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A MINIMAX INEQUALITY WITH APPLICATIONS
TO EXISTENCE OF EQUILIBRIUM POINTS

Kok-KEONG TAN AND ZIAN-ZHI YUAN

A new minimax inequality is first proved. As a consequence, five equivalent fixed
point theorems are formulated. Next a theorem concerning the existence of max-
imal elements for an Lc-majorised correspondence is obtained. By the maximal
element theorem, existence theorems of equilibrium points for a non-compact one-
person game and for a non-compact qualitative game with Lc-majorised corre-
spondences are given. Using the latter result and employing an “approximation”
technique used by Tulcea, we deduce equilibrium existence theorems for a non-
compact generalised game with Lc correspondences in topological vector spaces
and in locally convex topological vector spaces. Our results generalise the corre-
sponding results due to Border, Borglin-Keiding, Chang, Ding-Kim-Tan, Ding-Tan,
Shafer-Sonnenschein, Shih-Tan, Toussaint, Tulcea and Yannelis-Prabhakar.

1. INTRODUCTION

In [22, 23], Tuclea proved some very general equilibrium existence theorems for
generalised games (abstract economies) with correspondences defined on a compact
strategy (choice) set of players (agents). These theorems generalised most known equi-
librium theorems on compact generalised games due to Borglin and Keiding (3], Shafer
and Sonnenschein [16], Toussaint [21] and Yannelis and Prabhakar [26].

In this paper, we shall first introduce the notions of correspondence of class L¢,
Lco-majorant of ¢ at z and Lo-majorised correspondences which generalise the cor-
responding definitions of Ding and Tan [7]. Next, a new minimax inequality is proved
which generalises the corresponding result of Shih and Tan [18]. As a consequence,
five equivalent fixed point theorems are formulated which generalise the corresponding
results of Ben-El-Mechaiekh, Deguire and Granas [1], Border [2], Ding and Tan [7, 8],
Mehta and Tarafdar [15), Shih and Tan [18] and Tarafdar [19). An existence theorem
of maximal elements for an L¢-majorised correspondence is obtained which generalises
the corresponding results of Borglin and Keiding (3], Ding and Tan [7], Toussaint [21],
Tulcea [22] and Yannelis and Prabhakar [26]. By applying earlier results, we prove
equilibrium existence theorems for a non-compact one-person game and for a non-
compact qualitative game with an infinite number of players and with Lc-majorised
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correspondences. The latter result is applied to obtain an equilibrium existence theorem
for a non-compact generalised game with an infinite number of players and with L¢
correspondences. Finally, by employing an “approximation” technique used by Tulcea
[22], we also give some equilibrium existence theorems for a one-person game and for a
generalised game in locally convex spaces.

Now we give some notation. The set of all real numbers is denoted by R. Let A4
be a subset of a topological space X. We shall denote by 24 the family of all subsets
of A, by F(A) the family of all non-empty finite subsets of A, by intx(A) the interior
of A in X and by clx(A) the closure of 4 in X. A is said to be compactly open
in X if for each non-empty compact subset C of X, ANC is open in C. If 4 is a
subset of a vector space, we shall denote by coA the convex hull of A. If A4 is a non-
empty subset of a topological vector space E and S,T : A — 2F are correspondences,
then coT, TNS : A — 2% are correspondences defined by (coT)(z) = coT(z) and
(T n S)z) = T(z) N S(z) for each z € A, respectively. If X and Y are topological
spaces and T : X — 2Y is a correspondence, the Graph of T, denoted by Graph T, is
the set {(z,y) € X x Y : y € T(z)} and the correspondence T : X — 2Y is defined
by T(z) = {y € Y : (2,y) € clxxyGraph T} (the set clxxy Graph T is called the
adherence of the graph of T'), and ¢lT : X — 2¥ is defined by clT(z) = cly(T(z)) for
each z € X . It is east to see that cIT(z) C T(z) for each z € X .

Let X be a topological space, Y be a non-empty subset of a vector space F,
6:X — E be amap and ¢ : X — 2 be a correspondence. Then (1) ¢ is said to be of
class Lg,c if (a) for each z € X, cog(z) C Y and 6(z) ¢ cod(z) and (b) there exists
a correspondence ¥ : X — 2¥ such that for each z € X, ¥(z) C ¢(z) and for each
y €Y, ¥ 1(y) is compactly openin X and {z € X : ¢(z) # 0} = {z € X : ¥(z) # 0};
(2) (¢2,%=z;Nz) is an Lg,c-majorant of ¢ at z if ¢,,%, : X — 2¥ and N, is an
open neighbourhood of z in X such that (a) for each 2 € N,, ¢(z) C ¢.(z) and
0(z) & cop.(z), (b) for each z € X, ¥2(2) C ¢.(z) and cop.(z) C Y and (c) for
each y € Y, ¥;!(y) is compactly open in X; (3) ¢ is said to be Ly c-majorised if
for each z € X with ¢(z) # 0, there exists an Lgc-majorant (¢z,%.,Nz) of ¢ at z
such that for any non-empty finite subset A of the set {z € X : ¢(z) # 0}, we have

{z€ N Nzo: () cops(2) #0t={z€ ) No: [ copp=(z) # 0}
z€EA z€EA z€EA

z€EA
It is clear that every correspondence of class Lgc is Lg,c-majorised. We note

that our notions of the correspondence ¢ being of class Ly, c and Ly c-majorised cor-
respondence generalise the notions of correspondence of class Lg r and Lg p-majorised
correspondences and L3 and Lj-majorised correspondence respectively introduced by
Ding and Tan [7] and Ding, Kim and Tan in [8] which in turn generalise the notions
of ¢ € C(X,Y,08) and C-majorised correspondence respectively introduced by Tulcea
in (22]. In this paper, we shall deal mainly with either the case (I) X =Y and X is
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a non-empty convex subset of the topological vector space E and 8 = Ix, the identity

map on X, or the case (II) X = [] X; and 6§ = 7; : X — X is the projection of X
i€l

onto X; and ¥ = X; is a non-empty convex subset of a topological vector space. In

both cases (I) and (II), we shall write L¢ in place of Lg,c.

2. A NEW MINIMAX INEQUALITY

The proof of Lemma 1 of Fan in [10] actually produces the following slight im-
provement which is observed in [6, Lemma 3].
LEMMA 2.1. Let X and Y be non-empty sets in a topological vector space E and
F: X — 2Y be such that
(i) for each z € X, F(x) is closed in Y;
(ii) for each A € F(X), co(A)C U F(z);
z€EA

(i) there exists an zo € X such that F(z¢) is compact.

Then [ F(z)#0. .

z€X
We remark here that even though all topological vector spaces are assumed to be
“Hausdorff” in [10], in proving Lemma 1 in [10], “Hausdorff’ is never needed. The
above lemma differs from Lemma 1 of Fan [10] in the following ways: (a) E is not
assumed to be Hausdorff and (b) Y need not be the whole space E.

THEOREM 2.2. Let X be a non-empty convex subset of a topological vector
space and ¢, : X x X - RU {~o0,00} be such that

(a) &é(z,y) < ¥(z,y) for each (z,y) € X x X;

(b) for each fixed z € X, y — ¢(z,y) is a lower semi-continuous function of
y on each non-empty compact subset C of X;

(c) for each A€ F(X) and for each y € co(A4), lzxxeig1/:(z,y) <0;

(d) there exist a non-empty closed and compact subset K of X and zo € X
such that ¥(zq,y) >0 forall ye X \ K.

