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Representation of Banach Ideal Spaces
and Factorization of Operators

Evgenii I. Berezhnoi and Lech Maligranda

Abstract. Representation theorems are proved for Banach ideal spaces with the Fatou property which
are built by the Calderén-Lozanovskii construction. Factorization theorems for operators in spaces
more general than the Lebesgue L? spaces are investigated. It is natural to extend the Gagliardo the-
orem on the Schur test and the Rubio de Francia theorem on factorization of the Muckenhoupt A,
weights to reflexive Orlicz spaces. However, it turns out that for the scales far from L?-spaces this is im-
possible. For the concrete integral operators it is shown that factorization theorems and the Schur test
in some reflexive Orlicz spaces are not valid. Representation theorems for the Calder6n—Lozanovskii
construction are involved in the proofs.

0 Introduction

Let (Xo, X;) be a compatible couple of Banach spaces and let F(Xj, X;) be a Banach
space intermediate between X, and X; generated by an construction F (maybe in-
terpolation one). The so-called inverse interpolation problem is the problem whether
the space F(Xj, X;) may be obtained by the same functor F from other compatible
Banach couples having some additional properties.

Consider also a uniqueness problem for the fixed construction or interpolation
method F, that is, the following problem: Does the equality F(Xy,X;) = F(Yo, Y1)
with equivalent norms for arbitrary Banach spaces X, X1, Yo, Y1, or for the spaces
from a given class, imply that X, = Y, and X; = Y, with equivalence of their norms?

The above two problems are difficult to solve, therefore it makes sense to consider
their simpler versions. In this paper we consider a uniqueness problem for the fixed
construction or interpolation method F, sometimes also called the representation of
the space F(-), by asking the following question:

Does the equality F(Xo,X1) = F(Xo,Xa) hold with equivalent norms for arbitrary
Banach spaces Xy, X1, Xa, or for the spaces from a given class, imply that X, = X, with
equivalent norms?

The non-uniqueness of the real and the complex method are well known. Already,
Grisvard, Seeley and others (see [53], pages 320-321 for references) have considered
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real and complex interpolation with boundary conditions and proved that for 0 <
0<1/2,
[L2(), W ()] = [L2(), W ()]g = W (),

where 2 C R" is a bounded C*°-domain and Wg’z(Q) ={x e W) ujpo = 0},
with W2 being the usual Sobolev space.

For the real interpolation construction, Lions—Magenes (see [28, Theorem 11.1,
p. 55]) proved that for 0 < 6 < 1/2,

(Z2@), W), = (1), Wg?() ,, = W(Q),

where Q = {(x, y) : x>+ y* < 1}. For the real interpolation method we can also take
Triebel’s example connected with the negative answer for the problem of interpola-
tion of intersections. For the weight function w(¢) = min(¢, 1 — N~V e (0,1)
and the spaces on (0, 1) we have for 1/2 < 0 < 1,

(LW N L2)g, = (L2, Wy P)gs = Wy 7,

where Wg % is the closure of C3°(0, 1) in W2, Moreover, Wallsten has given an ex-
ample of a space M (cf. [54]) for which (M, L>), = (L', L)y, for 1/2 < 6 < 1.

In the seventies, Fefferman—Stein, Riviere—Sagher, Hanks, Bennett—Sharpley and
others (see [2, § 5.6-5.7] for results and references) proved equalities for the complex
interpolation method:

[H', 1]y = L1 = [L',I’]g and [L?, BMO]; = L™7 = [L” L],

forall0 <0 < 1,1 < p<ooand1/q=1—0+68/p, and for the real interpolation
method:

(L',L®)pp = (Re H',L®)g , = (L', BMO)y,p

— (ReH',1®)y, = (Re H',BMO)j , = L7

forall0 < § < 1,1 < p < oo, where L7 are classical Lorentz spaces. We also
mention that for an arbitrary couple of Banach spaces X, and X;, the equalities

(X0, X110 = [Xo0, X11o = [X0, XYy and (Xo, X1)g,p = (X0, X1)ap

hold isometrically forall 0 < 6 < 1,1 < p < oo, where X; is the Gagliardo comple-
tion of X; and X? is the closure of Xo N X; in X; fori = 0, 1.

Let us point out that the situation may be quite different if we assume from the
beginning that all the spaces in the problem have some common structure, for ex-
ample, they are Banach lattices on a given measure space (Banach ideal spaces). This
phenomenon, that some problem has negative solution for general Banach spaces but
positive answer in the class of ideal Banach spaces with the Fatou property, was first
observed in [33, 34] in connection to Peetre’s problem on interpolation of intersec-
tions.
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Cwikel and Nilsson [14] showed the uniqueness theorem for the Calderén con-
struction F(Xy, X;) = Xé_eXf when X, X;, X, are Banach ideal spaces and all have
the Fatou property. Their arguments used in the proof are related to ideas in a the-
orem of Pisier [45]. Some related results for finite dimensional Banach spaces were
considered by Rochberg [47].

The inverse interpolation problem for the real method of interpolation F = (-)¢
on some class of Banach ideal spaces was investigated in [5]. One of the results shows
that if X is a symmetric space on (0,00) and (X,L>)g, = (LP,L*>)g,, then the
fundamental function of X is equivalent to ¢/,

Cwikel-Nilsson [14, p. 45] and Asekritova—Krugljak [1, p. 114] proved the follow-
ing uniqueness theorem for the real interpolation method:

Let Xy, Xy, Yo, Y1 be Banach ideal spaces. If (Xo, X1)g, p; = (Yo, Y1), p;,1 = 0, 1, for
some 6,0, € (0,1),0y # 0, and py, p1 € [1,00], then (Xo,X1)g,p, = (Yo,Y1)s,p for
allf € (0,1) and p € [1,0].

In this paper we consider uniqueness results (representation theorems) for the
Calderén—Lozanovskii construction F(Xy, X;) = ¢(Xo, X;) with a general function
w el

These results have applications in the factorization of operators between Banach
ideal spaces. In the theory of integral operators with positive kernels a special role
is played by the so-called Schur lemma or Schur test (see [23, p. 37] or [52, p. 42]),
which says that an integral operator Kx(t) = f k(t, s)x(s) ds with a positive kernel
k(t,s) > 01is bounded in L? for 1 < p < oo if and only if there exists a positive
function u such that

Ku?' (1) < Cut'(t) and K'uf () < CuP (1),

where K is a formally associate operator and 1/p’ +1/p = 1. We can rewrite this in
the factorization way: there exists a positive function u (weight function u) such that

K: L, -1}

P wand K: L2, — L2, is bounded.

In the eighties, interest in statements like the Schur lemma increased after the solu-
tion of the factorization problem of Muckenhoupt’s A ,-condition on weight by Jones
[21], and even stronger after the Rubio de Francia elementary proof of Jones’ theo-
rem [13, 48]. These studies were later developed in [9, 12, 16-18, 20, 49]. All these
papers contain the factorization problem of various classical operators in weighted
L? spaces.

We will extend factorization theorems from weighted L? spaces to weighted Ba-
nach ideal X?) spaces, and the factorization will be proved first through the weighted
L°° spaces. The main factorization problem is to have factorization through the
weighted L' and weighted L° spaces and this question will be also discussed here.

We prove the factorization result for a sufficiently large class of positive sublin-
ear bounded operators T between L? spaces through the Lorentz and Marcinkiewicz
spaces generated by a certain weight function. Then we show that factorization of
the symmetric space X through weighted X and L is not true for the positive
sublinear Hardy operator.
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The failure of the main factorization theorem in Calder6n—Lozanovskii spaces
generated by a non-power function is proved for the Volterra operator and the aver-
aging operator. This shows that we cannot go far from the scale of L? spaces with the
factorization theorems.

Finally, we show that the Schur lemma is not true in some reflexive Orlicz spaces
for the classical Hardy operator; that is, we can construct reflexive Orlicz spaces in
which the classical Hardy operator is bounded (it is bounded even in any reflexive
Orlicz space) but the factorization through weighted L' and weighted L spaces is
not possible.

Let us mention that a quite different question, called also the Lions problem, about
the effective dependence of a given family of spaces on its function parameter ¢,
was considered for the complex method of interpolation by Stafney [51], for the real
method of interpolation in [1, 8, 19], for the Calder6n-Lozanovskii construction
©(+) in [6], and for the Gustavsson—Peetre construction G,(-) in [7]. The question
for the Calderén—Lozanovskii construction is: when are the spaces ¢y(Xy, X;) and
©1(Xo, X1) different for g # 1?2

The content of the paper is as follows: In Section 1 we define the Banach ideal
spaces and the Calderén—Lozanovskii construction and collect their properties in-
cluding the Lozanovskii factorization theorem.

In Section 2 we prove representation theorems, called also uniqueness theorems,
for the Calder6n-Lozanovskii construction generated by different Banach ideal
spaces or the weighted L? spaces. The main representation theorems (Theorems 1-4)
show that under some little assumption on ¢ the equality (Xo,X;) = ©(Xo, X2)
with equivalent norms implies that X; = X, with equivalent norms, and the equality
o(LL, 1°) = (L}, L>°) with equivalent norms implies the equivalence of weights
w =~ 10 for some 0 < 0 < 1.

Section 3 contains pointwise estimates for positive sublinear operators. Factoriza-
tion results in weighted X?) spaces are presented there. They are extensions of the
corresponding results of Hernandez [17, 18] for weighted L? spaces. The main tool
in the proofs is Lemma 6 of the Gagliardo and Rubio de Francia type.

For a large class of positive sublinear operators T which are bounded between L?
spaces we show a factorization of T through the Lorentz and Marcinkiewicz spaces
generated by a certain weight function.

We also prove that the positive sublinear Hardy operator bounded between sym-
metric spaces X(?) cannot be factorized by a weighted space X and weighted L when
the upper Boyd index of the space X is 1. This example of the Hardy positive sub-
linear operator shows that without any additional assumptions on an operator the
factorization theorem through weighted L! and weighted L spaces cannot be true.

In Section 4, representation theorems are used to show that the factorization prob-
lem in Calderén—Lozanovskii spaces generated by a non-power function is not true,
in general, for the Volterra operator and in Section 5 the same is done for the averag-
ing operator.

Section 6 contains a counter-example showing that the classical Hardy operator
between some reflexive Orlicz spaces cannot be factorized through weighted L' and
weighted L> spaces. This also shows that the Schur lemma for positive integral op-
erators between some reflexive Orlicz spaces is false. Detailed proofs of the construc-
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tions of the functions in the counter-example are collected in an appendix.
Preliminary versions of Theorems 4, 8 and 9 were announced without proofs
in [4].

1 Banach Ideal Spaces and the Calderon-Lozanovskii Construction

Let (2, 1) be a complete o-finite measure space and let L°(u) or L°(Q2) denote, as
usual, the space of all equivalence classes of measurable functions on €2 with the
topology of convergence in measure on u-finite sets. The order |x| < |y| means that
|x(£)| < |y(@)] for p-almost all t € Q.

