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Abstract  We consider the following nonlinear elliptic equations

Au + uf/(N_Q) =0 in (2,

u=p on 82 (p is an unknown constant),

fln) =

where u4 = max(u,0), M is a prescribed constant, and {2 is a bounded and smooth domain in RN,
N > 3. It is known that for M = MiN), 2 = Br(0), the above problem has a continuum of solutions.
The case when M > M,ﬁN) is referred to as supercritical in the literature. We show that for M near
KM*N , K > 1, there exist solutions with multiple condensations in 2. These concentration points are
non-degenerate critical points of a function related to the Green’s function.
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1. Introduction

Let £2 be a bounded domain in RY with a smooth boundary. Consider the following
nonlinear boundary-value problem,

Au+ g(u,x) =0 on (2,

u=p on 9f2 (p is an unknown constant), (1.1)

[0 =

where g(-,-) > 0 on R! x 2, and M > 0 is a prescribed constant.

Equation (1.1) arises in several applications. In particular, if g(¢,z) = K (z)ef, N = 2,
the solutions to problem (1.1) yield Riemannian metrics that are conformally equivalent
to the Euclidean metrics on {2 with a given Gaussian curvature K and a prescribed total
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curvature M/2 [21,39]. If g(t,z) = f(t—V(x)), where V(x) € C°(£2) is given and f(-) is
non-decreasing, then the solutions of (1.1) represent potentials of stationary distributions
of self-gravitating clusters. M stands for the total mass of the cluster (see [38]).

In this paper, we study a particular type of (1.1), namely,

—Au =k,
u=p ondf2 (uisan unknown constant),
ou

_ 7:M’
agan

(1.2)

where N > 3,1 <p < 2" :=(N+2)/(N —2) and uy = max(u,0).

The existence of solutions to (1.2) in the case of 1 < p < N/(N — 2) = p* was first
established by Berestycki and Brezis [8] (Temam [31] studied the case p = 1). Wang [32]
extended this result to p* < p < 2* = (N + 2)/(N — 2) (for M small). Bandle and
Marcus [4] studied a priori estimates for (1.2) under assumptions similar to those in [8].
For more general g, see [39].

The exponent p* = N/(N — 2) turns out to be a natural critical exponent for (1.2).
Even though it has subcritical growth, it has critical behaviour. Wolansky [39] introduced
an energy functional to (1.2). It turns out that when M > M | the functional becomes
unbounded and non-compact and therefore it has loss of compactness similar to nonlinear
elliptic equations with critical Sobolev exponent 2*, as studied in [1,2,5,11,29, 30, 35],
among others. When 2 = B;(0), one can find a continuum of solutions to (1.2). In fact,
let 1(r) be the solution of

02 N-190 .
a5+ —— ¢+ ()P =0,
or r Or (1.3)
oY '
—(0)=0 0)=1.
2 (0)=0, (0)
Let 79 > 0 be the smallest root such that ¢ (rg) = 0. Set
)
MY = wN/ sNTLyYP" (s) ds, (1.4)
0
where wy stands for the area of the unit sphere S¥~1 c RV,
It can easily be shown that for any a > 1, the function
X N =2,N =24 (o), for 0 <r<al,
USr) =9 1 (0o 1y (V) N—2 . (1.5)
wy M (r —1) —wy My (o - 1), fora™! <r <1,

is a solution of (1.2) for p = p*, M = MM,

In the general domain, the existence of solutions of (1.2) is related to the Green’s
function in £2. Let G(x,y) be the Green’s function of —A in H}(£2), and let I'(|z — y|)
be the singular part of G(z,y), i.e.

1

M=) = =g sv i =y
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where SV 1 is the unit sphere in RY. The regular part of G(z,y) is defined as H(z,y) =
I'(|Jz —y|) — G(z,y). (The function H(z,z) is called the Robin function. For more prop-
erties of the Robin function, see [3].)

Wolansky [39] proved the following theorem.

Theorem A. Assume that there exists xq € {2 for which
H(any) > H(x07x0)7 Vye ‘Q\{xO} (16)
Then, for any 0 < M < M) (defined by (1.4)) there exists a solution u™ of (1.2) for
p = p*. Moreover, as M — My , uM — —oo0.
(N

A natural question is what happens when M > M, )? As far as we know, there are

no existence results yet. The purpose of this paper is to answer this question.
Fix P=(P!,....PE) e K .= Q2 x 2 x - x 0. Set

K
F(P)=-Y H(P,P)+ Y GEP,Pm. (1.7)

j=1 l,m,l#m
We then have the following theorem.

Theorem 1.1. Let K > 1, K € N. Assume that Py = (P},..., PX) € Q¥ is a non-
degenerate critical point of F(P). Let p = p*. Then there exists an €y > 0 such that for
every € € (0, ¢g), there exists a solution u™ to (1.2) satisfying the following properties.

(i) uM|on = pM = —e2/P=D — —oo,

(ii) The set {u™ > 0} contains exactly K connected domains.
(iil) M = KM™ 4 o((—p™)~1) is a continuous function of € € (0, ).

Remark 1.2. A more detailed description of the free boundary {u > 0} can be
found in Theorem 1.4 below.

In fact, for any 1 < p < 2*, p # p*, we have the following theorem.

Theorem 1.3. Assume that Py = (Pg,...,PX) € 2% is a non-degenerate critical
point of F(P). Let 1 < p < 2*, p # p*. Then there exist dy, Cop > 0 such that for every
M € (0,80) if p* < p < 2* and M € (Cy,+00) if 1 < p < p*, there exists a solution u™
to (1.2) satisfying the following properties, as M — 0 for p > p* or M — +o0 for p < p*.

(i) The set {u™ > 0} contains exactly K connected domains.

(i) uMlon = p™ — —oc.

(iii) M(—pM)@P=NE=1)/2 5 1 where pg is a generic constant.

https://doi.org/10.1017/50013091599000437 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091599000437

634 J. Wes

Let us now introduce the main idea of the proofs. One of the key points is the fol-
lowing transformation of (1.2): let u = —e~2/®=Y and u = |u|v + y, then we have that
equation (1.2) is equivalent to finding (v, €) such that

Av+ (v—1)7 =0, v>0in £,
v =0, on 012, (1.8)

e—2p/(p-1) /Q(v —1)F =M.

