Glasgow Math. J. 42 (2000) 421-437. © Glasgow Mathematical Journal Trust 2000. Printed in the United Kingdom

INVERSE AUTOMATA AND MONOIDS AND THE
UNDECIDABILITY OF THE CAYLEY SUBGRAPH
PROBLEM FOR GROUPS

ANA OLIVEIRA* and PEDRO V. SILVA*

Centro de Matematica, Faculdade de Ciéncias, Universidade do Porto, 4099-002 Porto, Portugal
website:http:|/www.fc.up.pt/cmup

(Received 27 December, 1998)

Abstract. The structure of an inverse monoid can be determined by the com-
plete set of Schiitzenberger graphs of a presentation. Necessary and sufficient con-
ditions for a collection of inverse X-graphs to be the complete set of Schiitzenberger
graphs of some inverse monoid presentation are established and decidability results
are obtained. Conditions for a single inverse X-graph to be a Schiitzenberger graph
for some presentation are also obtained, and both problems are restricted to the case
of Clifford monoids and E-unitary inverse monoids. Decidability and undecidability
results are obtained for the case of finite graphs. It is also proved that the problem of
embedding a finite inverse X-graph in the Cayley graph of a group is undecidable.

1991 Mathematics Subject Classification. 20M18, 20M 35, 20F10.

1. Introduction. Each inverse monoid presentation Inv(X; R) induces a set of
inverse graphs known as Schiitzenberger graphs. Each graph corresponds to a D-
class in the inverse monoid M defined by the presentation. If M is a group, we have
a single Schiitzenberger graph which happens to be the well-known Cayley graph of
the group. The straightforward generalization of Cayley graphs to inverse monoids
wouldn’t be adequate because the resulting graphs wouldn’t be inverse in general.
Therefore it is preferred to define the complete collection of Schiitzenberger graphs.
In [8], Ruyle observed that the structure of M is totally determined by the complete
collection of Schiitzenberger graphs of the presentation Inv(X; R). Our first goal in
this paper is to establish necessary and sufficient conditions for a collection of
inverse X-graphs to qualify as the complete set of Schiitzenberger graphs of some
inverse monoid presentation. Some of the conditions we consider provide nice
decidability algorithms for a finite collection of finite graphs. These results constitute
the core of section 3. In section 4 we consider particular classes of inverse monoids,
namely Clifford monoids and E-unitary inverse monoids.

A related problem is to study under which conditions an inverse X-graph
qualifies as a Schiitzenberger graph of some inverse monoid presentation. This prob-
lem was solved for finite graphs by Cowan and Reilly [1], which actually produced
an algorithm to decide this question. Ruyle studied the general case and produced
necessary and sufficient conditions [8]. In section 5, we establish alternative condi-
tions using the notation of section 3. Section 6 is devoted to this same problem when
restricted to the case of Clifford monoids and E-unitary inverse monoids.
Decidability for the case of a finite inverse X-graph and Clifford monoids is also
established.
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In section 7 we show that the latter problem is undecidable for the case of E-
unitary inverse monoids. To prove this, we show that it is undecidable whether or
not a finite inverse X-graph embeds in the Cayley graph of a group, a problem of
independent interest.

2. Preliminaries. We start by introducing some basic terminology and results
from automata theory. For further information, the reader is referred to [2]. Let X
be a finite set, denoted usually in this context by alphabet. The free monoid on X is
denoted by X* and we define an X-language to be a subset of X*. The empty word is
denoted by 1. Given u, v € X*, we say that v is a factor (respectively prefix) of u if
u = avb (respectively u = vb) for some a, b € X*.

An X-graph is an ordered pair of the form I' = (V, E), where V is a nonempty
set and £ C V' x X x V. We call the elements of V(I") = V vertices and the elements
of E(I') = E edges. An X-graph I' = (V, E) is said to be

e finite if V is finite;

o deterministic if (p, x,q), P, x,¢) € E = g=( .

A sequence of the form

x X Xn
Go—>q1—> ... —>qy (1)

is said to be a path in T if (q—1, x;, ;) € E for every j € {1, ..., n}. The word x; ... x,
is the label of the path. If n = 0, the path is trivial. If g, = qo, we call it a loop. A
graph T is called

e connected if, for all p, ¢ € V, there is a path in I" from p to q.

