we
observe that

& (ot _ = [(él(zkzk + Ekzk))mg](u” 80).
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We set

n

(6) kf.l(zkzk + zkzk) = E(v).
Moreover there exist a constant C’ > 0 and an integer M such that any u € H,
can be expressed as
) u=u0v,...-vy, where v,=0,w)€expV and p(v;) <

C'p(u) (i =1,...,M; see [3], Lemma 1.40).
Therefore an application of Taylor’s theorem to the function s — g(u” - 8,
(W € H;i=1,...,M)yields:
(8)

g(u’ : 6,-+o“) —-g(w) = '§1g(u, : 8,'+0(”1 Caetlily) 8j+00i)
—8(“' : 8,'+0(U1 R ’Ui—l))
D O [CRNCENT)
0 N-1
Ef_ 1))' fa-

[E(Uz) g] u, ° 8j+0(vl ERER .Ui—l ) 6svl)) ds
By the inequality p(u - v) < p(u) + p(v) (see [2]), we have

©) p(vl---v,._lasvi)skilp(vk)sc'Mp(u) (i=1,...,M).

Furthermore
[E(0)"g](w - 810(0, - o.0,)) = z:(’”’) (B0 )*(E)"s)]

'(“' ) 8j+0(”1 T 'Ui—z))

+ remainder term.
Repeating this process we obtain

g(u - J+a“) ZO(J*‘G):M f=0“ io( I;[((sk_sk—l)!))_

[E(0)"E(0,)" 7 - E(vy)™ ™ g](w)

+ remainder terms
N-1

= X (j+0)™, (u, )+ R(u,u, j+9),

sy =0
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where R(u, u’, j + @) consists of all remainder terms, hence it can be written as a
sum of terms like

(10) G+ "1 = 5)V wewh [ Dg)(w - u(s)) ds

where D € Vyand0 <k < N — 1; w = (wy,...,w,) € C"™M with v, = (0,w,) and
[wil < C’p(u) by (8); @, 8 € N"M and |a] + |B| = N; p(u(s)) < (j + 0)C"Mp(u)
by (9). Now

AY pg(u’) = go(—l)lvﬁ(j}l)g(“' - 8;,44)

N

- % 200"} e tuw)

-1
sy=0j
N AN
+ ¥ (-1)”*’( .)R(u, u,j+0).
j=0 J

Since LY., j*(-1)/(¥) = 0 if k < N, the first term in the previous sum is 0; it

follows from (10) that
IR(u, -, j+8)< C"(j +6)"p(u)" X |Dgll.
DEVy
Because 0 < 8 < 1, finally we obtain
(11) |47 s8] < € p(w)™ XL D,

DeVy

”n

where C ™ depends only on N.

We can summarize Lemmas 1 and 2 in the following statement: let N be a
positive integer; there exist two constants C, and C, such that for every f € X and
h>0

(1) Con(h )< it (If = gl+ % T 1Dgl) < G (h, ).
g€Y DeVy

The second member of (12) is the analogue in H, of the classical Peetre
K-functional (see also [7)).

COROLLARY 1. Let € > 0, then
“"N(Eh’ f) < C(N)(l + EN)wN(h’ f)

PrOOF. Obvious from (12).
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COROLLARY 2. Let N be a positive integer. There exists a constant C such that

|a%of ]| < Can(p(u). )
foreveryfe X,ue H,and0 < 8 < 1.

LeMmmMmA 3. Let K and k be two positive integers such that K > k. We suppose
g € X and Dg € X for every D € V,(i < k). Then

“A g“ C(k)P(“)k Z wx_i(p(u), Dg).

Dev,

ProoF. If we set @ = 0 and N = 1 in formula (8), we get

AXg(u) = L (-1)""(g(w - 8,u) — g(u))

Jj=1

=% 3 0= (K) LRGN 800 oy 80))

i=1j=1

-3 % (oK)

-/:[E(v,-)g](u’ 8 1(vy+ .0,y - 8p,)) ds.