Then there exists y € K such that ¢(z,y) <0 forall z € X.

PROOF: For each z € X, let K(z) = {y € K : ¢(z,y) < 0}. We shall show that
the family {K(z) : z € X} has the finite intersection property. Indeed, let {z;,--- ,z,}
be any finite subset of X. Set C = co{z1,z2, - ,z5}, then C is non-empty and compact.
Define F : C — 2° by F(z) = {y € C : ¢¥(z,y) < 0} for all z € C. Then we

have (i) if {z1,22, - ,zm} 15 any finite subset of C, then co{z,--- ,zm} C U F(z:).
i=1
For if this were false, there exist {z1,---,2m} C C and z € co{z, - ,zm} with
z ¢ U F(z:) so that ¥(zi,z) > 0 for all # = 1,--- ,m which contradicts (c). (ii)
i=1
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F(zo) C K by (d) so that clcF(zo) C clc(K) = K and clcF(zo) is compact. By

Lemma 2.1, () clc(F(z)) # ¢. Take any 5 € ) clc(F(z)), then § € clcF(z0) C K
z€C z€C

and ¥ € () clg(F(z;)). Butforeach i =1,--- ,n, cdo(F(z;)) = clx{y € C : ¥(zi,y) <
.=1

0} Cclc{y € C: ¢(=i,y) < 0} = {y € C : ¢(zs,y) < 0} by (a) and (b). It follows that
¢(zi,y) <0 forall :=1,--- ,n. Sothat 7€ rn] K(z;).
=1

Hence the family {K(z): £ € X} has the finite intersection property. By (b) again,

each K(x) is a closed subset of K. Therefore (| K(z) # 0. Take any § € () K(z),
z€X z€X

then ¥ € K and ¢(2,5) <0 forall z € X. 0
The following are equivalent formulations of Theorem 2.2.

THEOREM 2.2 . (First Geometric Form) Let X be a non-empty convex subset of
a topological vector space and B,D C X X X be such that
() BC D;
(b) for each fixed z € X and for each non-empty compact subset C of X, the
set {y € C : (z,y) € B} is open in C;
(c) for each A € F(X) and for each y € co(A), there exists z € A such that
(z’y) ¢D;
(d) there exist a non-empty closed and compact subset K of X and zq € X
such that (zo,y) € D forall ye X\ K.
Then there exists § € K such that {z € X : (z,y) € B} = 0.
THEOREM 2.2". (Second Geometric Form) Let X be a non-empty convex subset
of a topological vector space and M,N C X x X be such that
(a) NCM;
(b) for each fixed z € X and for each non-empty compact subset C of X, the
set {y € C:(z,y) € M} is closed in C;
(c) foreach A € F(X) and for each y € co(A), there exists z € A such that
(z,y)eN;
(d) there exist a non-empty closed and compact subset K of X and zo € X
such that (zg,y) € N forallye X \ K.
Then there exists § € K such that X x {y} C M.

THEOREM 2.2" . (Maximal Element Version) Let X be a non-empty convex sub-
set of a topological vector space and P,Q: X — 2% be such that
(a) foreach z € X, P(z) C Q(z);
(b) foreach z € X, P~!(z) is compactly open in X;
(c) foreach A € F(X) and for each y € co(A), there exists z € A such that
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z ¢ Q(v);
(d) there exist a non-empty closed and compact subset K of X and zg € X

such that X \ K C Q7(zo).
Then there exists § € K such that P(y) =0.

SKETCH OF PROOFS:
(1) Theorem 2.2 =—> Theorem 2.2": Let é,% : X x X —» R be the charactenstic
function of B, D respectively. 0
(2) Theorem 2.2 = Theorem 2.2: Define B = {(z,y) € X x X : ¢(=z,y) >0}
and D = {(z,y) € X x X : ¢(=z,y) > 0}.
(3) Theorem 2.2' =5 Theorem?2.1": Let B=XxX\M and D =X xX\N. 0
(4) Theorem 2.2" = Theorem 2.2 : Let M = X xX\Band N=XxX\D. I
(5) Theorem 2.2" = Theorem 2.1"": Let N = {(z,9) e X x X : 2 ¢ Q(y)} and
M={(z,y) e X xX :z & P(y)}.
(6) Theorem 2.2 = Theorem 2.2" : Define P,Q : X — 2% by P(y) ={z € X :
(z,y) € M}, and Q(y) = {z € X : (z,y) € N} for each y € X respectively. 0
Theorem 2.2' (respectively, Theorem 2.2") generalises Theorem 3 (respectively,
Theorem 4) of Shih and Tan [17].
LEMMA 2.3. Let X be a non-empty convex subset of a topological vector space
and ¢, : X x X - RU{—o0,+o0} be such that
(i) Y¥(z,z) <0 foreach z € X;
(i) for each y € X, the set {z € X : ¢(z,y) > 0} is convex.
Then for each A € F(X) and for each y € co(A), Iznelﬁ P(z,y) £ 0.

PROOF: Suppose the conclusion were false, then there exist A € F(X) and y €
co(A) such that ineif‘l‘n/;(z,y) > 0. It follows that A C {z € X : ¢¥(=,y) > 0} so that

y € co(A4) C {z € X : ¢¥(z,y) > 0} by (ii), so that ¥(y,y) > 0 which contradicts (i).
Therefore the conclusion must hold. 1
In view of Lemma 2.3, Theorem 2.2 implies the following
THEOREM 2.4. Let X be a non-empty convex subset of a topological vector
space and ¢, : X x X —» R U {—o00,+00} be such that
(a) &(z,y) < ¥(z,y) for each (z,y) € X x X and (z,z) < 0 for each
z€eX;
(b) for each fixed z € X, y — ¢(z,y) is a lower semicontinuous function of
y on each non-empty compact subset C of X;
(¢) for each fixed y € X, the set {z € X : ¢¥(z,y) > 0} is convex;
(d) there exist a non-empty closed and compact subset K of X and a point
zo € X such that ¢(zg,y) >0 forall ye X \ K.
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Then there exists § € K such that ¢(z,5) <0 forall z € X .

COROLLARY 2.5. Let X be a non-empty convex subset of a topological vector
space and ¢, : X x X - R U {—o00,+} be such that
(a) &(z,y) < ¥(=z,y) for each (z,y) € X x X;
(b) for each fixed z € X, y — ¢(z,y) is a lower semicontinuous function of
y on C for each non-empty compact subset C of X;
(c) for each fixed y € X, the set {z € X : ¥(z,y) > sug ¥(z,2)} is convex;
z€

(d) there exist a non-empty closed and compact subset K of X and a point
zo € X such that ¥(zo,y) > sup ¥(z,z) forall ye X \ K.
z€EX

Then there exists ¥ € K such that ¢(z,5) < sup ¥(z,z) forall z € X.
z€X

Theorem 2.4 improves Theorem 1 of Shih and Tan [18] in the following ways: (1)
the given topological vector space need not be Husdorfl, (2) foreach z € X, y — ¢(z,y)
is lower semicontinuous on each compact subset of X instead of on X and (3) 7€ K
instead of ¥ € X. When X is a compact convex set, by taking K = X, Corollary 2.5
is essentially Yen’s generalisation {27, Theorem 1, p.479] of Fan’s minimax inequality
(11, Theorem 1, p.103].