Note that in problem (1.8), M is fixed and € > 0 is undetermined. To solve (1.8), we
first solve the following elliptic equation

EAv+(v—1)F =0 in £,
v>0, in 2, (1.9)
v =0, on OS2,

for € small, and then we solve the following algebraic equation

M = e*%/(l’*l)/ (v—1)%. (1.10)
Q
Equation (1.9) can be regarded as a singular perturbation problem with a free bound-

ary. The boundary of the core
A:={v>1}

is the free boundary for (1.9). Problem (1.9) arises in plasma physics [3,12,20]. The
corresponding problem in two dimensions has been studied in [3]; the case when p = 1
by Caffarelli and Friedman [12]. The higher-dimensional case has been studied by Flucher
and the author in [20]. For more information and background for (1.9), please see [20]
and the references cited therein. It was proved in [20] that as e — 0 the least-energy
solution has one single local maximum z. € 2 and H(z.,z.) — mingeqn H(x, z). In this
paper, we shall study solutions with multiple condensations.
Our main result for (1.9) is the following theorem.

Theorem 1.4. Let 1 < p < (N +2)/(N —2);, N > 3, and suppose that Py is a
non-degenerate critical point of F'(P). Then for e < 1, problem (1.9) admits a solution

ue such that u. has only K local maximum points P!, j = 1,...,K, and P} — PJ,
j=1,...,K, as e — 0. The core A. := {u. > 1} has exactly K connected components
and

K K

U Brae(P?) € Ac € | Br,(F?) (1.11)

j=1 j=1

for some numbers Ry > Ry > 0, Ry = Ry, +0(1), Ry = Ry, + o(1), where R,, is a generic
constant defined in § 2.

Remark 1.5. When K = 1, Theorem 1.4 can be considered as a converse of Theorem 4
in [20].
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To prove Theorems 1.1 and 1.3, we need the following theorem.

Theorem 1.6. Let P, be a non-degenerate critical point of F(P) and u. be the
solution constructed by Theorem 1.4. Then, for € small, u. is unique and we have

I(€) 1= e 2/(=1) / (ue — 1)} = KI, + dy F(P)eN 72 + o(eN 72). (1.12)
2

is a continuous function of €, where I, > 0, d,, are defined in §5. In particular, when
=p*, =M™ d, =0
p - p y £p T * )y Yw — Y-

Theorems 1.1 and 1.3 follow directly from Theorem 1.6.

Remark 1.7. It is interesting to note that results similar to Theorem 1.4 appear
frequently in the study of problems arising from applied sciences and geometry. It turns
out that Green’s function is naturally associated with such phenomenon. For blow-up
problems involving the Sobolev critical exponent, see [1,2,11,29, 30, 35] and the ref-
erences cited therein. For multiple concentrations in singular perturbation problems,
see [6,7,15-19,22,23,27,37] and the references cited therein. Our problem (1.9) can
be considered as a borderline case of singular perturbation problems. Most of the refer-
ences cited here deal with singular perturbation problems of the kind e?Au + f(u) = 0,
f'(0) < 0. In our case, we have f'(0) = 0, which is called the zero-mass case [9]. In
the zero-mass case, the decay of the ground state is of algebraic order and therefore
the traditional Sobolev space H? does not work. Here we use a weighted Sobolev space
approach.

Remark 1.8. We remark that our results here in some sense are a generalization of
those in [5]. In [5], Baraket and Pacard considered the following problem:

A v_0, inf
{“+pe b e (1.13)

UZO, on 8(27

where (2 is a smooth bounded domain in R2.

They introduced a function F(P) in R? that is equal to our F(P) in R%. Then they
proved that at any non-degenerate critical point Py = (Pi,..., PX) of F(P), for p
small, there exists a solution u, that blows up near Pg ,7=1,..., K. Moreover, it can
be shown that p [ e — 8mK. In some sense they established the results similar to
our Theorem 1.4 in the case N = 2. There they used a weighted Holder space approach.
However, they did not show that the solution w, is unique (though uniqueness is very
likely to be true), and thus they do not have results similar to our Theorem 1.1.

Remark 1.9. The non-degeneracy condition in Theorem 1.4 may be relaxed a little
bit. For example, if we have strictly local maximum point P, or strictly local minimum
point of F'(P), we can use the method of minimization or maximization of the reduced
energy (similar to [18] or [19]) to obtain solutions of (1.9) with multiple condensations.
It seems hard to remove the non-degeneracy condition in Theorems 1.1 and 1.3. The
main difficulty is in showing that I(e) is continuous in €.
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Remark 1.10. An interesting question is whether there exists a solution to (1.8) when
M = KM™). We learned from Chang that she and Lin have obtained some results for
this question in the case when N = 2 [14]. The higher-dimensional case is still open.

Remark 1.11. Although we have just studied a particular type of problem (1.1),
the results in this paper can certainly be generalized to deal with problem (1.1) with
g(u,x) = f(u— V(z)) for some f and V(z) € C2. We shall not pursue this generality
here.

The organization of the paper is as follows. In § 2, we first introduce a projection and
study the properties of the projection. Then we introduce some Sobolev spaces and study
the properties of the linearized operator in these spaces. Section 3 contains the classical
Liapunov—Schmidt reduction process. Here we reduce our problem to a finite-dimensional
one. In §4, we solve the finite-dimensional problem and prove Theorem 1.4. In §5, we
show that the solutions constructed in §4 are unique. In §6, we return to the study of
(1.2) and prove Theorems 1.1 and 1.3. Finally we prove some technical lemmas in §§7
and 8.

Throughout this paper, the letters C, ¢, C; and ¢; will denote various constants inde-
pendent of € small. § will always denote a small constant.

2. Preliminaries

In this section we introduce some notation and prove necessary estimates.
Let f(u) :== (u—1)% for 1 < p < (N +2)/(N —2). It is known that the following
problem in R,

Aw+ (w—1)? =0, in RV,
w >0, w(0) = maxyepy w(y), (2.1)
w(y) =0, as [y| = 400,

has a unique ‘ground-state’ solution w. Moreover, we have the following lemma.
Lemma 2.1 (see §4 in [20]). w = w(r), w'(r) <0 for r # 0 and

K 2N

S

for r > R,,, where k,, > 0, R,, > 0.

