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GRADIENT ESTIMATES ON R¢

FENG-YU WANG

ABSTRACT.  This paper uses both the maximum principle and coupling method to
study gradient estimates of positive solutions to Lu = 0 on R?, where

L_Za..iﬁuzb‘i
- T oxox G ox

with (a;;) uniformly positive definite and a;;,b; € C '(R?%). We obtain some upper
bounds of |Vu|/u and ||Vuljeo / || 4|0, which imply a Harnack inequality and improve
the corresponding results proved in Cranston [4]. Besides, two examples show that our
estimates can be sharp.

1. Introduction. Gradient estimates are a fundamental subject in the study of Rie-
mannian manifolds since they can be used to obtain the Harnack inequality, heat kernel
estimates, and so on. Estimates of |Vu|/u for a harmonic function u on a Riemannian
manifold have been studied by Yau ([10]) and Cranston and Zhao ([5]). In the past few
years, Cranston ([3], [4]) estimated [|Vu||oo/]|ulloo for bounded positive u solution to
(A+2Z)u = 0 with smooth vector field Z, and the estimates presented in [3] are improved
by the author ([9]). Instead of functions on general Riemannian manifolds, this paper
deals with positive solutions to Lu = 0 on R with

b= Z“"aa Za

where (a;) is uniformly positive definite and a;;, b; € C'(RY), i,j < d.

It is well known that, L can be rewritten as A + Z referring to some Riemannian met-
ric and C'-vector field Z on R?. However, it is not possible for us to compute the lower
bound of Ricci curvature for general (a;). So we may obtain nothing from the known
estimates on Riemannian manifolds. For this reason, it is interesting to give some gradi-
ent estimates of u depending on (a;) and (b;). Since Lu = 0 is an ordinary differential
equation for d = 1, we consider the case d > 1 only. Set

o) = inf{Say(gie; € €RYJg| =1,
L]
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800 = sup{ S ayweiey : € € R ¢ =1},
i

G 9 )
Y(x) = 30’ oy = sgpi‘%(ax](a,,(x)) ,
5= sgp%(a%bj(x))z, 3= SI;pZini(x)z.

Throughout this paper, we assume that inf o > 0, sup8 < oo and u € C2(RY), u > 0.
For the estimate of |Vu|/u, assume in addition that u € C}3(R%) and ¢; < 00, i < 3. The
main results are the following.

THEOREM 1.1.  Let D C RY be a connected open domain, 6, = dist(x, dD) forx € D.
If Lu = 0 and u > 0 in D, then there exists a constant C depending only on inf o, sup 3,
d and c;(i < 3) such that

[Vu(x)| <
ulx) —
In particular, if (a;) = I and b = O, then

| Vux)) < 2d ++/2d(3d — 1)
ulx) — by

c(1+—), x€D.

, x€D.

The following Harnack inequality is a direct consequence of Theorem 1.1.

COROLLARY 1.2.  Suppose that Lu = O andu > 0in D. Let Qs = {x € D :
dist(x,dD) > 8}, 6 > 0. For B(xo,6") C Qs, there exists a constant C depending only on
inf a, sup 3,8,8 and c;(i < 3) such that

sup u < C inf wu.
B(x0.,6") B(xo.,8")

THEOREM 1.3.  Suppose that Lu = 0 and u > 0 on R% Let k = 2c3a +
Jc,(d — 1)(va? + (d — DaB). We have

[Vue)] _ cup k+ /K2 + deo(d — 1)702 — 4c3y20? LR
u(x) T pe 2v02 ’ ’

The condition ¢; < oo in Theorem 1.3 is necessary since l%l may be unbounded for
the case that ¢; = oo (see Example 1.7 below). But ﬂ%’ﬂ;ﬂ is always finite for bounded u

under some general assumptions; this leads us to study the estimate of Hﬁ”ﬂ.

To state the result, we need some notation. Suppose that a(x) = (a,-j(x)) = o(x)o(x)*
for a Lipschitz continuous matrix-valued function o(x) = (mj(x)), satisfying

A :=inf inf &*a(y)*o(x) > 0.
xy |g=1
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Choose g € C(R*) such that lim sup,_,, g(r)/r < oo and

g(r) > (@N)! sup {llo) — o> = |(ox) — a(y))v{2 +(b(x) — b(y).x — )},

where v = (x — y)/|x — y| and [|A||* = £;; A} for A = (Ay). Define

r g(s)

C(r)= exp[ b ds], f(n = /Or C(s)"'ds, r>0.