A Banach subspace X = (X, || - ||x) of L°(11) such that there exists u € X with
u > 0 p-a.e. onQand ||x||x < ||y|lx whenever |x| < |y|is called a Banach ideal space
on ) oron (€2, w).

If X is a Banach ideal space on Q and w € L%(u) isa weight function on €2, that is,
w > 0 a.e. on §2, we define the weighted space X,, by ||x||x, := [|xw]x.

The associated space X' to X is the space of all x € L°(p) such that

/Q |x(t)y ()] du < oo

for every y € X endowed with the norm

sl =sup [ oylde: e <1}

X' is a Banach ideal space.

A Banach ideal space X with a norm || - ||x has the Fatou property if for any in-
creasing positive sequence (x,) in X with sup,, ||x,||x < oo we have that sup, x, € X
and || sup, xlx = sup, [ lx.

For every Banach ideal space X we have the embedding X C X'/ with ||x|x/ <
|lx||x for any x € X. Moreover, X = X'’ with equality of the norms if and only if X
has the Fatou property (cf. [25, 27]).

Let X = (X, X)) be a couple of Banach ideal spaces on € and let U denote the
set of all non-negative, concave and positively homogeneous continuous functions
@: [0,00) x [0,00) — [0, 00) such that ¢(0,0) = 0. Then the Calderén—Lozanovskii
construction or the Calderén—Lozanovskii spaces p(X) = ¢(Xy, X1) consists of all x €
L%(p) such that |x| < Ap(|xol, |x1]) for some x; € X; with ||x;]|x, < 1,7 = 0, 1. The
spaces (X) are Banach ideal spaces on 2 equipped with the norm

%[l = inf{A > 05 x| < Ap(|xol, [x1]), Ixollx, < 1, [lxillx, < 1}

(see [30]). In the case of power functions @y (s, t) = s' 7t with 0 < 6 < 1, y(X) are
the well known Calderén spaces Xé_aX(l’ (see [11]). The particular case X’ (L>°)!~¢ =
X®P forf = 1/p,1 < p < o0, is known as the p-convexification of X (see [27, 38]).

The properties of ¢(X) were studied by Lozanovskii in [30, 31] (see also [35]),
where among other facts is proved the duality result

QO(X()’Xl)/ - Qb(X(;; Xll)
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with equivalent norms. Here, for ¢ € U, the conjugate function ¢ is defined by

O(s,t) = inf{ Zz;—gg o, 8> 0}, s, t > 0.

We have ¢ € U and <p = ¢ (see [31, 32] and [35, Lemma 15.8]). Note that

1 . . max(as, Ot)

(M oL T a0 pla,f)

< (s, 1) < 2
< P(s,t) < ———.
(4, 1)
Lozanovskii also showed that (Xé_eX(l’)’ = (X)'0(X])? with equality of the
norms ([29], Theorem 2). Using this equality for § = 1/2 it was shown in [29]

that X'/2(X")!/2 = L? isometrically. From this result follows the Lozanovskii factor-
ization theorem, proved in [29, Theorem 6] (see also [35, p. 185] and [46]):

Theorem A Let X be a Banach ideal space. Then for every0 < z € L' and e > 0 we
canfind0 < x € Xand 0 < y € X’ such that z = xy and

lxllxlylx: < (1 + &)l

If X has the Fatou property, we may take ¢ = 0 in the above inequality.

Calderén—-Lozanovskii spaces are closely related to Orlicz spaces. Let M : [0, 00) —
[0, 00] be a nondecreasing, convex and left-continuous function, not identical 0 or
oo on (0, c0), with M(0) = 0. Let ¢ € U be defined by (s, t) = tM~!(s/t) ift > 0
and 0ift = 0, where M~ is the right continuous inverse of M. Then for any Banach
ideal space X on (2, the Calderén—Lozanovskii space (X, L) is the Banach ideal
space
XM = {x € L°(uu); M(|x|/\) € X for some A > 0}

equipped with the norm
[l = inf{A > 05 | M(|x|/A)[|x < 1}.

In particular, o(L', L°°) coincides isometrically with the Orlicz space LM (see [10, 35,
44)).

The Calderén—Lozanovskii construction is an exact interpolation method for pos-
itive linear or positive sublinear operators (see Berezhnoi [3], Shestakov [50], Ma-
ligranda [32]; ¢f. also [35, Theorem 15.13]). For arbitrary linear operators (not
necessarily positive) on Banach ideal spaces with the Fatou property, this was proved
by Ovchinnikov [43] (see also [10, 35, 42, 44] for the class of quasi-Banach ideal
spaces). Some other properties of Calderén—Lozanovskii spaces were investigated in
(6,22, 26].

The equivalence of two weights u ~ v on Q or u(t) ~ v(t) on 2 will mean that
there exists a constant C > 0 such that %u(t) < v(t) < Cu(t) forallt € Q p-a.e.
Also u =~ v simply means u(t) ~ v(t) forall t > 0.

Equality of two Banach spaces X = Y means equality of X and Y as the sets and
also equivalence of their norms.
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2 Representation of Calderéon-Lozanovskii Spaces
In the proof of the first representation theorem we will need the following lemma:

Lemma 1 Let X, Y be two Banach ideal spaces with the Fatou property. If the norms
I - lx and || - ||y are equivalent on X NY, i.e., there exists a constant C > 0 such that

1
clillx < lixlly < Clixllx  forallx € XNY,

then X = Y with equivalent norms.

Proof Let x € X with the norm ||x||x < 1. In the Banach ideal space X N'Y with
the natural norm ||x||xny = max{||x|x, |x|ly} we take a unit function u, that is,
the function u € X N'Y such that u(t) > 0 p-a.e. on ). Then for the sequence of
functions defined by

x,(f) = min{|x(¢)|, nu(¢)}, neN

we havex, € XNY, ||x]ly <C,0 < x, < x41 and lim,,_, o0 x,(£) = |x(¢)| p-a.e.
Using the Fatou property of Y we obtain that x € Y and ||x||y < C. Therefore,

X C Y and ||x]|y < C||x||x forall x € X. Similarly we can prove the reverse imbed-

ding, and Lemma 1 is proved. |

Theorem 1 Let o € U. Assume that Xy, X, and X, are Banach ideal spaces on the
same o-finite measure space (2, 1), and suppose that all of the spaces have the Fatou

property. If

(2) ©(Xo, X1) = ©(Xo, X2)
and
(3) lim inf AULD) = o0,

n—o00s>0 (1,s)
then X; = X,.

Proof Assume that X; # X;. Then, by Lemma 1, we can find a sequence x,, € X;NX,
such that ||x,||x, < 1 and ||x,||x, > n. Since X, has the Fatou property it follows that

sup / ben)y O] dp = allxr = allsy > .
)

lyllxy=1/¢

and so we can find a sequence y, € X, [|yallx; < 1such that [, |x,(t)y,(t)] dp = n.
Now, by the Lozanovskii factorization theorem (Theorem A), we can find se-
quences 0 < &, € Xp, 0 < 7, € X{ such that

1
||€n||Xo = 17 HnnHXU’ =1land ;|xn(t)yn(t)‘ = é—n(t)nn(t) p-a.e. on Q.
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We have p(&,(t), [x,(t)]) € p(Xo, X1) with || (&, %) || oxe,x) < 1, and
Pu(t), lya(1)]) € G(Xg, X3)

with |0, [yaD) [l xp) < 1.
Since ¢(Xg, X3) = (X0, X2)]" = [¢(Xo, X1)]’ it follows that

Ay = / (&), [xa (D@ (1 (2), |y (1)) 4
Q

|yﬂ|)H¢>(X07X1)'

< ||50(§"7 |xn‘)||4p()(0,)(1)
< ||¢(77m |}’n|)H¢(X0,X1)’
< Cllpms [y llpx; x) < C,

which gives that sup, . A, < oo.
On the other hand, by an estimate in (1), we have (1, u)o(1, %) > 1land

A, _/snmnn(w( '5 Eii) (1’ %3')@

|xn(t)) 1 d
Z‘/an(t)nn(t)@(lv (1) o(1 Nt ) H

> Jyn(®)]
(1 mln(t))
(t)
/ sn(tm(t)# du
Pl I (t )
@(1 ”5)/ (1, ns)
tn,(t)du = f
- 5>0 gD(l ) 511( )77 ( ) :u‘ (p(l S)
that is,
1 1
supA, > supin fsp( ns) > lim f(p( sn) ,
neN neN >0 (p(l 5) n—»oos>0 (p(l 5)
which gives a contradiction. Therefore X; = X, and the norms are equivalent. |

Theorem 1, used in the case of power function y(s, ) = s' %t with 0 < 6 < 1,
gives the following corollary, which was proved differently by Cwikel and Nilsson [14,
Theorem 3.5].

Corollary 1 Let0 < 6 < 1. If X} 7'X? = X)X for Banach ideal spaces X,, X, and
X, on (2, u) with the Fatou property, then X; = X,.

Remark 1 For concrete spaces, the assumption (3) on ¢ can be weakened, as we will
prove in Theorem 4. Let ¢ € U and lim;_, o, (¢, 1) = oco. Assume that the measure
space (€, pt) is nonatomic. If

@(LL, L®) = (L}, L)
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with equivalent norms for some weight functions u, w on €2, then u(t) =~ w(t) on .
Using Theorem 1 we can prove the following uniqueness theorem for two couples
X = (X, X;) and Y = (Yy, Y1) of Banach ideal spaces with the Fatou property.

Theorem 2 Let X = (Xo, X;) and Y = (Yo, Y1) be two couples of Banach ideal spaces
on the same measure space (2, 1) with all spaces having the Fatou property. Suppose
that for g, o1 € U we can find p € U such that either

W(po(s,1),1) = pi1(s,1) forall s > 0 or o(1,pe(1,t)) = @1(1,t) forallt > 0.

Assume also that ¢ satisfies (3) and either @, or @, satisfies

.. pilsn, 1)
(4) Jm e

If (X0, X1) = @o(Yo, Y1) and p1(Xo, X1) = @1(Yo, Y1), then Xy = Yo and X, = Y.

Proof By the reiteration formulas (see [35, pp. 180-181]) it yields that
©(po(Xo0,X1),X1) = ¢1(Xo, X1) and (o (Yo, Y1), Y1) = ¢1(Yo, Y1).
From the equalities in the assumption we obtain that
e(X, X1) = (X, Y1) with X = o(Xo, X1).

Using Theorem 1 we obtain that X; = Y; with equivalent norms. Now, if ¢; satisfies
(4) fori = 0 or i = 1, then from the first or the second equality in the assumption
and from the just proved equality X; = Y; we have

‘Pi(Xle) :<Pi(Y07X1)7 i:()?l?

or
@i(X1,Xo) = @i(Xy,Yg), i=0,1,

where @;(s,t) = ;(t,s). Since the condition (4) for ¢; means the condition (3) for
©; we obtain from Theorem 1 that Xy = Y, with equivalent norms, and the proof is
complete. ]

As a corollary, we obtain the result proved by Cwikel and Nilsson [14, Theo-
rem 3.1] for the power functions ¢y, and y,.