Next fix any P € (2. We project ‘w’ into H}(£2) by defining w, p to be the unique

solution of
- P P
GQAU)E’P + (w(w ) — 1> =0, in £2,
€ + (22)

we,p =0, on 912.

Note that w, p is C? in P. Then we have the following lemma by Lemma 2.1.
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Lemma 2.2.

We,p () = UJ(x —L

€

) — N2k, H(z, P), ifd(P,082) > Rye, (2.3)

and
we p(x) = kyeN 2G(x, P), for |x — P| > Rye, d(P,082) > Rye. (2.4)

Let P = (P!,...,PX) € 2K and P, be a critical point of F(P). From now on, we
will always assume that
P € Bs(P,)

for some § > 0 small.
We denote P/ to be the ith component of P7, j =1,..., K.

Define
4 K
x— PJ
w;(z) = w( >7 We, P = Zws,Pja
€ =
; 0
¥ =—, j=1,...,K, i=1,...,N,
i aPij J
Qepi i ={yley+ P €2}
Set
Fj(P,x) =Y G(x,P')— H(x,PY). (2.5)
I#j
Then it is easy to see that
K
F(P)=)_F;(P,P).
j=1

We have the following error estimates.

Lemma 2.3. For € sufficiently small, we have
K
Support(EQAwe,p + (we,p —1)5) C U Bpr,(P?),
j=1

where Ry = R,, + o(1) > 0. Moreover,
EAwe p + (wep — 1)% = p(w — 1) eV 2k, Fj (P, PP) + O(eM 1), (2.6)

for x € Bry(P?), and
EAwe p(z) + (we,p — 1)% (2)

= fori(Jy]) +p(w(y) — D)5 kw

N
0 N—-1 N j
g kzﬂ a7517]6}7J4(-PaJ:)|z:Pj€ Yr + 0(6 )a HAES BRQG(P])7 (27)

where ey + P = z, fe.pi is a radial function and is supported in Bg,(0).
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Proof. Observe that by Lemma 2.2, for x € Bag,(P?),

xz— PJ

>+ENQMJKPJ»

Wwe,p(z) = zl_(:lwe,}?i (z) = w(

€

Equations (2.6) and (2.7) follow from direct computations. O

Next we introduce some Sobolev spaces.

We first define weighted Sobolev space in RY. For 1 < t < oo, a non-negative integer
and a real number 3, the weighted Sobolev space Wlt, 3 (RN) is defined to be the completion
of C§°(RY) under the norm:

l
Z H(@ﬂﬂal&aUHLt(RN)’ (2.8)
|| =0
where (z) = (14 [x[>)"/2.If 8 = 0 = I, then W} 4(R") is just the usual L'(R") space.
When [ = 0, we write W} 5(R™) as L4(RY). The properties of these Sobolev spaces can
0,8 B
be found in [13,24,25,28].
For any bounded open set U, we can define Wlfﬁ(U) to be the space W"(U) equipped
with the norm:

l
Z ) 1 0%l o ). (2.9)
|a|=0
Similarly we can define Lj(U).
Let t' denote, as always, the conjugate of ¢:
1 1
-+ -=-=1
t * t
We now turn to the linear operator
L:=A+plw-— l)ﬁ_l : WiB(RN) — L%+2(RN).
We then have the following lemma.

Lemma 2.4. If

1 N<ﬁ<N 1
t ' ’

then

0
Kernel(L) N Wf,ﬁ(RN) = Xo = span{ 3:

i:l,“,N}.

Proof. By direct computations,

ow _
’ <Cly'N

yi

for |y| > Ry. Hence Xy C kernel(L) N WQtﬂ(RN)7 since 8 < (N/t') — 1. The rest follows
from the same proof of Proposition 2.1 in [33], Lemma 4.2 in [32], or Lemma 6 in [20]. O
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Observe that when § > 1—(N/t), uv € L'(RN) if u € L}, v € Xo. Hence if 1—(N/t) <
B < (N/t') — 1, we can decompose W;VB(RN) as follows

W;,ﬁ(RN) = XO S2) XOlv

where
XOL = {u IS WQtﬁ(RN) ’/ uwvdx =0, Vv € XO}.
RN

Let us denote

ow |
Yb:{ayl’ Z:L...,N} CLIt@+2(RN)

and

Yit = {u € Ly, 4(RY) ‘ /RN uv =0, Yo € YO}.
Then we have the following proposition.
Proposition 2.5. Suppose that N > 3 and 1 — (N/t) < 8 < (N/t') — 1, then
L7V vgh — X§ (2.10)
exists and is bounded.
Proof. See Proposition 2.3 in [33]. O

Proposition 2.5 will have a natural analogue in {2. We shall discuss this in the rest of
this section. Before that, we introduce some notation and some technical lemmas.
Set

XPP =Nl W 5(0cpi) N WP (02),
and
Y:g = NI LG (2 pi).

t .
In Xe’f;, we define its norm as

2

1/t
lllezs= 3 (e-N / |<op<x>>ﬂ+'aaau|t) , (2.11)

|a|=0
2)1/2

where
x— PJ
€

K
op(z) = mi{l(l +
j=
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Similarly in Y;’?‘B we define the norm as

1/t
lullozss = (e-N / |<op<x>>2+ﬂu|f) .

. . t t,2 . . .
From now on, we drop the indexes ¢, P in Xe’g, Y, ’PJFﬁ if there is no confusion.

We then have the following technical lemma whose proof will be given in Appendix B.
Lemma 2.6. Suppose that 0 < 8 < (N/t') — 1. Let @ satisty the following equation:
AP =0 in {2

CAPFf=0, (2.12)

® =0, on 912.

Then we have
[121l¢,2,8 < C|lfle,0,2+5-

Remark 2.7. If K =1, we just need 1 — (N/t) < B < (N/t') - 1. It K >1,3>01is
needed for technical reasons.

Set
Lep = A+ plw,p — 1P (2.13)
From now on, we restrict the exponents ¢, 3 such that
<t<N 0<6<N 1 (2.14)
N -1 ’ o ’

We now study the linear operator L. p in X &8 and prove an analogue of Proposi-
tion 2.5.