THEOREM 1.4.  Suppose that Lu = 0 on RY. If u is bounded and positive, then

\V/ < —=
“ u“oo__f( ),

where f(00) = lim,— f(r). In particular, if f(00) = 00 then u is constant.
COROLLARY 1.5.  Suppose that a = %1 and bi(x) = ¥ byx;,i < d. Let Ay be the
biggest eigenvalue of (%(bij + bji)). We have
IVulloo < lullooy/X] / v/
where X} = max{0, A }.

Corollary 1.5 improves the corresponding estimate in [4]: ||Vulloo < [Jullooy/2XS.
Besides, the following two examples show that both estimates in Theorem 1.3 and The-
orem 1.4 can be sharp.

EXAMPLE 1.6. Takea=1b;=c¢,c>0,i<d. Thena=p=1Lc1=c=0
and k = 2¢3 = 2+/dc. By Theorem 1.3 we have |Vu| < v/dcu. On the other hand, take
u(x) = exp[—c ¥i x], thenu > 0, Lu = 0 and |Vu| = Vdcu.

EXAMPLE 1.7. Takea = %I, bi1(x) = cx; (¢ > 0) and let b; (i > 2) be constants. Let
u(x) = /Ow e—cr2 dr + /OXl e_"2 dr, x€ RY,
Thenu > 0, Lu = 0 and

sup [Vu@l _ sup e—fﬁ{/om e dr+/0)(l e dr}_]

X u(x) X1
-1
> lim e_“%{/ e_"zdr}
X]——00 —x1
2
. —2cx1e”
= lim —21¢
X} ——00 e~
= oo.

Hence @ is unbounded, but we can compute

Viu|loo e -1 ¢
e = e =2

This is just the upper bound given by Corollary 1.5.
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i i O = 2y 40 = &
2. Somelemmas. For convenience, we simply denote u') = Pt V= T for
u € C*(R?). Then

i)2 1 B\
@.1) VP = 5 u®, V|Vl = lv“lzZ(Zu()u(’)).
i J i

LEMMA 2.1.  Suppose that Lu = 0,u > 0 in D. There exists a nonnegative function
h < c¢3 such that

_s)’)’a )lVMIZ

h2

- ﬂ)lV!VuII - (— +cy) —
as
—1|V|Vu|| | Vu)

holds for s € [0, 1] and points in D with |Vu| > 0.

PROOF. Fix p € D with |Vu|(p) > 0; the proof consists of two parts.
a) Suppose that a(p) = (a;(p)) = diag{A1,..., A} with a(p) = A\; < Mg <
Aq = B(p). Then at p,

INA

%LIVuP = % A 4 Z WL,
On the other hand,
%LIVMF = |Vu|L|Vu| +;>\i(|vul(i))2
1 RN

= |Vu|L|Vu| + VP ‘;)\,(; u(l)u(u)) .
Hence
2.2)  |VulL|Vu| = Zu(”Lu(’) +t =0 IV B (IVulZZ)\ w7 S (Z oy (u)) )
Since Lu® = (L™ — £ij au® — 2 bu® and Lu = 0,

St 2 - '\V/g\‘z (k)2JZ)\u('l)2—c2|Vu|2

ijk
cl|Vu| 2 5
Z)\ U — )| Vu|
\/_
CIIV“I (i§)2 2
> — Y .
2 —— Z/\ u 2|V

Here in the last step, we have used the fact that r2 + 5% > 2rs. Combining this with (2.2)
we have

c1|Vul?
4sa

2.3) |VulL|Vu| > — — | Vuf? + (1 —S)Z)\iu(ij)z
i

1 R
— =3 N[ uu@) .
IVMP i (1 )
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Next,

|Vul? Z Au? — Z A (Z Uy (u)) = S AP u B — 0y 0,00
igik

1 " S
. Z \ 2(“(k) U — u(/)u(lk))2
25 Jik

> 50 Sl — Oy
i

> %ZZ( AP u® — 3Oy
Joi

1 N2
(0,6 Au@y@y
l)ﬁZ(ZAu Z uPu )
Let h = |T;b;u®|/|Vul; then h € [0, c3]. Since 3 \u™ = — 3 biu®, by (2.1) we
have
2.4)

) N2
IVup S Aiu(")z Y ( ) u(z)u(u)>
ij i J

) =T Z(Z AuPu® 4 40 L u<’>)

IVuI [Vul’| i biu®?