Corollary 2 If X; X% = vy~ %v% and X} 7" X0 = Y,7Y" for some 6y,6, €
[0, 1] with 6y # 0, and for Banach ideal spaces Xo, X1, Yo, Y1 on (2, ), all with the
Fatou property, then Xo = Yo and X, = Y;.

Theorem 3 Let X, Y be two Banach ideal spaces on 2 and u, v two weights on . Then
for 0 < 6 < 1 we have equality

XY = (X))

if and only if u(t)' ~%v(t)? ~ C on QL.
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Proof Leta < u(t)'~’v(t)? < bforsomea,b > 0andallt € Q p-a.e.
If x € X!~%Y? with norm < 1, then

% < [xol'fxa|” with [|xol|x < Tand [lx ]y <1,
which we can rewrite as

xo |10 x| 0 e
X <b’— ‘— = b|x/|'7x!
o <o 22| = by

x, = ||%0llx < 1and ||x{||y, = ||x1]]y < 1. This means that

with ||x)]|
x € X))

with norm < b.
Conversely, if x € (X,)'~?(Y,)? with norm < 1, then

el < o' | with o]

X, Slandel Y. <1

y = 1

which gives
1 1
x <7xu170xv(9:7x/170x/0
bl < = fxoul' Jxavl” = ~ ']

x, < land ||x|ly = ||xi]ly, < 1, thatis, x € X'~Y? with norm

with x4l = x|
<1

To prove the reverse implication assume that X' ~%Y% = (X,)'~%(Y,)?. Then, by
the duality theorem,

X = o) )

and for any non-negative functions xo € X, x; € Y, yo € X', y1 € Y’ from the unit
balls, we have

/mm“%wﬁmwﬁnm%m“%mwu
Q

< g™ -y [| (o) =0 (1) | oy
- ||xé_9x(f||x‘—”y" H ()’ou)lfe(yw)e ||(X’)1—“(Y')”

< Cllag ™ 5] lxa=oyol| o) = riv) [l e, =,

< Cllxollx~ et ¥ youllir, vl < C.

By the factorization theorem (Theorem A), for any 0 < z € L'(u) we can find non-
negative xp € X, yo € X' and x; € Y, y; € Y’ such that x5y = zand x;y; = z.
Then

/Ammk%mwu:/wmm“%mﬁmw*nm%m“%mwusa
Q 0

from which we obtain that u(¢)' ~v(t)? € L>(u), or equivalently u(t)'~?v(¢)? < C
forall r € Q p-a.e., since the following implication is true:
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If0 < w ¢ L™ (), then we can find 0 < z € L' () for which [, z(t)w(t) dp = oo.
Now, for the spaces Xy, = X, and X; = Y, we have by the formula in the assump-

tion that

(X0 1) (X)) = X077 = (X)) Y, = X5 70XT.

Therefore the equality ((XO)I/u) 176((X1)1/V) ‘- Xé_eXf holds, from which to-
gether with the proof as above we obtain that (1)!=(1)? € L>(y) or, equivalently,
u(®)'=v(t)? > ¢ > 0forallt € Q p-a.e. Thus u(t)' ~v(t)? is equivalent to a constant
function on €. n

Corollary 3 Let X, Y be two Banach ideal spaces on 2 and u, v two weights on Q. If
we have equalities

X0y = (X)) and XY = (X))

for some 6y, 0, € [0, 1] with 6y # 6, then u(t) ~ v(t) =~ C on .

Proof From Theorem 3, used twice, we have that u' %" = u(2)% ~ C, on Q and
=0y = u(%)(’1 ~ Cj on ). Therefore, u(t) ~ v(t) ~ C on €. [ |

The next theorem on the representation or the inverse interpolation problem will
have only weighted L' and L spaces but then we can change the spaces on both
places. We again need a lemma.

Lemma 2 If o(t, 1) is a strictly increasing function and for some x € X and some
measurable set A we have ||xxa||x = 1, then ||p(|x|,v" ) xa

pixrpe) = 1.

Proof Clearly [¢(|x|,v™")xalloxroe) < 1. Assume therefore that it is strictly less
than 1. Then, for some € > 0,

o, v xa < (1 =)o, [x1)xa
with |xo]|x < 1and |jx; ||z~ < 1. Hence
o(xl, v xa < (1 —&)p(|xo|, v Hxa < 90((1 - 5)‘x0‘>V_I)XA-

Since (¢, 1) is strictly increasing it follows that |x(¢)|xa < (1 — €)|xo|xa and so

llexallx < (1 —e)llxoxallx < (1 —¢) < 1, which is a contradiction. [ |

For a function ¢ € U consider a submultiplicative and quasi-concave function p,,
on (0, co0) defined by

. plat, 1)
(a) = limsu ,
pw f‘>00p ‘P(t, 1)
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By the well-known theorem on submultiplicative functions on (0, co) we can find
numbers 0 < a < 3 < 1, called also the indices of ¢, such that

po(a) > max(a®,a”).

Moreover, for any € > 0 we have p,(a) < a®~ ¢ for a > 0 sufficiently close to zero,

pyla) < a’*¢ fora sufficiently large, and
B B In p@(a) B . Inp,(a)
aia@ialﬂm Ina ,ﬂiﬂ(’giulin;o Ina

(see, e.g., [25], Theorem 1.3 or [35], Theorem 11.3).

Theorem 4 Let o € U and ¢(t,1) be a strictly increasing function. Assume that the
measure space (2, ) is nonatomic. If

(5) @(L,, L) = (L, L)
for some weight functions u, v, w, then there exists 6 € [0, 1] such that
(6) w®)? ~ u@®)?v()' =" on Q.

More precisely, if v is equivalent to a constant function, then we can take 6 = 0 and if v
is not equivalent to a constant function on S, then the function  has the same indices
a, = [, and we can take § = a = a,.

Proof If v is equivalent to a constant function on €, i.e.,

¢ =sup — sup ¥(t) < oo,
e V( ) te

then we can take 6 = 0.
Assume therefore that sup, ., 755 suptEQ v(t) = oo. For any k € N define sets

Ui={reQ: 27" <u@r) <278, vi={re Q: 27" <v(r) <275},
Wi={teQ: 27" <w(t) <275}, P={(i,j,k) e N>: U;NV; N W, # &}

Note that U(i,j,k)eP u,nv;n Wk = Q. If0 < u(A) < oo, then mel“”% = land
by Lemma 2 we have the equality

=1.
(L, L)

H QP( up(A)’ 11/> X4

IfACU; N Vj N Wy, then

. 1
< =1
H <P( w(A)’ )XA QL L) H <p( up(A)’ v) xa H Ly
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and, by the assumption that the norms are equivalent,

Jo(72)

A <C
@(L},,L>°)

?

and so 4 )
2! ; x(t
‘P(m;z]) xa(t) SCSD(W,I) xa(t)

withx € L', ||x||p < 1or

20
@( u(A)’ZJ) xa(t) < 2Cp([x(1)]2%, 1) xa(h).

Take d = ess inf,cq |x(7)|. If d > 0, then

i

o2 ) 10 < 2Cp 1xa0)

and dx4(t) < [x(5)[xa(t) gives [[dxallp < [xxallp < 1ord < 7. Thus

(2=2) xal0) < 20 (=241 a0,

¥ LAY Xalt) = 2L (A XA

If d = 0, then lim,_,¢+ (¢, 1) > 0, and the above estimate also holds.
Similarly, for A C U; N V; N Wy with 0 < p1(A) < oo we have the estimate

—_— <
o2 D) < 206 ( 5. 2) a0,
From the above estimates we have the inequalities
1 2k 2k 2k
Py Nl | 2ip(2imi—kZ__ — 1
zc“"(u(A)’ ) # 1(A)’ )=2C (M(A)’ )

and by taking p(A) — 0% (we can do this since measure is nonatomic) we have
27p,(2"777F) < 2C and 277 p,,(27*F) < 2C.
LetQ={p=i—j—k:(ijk €P} Ifsup{|p| : p € Q} < o0, then2/ < 2C,

27/ < 2C and the weight v(t) is equivalent to a constant function, which cannot
happen. Thus we must have

sup{|p|: p € Q} = cc.

Since o o
pe(2717F) p, (214K < 4C?
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it follows that
a=pf, py(a) > a“foralla >0, and p,(27)p,(27F) < 4C*forall p € Q.

Ifsup{p: p € Q} = ccandlimsup, ., ,co ;f ) = 0, then

4C* > limsup py(2P)p,(277) > limsup p,(27)(27*7) = oo
p—00,p€Q p—o0,p€Q

Ifinf{p:p € Q} = —ccandlimsup, , . cq Yz(pi) = 00, then

4C* > limsup pe(2P)p,(27F) > limsup p,(2F)(27) = o0
p—00,p€Q p—00,p€Q

This means that 2/207/=M ~ 1 forall (i, j, k) € P. Therefore on all sets U;\V; Wy
we have (%)“(%)I*O‘WCY ~ 1 or w* ~ u®v'~% and since the sum of these sets is 2,
the proof is complete. ]

In equality (5) we can have four weights, but before we formulate it we prove the
following lemma:

Lemma 3 The equality SD(LMO, L°) = @(Ly,, L) holds if and only if the equality
oLy L2, = o(Ly . L3S, is true.

Proof It is enough to show that

(Luo7 Uy ) C (p(Lv(ﬂ vy )lmphes QD(LuOW7 ulw) c Lp(LVgW’ viw

with the same norms of embeddings. In fact, if x € (L} o) with the norm < 1,

h Uuow? M1W
then
x| < @(|xo], |x1 < land ||xl||L;>1°W <1,
and so
lx|w < o(|xo|w, [x1|w) = ©(yo, y1)
with
Iyollzy, = llxowlly, = Ilxollz;,, < Tand|[|yi|lree = |

ugw

Thus xw € (L | L°) and, by the embedding assumption, xw € (L. , L°), that is,

Up? ”1 Vo ? V1

|x|w < Co(|z0], |z1]) with ||ZO||L},0 <land ”ZlHL?f <1

or, equivalently,

Z Z
x| < C ('j' '—;') = Cipla, 1)
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with

we obtain that x € (L} ,,, L°°),,,, with the norm < C. ]

= [lz1flzee < 1,

= ||Zo||L:,0 >

Directly from Theorem 4 and Lemma 3 we obtain the following result:

Corollary 4 Let ¢ and the measure space (2, j1) be the same as in Theorem 4. If
@(Lu(ﬂLElo = (p(Lvoa Lvl
for some weight functions ug, uy, vo, v1 on €, then there exists 6 € [0, 1] such that

() (1) 0 2 v (1)1 (1)~ on Q.