The following are fixed point versions of Theorem 2.4:

THEOREM 2.4'. Let X be a non-empty convex subset of a topological vector

space and P,Q : X — 2% be such that

(a) foreach z € X, P(z) C Q(z);

(b) for each z € X, P~!(z) is compactly open in X;

(c) foreach y € X, Q(y) is convex;

(d) there exists a non-empty closed and compact subset K of X and zo € X

such that X \ K C Q™ (=o);

(e) foreach ye K, P(y)#0.

Then there exists a point = € X such that ¢ € Q(z).

THEOREM 2.4". Let X be a non-empty convex subset of a topological vector
space and P,Q : X — 2% be such that
(a) foreach z € X, P(z) C Q(z);
(b) for each z € X, P~ Y(z) is compactly open in X;
(c) there exist a non-empty closed and compact subset K of X and z¢ € X
such that X \ K C (coQ)  (zo);
(d) foreach y € K, P(y)#0.

Then there exists z € X such that z € coQ(z).

THEOREM 2.4'"'. Let X be a non-empty convex subset of a topological vector
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space and P,Q : X — 2X be such that
(a) foreach z € X, P(z) C Q(z);
(b) for each z € X, P~!(z) is compactly open in X;
(c) there exist a non-empty closed and compact subset K of X and zo € X
such that X \ K C Q7 (z0);
(d) for each y € K, P(y) # 0.
Then there exists ¢ € X such that z € coQ(z).

THEOREM 2.4'"" . Let X be a non-empty convex subset of a topological vector
space and Q : X — 2% be such that

(1) for each y € X, Q~!(y) contains a subset O, ( which may be empty) of
X which is compactly open in X;
(2) there exist a non-empty closed and compact subset K of X and a point

2o € X such that 2o € coQ(y) forall ye X\ K and K C |J O,.
yvEX

Then there exists a point Z € X such that Z € co(Q(Z)).

THEOREM 2.4"" ., Let X be a non-empty convex subset of a topological vector
space and Q : X — 2% be such that
(1) foreach z € X, Q(z) is convex;
(2) for each y € X, Q@ '(y) contains a subset O, (which may be empty) of
X which is compactly open in X;
(3) there exist a non-empty closed and compact subset K of X and a point

z9 € X such that zg € Q(y) forall ye X\ K and K C |J O,.
vEX

Then there exists a point £ € X such that Z € Q(%).

SKETCH OF PROOFS:
(1) Theorem 2.4 =—> Theorem 2.4': Define ¢, : X x X —» R by

1, ifze P(y),
0, ifz¢ P(y);

1, ifze Q(y),

¢(z,y) = { 0, ifz¢ Q(y)

¥(z,y) = {

(2) Theorem 2.4' => Theorem 2.4: Define P,Q: X — 2X by P(y)={z € X :
#(z,y) > 0} and Q(y) = {z € X : ¥(z,y) > 0} for each y € X respectively. 0

(3) Theorem 2.4' <=> Theorem 2.4" <= Theorem 2.4'" is obvious. 0

(4) Theorem 2.4" =—> Theorem 2.4"": Define P: X — 2X by P(z) ={y€ X :
z € Oy} foreach z € X.

(5) Theorem 2.4"" => Theorem 2.4": For each y € X, let O, = P~1(y). 0

(6) Theorem 2.4"" <= Theorem2.4"": Obvious.
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Theorem 2.4"" generalises Theorem 1 of Browder [4] and of Tarafdar [19] in several
aspects. Theorem 2.4"" also improves Theorems 2, 3 and 4 of Metha-Tarafdar in [15]
which are due to Ben-El-Mechaiekh, Deguire and Granas [1] and Border [2]. Theorem
2.4""" generalises Theorem 1 of Yannelis [25] in the following ways: (1) the convex set
X need not be closed, (2) the given topological vector space need not be Hausdorff and
(3) for each y € X, the set @~!(y) need not be open in X.

A subset of a topological space X is called a k-test set if its intersection with each
non-empty compact set C in X is closed in C. A topological space X is called a k-space
if each k-test set is closed (or equivalently, a subset B of X is open in X if and only if B
is compactly open in X, for example see Wilansky, [24, p.142] or Dugundji {9, p.248]).
In Theorem 2.4', for each y € X, the set P7!(y) is required to be compactly open in
X, while in Border [2}, Browder [4], Ding and Tan [6], Ben-El-Mechaiekh, Deguire and
Granas [1], Metha-Tarafar [15], Tarafdar [19], Yannelis [25], the set P~!(y) is required
to be open in X. This generalisation would be vacuous if every topological vector space
is a k-space. However, this is not the case: the topological vector space R® is not a k-
space (for example, see Kelley [13, p.240] or Wilansky {24, p.143]). Therefore Theorem
2.4' is a true generalisation of Theorem 2 of Ding and Tan [7].

3. EXISTENCE OF MAXIMAL ELEMENTS

LEMMA 3.1. Let X be a regular topological vector space and Y be a non-empty
subset of a vector space E. Let § : X — E and P : X — 2Y be Ly c-majorised. If
each open subset of X containing the set B = {z € X : P(z) # 0} is paracompact,
then there exists a correspondence ¢ : X — 2Y of class Lg,c such that P(z) C ¢(z)
for each z € X.

PROOF: Since P is Lg,c-majorised, for each z € B, let N, be an open neighbour-
hood of x in X and %z,¢ : X — 2¥ be such that (1) for each z € N, P(z) C ¢.(2)
and 0(z) ¢ co(¢z(2)); (2) for each z € X, ¥z(2) C ¢=(2) and co(¢z(2)) C Y; (3)
for each y € Y, ¥ !(y) is compactly open in X and (4) for each finite subset A of
B, {z € N N:: [ co(¢=(2)) # 0} ={z € QAN, : N co(=(2)) # 0}. Since

z€EA z€EA z€EA
X is regular, for each ¢ € B there exists an open neighbourhood G, of x in X such

that elxG, C N,. Let G = |J G., then G is an open subset of X which contains
zeB
B = {z € X : P(z) # 0} so that G is paracompact by assumption. By Theorem

VIII.1.4 of Dugundji [9, p.162], the open covering {G.} of G has an open precise
neighbourhood-finite refinement {G.}. Given any z € B, we define ¢.,¢. : G — 2¥
by

() = cop(2), if z€ GNelxGy,
* Y, if z€ G\ clxGL,

cod(z), if z€GNeclxGy,

¢=(Z) = { Y, if z€ G\CIXG'z)
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then we have
(i) by (2), for each z € G, ¥L(z) C ¢.(2),
i) by (4), {2 € G: Pi(2) £ 0} = {z € G $(z) # 0} and
(i) foreach ye Y, (¥.) ‘() ={z€ G :yeyL(2)} ={z € GNcixG, :y €

Po(2)}U{z€ G \clxG, :ye ¥ (2)} ={z € GNeclxG, : y € cop(2)} U

{z€G\elxGL:y €Y} =[(GNecxGL) N (cop; ()] U (G \ clxGL) =

(60 (cots) @) U (G \ elxGL).
It follows that for each non-empty compact subset C of X, (¥.) () N C =
(Gﬂ (covp=) " () N C') U ((G\clxG.)NC) is open in C by (3) and Lemma 5.1 of
Yannelis and Prabhakar in {26]. Now define ¥,¢: X — by

N ¥2(2), ifz€@G, N ¢2(2), ifz€Q,
B(z) = { z€B #(z) = { z€B
0, if z€ X\G; 0, fze X\G.