= <d—1)ﬁ'vlv”'| T a-1ng
_ Ei—" Z 1) - (Z uwuw)’ . ’Z biu(i)’
o?|Vul? 2h|Vu] h |Vu|*
> G- 1)ﬂIVIV ul| - =1 VIVu Il el

By this and (2.3) we obtain the needed inequality.
b) In general, there exists an orthonormal matrix ¢ such that ca(p)c* =
diag{)\1,...,As}. Take x = gy. Under the new coordinate system {yi, ..., Y4},

L= Zalja ay] Z a

with
aiy) = 3 oisag(oy)oj,  bi(y) =Y bj(oy)oji.
.t J

Then a(o*p) = diag{\,, ..., A¢}. On the other hand, it is easy to check that

Z(i%y <d, Z( d

b) <2, b? < ¢?
ik Ik ik Ik g 2,: ' ’
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and
IVul(p) = Z(aiﬁ(a*p))z, Li=0,
i \OYi
2
VP FIV 0) = (2 (5a00) (5750 )
where #i(y) = u(oy). By a) the proof is completed. (]
LEMMA 2.2.  Supposethat Lu =0,u > 0inD. Let ¢ = M fd, = K;Jl_ —sB >
0, then

2
162 (84 50— 20194) - 2wl + )

Ci h2
~ (5 +er— g )0 — 2001l

for points in D with ¢ > 0.
PROOF. By Lemma 2.1,

1 1 2 ; ;
Lo = —L|Vu| + |VM|L— —g Zaiju(’)IVuF’)

—=—(Vu|L|Vu|) + = Ea w0 — .u2_2 Za,yu(/)(cﬁu(‘) +up®)

IV |
\Y% _®_ Vul?
> e l[d1|vlvu|1 291919 - ( +cz—(d_l)ﬁ)| ul]
—248|Vé|
2
di|V|Vul|”  2h|V|Vu| 1 ?
e ~(ga e~ gp) e~ 20V
Note that
|6Vl = ul V|| < [VIVul| = |4V + $Vu| < u[Ve| + $[Vul,
which proves the lemma. n

LEMMA 2.3.  Suppose that Lu = 0 and u > 0 on R, Let

b — Veld—-1)
T2+ d— Daf

If |Vl - |V|Vul| > 0 and ki |Vu| /|V|Vul| < 1, then

ci(Ya+(d—-1)8 2%
L¢_d (IW ¢3—2¢|V¢|)—(J1( VT )+d_1)<|v¢|+¢2)

(= )6~ 266199
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PROOF. Take s = k; |Vul/|V{Vu|[. By Lemma 2.1 we have

Ya 2 h? 5
> — -
VL [Va] > T |91V (cz - w) IVl
C}('Ya+(d— 1),3) 2h
- \/ ‘V[V || |Vul.
Vd—- DHa
Then the remainder of the proof is the same as above. n

3. Proof of Theorem 1.1. Let s small enough such that d; > 0 for all x € R?. Let
dy = 727,d3 = 7£ + c. Then Lemma 2.2 gives us

2
31 Lé>d ('w' s ¢3) _2dx(|V4| + 8) — dod — 28 + A |V

for ¢ > 0. Fix p € D with ¢(p) > 0. Take F(x) = ¢(x)(&3 — p(x)*), where p(x) = |x—p|.
Then there exists x; € D such that F(x;) = sup{F(x) : |x — p| <§,}. Hence
2¢(x1)|x1 — p|Vp(x1)

(3.2) LF(x;) <0 and Vé(x) = T —pP

Combining this with (3.1) we have: at x;,

2(,3 +d))p 4d1p2 4d2p
3 2
Lo >d¢ -—2(d2+——5;_ 5 )q& —((5§—p2)2+6§—p2+d3)¢’

Thus
F =&, — p")L¢ —2d$ — 2(V$,2pVp)
> d\(8) — p*)¢” — 20da(8) — ) +2(B + dr)pl$”
2
- (ﬂg;_jzgi +4dyp +2d +d3(65% — p2)) $.
P
By (3.2) we get

0 > diF(x1) — 2[d25} + 25,(B + dDF(x1) — 4185(dy +2) + dab,, + db) + d35))
> diFX(x)) — A[dob] +5,(B + d)IF(x)) — 46,[d) +dy +d +2 + (d3 + dy)57).
This implies
F(x)) < C5p(1 +6,)

for some C = C(inf a, sup 3, ¢y, ¢2, c3,d) > 0. Since ¢(p) = F(p)/é2 < F(xl)/ég, we
have

¢(p)§c<1+5lp).