If T and I are X-graphs, a graph homomorphism ¢ :T — I is a map
¢ V(I') = V(') such that (pg, x, gp) € E(I") whenever (p, x, q) € E(I'). If ¢ is an
injective map, we have an embedding of graphs. If ¢ is bijective and ¢~' is also a
homomorphism, then ¢ is an isomorphism.

An X-automaton is a triple of the form A= (i, T, T), where I' is an X-graph,
ie V(') and T C V(I'). Two X-automata A= (i,T", T) and A" = (/,T", T') are iso-
morphic if there exists a graph isomorphism ¢: [ — I satisfying ip =7 and
To=T" Let A= (i, I, T) be an X-automaton. We say that A is finite (respectively
deterministic) if T is finite (respectively deterministic). A path in A is a path in I'. A
path of the form (1) is said to be successful if qo = i and ¢, € T. The set of all labels
of successful paths in A is the language recognized by A and is denoted by L(A).

We say that an X-language L is rational if L = L(A) for some finite X-auto-
maton A. The terminology rational follows from a famous theorem by Kleene, that
establishes an alternative characterization in terms of the so-called rational opera-
tors (see [2]). We denote the set of all rational X-languages by RatX.

We denote by X the set XU X~! | where X is a finite alphabet and X! is a set of
formal inverses of X. We define an involution on X* by

(x’l)f1 =x, O ...yn)f1 =y;1 ...yfl,

for x € X and yi, ..., y, € X. The reduction map ¢ : X* — X* assigns to every word
w € X* the (unique) word obtained from w by successively deleting from it all the
factors of the form yy~!, with y € X.
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An X-graph is said to be inverse if
(i) T is deterministic and connected;
(ii) Vp,g € V(T) Vy € X ((p,y,q) € E(T) = (¢,y~", p) € E(D)).
An inverse graph I is called a tree if the empty word 1 is the unique reduced word
labelling a loop in I'. We say that an X-automaton A = (i, T, T) is inverse (respec-
tively a tree) if I' is inverse (respectively a tree) and | 7| = 1. It is common to
replace T by its unique element. We have the following.

PROPOSITION 2.1. [9] Given inverse X-automata A and B, the following conditions
hold:
(1) A~ Biff L(A) = L(B).
(ii) There exists a homomorphism ¢ : A — B iff L(A) C L(B).

Next we introduce some basic tools from inverse semigroup theory. The reader
is referred to [3] for general semigroup theory and to [7] for inverse monoids.

Let M be a monoid. A relation R on M is assumed to be a subset R € M x M.
The congruence on M generated by R is denoted by R*. Given a congruence T on M
and a € M, we denote by at the congruence class of a.

The monoid M is said to be inverse if

VvueM Fu'leM: wtu=vand v tu T =u 7l
A commutative monoid whose elements are idempotents is said to be a semilattice.
Such monoids constitute important examples of inverse monoids. Moreover, the
subset of idempotents of an inverse monoid M constitutes a semilattice. The semi-
lattice of idempotents of M is denoted by E(M). We call M a Clifford monoid if, for
all u € M and e € E(M), we have that eu = ue.

If M is an inverse monoid, there is a smallest congruence o on M such that M is
a group; o is called the minimal group congruence on M. We say that M is an E-
unitary monoid if

VYue M VYee E(M) (ue e E(M)= ue E(M)).

Equivalently, M is E-unitary if o is idempotent-pure that is, if uoe, with u € M and
e € E(M), then u € E(M).

We also consider the natural partial order on an inverse monoid M. Given
a,be M, we write a < b if a = eb for some ¢ € E(M). Alternatively, a < b if and
only if aa™'b = a.

The free inverse monoid on X is defined as the quotient X" /p, where

o= u,u) | ue XU (v iy Juy v e )_(*})ﬁ.

The congruence p is known as the Vagner congruence on X and we denote the free
inverse monoid on X by FIM(X).
For every w € X, we define

MT(w) = {ut | u is a prefix of w}.