Let z € X be given, Clearly (2) implies 9(2) C ¢(z) and cod(z) CY. If z € X \G,
then ¢(z) = 0 so that 8(z) ¢ cod(z);if z € G, then z € GNclx G, for some z € B so
that ¢, (2) = cod.(2) and hence ¢(z) C cop-(z). As 6(z) ¢ cod.(z) by (1) we must
have 6(z) ¢ cod(z). Therefore 6(z) ¢ cog(z) for all z € X. Now we show that for each
y €Y, $71(y) is compactly open in X. Indeed, let y € Y be such that ¥ ~1(y) # @ and
C be a compact subset of X; fix an arbitrary v € ¥~} (y)NC ={z € X : y € ¥(2)}NC =
{z€G:yey(2)}nC. Since {G.,} is a neighbourhood-finite refinement, there exists
an open neighbourhood M, of uin G such that {z € B : M,NG., # 0} = {z1,--- ,za}-
Note that for each z € B with z ¢ {z1,---,2a}, 0 = My NG, = M, NclxG,, so

that $'(z) = Y for all z € M,. Thus we have $(z) = ) ¥.(z) = ) ¥.,(z) for all
z€EB =1
z€M,. It follows that vy N (y) ={ze X :yeP(2)} ={z€ G:y€ N ¥.(2)} D
z€EB

eMoye NHE={eM ye ﬁz,b',.(z)}:Mun{zeG:ye

A9} = M0 (A ()7 @) But ML= M0 [ (4,) @I C is an open

neighbourhood of u in C such that M! C ¥~!(y) N C since (¢;') (y) is compactly
open in X. This shows that for each y € Y, ¥~!(y) is compactly open in X. Next
we claim {z € X : ¢(2) # 0} = {z € X : ¥(z) # 0}. Indeed, for each w € X
with ¢(w) # 0, we must have w € G. Since {G.} is neighbourhood-finite, the set
{z € B:w € clxG.} is finite, say, = {z},--- ,z},} so that if =z ¢ {z],--- ,z],}, then
w ¢ cdxG., and ¢, (w) = ¥.(w) =Y. Thus we have ¢(w) = n ¢o(w) = ﬁ co¢,£(w)

=1

and Y(w) = ) YL(w) = ﬂ copy(w). Since w € ﬂ elxG,: C ﬂ , , it follows
z€B i i=

1=1
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from (4) that ¥(w) # 0. Hence {z € X : ¢(z) # 0} C {z € X : ¥(z) # 0}.
Conversely, (2) implies that {z € X : ¢(z) # 0} C {z € X : ¢(z) # 0}. Therefore
{z € X :9(2) # 0} = {z € X : ¢(z) # 0}. This shows that ¢ is class of Lyc. To
complete the proof, it remains to show that P(z) C ¢(z) for each z € X. Indeed, let
z € X with P(z) # 0. Note then z € G. For each z € B, if z € G\ clxG’,, then
¢.(z) =Y D P(2) and if 2 € GNeclxG,,, we have z € clxG', C clxG, C N, so that
by (1), P(z) C ¢z(2) C ¢.(2). It follows that P(z) C ¢.(z) for each z € B so that

P(z) C zQB $z(z) = ¢(2). O

Lemma 3.1 generalises Lemma 2 of Ding and Tan [7] which in turn generalises
Lemma 2 of Ding, Kim and Tan [8] and Proposition 1 of Tuleca [22].

THEOREM 3.2. Let X be a non-empty convex subset of a topological vector
space and Q : X — 2X be of class L;,.c. Suppose that there exist a non-empty
closed and compact subset K of X and a point z9 € X such that zo € coQ(y) for all
y € X \ K. Then there exists a point =z € K such that Q(z) =90.

Proo¥F: If the conclusion were false, then for each z € K, Q(z) # . Since
Q is of class Lr,,c, let P : X — 2% be a correspondence such that (a) for each
z € X, P(z) C Q(z), (b) for each y € X, p~!(y) is compactly open in X and (c)
{z € X : p(z) # 0} = {z € X : Q(z) # 0}. By Theorem 2.4", there exists a point
z € X such that z € coQ(z) which contradicts that Q is of class L1, ,c. Therefore

the conclusion must hold. g

TREOREM 3.3. Let X be a non-empty paracompact convex subset of a topolog-
ical vector space and P : X — 2X be L, c-majorised. Suppose that there exist a
non-empty closed and compact subset K of X and a point z9 € X such that z¢ € coP(y)
for each y € X \ K. Then there exists a point ¢ € K such that P(z) = 0.

PROOF: Suppose that the conclusion does not hold, then P(z) # 0 for all z € X
and hence the set {z € X : P(z) # 0} = X is paracompact. By Lemma 3.1, there exists
a correspondence ¢ : X — 2% of class L, ¢ such that for each z € X, P(z) C ¢(z).
Note that z¢ € coP(y) C cog(y) for all y € X \ K. By Theorem 3.2, there exists a
point z € K such that ¢(z) = @ so that P(z) = 0 which is a contradiction. Therefore,
there exists a point z € K, such that P(z) = 0. a

Theorem 3 generalises Theorem 5 of Ding and Tan [7] which in turn generalises
Corollary 1 of Borglin and Keiding [3], Theorem 2.2 of Toussaint [21], Theorem 2 of
Tulcea [22] and Corollary 5.1 of Yannelis and Prabhakar [26].

4. EQUILIBRIUM EXISTENCE THEOREMS IN TOPOLOGICAL VECTOR SPACES

Let I be a (possibly infinite) set of agents. For each i € I, let its choice or strategy
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set X; be a non-empty subset of a topological vector space. Let X = [] X;. For
iel

each i € I, let P;: X — 2%i be a correspondence. Following the notion of Gale and
Mas-Colell in [12], the collection I' = (X;, P;);c; will be called a qualitative game. A
point Z € X is said to be an equilibrium of the game T if P;(Z) = 0 for all i € I.
For each 1 € I. let A; be subset of X;. Then for each fixed ¥ € I, we define
H A,‘ ® Ax = {z = (c")iel cz; € A; forall 1 € I}.
ek

A generalised game (abstract economy) is a family of quadruples ' =
(Xi; Ai, B;; Pi);cy where I is a (finite or infinite) set of players (agents) such that
for each ¢ € I, X; is a non-empty subset of a topological vector space and 4;,B;: X =
[1 X; — 2% are constraint correspondences and P; : X — 2%i is a preference corre-
jel
;pondence. When I ={1,---,N} where N is a positive integer, ' = (X;; A, Bs; Pi);er
is also called an N-person game. An equilibrium of I' is a point Z € X such that
for each i € I, #; = mi(Z) € Bi(Z) and A4;(Z) N Pi(Z) = 0. We remark that when
B;(2) = clx,Bi(Z) (which is the case when B; has a closed graph in X x X;; in par-
ticular, when ¢lB; is upper semicontinuous with closed values), our definition of an
equilibrium point coincides with that of Ding, Kim and Tan [8]; and if in addition,
A; = B; for each i € I, our definition of an equilibrium point coincides with the stan-
dard definition; for example in Borglin and Keiding [3], Tulcea [22] and Yannelis and
Prabhakar [26].

As an application of Theorem 3.2, we have the folowing existence theorem of an

equilibrium point for a one-person game.