Remark 2 Note that u
Pl 1) = 1 (2ar)
1%

where function M is defined by M( (s, 1)) = s and the last space is a weighted
Orlicz space generated by the norm

Il = inf{A> 05 [ M(volstol/x) S5 dr <1}

Similarly, (L}, L>°) = [M(wdt). In the case when v = 1 and M € A, globally,
that is, M(2u) < CM(u) for all u > 0, it is known that IM (udt) = IM(wdt) if and
onlyif u ~ w on (0, 00) or on a measurable subset €2 of R” of a positive measure (see
[24]). In the case when v is not equivalent to a constant, then the technique from
[24] does not work. On the other hand, if we look for these spaces as special cases of
the Musielak-Orlicz spaces generated by the functions M(a, t) = M (v(t)a) 58 and
N(a,t) = M(a)w(t) and use the criterion for the equality L™ = LN with equivalent
norms (see [40]), then these general conditions seem to be not helpful in proving the
corresponding equivalence of the weights as in Corollary 4.

We give an example showing that for a certain non-power function ¢ € U and
some weights u, v we can have equality p(L},L3°) = (L', L>°) with equivalent
norms.

Example 1 Consider the concave function on (0, co) defined by ¢ (¢) = t/2 ln1/2(1+
t) and let (s, 1) = to(s/t) = /212 In"2(1 + £). Then py(a) = a'/2, We will show
that there exists a weight # on 2 = I = (0, 1) such that

(L}, (D), L (D) = (L'(I),L=(D))

with equivalent norms. Assume that the weight u satisfies u(t) > 1 a.e. on I and
fol u(t)dr < 2.
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Observe that for a, b > 0 we have the inequality
(7) aln(1+ab?) <2(a+b)In(1+a+Db).
In fact, if 0 < a < 1, then

aln(l + ab*) < aln(1 +v*) < aln(1 + b)?

=2aln(1+b) <2(a+b)In(1+a+Db),
and ifa > 1, then

aln(1 + ab®) < aln(a + ab?) < aln(l + a + b)?

=2aln(l1+a+b) <2(a+b)In(l+a+Db).

We show first the imbedding ‘P(L%/u’ L®) C (L' L>). Ifx € @(L%/u, L2°) and the

norm is < 1, then
1 .
x| < <P(|xo\u, ;) with [|xo][p < 1

and, by (7),

1
lx] < @(|xo|u, ;) = \xo|1/2 lnl/Z(l + |xo|u?) < \/E(\xo| +u)'/? lnl/z(l + |xo| + u)
+
= V20| + u, 1) < 3\/§<p(|x°|T”, 1) .

This means that x € ¢(L!, L°°) with norm < 31/2. Therefore we have a continuous
imbedding

oo 3V2 oo
@(L%/u’l‘u ) — SO(leL )

Secondly, we prove the reverse imbedding ¢(L',L®) C (L], Li%). Let x €
(L, L>°) with norm < 1, that is,

x| < ¢(|xol, 1) and ||| < 1.
Then, since the weight u satisfies u(t) > 1 a.e on I, it follows that
x| < @(|x0], 1) = |xo]Y2In"2(1 + |xo))
< ol 10201+ i) = ool 3 )

andsox € ‘P(Li/w L5°) with norm < 1. Thus we have a continuous imbedding

1

As concrete weight uon I = (0, 1) for which fol u(t)dt < 2 and u(t) > 1 for all
t € (0,1) we can take u(t) = /2 on (0, 1).
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3 Factorization of Positive Sublinear Operators in X?) Spaces

Let X be either L°(1) or a Banach ideal space on (2, 11). An operator T: X — L%(v)
is called positive if 0 < x € X implies that 0 < Tx € LO(v); T is called sublinear if,
forallx, y € Xand anya € R,

|T(x+ y)(®)|] < |Tx(t)| + |Ty(t)| and |T(ax)(¥)| = |a| | Tx(¢)| v-ae.

Classical examples of positive linear operators are integral operators Kx(t) =
fQ k(s, t)x(s) ds with positive measurable kernels k(s,t) > 0 and as positive sublinear
operators we can take maximal operators and Lx(t) = fQ |I(s, t)|x(s) ds with measur-
able kernel I(s, t).

If1<p<ooand1/p+1/p’ =1, then for any positive sublinear operator T the
pointwise Holder—Rogers' inequality is true:

T(|x|"? )y =2 () < [T(x)O1/PIT(y D] v-ae,
which can be rewritten as
(8) T(lx| [y (r) < [T(lxlp)(f)]l/"[T(Iyl"/)(t)]l/"/ v-a.e.

for any x, y € X. This estimate follows directly from the equality

allPp! =/ = Eil;g{%sifla+ (1 - %) E%b} ;

which is true for any real positive numbers a, b. Note that more general pointwise
estimates for positive sublinear operators can be proved. In fact, this was used (but
not explicitly written) for positive linear operators in the proof of the fact that the
Calderén—-Lozanovskii spaces are exact interpolation spaces for positive linear oper-
ators (see [3, 32, 50]; see also [35, Theorem 15.13]). It was also noted in [37] that the
same estimate is true for positive sublinear operators. We include the proof here.

Lemma 4 Let X be either L°(u) or a Banach ideal space on (Q, 1) and let T: X —
L%(v) be a positive sublinear operator. If o € U, then for any x,y € X

©) T((lxl, [yD) () < o(T(x)(®), T(ly)(1))  v-ae.
Proof Since for arbitrarya > 0,0 > 0,

alx| +bly|

x|, < — )
e(|x[, [y ¢(a, b)
it follows that T(|x|) + bT(|y|)
aT(|x|) + y
T( (x|, S
(=l 1yD) ¢(a, b)

I'The classical Holder inequality should historically correctly be called the Holder—Rogers inequality
(. [36]).
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for arbitrary a, b > 0, and so

T(e(xl, 1yD)) < &(T(xD, T(lyD) = ¢ (T(Ix), T(|y]) - u

Lemma 5 Let X be either L°(1) or a Banach ideal space on (Q, ). Assume that
T: X — L%v) is a positive sublinear operator. Then, for any weights wo, w; on
and 1 < p < oo, the operator defined by

T,ox(t) = [wo(t)T(|x[Pw))(£)]"/?

is positive and sublinear.

Proof We have, by using the Holder-Rogers inequality (8) similarly as in the proof
of the Minkowski inequality,

[Tp(x+ y) ()] = wo(t)T(|x + y|Pwi)(¢)
< wo(O)T (x| [x + y[P ™ wy + |y] [x + y [P~ w) (1)
< wo())T(|x| [x + y [P~ wi) + T(|y| [x + y|P~'wi) (1)
< wo(t)T(|x[Pwy) /P T(|x + y| =00 wy) Ve’
+ wo()T(y[Pwi) /P T(|x + y| 0= ) Ve’
= wo()T(|x|Pw) /P T(|x + y|Pwi)'/*’
+ wo(O) T(|y[Pw) P T(|x + y|Pwy)/*’
= [T,(0)() + Ty (O] Ty (x + ) ()PP,

which gives the subadditivity of T,,. Moreover, T, (ax)(t) = |a|T,(x)(t) and the proof
is complete. u

Let us start with a result to which the idea in the L?-spaces was given by Gagliardo
[15, Lemma 3.I] and by Rubio de Francia [48].

Lemma 6 Let X be a Banach ideal space on (€2, ) and let T: X — X be a bounded
positive sublinear operator. Then there exists u € X, u(t) > 0 p-a.e. on ) such that
Tu(t) < Cu(t) fort € Q p-a.e., whereC = (1 +¢)||T||x—x withany e > 0.2

Proof Take x, € X with xo(t) > 0 fort € 2 p-a.e. and put

u(t) =y C ¥ T (t), where T’ =1d.
k=0

2As usual, for the norm || T||x— x of a sublinear operator T we mean SUp <1 11 Tllx-
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Since

(o) o0 oo 1
STl < D CHITI xllnollx = Y1+ ) Flxollx = (1+2) Iollx.
k=0 k=0 k=0

it follows that u € X and [lulx < (1 + 1)||xo|[x. Moreover, by the positivity of the
operator T, we have

0 < xo(t) < xo(t) + Txo(t)/C + T?x0(t)JC* + - - - = u(t) fort € Q p-ae.,

and

oo oo
Tu(t) < CHT*x(t) = C Y CF T x(t)
k=0 k=1

< Clx) + iC_kaxo(t)} — Cu(t). .
k=1

Now we are ready to state and prove the fundamental factorization theorem in
weighted Banach ideal X(? spaces.

Theorem 5 For some weight functions vy, vi, wo, wy on §) and some po, p1, 90,1 €
(1, 00), let the operators Ty: (X,,)? — (X,)P) and Ty: (X,,) ) — (X,,)) be
positive sublinear and bounded with the corresponding norms Co and C,. Assume that
we have continuous imbeddings X'PV C X0 and X9 C X with the norms not
exceeding C, and Cs, respectively. Then:

(i)  There exists a positive weight u € XPodo) sych that
nTo(u®vy ') < CPu® and w Ty (uP"wy ') < CPoubo,
withC = Z(Cé/qu;/qo + Ci/P”C;/p") or, equivalently, we have that

To: L, — L

vou— 10 yiu—90

and T : L*° — L

wou—Po wiu—Po

are bounded with norms not exceeding C% and CPo, respectively.
(ii) There exists a positive weight u € X219 sych that

nTo(whvy ') < DM uf and wi Ty (uP'wy ') < DP1ul
with D = 2(C(1,/q’ C;/q] + Ci/p’C;/P‘) or, equivalently, we have that

TQ: L™

Vou— 1

— L _andT,: L3’ — L

Tu— 4 ou Pl ‘wiu—P1

are bounded with norms not exceeding D' and DP', respectively.
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Proof (i) Using the given operator T, we can construct a new positive sublinear
operator Sy by
Sox = [v1 To(|x[® vy )]V

Of course, Sy is positive, and by Lemma 5 it is sublinear. The operator Sy is also

bounded from X% into X(P19) with the norm < Cé/%. Indeed,

NI H [v1 To(|x|vy )17 H)p{#‘)
< /" ofsfovg 17 | 77
= G P | B = € el
Similarly, the operator S; given by
Six = [wi Ty (|x[Pwy H)]/Pe

is positive, sublinear and bounded from X(?04) into XP04!) with norm < C } /P,
Since we have imbeddings X(1a0) = x(Poa0) gpnd X(Poa) = x(Poa) it follows that
the operator S = S, + S; is bounded from X (o) into XPod0) with norm < C, and
applying Lemma 6 to S we obtain the required estimates.
(ii) The proof here is similar. We should only consider the operators

Lox = [vlTo(\x\q‘vO_l)]l/q’ and Lix = [W1T1(|x|p1w0_1)]1/1’1,

use the embeddings X719 ¢ Xx(poa) x(pa) < X(P1) and apply Lemma 6 to the
operator L = Ly+L; which is bounded from X(P19") into itself. The proofis complete.
|

In some cases we do not need the above imbeddings. We can then formulate a
generalization to X'?) spaces of the result of Rubio de Francia type. This result gives
the factorization theorem through weighted L> spaces.