Set
Ke,p:span{agwe’p\lgj , lgigN}CXt’ﬁ,

<K
Cep = span{@fwe’p 11<j< K, 1<i<N}cYyhHHh

’CiP:{UEXt’B‘/Uagwe,PZO, 1<j <K, 1<i<N},
2

cjp{ueymw‘/uagwe,po, 1<j<K, 1<z‘<N}.
2

Let II. p and HE%P be the projections of Y*2*# into C.,p and Cel’P, respectively.

The following is the main estimate we need in order to apply the Liapunov—Schmidt
reduction method.

Proposition 2.8. Let 0 < 8 < (N/t')—1 and (N/(N — 1)) <t < N. Then for e < 1
and P € Bs(P,), the operator defined by

-Z/C,P = HSJ:P o LE,P : ICi:P — CCJ:P (2.15)
is one-to-one and surjective (and hence invertible). Moreover,

|Le,p®llt o245 = Cl®ll2p, VP EKLp. (2.16)
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Proof. The proof is similar to Proposition 3.1 in [18] or Proposition 3.1 in [36]. For
the sake of completeness, we give a sketch of the proof of injectivity. The surjectivity
follows easily from injectivity.

We just need to prove (2.16). Suppose that (2.16) is not true. Then there exists ¢, — 0,
P, — P c Bs(Py), & € lCi:Pk such that

Lep, Py = fr, | frllt,0,248 = 0,
Qk € ICEL,P;C’ H@H

2,8 = 1.

Let
hiy = —p(wep, — V)5 Dp, fron = fr + I p, © Le p (D).

Then &, satisfies

AP, =h in 2
€ k E+ fr1s n {2, (2.17)
@k = 0, on 0f2.
Note that
eV /_Q LEImPk- (@k)azjwﬂc,Pk = EI;N/Q[p(wEk,Pk - 1)1—)0—718510%71% _p(wj - 1)]—0‘:lazjwj]q§k
=0(ef 2).
Hence
[Ley, p, © Ley,, P (Pi)ll00,215 = Ol ) = o(1)
and
[ fi,1lle,0,245 = o(1).
Let ‘ ‘ ‘
D) (y) = Pi(ey + P )x(x—P)), j=1,... K,
where y(z) =1 for |z| < 36 and x(z) = 0 for |z| > 6.
Without loss of generality, we may assume that j = 1. Then (P,lg satisfies
K p—1
AL + (w6 + w j—].) oL = f, in 2, p1,
kT P\ We,pt Z: e, P} A k= Jr Pl (2.18)
j=2
;. =0, on 042, p1,
where fk =xfe1 — 262V, XV Py, — €2AxPy,. Note that
|2V o x VP | < €|V, Pyl |2 AxDy| < €2| Dy
Hence we have
1Fkllze (2. o) < Cllfealleoors + CllPkllsa,s < C.
Applying Lemma 2.6, we have
I8 v o, ) < C- (2.19)
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Let &} — & weakly in Wiﬁ(RN), o SUONE L By in Ltﬁ(RN). Then &g satisfies

Adg +p(w — 157 Py =0, Py € Wi 5(RV).

i:l,...,N}.

ow p1 dw
0= HV/@ = 7/ P =0, i=1,...,N.
¢ 0N k 6PZ-1 - RN ani ’
(Here we have used the fact that (Ow/dy;) € LiB(RN) for > 0> 1— (N/t).) Hence,
$p =0 and H@}CH%(U) — 0 for any compact set U.
In conclusion, we have obtained that

By Lemma 2.4,

0
P € Kernel(L) = Span{ v
Ay

However,

||¢k||L;,(U) =0

for any bounded set U C {2, p;, j =1,..., K.
Going back to the equation for @, we now have

K
lhellers < C Y M wer, = DE Sy, o, )
Jj=1

K
1 i
< CZ [(we,p, = DI PlLy, (Bany 0y (0)) = 0-
j=1

By Lemma 2.6,
1@llt,2,6 = o(1),

which is a contradiction to our assumption that ||®yl|; 2,8 = 1. O

3. Liapunov—Schmidt reduction

In this section we use the classical Liapunov—Schmidt reduction method to reduce prob-
lem (1.9) to a finite-dimensional problem. Similar procedures can be found in [18], [19],
[36] and [34], among others.

Recall that (N/(N —1)) <t < N,0< < (N/t')— 1. Let

Se(u) = Au+ (u—1)%. (3.1)
We first solve the following equation
Se(u) =0,u € X:g (3.2)
Setting u = w,, p + @ and substituting into S, (u), we have

Se(u) = Se(w€7p) + L67P(Q5) + NQP(@), (3.3)

https://doi.org/10.1017/50013091599000437 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091599000437

Sub-critical growth and critical behaviour 643

where
Lep = Sl (wep) = A + p(we,p — 1)ﬂ_17
Ne,P(é) = S(we7P + ¢) - S(’U)QP) - LG,P(é)
= (wep +D— 1) — (wep —1)8 — plwe p — 1>T1¢~
Set

By={ueX;p | llulle2p <n}.
We then have the following lemma.
Lemma 3.1. For e and n sufficiently small, we have
(1) [INe.p(®) 0245 < CllPl|; 5%, VP € By;
(2) INe.p(P1) = Ne.p(P2)llt.0.248 < Cn7[[P1 — Pallt.2,8, VP1 € By, P2 € By,

(3) [IS(we.p)llt0.2+5 < CeN2,
).

where 0 = min(1,p — 1

Proof. Item (3) follows from Lemma 2.3.
For (1), we note that for t > (N/(N —1)) > 1N, 8 > 0, we have, by the Sobolev
embedding theorem,
|P|Lo(2) < C|®Pllt,2,8 < Cn.

We can choose 7 so small that
D[ (2) < 3

Hence we obtain
support(we p + P — 1)8 C U Brye( (3.4)
where R{, > 0 is a fixed number.
For each j =1,..., K, 2 € Bg;(P7), we have
[Ne,p(D)(2)| < Cld(2)["F7 < C|| @]l 35
Because of (3.4), we have

< Cll2Il; %7

[Ne,p(®)]|z, £,2,0°

We can prove (2) in a similar way. O

We are now ready to prove the following main result in this section.