THEOREM 4.1. Let X be a non-empty convex subset of a topological vector
space. Let A,B,P : X — 2X be such that
(i) for each z € X, A(z) is non—empt/y and co(A(z)) C B(z);
(i) for each y € X, A™1(y) is compactly open in X;
(i) ANP is of class L¢;
(iv) there exist a non-empty closed and compact subset K of X and a point
zo € X such that zo € co(A(y)N P(y)) forall ye X \ K.
Then there exists a point £ € K such that Z € B(Z) and A(Z) N P(Z) = 0.
PROOF: Let M = {z € X : z ¢ B(z)}, then M is open in X. Define ¢ : X — 2¥
by
A(z)NP(z), ifz¢ M,
$(z) = :
A(z), ifze M.

Since AN P is of class L¢, for each z € X, ¢ ¢ co(A(z) N P(z)) and there exists a
correspondence 8 : X — 2% such that (a) for each z € X, B(z) C A(z) N P(z), (b)
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for each y € X, f7'(y) is compactly open in X and (c) {z € X : f(z) # 0} = {z €
X : A(z) N P(z) # 0}. Now define ¢ : X — 2% by

[ Be), ifag¢ M,
¥(=) = { Az), fzeM.

Then clearly for each z € X, ¥(z) C ¢(z) and {z € X : Y(z) #0} = {z € X : ¢(z) #
0}. If y € X, then it is easy to see ¥ ~!(y) = (M UB~(y)) NA~!(y) and is compactly
open in X by (ii) and (b). Finally, if z € M, then z ¢ B(z), it follows from (i) that
z ¢ coA(z) = cop(z),and if z ¢ M ,then z ¢ co(A(z) N P(z)) = cop(z) by (i). This
shows that ¢ is of class Lg. By (iv), z, € cog(y) for all y € X \ K. Hence ¢ satisfies
all hypotheses of Theorem 3.2.Thus there exists a point Z € K such that ¢(Z) = 0;
since for each z € X, A(z) # 0, we must have Z € B(Z) and A(Z) N P(z) = 0. 0

As an application of Theorem 3.3, we have the following

THEOREM 4.2. Let I' = (X;, P;);.; be a qualitative game such that X = HIX.-
is paracompact. Suppose the following conditions are satisfied: *
(a) X; is a non-empty convex subset of a topological vector space for each
iel;
(b) Pi: X — 2%i is Lo-majorised for each i € I;
() U{zeX:P(z)#0}= U intx{z € X : Pi(z) # 0};

il
(d) there exist a non-empty closed and compact subset K of X and a point

zo = (z?)iel € X such that z? € coP;(y) forall i€ I andall y€ X\ K.
Then T’ has an equilibrium point in K.

PRrOOF: For each z € X, let I(z) = {i € I : P{z) # 0}. Define a correspondence
P:X —2X by

N coPi(z), i I(z) #0,
P(:D) i€I(z)
: 9, if I(z) =
where P{(z) = [[ X; ® Pi(z) for each z € X. Then for each z € X, P(z) # 0 if and
i#s,
Jjer

only if I(z) # @. We shall show that P is L¢-majorised. Foreach z € X with P(z) # 0,
by (c) let i(z) € I be such that z € intx{z € X : Py,;)(z) # 0} and by (b) let N(z)
be an open neighbourhood of z in X and ¢;:),¥iz) : X — 2Xi be correspondences
such that (i) for each z € N(2z), Pi;)(2) C di()(2) and zz) ¢ codi(z)(2); (ii) for each
z € X, ¥i(z)(2) C di(z)(2); (iii) for each y € Xy(a), ¢‘_(;)(y) is compactly open in X; (iv)
for each finite subset {z1,...,z,} of {z € X : P(z) # 0} with 1(21) = - = i(zn),

€ N N s () et # 0 = £z € (| M) () co¢.(,,.)(z) # 0}.

=1
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Without loss of generality we may assume that N(x) C intx{z € X : Py,)(z) # 0}
so that Py.)(z) # 0 and hence i(z) € I(z) for all z € N(z). Let z € X be such
that P(z) # 0; define Piey Vizy * X — 2X by Yie)(2) = ,'IG—II X; ® copi(z)(2)
i#i(z)
and ¢:.(z)(z) = JI Xj ® codiz)(z) for each z € X, then we have: (a') for each
JEI,

j#i(=z)
z € N(z), by (i), P(z) = [\ coPi(z) C coPy,\(2) = I X; ® coPyz)(z) C
'I'EI(Z) jEI)
j#i(=z)
II X; ® codiz)(2) = ¢£(=)(z) and zy;) ¢ co¢;(=)(z); (b') for each z € X, by
Jj€l,
j#i(z)

.. -1 -1 .

(i), $lay(2) C Gy () for cach y € X, (#l)) () = (coticer) ™ (vcer) is
compactly open in X by (iil) and Lemma 5.1 in [26]; (d') for any finite subset A of
{z €¢ X : P(z) # 0}, let U{I(z) : = € A} = {i1,...,ix} where i1, -- ,1; are all
distinct and for each t = 1,--- ,k let A4, = {z € A : i(z) = i:}. Note that for each

k
ce X, N el = N I X5 ®cobin(z) = N 11 X,-®( n cm/,..(,)(z)>,
zE€A z€A jelI, t=1 jelI, €A
j#i(z) J#is

so that for each z € [ N(z),if () coyyy,)(2) =0, then there exists m € {1,... ,k}

z€A zZ€EA
such that [} coty;)(z) = 0; it follows from (iv) that [} codiz)(z) = 0. Thus

z€EAm z€EAm
k

N codzi.(z)(z) =N H X; @ codiz)(2) = N H X;® ( N cqu,-(,)(z)) = 0. This
zEA TEA ;E(I,) t=1 Jil, zEA;

J#(=z IF

fact together with (b'), we conclude that

{z € n N(z): n coiz)(2) #0}={z € n N(z): n codiz)(z) # 0}.
z€EA zEA z€EA zZEA
This shows that P is Lg-majorised. Moreover, by assumption, there exist a non-empty
closed and compact subset K of X and z° = (z?)ie ; € X such that z{ € coP;(y) for
all i € I and for all y € X \ K so that z° € coP!(y) forall i € I and forall y€ X\ K

and hence z° € () coP!(y) = P(y) for all y € X \ K. By Theorem 3.3, there exists
i€I(y)
an 7 € X such that P(Z) = 0. This implies that I(Z) = @ and therefore P;(zZ) =0 for

alliel.
Theorem 4.2 improves Theorem 7 of Ding and Tan [7]. In Theorem 4.2, if X;
is compact for each ¢ € I, then X = [] X; is also compact. By letting K = X,
i€l ’
the condition (4) of Theorem 4.2 is satisfied trivially. Hence Theorem 4.2 generalises
Theorem 2.4 of Toussaint in [21] and Proposition 3 of Tulcea in [22] in several aspects
which in turn generalise the fixed point theorem of Gale and Mas-Colell [12].

https://doi.org/10.1017/50004972700015318 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700015318

496 K-K Tan and X-Z Yuan [14]

As an application of Theorem 4.2, we shall deduce the following equilibrium exis-
tence theorem for a non-compact generalised game with an infinite number of players.