Corollary 5 Assume that for some weight functions v, w on ) and some pgy, p1 €
[1, 00) the operators

To: (Xv)(P“) N (XV)(P") and Ty : (XW)(PI) _ (XW)(pl)

are positive, sublinear and bounded with the corresponding norms Cy and Cy. Then
there exists a positive weight u € X'PPV) such that

vIo(uPv™Y) < CPruP' and wT (uPPw™ ) < CPoybo,
withC = 2(C(1)/pl + Ci/po). The last estimates mean that the operators

To: L), — L)Y

u—P1 u—P1

andTy: L}, — L

u—Po u—Po

are bounded with norms not exceeding CP' and CF, respectively.
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As special cases of Theorem 5 and Corollary 5 we obtain the factorization results
of Hernandez (see [17, Theorem 2.1] and [18, Theorem 1]).

Corollary 6 If To: LP* — LP and T,: L' — LP' are bounded, positive sublinear
operators, then there exists a positive weight u € LPP' such that Tou?' < CuP' and
TyuP* < Cuf or, equivalently, we have that the operators To: L>°, — L°°, and

Ty: L%, — L, arebounded.
u 0 u 0

1 P1

In Theorem 5 and Corollaries 5 and 6 there are two operators Ty and T; but in
applications sometimes as an operator T} is taken the associated operator T;j (some-
times also called the dual operator in the sense of Kothe) to Ty. If Ty € XK, then
the associated operator does not always exist. Here by X we denote the class of pos-
itive sublinear operators T defined on L°(y1) with values in L°(p) and for T € X we
consider the notion of the associated operator T’ € X.

For T € X, an operator T’ € X is called associated to T (in the scale of L?-spaces)
if, forall 1 < p < oo and all weights u we have that T': L — I is bounded if and
onlyif T': Lf//u — Lf//u is bounded, and the estimates

1 !/

hold with a constant C > 0 independent of p and u.

Note that T” is not necessary unique. If T is a linear operator, then as T’ we can
take the conjugate operator T*. Also for a linear operator T the operator x — |Tx|
is sublinear and there is no notion of conjugate operator to it but we can instead take
T'x = |T*x]|.

We are now ready to formulate the factorization theorem in L?-spaces with the
factorization through the weighted L' and L> spaces for operators T € X for which
an associated operator T’ € X exists.

Corollary 7 Let1 < p < oco. Assume that T € XK and for T there exists T' € XK.
Then T: LP — L? is bounded if and only if there exists a weight u € LP on Q such that

T: L}lp,] — L}lp,] and T': L‘f?u — L1°7u

is bounded.

Proof IfT:L? — L’ and T': L?" — L? are bounded then, by Corollary 6, there
exists w € LP? such that

TwP < CwP' and T'w? < Cw’.
Taking u = w?’ we have u € L? and
Tu < Cuand T'u?~! < CuP™!

or
T:Lyj, — Ly, and T: L, —T: L,
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is bounded.
Conversely, if T'is bounded in L!,_, and in LY, then T is also bounded in the
Calderé6n spaces (L, )1/P(L‘f7u)1_1/1’ =17, [ ]

We will show a little later that if for an operator T' € X we do not put additional
restrictions, (for example, the existence of an associated operator) then the factoriza-
tion theorem through weighted L' and L> spaces cannot be true.

Before giving this counter-example we would like to show that for some class of
operators we can prove a factorization theorem where the extreme spaces are Lorentz
and Marcinkiewicz spaces determined by weight instead of weighted Lebesgue spaces
L' and L*°. Lorentz and Marcinkiewicz spaces are natural extreme spaces in the class
of symmetric spaces, cf. [25]. All our spaces here are on (0, co).

We consider a subclass K, of operators T € X for which there exists a constant
C > 0 such that

/ (o)) ds < C / T (s) ds
0 0

forallt > 0and x € L°(0, 00).

As an example of T' € K, we can take the Hardy operator Hx(t) = % fot x(s) ds,
Hardy sublinear operator H*x(¢) = % fg x*(s) ds, maximal operator M, and inte-
gral operator Tx(t) = fooo k(t,s)x(s) ds with a positive kernel k(t,s) > 0 which is
decreasing in each variable separately.

We recall the definition of Lorentz A« spaces and Marcinkiewicz M, spaces. For
the weight function u on (0, 00), the Lorentz space A~ is the space generated by the
norm

x|

Ape = /OO X (t)u*(t) dt,
0

and the Marcinkiewicz space M,~ that by the norm

1 t
x|y . =sup ——— [ x*(s)ds.
el = sup s ds/o

Theorem 6 Let1 < p < oo. Assume that T € K, and for T there exists an associated
operator T' € K. If T: LP — L? is bounded, then there exists a positive weight u € L?
such that

(i)  The estimates

t t
%/ u*(s)ds < Cyu(t), %/ w ()P~ ds < Cou()P~!
0 0

and

S S

/Oo WO 45 < Coulr), /oo wO < Cu(t)P~!

hold for all t > 0.
(ii) The operators T: Ayep—1 — Ayup—1 and T: M~ — M~ are bounded.

Conversely, if conditions (i) and (ii) are satisfied then T: LP — LP is bounded.
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Proof Assume that T: L? — L? is bounded. Consider two operators
So=T+H +H,:[» - [PandS, =T +H* +H,: [?" — ",

where H*x(t) = x**(t) = 1 [} x*(s)dsand H.x(t) = [ =2 ds.
Note that H* is bounded in L? spaces for all 1 < p < oo and H, is bounded in L?
spaces forall 1 < p < co. Then Sy, S; € K and by Corollary 6 we can find a weight

w € LP?" such that the operators

So: L2, — L2 sand Syt L2, — L2,

are bounded, which can be rewritten by taking u = w? " such that u € L? and

So: L1°7u — L1°7u and S;: L7, — L7,

are bounded. Since H*: L1°7u — L1°7u is bounded with norm < A, it follows that
H*u(t) = u™*(t) < Au(t)

for all t > 0, and the first estimate in (i) is proved.
The operator T': L1°7u — L‘f;’u is also bounded with norm < B. Therefore
|Tu(r)| < Bu(t) for all # > 0, and so

(Tu)*(t) < Bu*(t) forallt > 0.

If we assume that x**(¢) < u**(t) for all + > 0, then by the assumption T' € K, we
obtain

(Tx)™ (1) = 1/(Tx)*(s)dsg 9/ Tx*(s) ds
t J t Jo

t t t
g/ Tu™*(s) ds < fE/ Tu(s) ds < fE/ (Tu)*(s) ds
tJo tJo t Jo

ABC [*
< — u*(s)ds = ABCu™*(t),
0

IN

andso T: M, — M, is bounded with the norm < ABC.
We also have that H*: L, — L°7_, is bounded with the norm < D which gives
the second estimate in (i)

1 t
;/ uw (s)P~Vds < Du(t)?~! forallt > 0.
0

The operator T € X, satisfies the estimate fot (Tx)*(s)ds < C fot Tx*(s)ds for all
t > 0. Therefore, by the well-known property of rearrangement (see [25], property
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18%) and the boundedness of T'in L', , with the norm < E, we obtain

ub—

ITxlla., , = /00 ()P (Tx)* (1) dt
0

oo

< C/OO W (P T (1) dr < CD/ u@®)P~1Tx* (1) dt
0 0

< CDE/ u()Px () dr < CDE/ w* ()P~ Ix* (r) dt
0 0
= CDE||x||»,

*p—17

and T: A,«»-1 — A,-p—1 is bounded with the norm < CDE.

The boundedness of H, : Ly, — Ly, and H,: LYY, — Lo, gives the third and
the fourth estimate in (i).

Assume that conditions (i) and (ii) are satisfied. Then it is enough to show that any
L? space can be described from A,«,-1 and M,,» by the real method of interpolation
(the K-method of interpolation). We have

t
M, = (L', L®)g,.x with ®; =L, v(¢) :/ u*(s) ds,
v 0

and the first with the third estimate in (i) ensures that ®, is a quasi-power parameter,
that is, the Calderén operator

< t ds
Sf(t)f/o mln(l,;) OIS
is bounded in L‘f;’v (see [10, p. 387] for the definition and examples). In fact,
t d 0o d
Sf(t):/ |f(s)|—s+t/ |f(s)|_25
0 S ¢ s
tods o ds
< ||fHL°%O (/0 V(S)? +t/t V(S)S_z)
' ° ds
= oo **(s) d T -
e ([ @dsee [0
t [e%e) *
< C1||f||Lc;o (/ u*(s) d5+t/ u 5(5) ds)
v 0 t

< Cillfllzse (v(t) + Cstu* (1)) < Ci(1+ C3)|[ fllzse v ().

The second and the fourth estimate in (i) ensure that 5 = L', 1 1S a quasi-power

t
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parameter. In fact,

u (t)P ! BTl (3 L A ds o0 ds
[ YO spyd [ —7—(A«mwgwlivmb)m
Y A ' (Ol ds
*/0 (/ £ dt) ok
[e%) s . B dS
+/0 (/0 ()P 1dt)|f(s)|s—2

o0 d d
scu/ u*(s)P’llf(s)|?5+Cz/ w6
0
=G+ ISl
We also have

Ay = (L' L)k

The last identification of the spaces follows from the estimates

wmw4=/mﬁmwwrmt
0
o0 t dt

< “(s)ds) u* ()P

f/o (/Ox(s)s)u() .
0o [o ST -1

:Hﬂ%K:/ (/ ”ﬁvm)ﬁm¢
0 s

sq/’ww%ww¢:awmwp
0

Using now a generalization of the Holmstedt formula with quasi-power parameters

®, &4, proved by Dmitriev—Ovchinnikov (1979) and Brudnyi-Krugljak (1981) (see
[10, Corollary 7.1.1, p. 466] and [41, p. 30] in the discrete case),

K(t, a5 (Ao, Aoy s (Ao, ADayix) =~ K(t,K(-, a5 A0, A1); By, D1)

we obtain

K(t7-x; Au*P*HMu*) ~ K(t7-x . (L17LOO)<I>0;K> (L17LOO)(I)1;K)

~ K(t,K(s,5 L', L>); L. o1 . L)

su™* (s)

K( /x(u)duL pl,Lool)
(

Q

su* (s)

= K(t,x"*(s); L} 1,L°°)
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Thus, ford =1 — %,

ellea, . p-1ntsn, 2 6 et a0,

u

>k %
~ ||x

i = [ e = 1 e = ]

where the first equality comes from the fact that

_ * —1) 10 1 9_ * -1/ ! 171/1)—
w0 = () () =0 () =

Thus (A1, M+ )9, = L? with equivalent norms and the proof is complete. |

Corollary 8 If1 < p < oo and estimates in (i) are satisfied, then (Ayp—1, My~ )g p =
L? and so L? is an interpolation space between A, and M,~. In particular, since
u(t) =t~ VP with1 < p < oo satisfies estimates in (1) we obtain (LP'I,LP=°°)1_1/p’p =
LP and so L? is an interpolation space between Lorentz space L' and the Marcinkiewicz
weak LP-space LP°°.