The inverse tree automaton induced by MT(w) when we take 1 and we as initial and
terminal vertices is called the Munn tree of w. Note that MT(w) defines a finite
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subtree of the standard Cayley graph of the free group on X. Munn trees play an
essential role in the study of the free inverse monoid:

PROPOSITION 2.2. [6] For all u,v € X', the following conditions are equivalent:
(i) upv,

(i) MT(u) = MT(v) and ut = vi;

(iii) the Munn trees of u and v are isomorphic.

A presentation of an inverse monoid is a formal expression of the form
Inv(X; R), where X is a nonempty set and R is a relation on X". If X and R are both
finite, the presentation is said to be finite. The quotient X" /(o U R)* is the inverse
monoid defined by this presentation. It is a well-known fact that every inverse
monoid can be defined by a presentation.

Let Inv(X; R) be an inverse monoid presentation and let = (p U R)*. We can
associate to every w € X an inverse X-graph ST'(X, R, w) in a natural way. The set
of vertices is the R-class of wt (see [3]) and the edges consist of all the triples of the
form (a, y, b) with a,b € Ry,:, v € X and b = a(yt). The graph SI'(X, R, w) is the
Schiitzenberger graph of w relative to the presentation Inv(X; R). When M is a
group, then S(X, R, w) is exactly the Cayley graph for the corresponding group
presentation.

The X-automaton ((ww~")z, ST(X, R, w), wr) is denoted by S(X, R, w). We say
that S(X, R, w) is the Schiitzenberger automaton of w relative to the presentation
Inv(X; R). The relevance of the Schiitzenberger automata for the study of inverse
monoid presentations is clear from the following results.

ProrosiTION 2.3. [9]
LSX,Rw)={ueX |ut=wr={ueX | ww ' u)r=wr}.

PROPOSITION 2.4. [9] Given u,v € X, the following conditions are equivalent:
(1) ut =t

(1) S(X, R, u) =2 S(X, R,v);

(i) L(S(X, R, u)) = L(S(X, R, v)).

3. The complete set of Schiitzenberger graphs. In this section, we give necessary
and sufficient conditions for a set of inverse graphs to be the set of Schiitzenberger
graphs of an inverse monoid presentation. Throughout this section, let (I';),.; be a
family of inverse X-graphs. We define

Q= {L(pv Iy, (1) |P7 q € V(FI)}
and Q = U;;Q;. For every u € X*, let
Qu)={LeQ|ueclL).
If Q(u) # 0, let L, = NQ(u). Otherwise, let L, = . We consider the following con-

dition:
S Q={L,|ueX*}.
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Note that, by Proposition 2.4, condition (S) could be expressed in terms of automata
morphisms. In what follows, we will consider the two inclusions separately, namely,
(S1) For every language L € Q, there is a word u € X* such that L = L,,.

(S,) Forevery word u € X*, Q(u) # ¥ and L, € Q.

The two following examples show that conditions (S7) and (S;) are independent.
The set of graphs in Example 3.1 satisfies condition (S;) but doesn’t satisfy condi-
tion (S,), while Example 3.2 provides the reverse situation.

ExXAMPLE 3.1.

T Yy

® NS

EXAMPLE 3.2.

x

® .

LeEMMA 3.3. If condition (S») is satisfied, the relation t defined on X* by

utve L, =1L,

is an inverse monoid congruence.

Proof. Suppose that condition (S,) is satisfied. Clearly, t is an equivalence rela-
tion. Let u,v,w € X* be such that wrv, that is, L, = L,. By (S»), L,, € Q; let
L,, = L(p, T}, q), with p, ¢ € V(I';). Hence L,, # @ and so uw € L,,. Thus there is
re V(;) such that wueL(p,T;,r) and we L(r,T;q). It follows that
L(p,T;,r) € Qu) and so L, € L(p,';,r). Since L, = L,, then v € L(p, [';, r) so that
we L(p,T;,q) = L,, and L,, C L,,. By symmetry, it follows that L,,, = L,,, i.c.,
(uw)T(vw). Similarly we get (wu)T(wv) so that 7 is a congruence on X *.