THEOREM 4.3. Let T = (X;;A.',B,-;P.-)‘-GI be a generalised game such that
X = [] X; is paracompact. Suppose that the following conditions are satisfied:
iel
(i) for each i € I, X; is a non-empty convex subset of a topological vector
space;
(ii) for each i € I and for each z € X, A;(z) is non-empty, coA;(z) C Bi(z);
(ili) for each i € I and for each y € X;, A7 (y) is compacly open in X ;
(iv) foreachi€ I, A;N P; is of class L¢;
(v) foreachi€ I, E; = {z € X : Ai(z) N Pi(z) # 0} is open in X;
(vi) there exist a non-empty closed and compact subset K of X and z° =
(22);cr € X such that 2 € con(Ai(y) N Pi(y)) for all i € I and for all
y€ X\ K.
Then T' has an equilibrium in K.

PROOF: Foreach i€ I, let F; = {z € X : z; ¢ Bi(z)}, then F; is open in X. If
i € I, define the map Q; : X — 2%i by

_ (A,' n P,-)(z), if z ¢ F;,
Qul=) = { Ai(z), ifzeF;

We shall prove that the qualitative game I' = (X, Q;);c; satisfies all hypotheses of
Theorem 4.2. Let 1 € I be arbitrarily fixed. Since 4; N P; is of class L¢, for each
z € X, z ¢ co(Ai(z) N Pi(z)) and there exists a correspondence f; : X — 2%i such
that (a) for each z € X, Bi(z) C Ai(z) N Pi(z), (b) for each y € X;, B (y) is
compactly open in X and (c) {z € X : Bi(z) # 0} = {z € X : Ai(z) N Pi(z) # 0}.
Define v; : X — 2%i by

B Bi(z), ifz¢F;,
¥il=) = { Aiz), ifzeF,.

Then for each z € X, ¥i(z) C Q:(z) and {z € X : ¥i(z) # 0} = {z € X : Qi(z) # 0}.
If y € X, then ¥ (y) = [F;UB; }(y)]NA; ! (y) is compactly open in X. Therefore Q; is
of class Lg. We also note that foreach i€ I, {z € X : Qi(z) # 0} = {z € F; : Qi(z) #
0}U{z e X\ Fi: Qi(z) # 0} = KN[(X\ F)|n{z € X : Ai(z) N Pi(z) #0} = E;UF,
is open in X by (ii) and (v). Therefore we have that |J{z € X : Qi(z) # 0} =
i€l

U intx{z € X;Qi(z) # 0}.
el

Finally, by (vi) there exist a non-empty closed and compact subset K of X and
z° = (z?)‘.el in X such that z{ € coQi(z°) forall i € I and for all y € X \ K. By
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Theorem 4.2, there exists an Z € K such that Q;(Z) = 0 for all ¢+ € I; by (ii) this
implies that for each i € I, we must have #; € B;(Z) and A;(Z) N Pi(zZ) = 0. 1!
In theorem 4.3, if X; is compact for each 1 € I, then X = [] X; is also compact

i€l
and hence it is paracompact. Letting K = X, the assumption (vi) is satisfied trivially.

As an immediate consequence of Theorem 4.3, we have the following result:

COROLLARY 4.4. Let I' = (X;; A;; Bi; P;);c; be a generalised game such that

X = [] X: is paracompact. Suppose that the following conditions are satisfied:
sel

(i) for each i € I, X; is a non-empty convex subset of a topological vector
space;
(ii) for each i € I and for each z € X Ai(z) is non-empty and coAi(z) C
Bi(z);
(iii) for each i € I and for each y € X;, A7 '(y) and P '(y) are open in X;
(iv) for each i € I and for each z € X, z; ¢ coPi(z);
(v) there exist a non-empty closed and compact subset K of X and z° =
(z?)iel € X such that z? € co(A:i(y) N Pi(y)) for each i € I and for all
ye X\ K.
Then T has an equilibrium in K.
PROOF: Since {z € X : (AiNP)(z) #0} = U (47 (¥) NP7 '(y)), by (iii), the
yEX;

conditions (iii) and (v), all hypotheses of Theorem 4.3 are satisfied. By Theorem 4.3
the conclusion follows. 1]

Corollary 4.4 generalises Theorem 2.5 of Toussaint in [21], Corollary 2 of Tulcea
in [22] (also Corollary 2 in {23]) and Theorem 6.1 of Yannelis and Prabhakar in [26] to
non-compact generalised games.

5. APPROXIMATION METHOD

In this section, we shall employ the “approximation” technique used by Tulcea
[22]. As an application of Theorem 3.2, we have the following existence theorem of
“approximate” equilibrium point for a one-person game:

THEOREM 5.1. Let X be a non-empty convex subset of a topological vector
space. Let A,B,P: X — 2X be such that
(i) A is lower semicontinuous such that for each z € X, A(z) is non-empty
and coA(z) C B(z);
(1) ANP isofclass L¢;

(iii) there exist a non-empty closed and compact subset K of X and o € X
such that for each y € X \ K, zo € co(A(y) N P(y)).
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Then for each open convex neighbourhood V of zero in E, the one person game
(X;A,_B;; P) has an equilibrium point in K, that is, there exists a point zy € K
such that zv € By(zv) and A(zv)N P(zv) =0, where By(z) = (B(z) + V)NX for
eachz € X .

PROOF: Let V be an open convex neighbourhood of zero in E. Define the corre-
spondence Ay,By : X — 2X by Ay(z) = (A(z) +V)N X, By(z) = (B(z) + V)N X
for each £ € X. Then Av has an open graph in X x X by (i) and Lemma 4.1
of Chang (5] (or see [22, p.7]) such that for each z € X, Av(z) C By(z). Let
Fy ={z € X :z ¢ By(z)}, then F is open in X. Define ¥y : X — 2% by

A(z)N P(z), ifz ¢ Fy,
Avy(z), if z € Fy.

\Fv(z) = {

By (ii), since AN P is of class L¢, foreach z € X, z ¢ co(A(z) N P(z)) and there
exists a correspondence  : X — 2% such that (a) for each z € X, B(z) C A(z)NP(z),
(b) for each y € X, B~ (y) is compactly openin X and (c) {z € X : B(z) £0} = {z €
X; A(z) N P(z) # 0}. Define &y : X — 2% by

B(=z), ifz¢Fy,
Ay, ifze€ Fy,

dy(2) = {

Then clearly for each z € X, ®v(z) C ¥v(z) and {z € X : Sy(z) #0} ={z € X :
Uy (z) # 0}. If y € X, then it is easy to see &, (y) ={z € Fv : y € Av(z)}U{z €
X\ Fy :y € B(z)} = [Fv UB~(y)] N Ay (¥) is compactly open in X by (c) and
the fact that Ay has an open graph. Therefore ¥y is of class L¢. Finally by (iii),
there exist a non-empty closed and compact subset K of X and zy € X such that
zo € co(A(y)N P(y)) C co(¥Tv(y)) forall y € X \ K. Then by Theorem 3.2, there
exists Z € K such that ¥y (Z) = 0. Since for each z € X, A(z) # 0, we must have
that £ € By (%) and A(Z) N P(Z) = 0; that is, the one person game (X; 4, Bv; P) has
an equilibrium point in K. 0

As an application of Theorem 4.2, we have the following existence theorem of an

“approximate” equilibrium point for an abstract economy:

THEOREM 5.2. Let G = (X,-;A.-,B.-;P.')l-e, be an abstract economy such that
X = [] X;: is paracompact. Suppose the following conditions are satisfied:
i€l
(a) for each i € I, X; is a non-empty convex subset of a topological vector
space E;;
(b) for each i € I, A; : X — 2%i is lower semicontinuous such that for each
z € X, A;(z) is non-empty and coA;(z) C Bi(z);
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(c) foreachiel, A;NP; is of class L¢;