Let us consider the factorization theorem of Schur type, that is, a factorization
through weighted L' and L> spaces. We will show the failure of a Schur type factor-
ization theorem even for powers in symmetric spaces for the positive sublinear Hardy
operator.

A symmetric space X on (0, 00) is a Banach ideal space on (0, c0) with the ad-
ditional property that x*(t) < y*(¢t) for every t > 0O and y € X imply x € X
and ||x||x < ||y|lx, where x* denotes the decreasing rearrangement of |x| (see [25]
for definition and properties). The fundamental function px(t) of X is defined by
ex(®) = [Ix0llx,t > 0.

Given A > 0, the dilation operator o) given by o)x(¢) = x(¢/A), t > 0, is well
defined in every symmetric space X and ||o)||x—x < max(1, A). The classical Boyd
indices of X are defined by (cf. [2, 25, 27])

In general, 0 < ax < fBx < 1. For other properties of symmetric spaces and also the
Lorentz and Marcinkiewicz spaces we refer to [2, 25, 27].

Theorem 7 Let 0 < 6 < 1, X be a symmetric space on (0,00) and for weights u,
v on (0,00) we have u(t)"/?v(t)/=9 = 1 for all t > 0. Consider the sublinear
Hardy operator H*x(t) = x**(t) = %fot x*(s)ds. Then both H*: X, — X, and
H*: LY — L are bounded if and only if u(t) ~ v(t) ~ constant and Sx < 1.

Proof If the Hardy sublinear operator H*: LS® — L° is bounded, then

(10) (%) **(t):%/ot<l)*(s)dsgcl$ forall £ > 0.

1%
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From the Semenov imbedding theorem (see [25, Theorem 5.7]),

ox(t)
sup

t>0

t
/x*(s)dsSHxHx forall x € X,
0

and the boundedness of H*: X,, — X,,, we obtain that

@X(t) ! % U\ k
p (uH*x)*(s) ds < Cyol|xu||x forallx € X.
0

t>0

Using the assumption on weights and (10) we have

/(MH* *(s)ds = /(v 1f)H* ) (s) ds
- [lei(r(2)) o e
=C /OtH*x(s)(H* )(s))iﬂ

from which we obtain

ox(t) [T, ! % Co
_ < — .
(11) st1>1£) , /0 H x(s)[H (V)(s)} ds < CleuHX forallx € X

Assume first that lim,_, oo (2 ;) () = 0.
For any ¢ > OwecanﬁndasetA C{s>0:
m(A.) = 1. For the functions x. = x4 we have

wx()/ H*x )m}
2 oty [ I [y (1) ] g

—ox) [[1 [ (2) @a] " i

> @x(l)/o (3) @ as

L) < €} such that its measure

and putting it into (11) we get

Co
C

1

0
pyl1—0

1
1\ * 9 CO 0
- —0 ds < — 10
/0 <V) (S)l 5= C]E ’

1
1
oxt) [ () @07 ds < Clwallx = &
0

C £
Xa.l| < C—O —Tpx(1)
1

X

or
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which gives that ﬁ = 0 a.e. But this is impossible.
If lim; oo (1)*(¢) = ¢ > 0, then by (10)

—— 2

1
for all
Y0 > C orallt >0

—_

which means that v is bounded.

Assume that limtﬁo+(%)*(t) = oo. Forany k,n € Nlet Ay = {t > 0:2F <
u(t) <2} and B, = {t > 0: ()*(r) > 2"}.

Let us choose k € N such that m(A;) > 0. Forany n € N,n > k, we can find
D, C Ay suchthat 0 < m(D,) < m(B,). Putting x,, = xp, into (11), we obtain the
estimates

s 20 [l ()] s

2 20 [l (1) 0] s

> px(m(D,)) /Om(D”) min (s, m(D,)) {( 1) *(s)} = s

m(Dn) S
_ox(m(Dy)) [P 1y 11
T mD,) /0 {(;) (5)] ds
> ox(m(D,)) (")
and
llxattl|x < 25 xp, [lx = 28 ox (m(Dy)),
which give

2T ox (m(Dy)) < 2% ox (m(Dy))

and we come to a contradiction.

If limtam(%)*(t) = ¢ < 00, then ||%||Loo = ¢, and we obtain estimation of v
from below. Hence, the weight v is equivalent to a constant, and so the weight u is
also equivalent to a constant, which means that X, = X. By using the theorem on
boundedness of the H* operator in a symmetric space X (¢f. [25, Theorem 6.6]) we
have that this is equivalent with the condition Sx < 1. This result gives also the
reverse implication and the proof is complete. ]

Corollary 9 Let X be a symmetric space on (0,00) with Bx = 1. Then for every
1 < p < oo there are no weights u, v such that H*: L3° — L3° is bounded and
H*: X, — X, is also bounded, and (X,,)"/?(L°)'~1/P = X,

Proof Since ||o)||xo»_x» = ||JAH)1(/iX it follows that Oy, = %ﬂx < 1 and by
using the theorem on boundedness of the H* operator in a symmetric space X (cf.
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[25, Theorem 6.6]) we have that H*: X» — X is bounded and H*: X — X is
unbounded.

Assume that for H* we can find weights u, v such that H*: L7° — L3° is bounded
and H*: X, — X, is also bounded, and (X,,)"/? (L)' ~1/? = XP),

Since the equality X = (X,)/?(L5°)'=1/? gives (X,)/P(L°)'"1/P = X =
X'/P(L%°)'1=V/P, by Theorem 3,

_ _ 1
/Pt — 1000 o or uivTT A 1.

By Theorem 7 we come to the conclusion that Sx < 1, which is a contradiction with
the assumption on X that Bx = 1. ]

Corollary 9 gives the following

Remark 3 The Schur test for the sublinear Hardy operator H* in the X(?) spaces
with 8(X) = 1 through the weighted X and weighted L*>° spaces does not hold even
for0 =1—1/p.

This example of the Hardy positive sublinear operator shows that without any
additional assumptions on the operator the factorization theorem through weighted
L' and weighted L™ spaces cannot be true.

4 On the Failure of the Factorization Theorem for the Volterra Oper-
ator in Some Calderon-Lozanovskii Spaces

We will show here that the factorization theorem of the Rubio de Francia type is not
true in general in Calderén—Lozanovskii spaces for a simple integral operator such
as the Volterra operator (sometimes also called the integration operator) Vx(t) =
fot x(s) ds.

Let us formulate the main factorization problem: Let ¢ € U, four weights ug, u;,
vp, v1 and a bounded positive linear (or sublinear) operator
(12) T: (L, L2°) — (L, L

Up? Uy Vo? TVy

be given. Can we find four weights wy, wy, by, hy such that

(13) Q(Lh L) = @(Ly, L), oLy, LY) = @(Ly,, L)
and
(14) T: L, — Ly, T: Ly — Li®

are bounded?

The answer to this problem is negative already for the Volterra operator. We will
find a function ¢ € U and four weights uy, 1, vy, v1 for which (12) is true for the
Volterra operator but it is not possible to find weights satisfying (13) and (14). By the
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interpolation property of the Calderén—Lozanovskil construction we have that the
assumptions (13) and (14) imply boundedness in (12).
We need first some lemmas.

Lemma 7 Let ¢ € U and weights ug, uy, vo, v1 on (0, 00) be given. For t > 0 put

e ds.

wo(t) = ess sup ﬁ, w (1) :/
0

0<s<t

If p(wo, wy) € @(LL | LS°), then for the Volterra operator Vx(t) = fot x(s) ds we have

Vo? TV
IV llows, 1ger—pws, 1ge) < 00
Proof Ifx € (L. ,L>°) and the norm is < 1, then

Uup? uy

x| < @(|xol, [x:]), with [|x

n <L e < 1.

Ho

Thus, by Lemma 4 and the definition of weights, we have

Vx| < V(Ix]) <V (@llxol, [x1]) < o (V(|x0]), V(|xi]))

<P< / 9o () ds, / xl(s)|ds>
o to(s) 0

t t 1
<<p<wO(t)/ |0 (s) |10 (s) ds, ||x1ul||L°°/ dS)
0 0 1 (s)

< p(wo(®)||xotio]|r, w1 () || 1201 [[1o ) < @(wo(r), w1 (1)) .

Hence Vx € (L} ,L°) and

Voo vy
Vo, zge) -, 2oy < lowo, wi)llpay 1ge) < oo u
Let (t) = m(ﬁ for t > 0. This is a concave function on (0,00) with

lim;_,¢+ ¢(¢) = 1. Then the function v given by

(15) U1 = S0/ = s

belongs to U.

Lemma 8 For the function ¢ from (15) we can find weights ug, uy, vo, v1 on (0, 00)
such that for the Volterra operator Vx(t) = fot x(s) ds we have

v

L, =Ll = 00, 114 Lge—Lge < 00

and
IVIlps rooy—pr 1oy < 00.

1y Uy v vy

Proof Choose weights u1, vy such that
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(i) fy 7 ds < oo forall £ > 0,
(ii) ftoo vo(s)ds < oo forallt > 0,
(iii) O(t) := fot ﬁ(s) ds ftoo vo(s) ds is an increasing function and lim;_, o, ©(t) = oo

and put
1

ww—mm—é%/‘mwﬂ—?—rg
t 0 m

For general weights u, v the norms of an operator V between weighted L' and
weighted L°° spaces are known:

IVI—r = ess sup ()/ v(s) ds

and
t
[IV]|Lee oo = ess sup v(¢)
! Y £>0 o u(s)
In our case of special weights we obtain
| 1, = esssup s)ds = esssup O(t) =
>0 uo(t) >0
HV||LOOHLx = ess sup v;(t) ds=1.
>0 0o " (s)

Therefore the first two conditions on V are satisfied. To show the third one we use
Lemma 7.
Since 1 is a decreasing function it follows that

1 1 o
wo(t) = ess sup = = / ds = w(t),

o<s<t Uo(s)  up(t) o u(s)

and so

Y (w0, m(0) =90, Dwi(0) = o (0).