Next, if (@) = I and b = 0, thend, = d3 = O and @ = § = 1. By (3.1) and letting
s — 0 we get

(3.3) Lg>— (¢3+ 'V(f'z) ~2(1+ 1= )gIVdl
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Combining this with (3.2), we prove
F? — 4d§,F — 2d(d — 1)} + 2p°[(d — 4)(d — 1) +2] < 0.
Since (d —4)(d — 1)+2 > 0 for all d € N, we have
F? — 4d5,F — 2d(d — 1)5} < 0.

This gives us that F < 2d6, + \/4d251§ +2d(d — 1)6% and so

526(p) < 8pl2d +/2d(3d — 1)].

Then the proof is completed.

4. Proof of Theorem 1.3. Note that k; < k/ 2Ya?, and so we need only prove
the case ¢ = sup, ¢(x) > sup, ki(x). For small ¢ > 0, choose x, € R? such that
dxe)>Pp—e > v/2¢ and (¥ — €)* —2e > supk;. Take F(x) = ¢(x) — ep*(x), where
p(x) = |x — x.|. Since ¢ is bounded, there exists y. € R? such that F(y.) = sup F. Then
P—ep’(ve) = F(e) = d(e)—€p*(e) > F(xe) > ¥—e, 50 ¢(ye) > p—e and p(ye) < 1.

Hence at point y,

4.1 LF<0 and |V@|=2ep<2e.
Thus at y,,
V|V
2e > |V¢| = ‘M _ ?Vu‘ > (1/}_5)2 _ M,
u u u
hence
|VIVu||

> () —e)? —2e>0.
Therefore & |Vu|/|V|Vu|| < 1. By Lemma 2.3 and (4.1) we have

0 2> LF(ye) = Lo(ye) — 2e(c3 +dpf)

v de? 3 Jc1(7a+(d—1)ﬁ) o )

> 725 (5 e ) - (e e
h?_

_(62_m)¢—4ﬂ¢5—25(dﬁ+q).

Choose €, — 0 such that A, ) — ho, oy,,) — & and SB,,) — Bo- Then we have

Yoo 5 \/01(700!0+(d—1)ﬂo) 2ho 2_( _h )
0z ( Ja=ne  ta-1)" T\ @-nm)”

where Yoy = ao/ﬁo. Let kg = 2c3ap + Jcl(d — 1)(’7()&(2) +(d— 1)0.’0,80). Then

0 > Yoady? — [ko + 2a0(ho — c3) — [ca(d — Doty — o).
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Note that 0 < hy < ¢3 < ko/20p and 0 < Yo < 1. We have

_ ko+2a0(hy —c3) + J (ko + 20000 — €3))° — 4730312 + dea(d — 1Yo
= 2Yo0}

ko + x/k% + 47002 (c2(d — Dag — c2¥o)
= 2Yo03

5. Proofs of Theorem 1.4 and Corollary 1.5. The main tool we used to prove The-
orem 1.4 is coupling. For the background of coupling and martingale methods, readers
are urged to refer to Chen and Li ([2]). Take a second-order differential operator L on

R¢ x R%: )
L(x,y) = L(x) + L(y) + IZJ(C,-j(x, y)+ C},-(x,y)) m,
where )]
- s _ 500wt = XY
Clx,y) = o(x)(cr(y) 2 |o(y)-1v|2)’ —

Let (x;,y;) be the L—diffusion processon R x R and T = inf{t > 0 : x, = y,}. We
call (x;, ;) the coupling by reflection of the L—diffusion process and T the coupling time
(see [2] and [8]).

Since Lu = 0, by the martingale property of the L-diffusion process, marginality of
coupling and boundedness of u, we have

|u(x) — u®)| = |E'ulx) — E'u(y)| < E®|uCinr) — u@iar)|
forall x,y € Réandt>0.Ifuis positive and bounded, then
|u(x) — u@)| < ||ul|loP(T >1), t>0
and so
G |u(x) — u@)| < ||ulooP™ (T = o0).