Now

vy 1,.-v,-,1‘8,u,-,1E(Ui)g|| < C’p( vl_.4.~v,._1-8,u,.,ng,” (by (6) and (7))

< C"p(u) L. wx_,(CMp(u), Dg) (by (9) and Corollary 2)
Dev

< C"”p(u) ¥ wg_,(p(u), Dg) (by Corollary 1).
Dev

Therefore

late] <

T a E(v,) g]ds
<MC”'p(u) Y wg_y(p(u), Dg).
DeV

Repeating this process, we obtain the thesis.
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Jackson and Bernstein theorems

Before proving the main theorems we observe that given a radial Schwartz
function f in H, (in the sense that f(¢, z) = f(¢, |z])) we have {f()\)}a,ﬂ =0 if
a # B and

(13) (FM)}au= [ f(t,2)e™22N |21%) dt dz
RXC"
where /0 is the Laguerre function of type 0 and degree « [4].

DEFINITION 2. Let & > 0. We denote by M(h, X) the class of all functions
f € X such that

{f(X)}ap=0 if (28 + n)IA| > A%

THEOREM 1. Let N be a positive integer. For every f € X and every h > 0 there
exists a function g, € M(h, X) such that

"f_ gh" < C(N)wN(l/h’ f)’
where C(N) is a constant which depends only on N.

PROOF. Let ¢: R — R be an even C®-function such that ¢(0) = 1 and supp ¢
C [-1,1]. We consider S € % such that

(S(N)) g = {F(@H ¥ WD il = f,

otherwise,

for every A € R*, Then S(A) is the Fourier transform of a function in S(H,) (see
[4], Theorem 1). Obviously G € M(1, X). We consider

ad N+j| N
K= Zl(‘l) ](j )G(j/,,)
j=

and g, = (-1)V*!f « K. We observe that g, € M(h, X). Moreover
N
N _
f*K(u) =fH G(v) Y (j )f(u <8, 0 1) dv.
n j=1

Since limx_,o{GA(}\)}a,a =1 for all a, by (13) and the Lebesgue dominated
convergence theorem we have [, G = 1. Thus

8 () = () = ()" [ G(0)AY, ,f (u) do
and

(14) e A< [ 16|83,

|dv.
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From Corollary 1 it follows that
g = fl< C(N)oy(1/h, 1) [ 16(2)I(1 + p(2)"do
= C(N)ay(1/h, 1).

THEOREM 2. Let h be a positive number and D be a left-invariant differential
operator with degree of homogeneity N. There exists a constant C(D) such that
WDf Il < C(DYR™(\ [ for every f € M(h, X).

ProOOF. Let ¢ € C2([0, + o0)) such that ¢(x) = 1if x € [0,1]. We define S and
G as in Theorem 1. Since f € M(h, X) we have f*G, ,,=f; hence f is a
C*-function in H, such that (by (3) and (5))

f*(DG)asm=h""D(f*Gq ) = h™"Df
and
IDf Il < AMIIDG I fIl = C(D)R™||f)].
REMARK. Suppose f € M(h, X); then f(A) = 0if |A| > h?/n and for such \’s
Df(X) = 0, for every invariant differential operator D. Therefore to avoid trivial-

ity we suppose |A\| < h?/n. If N is the degree of homogeneity of D, by (4) we have
{Df(A)}op = 0if|B| > N + (k?/|A| — n)/2. Namely

Df e M(J(2N/n + 1), X)
(while in the abelian case we have Df € M(h, X) if f € M(h, X)).

Suppose n = 1. Let ¢ € C*(R*) and supp ¢ C (0, h?]. Let S € & be such that

(S op= {$1) Ha=F=0.

otherwise.
Then S = f for some f € S(H,) and f € M(h, X). By formula (4)
{(Z%)Y(M}aw = (@AD"N) (M)} oo
By the Plancherel formula we can choose a sequence of functions ¢, such that
filz=1 and Z%ll, > (N12V)7RY  ask — co.

Hence the constant C(D) of Theorem 2 is not necessarily equal to 1. This
contrasts with the abelian case, and with the situation for compact Lie groups (see
[1], Lemma 2).
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Lipschitz spaces

We can apply the results of the previous sections to obtain a characterization of
the Lipschitz spaces A'y(H,) by the behavior of their best approximation by
functions of the classes M(h, X).