Note that, since the graphs I'; are inverse then, for all , v € X*, we have that

L,= Luu*'u and Luu*'vv*' = va*'uu*'

so that p € t and 7 is an inverse monoid congruence on X*. O

LemmMmAa 3.4. If condition (S) is satisfied, the graphs (T';);c; are, up to isomorphism,
the set of Schiitzenberger graphs of the presentation Inv(X; 1).

Proof. We begin by seeing that, for all v € X*, L, = L(S(X, 7, u)). By Proposi-
tion 2.4, this is equivalent to

Li=(veX |ut= (uu~v)1}

and therefore to
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L, = {V € T | L,= Luu‘lv}‘

By condition (S;), we have L, = L(p, ', q), for some p, g € V(I';). Suppose that
v e L,; since u € L, and T is inverse, it follows that uu~'v € L, so that L,,-1, C L,.
Again, by condition (S2), L1, = L(p',T;,¢) with p/,q € V(T)). Since uu'v e
L', T, ¢), then u € L(p/, T}, r), for some r € V(I')). It follows that L, € L(p’, T}, r)
which, since v € L,, gives that v € L(p’, T';, r). We then have that uu~'v e L(p/, Ly, r)
and uu~'v € L(p/, T}, ¢'). Since T is inverse, it follows that r = ¢’ and so u € L1,
and L, € L,,,. Hence L, = L, -1,.

Conversely, suppose that ve X is such that L, = L,.1,. Since, by (S,),
uu'veL,, then clearly ve L,1, ie., ve L, We have thus proved that
L, = L(S(X, t,u)), for allu € X*.

Let S be the set of Schiitzenberger graphs of the presentation Inv(X; 7). We will
see that, up to isomorphism, S = (I',),,;. Let u € X* and L, = L(p, T, q), with
P, q € V(I';). From what we saw, L, = L(S(X, t, u)) which, since I'; and ST(X, 7, u)
are inverse graphs, gives that S(X, t,u) >~ (p, I';, ¢) by Proposition 2.1 (i) and so
SI'(X, t,u) ~T;.

Conversely, given I'; and p, ¢ € V(I';) we have, by (S)), that L(p, T';, g) = L,, for
some u€ X*. Again, since L(p,T},¢q) =L, = L(S(X,t,u)) we have that
(», i, q) ~ S(X, T, u) and T'; is isomorphic to a graph in S. O

THEOREM 3.5. A family (T)),.; of inverse X-graphs is the set of Schiitzenberger
graphs of an inverse monoid presentation if and only if it satisfies condition (S).

Proof. To establish this result, it remains to see that condition (S) is satisfied
by the set of Schiitzenberger graphs of any inverse monoid presentation. Assume
that (I'),; is the set of Schiitzenberger graphs of the presentation Inv(X; R).
Then Q = {L(S(X,R,u))| ue X*}. We show that L, = L(S(X, R, u)), for every
ue X*.

Let u € X*. Since u € L(S(X, R, u)), we have L(S(X, R, u)) € Q(u). Let L € Q(u),
and let v € X* be such that L = L(S(X, R, v)). Since u € L, Proposition 2.4 yields
ut > vt. Also, given w € L(S(X, R, u)), we have wt > ut, hence wr > vt and so
w € L. Thus L(S(X, R, u)) € L and so L(S(X, R, u)) = L,. Therefore (S) holds. []

We now give alternative conditions for (S}) and (S;). In view of these, it follows
easily that, when we have a finite set of finite graphs, conditions (S;) and (S,) are
decidable, and provide a simple algorithm to answer the problem.

PROPOSITION 3.6. The following are equivalent:

1) (S1);
(ii) for every L € Q, we have that LZ U{L' € Q| L Z L'}.

Proof. Suppose that (S;) holds, and let L € Q. By (S}), there is u € X* such that
L=L, Then L =NQ(u) and L C L/, for all L' € Q(u). It follows that, if L' € Q is
such that L € L', then L'¢ Q(u), that is, u¢ L' and so u¢ U{L' € Q| L £ L’}. Since
uelL then LZU{L e Q|L ¢ L}.