(d) for each i € I, the set E* = {z € X;(A:; N P;)(z) # 8} is open in X ;

(e) there exist a non-empty closed and compact subset K of X and z° € X

such that for each y € X \ K, z? € co(A:i(y) N Pi(y)) forall i € I.
Then given any V = [| V; where for each i € I, V; is an open convex neighbourhood
iel

of zero in E;, there exists a point zy = (:cv‘.)
Ai(zv)N Pi(zv) =0 foreachi € I.

cr € K such that zv, € By,(zv) and

Proor: Let V = [[ Vi be given where for each i € I, V; is an open convex
icl

neighbourhood of zero in E;. Fix any i € I, define the maps Ay, By, : X — 2% by
Av,(z) = (coAi(z) + Vi) N X; and By,(z) = (Bi(z) + Vi) N X; for each z € X. Then
Av, has an open graphin X x X; by (b) and Lemma 4.1 of Chang (5] (or see [22, p.T]),
so that coAdy; : X — 2%i has an open graph which in turn implies Ay; is also lower
semicontinuous. Let Fy, = {z € X : z; ¢ By,(z)}, then Fy; is open in X. Define the
map Qv, : X — 2% by

{ (4N P)(z), ifz¢Fy,
Qv;(z) = .
Ay, (z), if z € Fy,.
We shall show that the qualitative game 7 = (X.-,Qv'.)'. cr satisfies the hypotheses of
Theorem 4.2. First for each i € I, theset {z € X : Qv () #0} = Fy,U{z € X\ F;:
(4i N P)(z) # 0}= Fv, U[(Fy,) N E¥] = Fy, U E* is open in X by (d).

Given any i € I, since A;NP; isof class L¢, foreach z € X, z ¢ co(Ai(z) N Pi(z))
and there exists a correspondence B; : X — 2%i such that (a) for each z € X, Bi(z) C
Ai(z) N Pi(z), (b) for each y € X, B }(y) is compactly open in X and (c) {z € X :
Bi(z) # 0} = {z € X : Ai(z) N Pi(z) # 0}. Define &y, : X — 2%i by

B(z), ifz¢ Fy,
AV‘., if z € Fy,,

Py(z) = {

then clearly for each z € X, ®v;(z) C Qv,(z) and {z € X : &y, (z) # 0} ={z € X :
Qv,(z) #0}. If y € X, then it is easy to see <I>{,",1(y) ={z € Fy,:y€ Ay(z)}U{z e
X\ Fy, :y € Bi(z)} = [Fv, UB~(y)] N A7} () is compactly open in X by (b) and the
fact that Ay; has an open graph. Therefc:re, Qv; is of class Lg. Together with (e),
the qualitative game 7 = (X,-,Qv' )‘.E ; satisfies all the hypotheses of Theorem 4.2, so
that by Theorem 4.2, there exists a point Ty = (Ev‘.)‘.el € K such that Qv,(Zv) =0
for all i € I. For each i € I, since A;(z) is non-empty, we must have Zy;, € By;(Zv)
and A;(Zv) N P(zv) = 0. g
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LEMMA 5.3. Let X be a topological space, Y be a non-empty subset of a topo-
logical vector space E, B be a base for the zero neighbourhoods in E and B: X — 2Y .
For each V € B, let By : X — 2Y be defined by By(z) = (B(z) +V)NY for each
z€X.Ifz€ X and €Y are such that § € (| Bvy(Z), then § € B(%).

ves

PROOF: Suppose ¥ ¢ B(Z), then (Z,7) ¢ clxxy Graph B. Let U be an open

neighbourhood of x in X and V € B be such that
(*) (Ux(F+V))NGraphB = 0.

Choose W € B such that W — W C V. Since § € Bw(Z) by assumption, (Z,¥) €
clxxy Graph By so that (U x (§+ W)) N Graph Bw # 0. Take any z € U and
w; € W with (2, + w1) € Graph Bw so that ¥+ w; € Bw(z) = (B(z)+W)NnY.
Let z € B(z) and wy; € W be such that ¥+ w; = z 4+ w; € Y. It follows that
z=y+w —w, EG+W-W Cy+V sothat (J+ V)NB(z) # 0 where z € U. This
contradicts (*). Thus we must have § € B(Z). 0

We shall now obtain the following equilibrium existence theorem of a generalised
game in locally convex topological vector spaces:

THEOREM 5.4. Let G = (Xi;4;,Bi; Py

X = [] X: is paracompact. Suppose the following conditions are satisfied:
iel

be an abstract economy such that

(a) for each i € I, X; is a non-empty convex subset of a locally convex
Hausdorff topological vector space E;

(b) for each i€ I, A;: X — 2%Xi is lower semicontinuous and B; : X — 2%i
such that for each z € X, Ai(z) is non-empty and coAi(z) C Bi(z);

(¢) foreachieclI, A;NP; is of class L¢g;

(d) for each i € I, the set E* = {z € X;(A: N P;)(z) # 0} is open in X;

(e) there exist a non-empty compact subset K of X and z° € X such that
z) € co(Ai(y) N Pi(y)) forall i€ I andforall ye X \ K.

Then there exists an T = (%;);c; € K such that 2; € Bi(Z) and A;(z) N Pi(Z) =0 for
eachi € I.

PROOF: For each i € I, let B; be the collection of all open convex neighbourhoods

of zero in E; and B = [| B;. Given any V € B, let V = [[ V; where V; € B; for
il iel

each 2 € I. By Theorem 5.2, there exists a Zv € K such that Zy; € F;‘(Ev) and
Ai(Zv) N P(Zv) = 0 for each i € I, where By,(z) = (Bi(z)+ Vi) N X; for each
z € X. It follows that the set Qv = {z € K : z; € By,(z) and Ai(z) N Pi(z) =0} is a
non-empty closed and hence compact subset of K by condition (d).

Now we want to prove (Qv)ycg has the finite intersection property. Let

{V1,--- ,Vnp} be any finite subset of B. For each i =1,--- ,n, let V; = HIV,-,- where
j€
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Vij € B; foreach j e I;let V =[] (ﬁ V,-,-),then Qv # 0. Clearly Qv C F] Qv;
=1

jer \i=1

so that () Qv; # 0. Therefore the family {Qv : V € B} has the finite intersection

=1
property. Since K is compact, [) Qv # 0. Now take any Z € () Qv, then for each
veB veB
1el, z; € B—V_(EE) for each V; € B; and A;(Z) N Pi(Z) = 0. By Lemma 5.3, for each
iel, z; € Bi(%). a

CorOLLARY 5.5. Let G =(X;; 4, B;; F;);c; be an abstract economy such that
X =[] X;: is paracompact. Suppose the following conditions are satisfied:
i€l

(a) for each i € I, X; is a non-empty convex subset of a locally convex
Hausdorff topological vector space;

(b) for each i € I, A; : X — 2Xi has an open graph (respectively, is lower
semicontinuous) and B; : X — 2%i is such that for each z € X, A;(z) is
non-empty and coA;(z) C Bi(z);

(c) foreach i€ I, P;: X — 2% is lower semicontinuous (respectively, has
an open graph);

(d) foreachie I, AiNP; is of class L¢;

(¢) there exist a non-empty closed compact subset K of X and z° € X such
that z? € co(Ai(y) N Pi(y)) forall i€ I andall ye X \ K.