DEFINITION 3. Suppose r > 0 and N = [r] + 1. We say that the function f
belongs to the Lipschitz space A’y(H,) if f € X and there exists a constant
M = M(f) such that

(15) A%f | < Mo (u)”

foreveryu € H,.

The space A’y becomes a Banach space if we put

If s, = W1+ M,

where M, is the lower bound of all M’s for which (16) is satisfied (compare with
[3], Chapter 5-C).

THEOREM 3. The function f belongs to A'y(H,) if and only if there exists A > 0
and a family of functions g, € M(h, X), h > 1, such that

(16) If— &l < A/H".

Moreover, if 0 < k < rand D € V,, there exist two constant C,, C, such that
(17) IDfIl < Ci(IIfIl + 4)

(18) h* "y (h, Df) < G,(|If)| + A) for every integer N > r;

(obviously if k = 0 we must replace Df with f in (18)).

PrROOF. We suppose f € A'y. If we set N = [r] + 1 in Theorem 1, it follows by
(14) and (15) that

(19) 1= gl < M[ o(810)1G(0)1do
= Mh-'fH p(v)|G(v)|dv = Ah~".

Vice versa we consider a sequence g,; € M(2/, X) for which inequality (16) holds
and we define

Q0=gh Q,-=g21—g2,-—1 (j=1,2,...).
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Obviously Q; € M(2/, X) and by definition
(20) [Qoll = llg:ll < lIF Nl + 4,

ol <lf = gl +1f = goril < 42" + 1) /27, j=1,2,....
If D € V,, it follows from Theorem 2 that
(21) |DQ | < c(D)2M|Q | < cra2®—"s,  j=1,2,...,

IDQll < C'(IIf 1l + 4).
In view of (20) f = L%., Q, in the sense of X. Moreover the estimates (21) show
that the series ¥;_, DQ; converges in X to Df, if D € V, (k <r). Hence Df € X
and (17) holds.

We consider u € H, and we choose a positive integer K such that 2-(K*D <
p(u) <2°X If N>r— k>0 and D € V, using inequalities (11) (with § = 0)
and (21) we obtain
(22)  [alpQ,| < c(M)e(w)™ X DD < Clp(u) a2/ M40,

D'evy

Obviously

AYDQ || = J, + 1.

K + 00
laiofl< Z |aipof+ X |
Jj=0 J 1

-

Now

K
h< C(Ifl+ 4) £ 27N (u)™
j=0
< ¢ (l+ AR ()" < (Il + A)p ()
(the first inequality follows from (22) and the third one from the choice of K);

morcover
+ o0 + o0
L<2' ¥ folcdc T 2%
j=M+1 J=M+1

= AC'/2(M+1)(k—r) < AC"p(u)’_k.
These estimates prove (18); if we set k& = 0, it follows that f € A’,.

ReMARk. It follows from Theorem 3 that f € A", implies Df € A%, where
s=r—k>0if DeV,. Now,letk > 0and N > r — k > 0. We can define on
A’y the following norms

W llw.o =1l + sup supwy(h, DF)/h"™* (Iflaner.o =If ),

DeV, h>0

)= + suph” inf - .
Il =1+ suph” _int f = g,
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These norms are equivalent. In fact, let M be an integer such that M > r > k
and D € V,. It follows from (14) and Lemma 3 that
- k
Ir = gl < Ch* [ 16(0)le(0)* T wrra(o(0)/h, Df) do

DeV,

< C'h* sup wy,_,(1/h, Df)jH 1G(v)]p(v) (1 + p(v))" * av

DeV,
< C"h™* sup wy_x(1/h, Df).
DevV,
If weset M — k = N > r — k we obtain

h"  inf — < C"h" % sup wy(1/h, Df).
g,,eM(h,X)”f 8h||\ Defl’/k N( / f)

Therefore

Ifllcsy < €M Nlew. 1y
for every pair of integers N and k such that k > 0, N > r — k > 0. On the other
hand, it follows from (18) that

By (h, Df) < C(If 1+ spe _int If = gll) < Clf oo,
e>1 M(E’X)

gte
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