Proposition 3.2. For € and § sufficiently small and P € Bs(Py), the following problem
IlpoS(wep+®) =0, dcklp (3.5)

has a unique solution:
=D . p€B.a-sw-2.
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Proof. We write (3.5) in the following form:

0=1IIpo(Sc(we,p) + Le.p(P) + Ne.p(P))
= ip oL.p(®)+ U;P 0 Se(we p) + H;p o N. p(®).

Therefore, (3.5) is equivalent to

® = G(P) :=—L_ po(Il}poSc(wep)+ 1 poN.p(d)).

By Proposition 2.8 and parts (1) and (3) of Lemma 3.1, we have, for & € B,, where

n = 1=V -2)

[ Se(we,p)lt.0,245 + Cl[Ne(P)ll 10,245

1Ge(P)lt,28 < C
< CeN=2 4 O+ (1-9)(N=-2) o %77'

Moreover, by Lemma 3.1 (2),
HGE('@I) - G6(¢1)|

Thus G. is a contraction map from B, to B,,.

12,8 < CN7||P1 — Balt2,8 < 5[P1 — Palle,2,5-

By the contraction mapping principle (see [18], Proposition 6.5 in [34] and Lemma 3.3
in [36] for a similar approach), Proposition 3.2 can be easily proved. We omit the technical

details.

O

We next expand @, p in terms of eN=2. To this end, we set @87 p to be defined as

follows

K .
. r— PJ
2 (o) =k S F (PP (S
j=1

where &g is the unique solution of the following problem

{A% +p(w— 1) 0+ plw - 15" =0,  in RV,

Do(y) = Po(lyl), Po(ly]) — 0, as [y| — +oc.

(3.6)

(3.7)

It is easy to see that ®o(ly|) = Coly|>~™ for |y| > R, where Cy is a constant.

Remarkably, we can write @ explicitly.

Lemma 3.3. Let @y be the unique solution of (3.7). We then have

®o = —w — L(p— Drw'(r).

Thus
Ky

@ wopE el

—1)(N —2)-1).

Proof. By invariance of the equation Au + u? = 0, it is easy to see that —((w — 1) +
(p—1)r(w—1)’) satisfies Au+p(w— l)ﬁflu = 0in Bg, (0). Hence —w — 3 (p—1)rw'(r)
satisfies equation (3.7). By uniqueness, &o = —w — 1(p — 1)rw’(r). The formula for Cy

2
follows from Lemma 2.1.
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Let

B0 p(2) = ki iFj(R PY) (qﬁo (m _epj) — Cy(N —2)|SVN YN 2 H (a, Pj)>7 (3.8)

j=1
be the projection of &, p(z) into H}(£2). Note that
qu,P(x) = éS,P(ﬂ’?) +O0(eN72).
We have the following lemma.
Lemma 3.4. Let . p be defined by Proposition 3.2. Then

N2 plli2s = O(eN72H), (3.9)

|[®cp—¢
where QBS,P is defined by (3.8) and &y > 0 is a positive constant.

Proof. We first note that, by (2.6),

Se(we,p) = phu(w(y) — 15 F(P, PV =2 + O(N )
for x € Bp,(P7). Thus
II}p o Se(we,p(x)) = phw(w — 1) Fj(P, PN + O(N ) (3.10)
for x € Bp,(P7?). Note also that
||HeL,P o Ne(Pe,p)|t,0,245 = O(eHTDITIWN=2)) = (N 7200y,

On the other hand, Q587P L Xo, (3.9) can be proved by using equation (3.5). Please see
the proof of Lemma A 1 in Appendix A for similar proofs. ]
4. The reduced problem: proof of Theorem 1.4
By Proposition 3.2, there exists a unique $. p such that

Se(we,p + Pe.p) € Cep,Pep € Kip.

In other words, we have

Se(we,P + ¢67P) = Zﬁllc(P)allewGP
k,l

for some constants ﬂ,lc(P)7 k=1,...,N,1 =1,...,K. (Here the summation is for
k=1,...,N,l=1,...,K.)
Set

W!(P) = e*N/ Sc(wep + . p)ohwep, k=1,....N, I=1,....K. (4.1)
2

Therefore, to solve (3.2), it is enough to find out a zero of Welk(P) We need to compute
Wel »(P). We have the following lemma.
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Lemma 4.1. For ¢ < 1, it holds that
W2,(P) = coe" 20/ F(P) + O(N72%) i=1,...,N, j=1,...,K, (4.2)
where ¢, # 0 is a generic constant given by
1
Cy = _kw§ /}\%N (w — 1)1 (43)
Proof of Lemma 4.1. Note that fori=1,..., N,j=1,..., K,
Hwep = dw, pi,

Wil = G_N/ Se(ngp + ¢€7p)6gw€7p,-
2

/ne,Pj

=J1+ Jo + Js,

Se (we,P)azjwe,Pj + /

Lep(®..p)dw, ps + / N(®e.p) P w, ps
N

02

e, PJ e, PJ

where the J;, i = 1,2, 3, are defined at the last equality.
We first estimate Jy and J3. Note that

Jo = / pl(we.p + P p — 1N 0w ps — (w; — DE 00 w;|®c p
2

e, PJ

_ O(€N—2+60)
by Lemmas 2.3 and 3.4, and
Js = / N.(@e.p)Pwe ps = O(N—2+0),
‘Qs,Pj
It remains to estimate J;. By Lemma 3.4 and the fact that

x — PJ
€

8?11)5’]31' zafw( ) —eN_2k:w8fH(x,Pj),

Se (we,P)aljwe,Pj

Se(ws,p)afwj + 0(62(N72))

N
o - ow -1 _
= kuw Zl %FJ(PJ«”)\Q::PJ’EN 2/R iy’“p(w —1)E dy + O(eN 2+

e N 8y
0 _ ow -1 _245
= kwaTCiFj(va)h:PfeN 2 . yip(w — 1) dy + O(eV2%)

= ¢, VT2 F(P) 4 OV 2+%0)
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since 5 3( l)p
w -1 w—1)7~3 »
~—yip(w — 1)} —/ 7%—*/ w—1)%,
/RN yi ( )+ RN yi RN( )+
and 9
%Fj(P,f)h:Pj =30/ F(P).

Finally we prove Theorem 1.4.

Proof of Theorem 1.4. By Proposition 3.2 we have

Se(we,p + Pep) =Y BL(P)Ojwe p.
k,l

By Lemma 4.1 we have
Bi(P) = (1 +0(1)e W, 1 (P) = € (cu 0, F (P) + o(1)).