If xo(¢) > O a.e. on (0, 00), then

x(t) 1 xo(t) 1
s = Z = w1 ().
(oo ) WO (1+ 50,0y = w1
Thus,
1 X0
= <y =
p(wo, wy) = n 2W1 < w(%, Vl) € 7/)(1:1,071;1,1
and, according to Lemma 7, the operator V is bounded from (L ,L;°) into

B(LL L),
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As function x,(¢) > 0 for which ||x||1 < 1 we can take, for example,

1 o0
xo(t) = 3 Z min(1,2_2k)x(2k,2k+1). [ |

k=—o00

Theorem 8 Let 1) and weights uy, uy, vo, v1 on (0,00) be the same as in Lemma 8.
There are no weights wy, wy, ho, hy on (0, 00) that satisfy

'(/)(LWML:,)\/? = w(Luuv u ) '(/)(LhOaL]??) = w(LVOaLVI
and the Volterra operator V' is bounded between
ViL, — Ly andV: Ly — L.

Proof Assume conversely that such weights exist. For the function ¢ we have

(a) = lims Y(at, 1) - atIn(1 +1¢)
) = 11 = l1 _— =
Pv PP ) T P fIn(1 + ar)

Therefore, if ¢(L), ,Ly?) = (L}, ,L " ), then, by Theorem 4 and Lemma 3 with

6 = 1, we have wy ~ ug. Similarly, since (L} ,Ly®) = (L} , L;°) then again by,
Corollary 4 with 6 = 1, we have hy =~ vy. According to Lemma 8

v

Ly, = 9

which is a contradiction. ]
Immediately from Lemma 8 and Theorem 8 we have the following example:

Example 2 Let ¢(s,t) = m

that the factorlzatlon theorem for the Volterra operator V' from the space ¢(L,, , L;°)
into (L} , L°°) does not hold.

We can find weights ug, u;, vo, v1 on (0, 00) such

Vo Vl

Remark 4 Theorem 8 and Example 2 are still true if we take any function ¢ € U
which satisfies two conditions:

Slgg P(s,1)=c>0 and pya) = llfrisolol qf[}((at 11))

forall a > 0.

The failure of the factorization theorem for the operator V was given for the func-
tion ¢ with the property that lim_,¢+ ¢(s,1) = ¢ > 0 (see Corollary 9 and Re-
mark 4). We will also present a result for when the function 1% satisfies
lim, ¢+ 9(s, 1) = 0. It is enough to prove a lemma corresponding to Lemma 8.
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For fixed 0 < 6 < 1, let

t? ifo <t < 7(6),
Yy(t) = < linear if7(0) <t <1,
() ift > 1,

where Y(t) = w0 1+t) and 7 = 7(0) is a point in (0, 1) such that 1)y is concave on

(0, 00), e, P'(1) < % < 7%, Such a point exists since /(1) = 1/In2 —

1/[2(In2)]? < 1/In2 = (1) and lim, g+ “8=7 = 4)(1), lim, - 777! = o0. Let
(16) Ya(s, 1) = t1hy(s/t) with the above function 1,(t).

Then ¢y € U, lim,_¢+ 1y(s,1) = 0 and py,(a) = aforalla > 0.

Lemma 9 Let 0 < 6 < 1 be fixed and let the function 19 € U be given by (16).
Then there exist weights ug, uy, vo, v1 on (0,00) such that, for the Volterra operator
Vx(t) = fot x(s) ds, we have

IV —1, = 09, ||V||LooéLoo =1

Uy

and
Vgt roo)—ppert 100y < 2.

Proof For fixed a € (0, 1) define weights uy, v, by
uo(t) = min(t7 T(@)) “ and vy(t) = T(H)I*U‘tfz

Then

1 oo
—L, = d
L}, = esssup uo(t)/t vo(s) ds

t>0

= esssup [min( t, 7(9)) 707’(9)17%71]

t>0
oo ()" ) <

Choose as weight u; a function which satisfies

LS| 1
/o e ds > O fort € (0,7’(9)]

and u;(t) = 7(0) " fort > 7(0). Let

1 {f(t) Jo s if0 <t < 7(0),

vi(1) o e if £ > 7(6),
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where f(t) is a function that for 0 < ¢ < 7(0) satisfies

1 vo(t) 0/(1—0
f0)>rmm(7<mw¢ﬂjguggd§ o) )

As u; and f we can take for example, on (0, 7(0)],

w(t) =t/ (ar(0)) and f(r) = 7(9)* "¢ =/1=0),

Then

Ly oLy = ess sup vl(t)/ (5)

= max( esssup ——

0<t<r(6 f() )

< max(7(0)"1=91) = 1.

Consider the functions

ift > 7(0),

xm_{l)im<t§ﬂﬂ
o () =

and x;(t) = Then

and for 0 < t < 7(0),

t4q 3 td —0
¢9(Mol(t)7/o u1(55)> = () 9(/0 ”155))1

td 1-9
< f(t)lf%o(trﬁ( |+ (SS))

f()/ =)

1
) = P(e®.m).

we(
Fort > 7(0),

'l/’(i( uo(t)’ / u;i(ss)) - wﬁ( uol(t) Vltt)) 1Z)G(XO( )7x1(t)).

Thus, by similar considerations as those in Lemma 7, we find that

||V||'/)6 L’ao L;:o —py(L} L) < 1+ T(g) < 2.

v 7V
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and Lemma 9 is proved. u

Analogously as in the proof of Theorem 8 and using instead of Lemma 8 the just
proved Lemma 9, we can formulate a similar theorem under the assumption that
lim, o+ 9(s, 1) = 0.

Theorem 8' Let ¢ and weights uy, uy, vo, v on (0,00) be the same as in Lemma 9.
There are no weights wy, wy, hg, hy on (0, 00) that satisfy

ULy L) = Ly, L), (L, L?) = (L, L3Y
and so that the Volterra operator V is bounded between

Vil — Ly andV: Ly — L.

Wo

5 Factorization of the Averaging Operator

We shall now consider a factorization theorem for the averaging operator on [0, c0).
Let

1
Ax(t) = m /x(s) dsx;(t), wherel = [a,b] witha,b> 0.
I

We can easily see that

1A;

1 1
= — [ u(s)dsesssup —
Bt T /f e u(t)

and

1 1
Aflljoo sjoo = — | —d ).
[[Arllzge -1 |I|/,v(s) s ess sup v(t)

tel

We show that the analogue of the factorization theorem of Muckenhoupt’s A,-con-
dition (cf. [39]) for the operator A and the space ¥)(L}, L°) does not hold.

ur -y

Theorem 9 Let 1y € U be such a function that lim,_,o+ (s, 1) = ¢ > 0 and py(a) =

lim sup,_, 1%;}((?.11)) =aforalla> 0. Ifu(t) = > =, 25Xk k1) (£) for t > 0, then for
the averaging operator A; we have

sup [|Ar||y(r Loo) -y L) = C < 00,
I

and there are no weights wy, wy, ho, hy on (0, 00) that satisfy the conditions
Ly, L) = (L, L), ¥(Ly, , Li®) = ¢(L,, L)

with
Sl}p ”AIHLLO—’Lio < 00, st;p HAI||LV°VT~>LEIO < 0.
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Proof We have

A g = d
suPH il —m |I| /u(s sesssup — ()

t>0

L/ 2" —1
> sup — u(s) dsess sup — = sup = 00.
neN 1 t€10,1] M( ) neNn n

Of course, sup; ||Af||poo— = = 1. We show that

SUp [[Arllycey o)~ i) = € < 00

If|I] <landIN[i,i+ 1) # @, then 2"~ < u(t) < 2" forallt € I and

sup [|Ar|| s roo) o roo) < 4
I
If|I] > 1, then for all ||xo[|z; < 1and [|x; ||z~ < 1, we have

Ar(Y (@], 1)) < v(Ar(Ix®]) Ar(1x®)])) < ¥ (A(x®)]),1).

Since u(t) > 1 it follows that a = ﬁ J; 1%0(s)| ds < \1\ J; 1x0(s)|u(s) ds < \1\ < land
so ¢(a, 1) < 4(1,1). Thus, choosing x(t) > 0 a.e. we obtain

Ar(Y (%), x@)])) <(1,1) < ‘/’(lc’ 1)

1/}( |x0(t)‘7 1)

which means that
P(1,1)

c

sup [[Arl[y (s Loo)—prrro) <
I

for |I| > 1. Thus C = max(4, w)
The rest of the proof is similar to the proof of Theorem 8. ]

6 The Failure for the Hardy Operator of the Factorization and the
Schur Lemma in Some Reflexive Orlicz Spaces

The Schur lemma for an integral operator Kx(¢) = f k(t,s)x(s) ds with a positive
kernel k(t,s) > 0 saying that the operator K is bounded in L?(1 < p < oo) if and
only if there exists a positive function u such that

Kul(t) < Cul(t) and K uP(t) < CuP(t),

where1/p+1/q=1and K " is the formal associate operator. We can rewrite this in
factorization form: there exists a positive function u such that

K: L}, — L, andK: L, — L,

ub

https://doi.org/10.4153/CJM-2005-035-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-035-0

Banach Ideal Spaces and Factorization of Operators 933

is bounded. The last statement is a factorization theorem for the operator K.

Theorem 8 shows that a similar factorization theorem for the Volterra operator
between weighted Orlicz spaces LM is not possible, but these Orlicz spaces are not
reflexive. We will show below that the classical Hardy operator Hx(t) = tl fot x(s) ds,
which is a bounded operator in any reflexive Orlicz space LM has in some of them,
no factorization through weighted L' and weighted L> spaces.

Theorem 10 There exist reflexive Orlicz spaces LM on (0, 00) for which there are no
weights uy, U1, vo, v1 on (0, 00) that satisfy

P(Lyy, L) = (L', L) = I, (L, L) = (L', L) = L™
and such that the Hardy operator H is bounded between

H:L,llo —>L11,0 andH:Lif —>Lfl°.

In particular, the Schur lemma does not hold for the Hardy operator H in some reflexive
Orlicz spaces.

Proof Since the Orlicz space LM is reflexive, it follows that the function M and its
complementary M* satisfy the A,-condition, that is, M(2t) < CM(t) and M*(2t) <
CM*(¢) for all t > 0. For a new Orlicz function M, defined by

t
Ml(t):/ MS(S) ds, >0,
0

we have that M, is strictly increasing on (0, c0). Furthermore M, is equivalent to M
since M(t/2) < M;(t) < M(t) forall t > 0, and so LM = [M,

The important step now is a construction of the function M or ¢ with p(t) =
o(t,1) = M~(t) for which po(a) from Theorem 4 is not equivalent to a power
function for all a > 0. Such constructions we will do later on in Examples 2 and 3
but we continue our proof with the function M having such a property.

Assume conversely that we can find weights ug, u;, v, v; on (0, 00) that satisfy

99(L11¢03Lf) = @(leLoo) = LMlv QO(L\lxovleo = SO(leLOO) = LMla
and the Hardy operator H: L, — L} and H: L;° — L;° is bounded.

Then neither u; nor v, is equivalent to a constant function. If u; is equivalent to
a constant function, then, observing that (s, 1) = M L(s) is strictly increasing, we
can use Theorem 4, which gives that 1 is equivalent to a constant function, and con-
sequently the Hardy operator will be bounded in L', which is not the case. Similarly
with v;.