Then G has an equilibrium point in K, that is, there exists a point T € X such that
for each i € I, %; € B;(Z) and A;(Z) N P;(Z) = 0.

PROOF: Since A; has an open graph (respectively, is lower semicontinuous) and P;
is lower semicontinuous (respectively, has an open graph), the map 4;NP;: X — 2Xi
is also lower semicontinuous by Lemma 4.2 of [25], so that the set E' = {z € X :

Ai(z) N P;(z) # 0} is an open subset of X. Therefore all conditions of Theorem 5.4 are
satisfied so that G has an equilibrium point in K. 0

By Corolary 5.5, we have the following:

COROLLARY 5.6. Let G = (X;;A;,B;; Pi);c; be an abstract economy. Suppose
the following conditions are satisfied:

(a) for each i € I, X; is a non-empty compact convex subset of a locally
convex Hausdorff topological vector space;

(b) for eachi€ I, Ai: X := [| X; — 2% has an open graph (respectively,
jer
is lower semicontinuous) and B; : X — 2%i is such that for each z € X,
A;i(z) is non-empty and coA;(z) C B;(z);
(c) foreach i€ I, P;: X — 2Xi is lower semicontinuous (respectively, has
an open graph);
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(d) foreachie I, A;NP; is of class L¢.
Then G has an equilibrium point in X, that is, there exists a point T € X such that
for each i € I, Z; € Bi(Z) and A;(Z) N Pi(Z) = 0.
Corollary 5.6 (and hence also Corollary 5.5 and Theorem 5.4) generalises Corollary
3 of Borglin and Keiding [3, p.315], Theorem 4.1 of Chang [5, p.247] and Theorem of
Shafer and Sonnenschein [16, p.374] in several aspects.
Finally, we pose the following;:

QUESTION. In Theorems 4.3, 5.2 and 5.4 and Corollary 5.5, can the condition “for each
1 € I, A; N P; is of class L¢” be replaced by the weaker condition “for each i1 € I,
A; N P; is Lc-majorised”?

REFERENCES

{11 H. Ben-El-Mechaiekh, P. Deguire et A. Granas, ‘Une alterantive non lineaire en analyse
convexe et applications’, C.R. Acad. Sci. Paris 295 (1982), 257-259.

{2] K.C.Border, Fized point theorems with applications to economics and game theory (Cam-
bridge University Press, Cambridge, London, Now York, New Rochelle, Melbourne, Syd-
ney, 1985).

{3] A. Borglin and H. Keiding, ‘Existence of equilibrium actions of equilibrium, A note the
‘new’ existence theorems’, J. Math. Econom. 3 (1976), 313-316.

[4] F.E. Browder, ‘The fixed point theory of multi-valued mappings in topological vector
space’, Math. Ann. 177 (1968), 283-301.

[6] S.Y. Chang, ‘On the Nash equilibrium’, Soochow J. Math. 16 (1990), 241-248.

(8] X.P.Ding and K.K. Tan, ‘A minimax inequality with applications to existence of equilib-
rium point and fixed point theorems’, Collog. Math. 63 (1992), 233-247.

{7] X.P. Ding and K.K. Tan, ‘Fixed point theorems and equilibria of non-compact games’,
in Fized Point Theory and Applications, (K.K. Tan, Editor) (World Scientific, Singapore,
1992), pp. 80-96.

[8] X.P. Ding, W.K. Kim and K.K. Tan, ‘Equilibria of non-compact generalized games with
L*-majorized preference correspondences’, J. Math. Anal. Appl. (1992), 508-517.

[9] J. Dugundji, Topology (Allyn and Bacon, Inc., Boston, 1966).

(10] K. Fan, ‘A generalization of Tychonoff’s fixed point theorem’, Math. Ann. 142 (1961),
305-310.

(11] K. Fan, ‘A minimax inequality and its applications’, in Inequalities III, (O. Shisha, Editor)
(Academic Press, 1972), pp. 103-113.

(12] D. Gale and A. Mas-Colell, ‘On the role of complete, translative preferences in equilibrium
theory’, in Equilibrium and disequilibrium in economics theory, (G. Schwodiauer, Editor)
(Reidel, Dordrecht), pp. 7-14.

(13} J.L. Kelley, General topology (Spring-Verlag, Berlin, Heidelberg, New York, 1955).

[14] B. Knaster, C. Kuratowski and S. Mazurkiewicz, ‘Ein Beweis des Fixpunktsatzes fir n -
dimensionale Simplexe’, Fund. Math. 14 (1929), 132-137.

https://doi.org/10.1017/50004972700015318 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700015318

[21)

(18]
(18]

(17]

(18]

(19]
(20]
(21]
(22)
(23]

(24]
[25]

(26]

(27)

A minimax inequality 503

G. Mehta and E. Tarafdar, ‘Infinite-dimensional Gale-Dubreau theorem and a fixed point
theorem of Tarafdar’, J. Econom. Theory 41 (1987), 333-339.

W. Shafer and H. Sonnenschein, ‘Equilibrium in abstract economies without ordered
preferences’, J. Math. Econom. 2 (1975), 345-348.

M.H. Shih and K.K. Tan, ‘The Ky Fan minimax principle, sets with convex sections,
and variational inequalities’, in Differential geometry, calculus of variations and their
applications, (G. M. Rassias and T. M. Rassias, Editors), Lecture Notes in Pure Appl.
Math. 100 (Dekker, 1985), pp. 471-481.

M.H. Shih and K.K. Tan, ‘A minimax inequality and Browder-Hartman-Stampacchia
variational inequalities for multi-valued monotone operators’, in Proceedings of Fourth
FRANCO-SEAMS Joint Conference (Chiang Mai, Thailand, 1988). DAL TR-88-2.

E. Tarafdar, ‘On nonlinear variational inequalities’, Proc. Amer. Math. Soc. 67 (1977),
95-98.

E. Tarafdar, ‘Variational problems via a fixed point theorem’, Indian J. Math. 28 (1986),
229-240.

S. Toussaint, ‘On the existence of equilibria in economies with infinitely many commodities
and without ordered preferences’, J. Econom. Theory 33 (1984), 98-115.

C.I. Tulcea, ‘On the equlibriums of generalized games’, (The Center for Mathematical
Studies in Economics and Management Science, paper No. 696, 1986).

C.I. Tulcea, ‘On the approximation of upper-semicontinuous correspondences and the
equilibriums of generalized games’, J. Math. Anal. Appl. 136 (1988), 267-289.

A. Wilansky, Topology for analysis (Waltham, Massachusetts, Toronto, 1972).

N.C. Yannelis, ‘Maximal elements over non-compact subsets of linear topological spaces’,
Econom. Lett. 17 (1985), 133-136.

N.C. Yannelis and N.D. Prabhakar, ‘Existence of maiximal elements and equilibria in
linear topological spaces’, J. Math. Econom. 12 (1983), 233-245. Erratum 13 (1984), 305.

C. L. Yen, ‘A minimax inequality ans its applications to variational inequalities’, Pacific
J. Math. 97 (1981), 477-481.

Department of Mathematics, Statistics and Computing Science
Dalhousie University

Halifax, Nova Scotia

Canada B3H 3J5

https://doi.org/10.1017/50004972700015318 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700015318