Since P, is a non-degenerate critical point of F(P), by Brouwer’s fixed point theorem,
there exists a P, such that

gi(P)=0, k=1,...,N, 1=1,...,K.
In other words, we have that u. = we, p + P p € X .8 satisfies
EAue + (ue — 1) =0, in £,

and u, = 0 on 9f2. By the standard regularity theorem, we have u, € C?(£2) N C°(£2).
It remains to check that u, > 0 in 2. By the Maximum Principle, it is enough to show
that u_ = 0. Multiplying the equation by u_ and integrating by parts we have

62/ |Vu;|2=/ ug (ue —1)% =0,
o 2

which implies that v = 0.
By following the same arguments as in Steps 13 and 14 in [20], we have that u. has

exactly K local maximum points P/ and, moreover, P/ — PJ, j = 1,..., K. Furthermore,
the set A. = {u. > 1} consists of exactly K components and (1.11) holds for R; > Ra,
where R; = Ry, +0(1), R2 = Ry, + 0(1). O

5. Uniqueness of u,

Let u, be the solution constructed in §4. In this section, we prove the uniqueness of ..
Let we p, Kc,p, Cc,p, Kin Cj:P and Sc(u) be as defined in §2.
For any u,v € H}(§2), we define

(w,0)e = /ﬁw Vo), ulle = (u,0)2
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For any u € Hj(£2), we define the energy functional associated with (1.8) as

s =3 [ wup - [ P (1)

where F(u) = [ f(s)ds.
Fix any P € 2. We define

Ke(P) = Je(we,p + c.p), (5.2)

where &, p is the unique solution given by Proposition 3.2.
Let Py be a non-degenerate critical point of F(P). Set

A= Bs(P) c 0¥,
Let K.(P) be defined by (5.2). Then we have the following lemma.

Lemma 5.1. u, = w. p + P p is a solution of (1.9) if and only if P is a critical point
of K.(P) in A.

Proof. The proof is similar to Proposition 3.5 in [18]. O

Let u, be a single-condensation solution with the unique local maximum P, — Py. By
Lemma 5.1, we have ue = we.q. + Pe,. for some Q. € A, P q. € /CiQe, and Q. is a
critical point of K (P) in A.

By Lemma 5.1, to prove the uniqueness of u., we just need to show that K.(P) has
only one critical point in A.

Let us define

1

K. (P)= K<2 /RN |Vw|? — /RN F(w)> — o F(P)eN 72, (5.3)

It is easy to see that K. (P) has only one critical point, Py, in A if § is small.
We now compute VK (P). First we have the following lemma.

Lemma 5.2. For P € A, we have
VK (P)=VE(P)+ o(e"7?). (5.4)
Proof. Observe that

az]Ke(P) = <w€,P + gzse,P7 8g(u)(-:,P + gzs5,P)>e - 67N\/ (we’P + @Evp)pag(TUe,P + @E,p)
Q
= €7N/ Sc(we.p + P p)d (we.p + Pe.p)
0
=> BL(P) / Ohwe,pd] (we,p + De.p)
k,l 2

— IK.(P) + o(e" ),

by Lemma 4.1. O
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The following lemma shows that a critical point of K, is non-degenerate.

Lemma 5.3. Let Q. be a critical point of K.(P) over A. Then we have
0] 0LK(P)|p—q. = 0] 0LK(P)|p—q. + o(c" ). (5.5)

The proof of Lemma 5.3 is very complicated and is thus left to Appendix A. Let us
now use it to prove the uniqueness of ..
The proof of the uniqueness of u. is completed by the following lemma.

Lemma 5.4. There exists a unique critical point of K (P) over A.

Proof. As we already know by Theorem 1.4 and Lemma 5.1, K.(P) has a critical
point Q. and any other critical point of K (P) is in A.

We now show that Q. is unique.

First, by Lemma 5.3, there are only a finite number of critical points of K (P) in A.
Let Qi € A,i=1,..., k., be the critical points, where k. is the number of critical points.
At each critical point Q%, we have, by Lemmas 5.3 and 5.2,

deg(VKéa Bs, (Qz)v 0) = (_1)dia

where §; > 0 are small constants so that Bs,(Q%)(C A) contains only one critical point
(i.e. Q) of VK (P). Here d; is the Morse index of F(P) at Q'. By Lemma 5.3, d; = d,
where d is the Morse index of F(P) at Py.

Hence by the additivity of the degree we have

ke
deg(VE,, 4,0) = > (=1)% = ke(=1)%. (5.6)

j=1

On the other hand, since K.(P) has only one critical point in A and by Lemma 5.2,
VK.(P) = VK (P) + o(e¥=2), by a continuity argument (note that VK (P) # 0 and
VK. (P) # 0 on 9A), we obtain

deg(VK,, A,0) = deg(VK,, A,0) = (—1)%. (5.7)

Comparing (5.6) and (5.7), we obtain k. = 1. O

6. Proofs of Theorems 1.1 and 1.3

In this section, we prove Theorems 1.1 and 1.3. By Theorem 1.4, for each ¢ < ¢y suf-
ficiently small, there exists a unique solution u. with K local maximum points P?,
j=1,...,K, and P/ — Pg as € — 0. To prove Theorems 1.1 and 1.3, it is enough
to study the following equation:

I(e) := ¢~ 2/(P—1) /Q(ue - 1)% =M. (6.1)

First we have the following lemma.
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Lemma 6.1. I(e) is a continuous function for € € (0, €).

Proof. This follows from the uniqueness of u.. In fact let € € (0,¢p) and €, — e as k —
+00. Since u,, is uniformly bounded for e € (0, €g), we can assume that u., — ., where
U, satisfies (1.9). Moreover, the set A., = {u, > 1} approaches the set A, = {a, > 1}.
Therefore, we see that u. has exactly K local maximum points P} with Pf = PjO +o(1).
(We remark here that any local maximum point of u. is non-degenerate (see [20]).) By
uniqueness of u., we have %, = u, and thus lim,, . I(ex) = I(e). O

We now compute I(€).

Lemma 6.2. For € sufficiently small, we have
/ (ue — )8 =€V [K/ (w— 1) + eV 2d, F(PY) + o(eN2)], (6.2)
o) RN

where d,, = (3(p — 1)(N — 2) — 1)k, is a generic constant.