Assume now that both weights ©; and v; are not equivalent to a constant function.
Then, again by Theorem 4, we obtain that

0.1-0 0,1-0
upu,” ~= 1 and vyv, " =1,
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where § is the number such that p,(a) ~ a’ for all a > 0. Thus any ¢ € U such that
p,(a) has different indices v, # [, gives a counterexample.

We now only need to give an example of such a function. We give below three
such examples, but the proofs we put into Appendix A at the end of the paper. ]

Example3 Let0 < 6y <0 <landl =a < a; < a3 < --- beasequence such
that the quotient “* is increasing to infinity. Put () = t" for0 <t < 1and

An—1

Lp(t) _ ( L )90@(a2n71) ifa2n71 S t S Ao,y
(ﬁ)‘g‘(ﬁ(@n) ifar, <t < agper.

Then ¢ is a quasi-concave function on (0, 00), i.e., ¢ is increasing and @ is de-
creasing on (0, 00). It is well known that there exists a concave function @ such that
p(t) < @(t) < 2p(t) (see [25]). Moreover,

pola) = max(a%, ael)

for any a > 0 and the indices are o, = 6y, B, = 0.

Example 4 For small a > 0and v2a < 6 <1 — 2alet

L ifo<t<e,
(,9(1’) - t€+asin(lnlnt) ift > e.

Then ¢ is a quasi-concave function on (0, 00), p,(a) = max(a‘g_‘/i“7 a"*ﬁ“) and
the indices are o, = 0 — \/Eoz, By =10+ V2a.

Example 5 (cf. [35, pp. 93-94] for ¢ near zero) For k > 0 and p > /2k + 2 let

M(r) = tP ifo <t <e,
(t) - tp+ksin(lnlnt) ift > e.

Then M is a convex increasing function on (0, 00), pp(a) = max(ap_‘/ik7 af”‘/ik)
and the indices are at, = 0 — \/fk, B, =10+ V2k.

A Proofs of the Statements in Examples 3, 4 and 5

Proof in Example 3 From the definition of ¢ we have

0,6
Mf—1\ 1770,
t% (szl ) ifay,1 <t <ay,,

agk—
o(t) = , ) ai:_f 0—0
t I(szl ) 1fa2n S t S Mn+l,
A2k
forn=1,2,...,whereayg = a; = 1.
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We show that ¢ is a quasi-concave function on (0, c0). If either a;,—1 < s <
t < ay,oray <s <t < ayy, then cearly o(s) < ¢(t) and @ < @ In the
remaining case, ay,—1 < s < ap, <t < dy,41, we have

() 90 ( ) 00 ﬁazkfl 91*90
20 = () wlawn = (1132
ayp—1 ! P axk—2
n n
<ar(Ile)" <o (%)
o A2k—2 Ak
k=1 k=1
t\&
= (=) ela) = ¢
A2n
and
() 0,—1 ﬁazk—l th—th 0,—1 ﬁazkl thi—to
e (I)  <ar (1)
t ooy B2k P
n
aze—1\ hr—t s
SS&O?I(H 2k 1) _ @(s)
paly [25)3 S

and this shows that the function ¢ is increasing and @ is decreasing on (0, o). Note
that

n
h—1

Af—

n

1 0,—1

M—1

0,—6, 0,—0, )
) <t )= e,

(11

k=1

(11

k=1

¢ (az,) = Ooal, o,

[25)3 Aok

which means that the function ¢ is not concave on (0, c0).
Let a > 1. We want to show that

plat)

t
lim inf plat) a,
t—00 ) t

0, .
= " and limsu =
P o(t)

t—00

(17)

Consider several cases, where n = 2,3, ... is arbitrary but fixed:

plat) _ 0 0 : plat) 0
1. If t, at € [ay,, arni1], then S =4 > a” and so limsup,_, 0] > a”.
2. Ift,at € [ay,—1, azy), then *;((“tt)) = a% < g% and so liminf,_, o “;((“tt)) < g,
3. Ift € (a2n—2i, a2n—2i1), i = 1,2,...,nand at € [ay,, azs+1], then
no dg—1 01—6, n
So(ﬂt) 0 Hk:1 A e o agl H Dok—1 0,—0 < a91
o0~ N\ ) T a )
k=1 " ay k=n—i+1
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and
n n
p(ar) ael( 11 ﬂzk—l)‘)l_"‘) _ aeo(aﬂzn—zm 11 azk—1)91‘90
t a Aypn—_2i a
tp( ) i1 G2k m=2i+2 T Bk
n n
at Ase—1\ 1= a as—1\ h—%
2119“( H 2k 1) 2519“( 2n H 2k 1)
Arp—_2i a Arn_2i a
2n—2i+2 ker—it2 2k 2n—2i+2 ker—it2 2k
> a90<a2n72i+3 CMan—2i+s a2n71>61700 > g
- Aon—2i+2  M2n—2i+4 An—2 -

4. Ift € [ayy—2i—1,021—2i],i =0,1,2,...,n— 1 and at € [ay,, dr,s1], then

no ax—1 61 —6,
plat) aeltel—e()( [Tie = )

n—i ay_1
Sﬁ(t) k=1 "ax * Mon—2i

n 0,—0,
:aaltﬂl—ﬁo( H Mk—1 1 )1 0

Aok Ayp—2i
ken—itl 2k 2n—2i
n
¢ a1\ 1=t
-~ )"
Ayp—_2i a
2n—2i [ 2k
and
" 0,—0,
plat) — ( t a2k71> 1—b
t Ary—2i a
o(t) m—2i, o A2k
at a ; a ; a 01—0o
0 2n—2i+1 2n—2i+3 2n—1
= g% . . cen
op—2i Mon—2i+2 M2n—2i+4 oy
0 on Mn—2i+1  A2n—2i+3 Azt 1t
2 a 0 . . e
op—2i Mon—2i+2 M2n—2i+4 oy
0, [ A2n—2i+1  A2n—2i+3 Azy—1\ 1=t )
=q° . . > g%

Mp—2i  Mn—2i+2 Aop—2
5. Ift € [azy—2i, 2n—2i+1),1 = 1,2,...,n,and at € [az,_1, az,], then

e 0,—6
a-az---axy—1\ V1%
gD((lt) _ agotgo_gl ( uo'dz"'ﬂm—z)

gﬁ(t) o ( a1-as---0yp—2i—1 ) 01 —0o
Ag-az---* A2n—2i
0o ,00—0, [ F2n—2i+1  A2n—2i+3 An—3 01—0s
=a't . PN cdyp—1
Aop—2i+2  A2n—2i+4 Aop—2
0, [ B2n—2i+1 A2n—2i+2 azy—1\ 1= 0
=q° ( . e ) a’®
t A2n—2i+3 Arn—2
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and

(at) —o, [ B2n—2i+1  O2n—2i+3 Aon—3 1=
2 :a0ot0o 91( n—a . n—atrs o Zan - doy 1)

() on—2i+2  B2n—2i+4 Arp—2

_ aeo(lhn—l CMon—2itl  @2n—2i+3 ﬂzn—3> 01 =0 < .
t Mon—2i+2  Bn—2it+4 aon—2

6. Ift € [ayy_2i_1,0012i],i=1,2,...,n— 1,and at € [ay,_1, as,], then

Dk—1 \ 6, —0
plat) — 4 (Hk Lo\
- Dk—1

(p(t) Hk 1 ay_,

n

0, —06,
ari_ 1—b6
:a9°< Il 2% 1) > g

Ak —
k=n—i+1 2k—2

and

p(at) — g ( Aon—2i+1 * A2n—2i+3 ** " Aan—1 ) 01=0o

(1) Aon—2i * Aan—2i+2 " A2n—2

ago(ahtfl Ap—2i+1  A2n—2i+1 a2n73>91—90

Mp—2i Mn—2i+2  Mn—2i+2 Aop—2

6, —6, 6, —6,
Cﬂ@(%) ' Oga%(a_t) ' 0:(101,
A2n—2i t

From all these cases we see that (17) is true and the proof of Lemma 2 is complete.

IN

Proof in Example 4 The function ¢ is quasi-concave on (0, co). It is enough to see
that fort > e,

w()

o'(t) = [0 + a(sinlnlnt + coslnlnt)] = (t) {9+ \/_asm(lnlnt+ 4)}

and

(p)/t) = @ {9 1+ \/Easin(lnlnH %)} .

We show now that p,(a) = max(a‘)_‘ﬁ“7 ag_‘/i"). Ifa> 1andt > e, then

o(t)

— a€+a sin(In ln(at))tZ(l' sin[(InIn(at)—InInt)/2] cos[(InIn(at)+Inlnt)/2]

p(at) _ gf+asin(nln(an)) sasin(inIn(ar)) —sin(ln In 1)}

a0+0< sin[In In(at)] tla sin[In(1+lna/Int)/2] cos[Inln t+In(1+lna/Int)/2]

Since for |u| < % we have In(1 + 1) = ub(u) where |b(u)| < 2 and by the Lagrange
mean-value theorem,

cos(x + h) = cosx + c(x, h)h with |c(x, h)| < 1,
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it follows that for large t and all a > 1,

cos{lnlnt+ %ln(l + lhri_a” = cos[lnlnt+ %lln—ab(a,t)}

= cos(Inlnt) + l b(a t)c(a,t)

— cos(Inlnt) + lh‘“az(a ),

where |d(a,t)| < 2. Thus

(p(at) _ a9+asin[lnln(at)]t2asin((l+lna/lnt)/2[cos[lnlnt)+d(a,t)lna/21nt]
o(t)

9+u sin[In In(at)]+2a 2L sin sin((1+In a/Int)/2[cos[InInt)+d(at)Ina/21nt]

Ina

Since

Int In(1 + lna
lim — 2 sin ( lnt) =1
t—oo Ina 2

it follows that
90(‘”) _ a0+a sin[In In(at)]+a cos[In In(at)]+e(a,t)
- ;

o(1)
where lim;_, . e(a,t) = 0 and so

lim sup <P(at) — a6+a lim sup,_, __ {sin[InIn(at)]+cos(In In(at)]}

t—00 So(t)
0+ lim sup (sin u+cos u) 0+ 2
=a e =a
and

liminf ——= gp(at) a2
t—oo o(t)

The proof is complete.

Proof in Example 5 Fort > e we have
/ _ M(t) . ™
M) = — {p+ \/Zpsm(lnlnt+ 4)} ,
and

M'"(t) = M(t){[p -1+ \[k51n<lnlnt+ 4)} [p— 1+ \[stin(lnlnt+ %)}

- %sin(lnlnt - %) }

Also M'(e™) = peP™! < (p + k)eP~! = M'(e™). Therefore we can show that M
is increasing, convex on (0, 0o) and the proof of the fact that py(a) = max(a’~V*,

a’~V2) forall a > 0 is similar to Example 3.
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