Hence, to obtain an upper bound of ||u|s0 / [|#]|co, We need only to estimate P*(T = 00).
For this purpose, define

A(x,y) = a(x) +a(y) — C(x,y) — C(x,y)",
B(x,y) = b(x) — b(y),
AG,y) = (x = Y A=Y /Ix =y x#
B(x,y) = (x —y)*B(x, ).
Then we have (see [2])

trA(x,y) — A(x,y) + B(x,y)
[x =yl

(5.2)  Lh(x —y]) = A, p)h"(Ix — y|) + R (lx—y)
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for all h € C?(R). On the other hand,

* —1
A(x,y) = V*Ax, Y = |o(x)*v — a(y)*v|* + Proay) v

lo)~"v]?
S 40 WM e ew) (emty) N
palily |0.(y)_~ v|2 -
and
rAC,y) —Ax,y) = tr[(cr(x) — o) (o) — 00))"] = o)y — ()"
|U (y)-l l[v ox)o(y) v — (a(x)a(y)"vv*)].

Note that tr(a(x)a(y)"lvv*) = tr(V*o(x)a(y)~'v) = v*a(x)o(y)~'v. Then

(5.3) glx—y) > (rAx,y) —A,y) + B(x,)) [A(x,y), x#y.

To estimate P*Y(T = 00), take

F(r)= %/rl C(s)™! ds/y1 Cidt, r>0.

Note that limsup,_,, g(r)/r < 0o, then F(0) < oo. Let

Sy=inf{t>0:|x—y| >N}, N>|x—y|
The proof of [2, Theorem 4.2] gives us that E*Y(T A Sy) < oo and
fx—yD

T = 00) < PT <
PN(T = 00) <P > Sy) < 0

Hence P(T = o0) < f(|x — y|)/f(c0). By (5.1) we get
|u(x) — u@)| ||u“oof(|x )
kol = feolk—] °
By letting y — x we prove Theorem 1.4.

Finally, let a = %I and b;(x) = ¥Jj byx; (i < d), it is easy to check that A = % and

(b(x) = b(y),x —y) = Z(bi(x) - bi(}’)) (xi—y)= 2 bij(xj — yp)(xi —yi)
i LJ

X,y e R’

1
=3 2 (byj + bi)(xi — yi)(x — ¥j) < Aalx — v
ij

Hence we can choose g(r) = %)\;rQ and so
C(r) = exp(Njr* [4),  f(00) = V/T[\/X].
By Theorem 1.4 we prove Corollary 1.5.

ACKNOWLEDGEMENT. The author would like to thank the referee for helpful com-
ments on the first version of the paper. Thanks are also given to Professor M. F. Chen for
useful suggestions.

https://doi.org/10.4153/CMB-1994-083-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1994-083-5

570 FENG-YU WANG

REFERENCES

1. A. Brandt, Interior estimates for second-order differential equations via the maximum principle, Israel
J. Math. 7(1969), 95-121.

2. M. FE Chen and S. F. Li, Coupling methods for multidimensional diffussion processes, Ann. Probab. 17
(1989), 151-177.

3. M. Cranston, Gradient estimates on manifolds using coupling, J. Funct. Anal. 99(1991), 110-124.

4. , A probabilistic approach to gradient estimates, Canad. Math. Bull. (1) 35(1992), 46-55.

5. M. Cranston and Z. X. Zhao, Some regularity results and eigenfunction estimates for the heat equation,
Diffusions and Related Problems in Analysis, Vol. I, (ed. Mark Pinsky), Birkhauser, 1990.

6. N. lkeda and S. Watanabe, Stochastic Differential Equations and Diffusion Processes (Second Edition),
North-Holland, 1989.

7.P.Liand S. T. Yau, On the parabolic kernel of the Schrodinger operator, Acta Math. 156(1986), 153-201.

8. T. Lindvall and L. C. G. Rogers, Coupling of multidimensional diffusions by reflection, Ann. Probab.

14(1986), 860-827.
9. F. Y. Wang, Gradient estimates for generalized harmonic functions on manifolds, Chinese Sci. Bull. (6)
39(1994), 492-495.
10. S. T. Yau, Harmonic functions on complete Riemannian manifolds, Comm. Pure Appl. Math. 28(1975),
201-228.

Department of Mathematics
Beijing Normal University
Beijing, 100875

People’s Republic of China

https://doi.org/10.4153/CMB-1994-083-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1994-083-5