Remark 6.3. Combining Lemma 6.1 and Lemma 6.4, Theorem 1.4 is proved by taking
I, =K [pn(w—1)".
Remark 6.4. Note that when p = p*,d,, =

Proof. Note that

and
K

Ue = We,Q, + Pe,q.
wo-vt=> [ - (6.3)
/Q JZ:; Bapge(Q1)

for some Ry > 0. We just need to compute

/ (ue—1E, j=1,...,K.
Baprge(Q1)

We now compute the case when j = 1. The others are similar. We obtain

A

N/ Ley) - DY
B2, (0

/ (We,@. + Pe@. — DY
Bar,, (0)

™

"

[ / Y) + kue" PF(Qc, QL) + P q. —1>’i+0<eN‘1)}
B2R0(0)
N[/RN (w—1)% + pky /RN(w— I)TIGN_QE(QQQD

+p/RN (w—1)""P g + O(ENI)} . (6.4)
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By Lemma 3.4, for y € Bag,(0), we have

¢E,Qe = kweNizFl(QEa Qi)¢0 (xec;)i) + O(€N72), (65)

where @ is the solution of (3.7).
Thus

p[ =10 =p R [ 0= 1) Qe QDR + o). (6
RN RN

Substituting (6.6) into (6.4) and noting that Q. — Py, we obtain

[ -
Baprye(QY)

= EN / (’LU — 1)5)_ +p/ (w — l)ﬁ_lkal(Po, Pol)EN72
RN RN

+p/ (w — 1) ®oky Fy (Po, Py )eN ~2 + o(eN_Q)]
RN—I

=V / (w—1)% +p/ (w— 1) (Bg + 1)k Fi (Po, P)eN 2 + o(eN—Q)].
L/ RN RN

From the equation for @,

_ 0D
p[ ot @y =~ [ S
RN 9B, (0) OV

=—Co(2 — N)|0B1(0)| = dy,
where @¢(r) = Co/rN=2 for r > R,,. By Lemma 3.3,

Kw

Co= W]

(3(p— (N =2)—1).
Hence
/ (ue — 15 =€V {/ (w — 1)F + dypF1 (Po, Pg)eN 2 + o(eV72)].
Barye(QL) RN
Combining the estimates of

/ (ue_l){:—a j:17"'7Ka
Barye(Q1%)

equation (6.2) is thus proved. O

Finally we can prove Theorems 1.1 and 1.3.
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Proof of Theorems 1.1 and 1.3. Consider the equation
I(e) = M. (6.7)

By Lemma 6.1,

I(e) = N @p/(p=1) {K/ (w—1)2 4+ dy F(P°)eN 2 4 o(eN72)].
R

N
It is not hard to see that
N .
M ):/ (w—1)%.
RN

Set
uM = 2P (y, —1). (6.8)

Let us now prove that u™ satisfy the properties of Theorems 1.1 and 1.3.

Properties (i), (ii) and (iii) of Theorem 1.1 follow directly from those of w. and
Lemma 6.2.

To prove Theorem 1.3, we note that the relation between M and € is given by

M = N-2p/(p-1)) K/ )P L O(eN-2) L
€ . (w—=1E+0("7)
Since —pM = ¢=2/(P=1)we obtain

M (—pMyEP=NE=1)/2 = Np@r/e=1)=N = ¢ - (w—1)% +o(1),

which proves property (iii) of Theorem 1.3 with po = K [,y (w — 1)%. Properties (i)
and (ii) of Theorem 1.3 follow from the properties of .. O
Appendix A. Proof of Lemma 5.3

In this appendix, we prove the technical lemma (Lemma 5.3). The key is to expand &, p
and 8,2@57 P
Recall that ¢? p is defined by (3.8). We first need the following lemma.

Lemma A1l. Let Qip be defined by (3.8). We then have that @ p is C' in P.
Moreover, we have

b p = eN’Q@S,P + o(eV72) (A1)
and

0ld. p =720/ p + O(N2). (A2)
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Proof. Equation (A1) has been proved in Lemma 3.4. To prove (A 2), we note that

g138,1:' = Q’S,P +O0(N72).

Put

Ve = 0P p— V20! 90

and we decompose ¥, into two parts

b= L0 + U € Kb

k,l

where &z,lc are some constants.
We will show that

jo})

=0

3

and
1@ le,2,8 = O(eN72).

We first note that, since ¢, p L K¢ p,

641)671'3 6’w€7lp _ —G_N/ &
o opP! 0P, Q

Hence,

Z ~jl —N 5we,P 3we,P

O €
ik l 14
. o 0P 9Pl

82w€,p
“Foriop

(A3)

: !’ : ! .
= —N2N / @Evpaga,i,we,p +e N / eN72@87P(9§3,lc/w5,p + O(eN73)
(7 2

= O(EN_3).

Since
—-N awe,P awe,P

, 0PI OFL

= 6_2(F + 0(1))5kk’5ll’7

where I" > 0, we obtain aj,i = O(eV 1), which proves (A 4).

Next we observe that

Se(we p+Pep) = Bl(P)
ij

where 3/ (P) € O ‘
Differentiating the above equation by 9/0P}, we have

6w€p 6¢6p>
S!(we b, =
e+ o) (GEE + T ) - )
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At a critical point P = Q. of K.(P), we must have

BLQ.) =0, k=1,...,N, l=1,...,K.

Hence, at P = Q.,

Owep + N 200 ou,
Sl (we,p + e, p)(Tlp) + SL(we.p +Qj€7p)< (wep - P) +> al, gpf) €Cep.
OP; "l &

We now need to compute

O(we.p + V2P p)
Ee:= Sl(wep + qﬁe,p)< - —= ’ )
oF; P=Q.
By using Lemma 3.4, a simple computation shows that
Ec = 0] |p=q.Sc(we,p + " 0] p)
= 0O(N 7).
On the other hand, by the same proof as that of Proposition 2.5, it is easy to see that

Hip OSé(wE,P +¢€7P) . ’Cip _)CeJ:P

is invertible for e sufficiently small. Hence (since Wjjp € ICj:P),

12 p © Eelle 245 + O 2)

1@ plli2s < C
< CeV 2,

Equation (A 2) is thus proved.
By using Lemma A 1, we obtain the following proof.

Proof of Lemma 5.3. In order to have a unified approach that works for all dimen-
sions N > 3, we need to modify w. p. We introduce the following notation:

_ pJ )
T o - 9IS 2, )

W pi = We pi + ko Fj (P, P7) (450(

K
we,P: § we,P-U
j=1

we,P + ¢€,P = We, P + ¢e,P~

Then, by Lemma A 1, we have

P p = O(N 2+, Nd.p=O0(N72). (A6)
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Thus we obtain
0’K.(P)
P! oP}

P=q.
= (0] (We,p + De.p), Ok (We.p + De P))e| P=q.
+ (We,p + D p, 0] O (We.p + De. )| P=q.

- E_N/ P(We,q. +Peq. — 1) 0/ (We,p + Pe,p)|P—q. 0} (We.p + Pe.p) | P—q.
(9]

- 6_N/ (@e,Q. +Peq. — 1)} 040] (we,p + Pep) P=q.
Q
(since P = Q. is a critical point)

= (0! (We,p + De.p), O (We,p + De.P))e| P-a.
—e N /Qp(we,cee +®eq. — )N0! (We,p + Pe.p)|P=q. 0} (We.p + Pe.p)| P=q.
= (O (we,p), 0 (We,p))e| P=q.
N [ plica +Beq. 10w p)e-a. Ok (0p) -,
+ (04 (0e.p), 0] (Pe,p)) | P—a.
[ g+ Bug. ~ 070G p) p-g. 00 p) .
T (OL(.p), & (ep))e| P,
[ g+ Pug. ~ V0 @) p-a. kB p) .
(0L p), O (..l P,
— [ e+ Pug. ~ 10700 p)lp-a.0k (@) pa,
=11+ 1+ I3+ Iy,

where I;, i = 1,2, 3,4, are defined in the last equality.
By (A6),

I4 = O(EN_Q),
I =/ SU(we@.) (! |p=q.®P)(0}|P=q. % P)

e, PJ

=o(eN7?).

Similarly, we have
I3 = O(EN_Z).
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It remains to compute I;. The computation of I is as follows
I = / SU(We.q.)8] |P=q. @, PO} |P=q.@c.P
e

— [ ol p)olo.plro.
-Qe
= 9]0} J.(we.p)|P=q.-
Note that
Jo (e p) = KI(w) — ¢ F(P)eN 72 + o(eV72).

We now need to show that the above equality is true in C? for P. Although intuitively it
should be true, the proofs are quite complicated, due to the fact that when we differentiate
PJ we are also differentiating x, since the variables involved are (z — P7)/e. The key is
to separate these two differentiations. To this end, we introduce

0 0

DJ = — . A7
‘We then have
L= [ DliS(w.rthu.rle—g. + ol )
Qe,PJ'
Note that )
. _pi
D?g (|$6|> =0
for any radial function g.
So
K K
Se(we.p) = (Wep — 1)E =Y (ws = DE = phu ¥ _(ws — 15 Fu(P, P*) (P + 1)
s=1 s=1
K
= eV Pphy Y (we — DN (F(P,x) = Fo(P, P*))(®g + 1) + o(e"2).
s=1
Thus
Dzj [Se(we,P)aIlcwe,P]
) K
=D; (eN_kaw > (wy = VEH(Fy(P,x) — Fy(P, Ps)) (@0 + 1)} wr) + o(eV7?)
s=1
K .
=N pky, Y (ws — DETIDI(F(P,z) — Fo(P, P*))($ + 1)04w; + o(eV 7).
s=1
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Hence
N—2 p—1al aj ow N—2
I = € " pky, (w—=1)1"0,0] F(P)yr-—(Po + 1) + o(e )
2, p Oy
= e 200/ F(P)|p_q, + (V).
Lemma 5.3 is thus proved. O

Appendix B. Proof of Lemma 2.6

In this appendix, we prove the regularity result Lemma 2.6. Recall that 0 < 8 <
(N/t) — 1.

We first prove the case when K = 1. In this case, we rescale the domain (2 and the
functions as follows:

z=ey+P',  By)=d(ey+P'), fly)=fley+P).

Then & satisfies o
AP+ f=0, in £ p1.

We extend @ and f to RN by putting 0 outside 2 pr.
Note that the Laplace operator A is an isomorphism from W2t7B(RN) to L§+ﬁ(RN).
See [13], [24], [25] and [28]. Thus we have

111006 < 18Il rv) < ClF Nz, ,mny < Cllfllez+p- (B1)

On the other hand, let .
b = d(y)x(z — P),

where x(x) =1 for |z| < ¢ and x(z) = 0 for |x| > 2.
Then it is easy to see that @ satisfies

Ay + xf +2V,xVP + Ayx& = 0,8 € Wi 5(RV).
Hence

lt246 + ClIVyx V||t 215
|t,2+8 + 02|

Bl ,ry < CILf
<clf

t,2,8

for any small §. Here we have used the interpolation inequality.
But outside Bs(P!), we have

1@llwy ,2\Bs(Pr)) < Cllflle,245-

Thus
[9ll¢,2,8 < Cll flle,2+5 + 6l|Plle,2+5-

Lemma 2.6 is thus proved for the case K = 1.
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Next we prove the case when K = 2. The other cases K > 2 can be proved similarly.

We divide the domain into two parts: 21 J {2 = §2 and 2y N 25 = ¢. We choose x1
and Yz such that x;(x) = 1 for € Bs(P') and x1(x) = 0 for € 2\Bs(P?). Similarly,
we require that ya(x) = 1 for x € Bs(P?) and x2(z) = 0 for € £2\B;(P!). Moreover, we
can assume that x1(x) + x2(z) =1 for z € 2.

Let &%, i = 1,2, be the unique solution of

EAP +xi(x)f =0, inQ, & cHIN).

Then we have

@(.’17) = @1 + @2
and
125llwe ye2. i) S Cllfllezts, J=1,2.
Since 8 > 0,
i1\?
e
or)® < (14222,
195lle2.8 <Plwy 0.5 F=1,2
So we have
||¢||t7275 < C‘|¢1||t,2,ﬁ + 0”432”15,2,6 < C”f |t,2+/3~
Lemma 2.6 is thus proved. 0
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