Conversely, suppose that condition (ii) is satisfied. Given L € €, there is u € X*
such that ue L\U{L' € Q| L £ L'}. In particular, Q(u) # @. Let L” € Q(u). Since
uel” and u¢ U{L' e Q| LZ L'}, then L" ZU{L' e Q| L Z L'} so that L C L".
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We then have that L € Q) and L C L”, for all L” € Q(u) which gives that
L = NQ(u) that is, L = L, and (S) holds. O

PROPOSITION 3.7. Suppose that, for every word u € X*, Q(u) # ¥. The following
are equivalent:
(1) (S2);
(i) for every A C Q such that NA # @, there is N’ C Q such that UN" = NA.

Proof. Suppose that (S5) is satisfied, and let A € Q be such that NA # @. For
every u € NA, we have that L, C NA and it follows that, if A’ = {L, | u € NA}, then
UA" = NA.

Conversely, assume that condition (ii) is satisfied, and let u € X*. We have that
Q(u) #0 and, since u € NQ(u), then NQ(u) # ¥. By condition (ii), there exists
A’ C Q such that UA" = NQ(u). It follows that u € UA’ so that u € L, for some
L e A'. Thus L € Q(u) and hence NQ2(u) € L. On the other hand L € A’ gives that
L CUA =nNQ(u). Hence L = NQu) = L, and L, € Q. O

COROLLARY 3.8. Suppose that, for every word u € X*, Qu) # 0 and that Q is
finite. The following are equivalent:

(i) (S2);
(i) for every L, L’ € Q such that LN L # @, there are Ly, ..., Ly € Q such that
UL =LNL.

Proof. Note that, when Q is finite, Proposition 3.7 gives that condition (i) is
equivalent to the following condition:

VIO, LW e QLY £@ = 3Ly, ..., Ly € Q : UL = N, LY). )

It is clear that condition (2) implies condition (ii). To prove the reverse we use
induction on n. For n = 1, 2 (ii) implies (2) trivially. We suppose now that (ii) implies
(2), for all values smaller than n. Let L"), ..., L™ e Q be such that N7_ LY # ¢.
Then N/=!' LY 3 (% and so, by the induction hypothesm VLY =L U, U Ly, for
some Ll, ..., L € Q. Then

N LY =(LiU...UL)NLY = (LN LP)U... UL N L")

Also, foreachi=1, ...k,
LnL" =1 u...uLy

for some L\, .. Lg) € Q. Since | LY 3 (), then L; N L™ # @, for some i =1.. .k,
and the result follows by mductlon O

Given a finite set {I';, ..., I',} of finite inverse X-graphs, it is thus possible to
decide whether or not {I'y, ..., I',} is the set of Schiitzenberger graphs of an inverse
monoid, as we next describe. Since the graphs I'; are finite, we have Q@ C RatX. We
make use of the following well-known facts about rational languages [2].

e If L, L' € RatX, then LU L' and LN L are effectively constructible rational

X-languages.
e If L, L' € RatX, it is decidable whether or not L C L'.
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To have Q(u) # ¥ for every u € X" is equivalent to the inclusion X* € UQ and so we
can decide whether or not this condition holds, a necessary condition for (S;) to
hold. If this condition holds then Corollary 3.8 yields that (S) is decidable. It fol-
lows from Proposition 3.6 that (S;) is also decidable.

4. E-unitary and Clifford monoids. In this section, we provide necessary and
sufficient conditions for a set of inverse graphs to be the set of Schiitzenberger
graphs of an E-unitary monoid and of a Clifford monoid. Given an X-language L,
we denote by Pref(L) the set of prefixes of the words of L.

Let (T'));; be a family of inverse X-graphs satisfying condition (S). Let 7 be the
congruence on X* defined by utv < L, = L,, and let M be the inverse monoid
determined by the presentation Inv(X; 7). Recall that, by Lemma 3.4, we have that
(T'1);¢; 1s the set of Schiitzenberger graphs of the presentation Inv(X; 7).

From [5], we have that M is E-unitary if and only if the natural morphism
associated with o induces a graph embedding of each I'; into the Cayley graph of the
maximal group homomorphic image of M (relative to the induced set of generators).
Next we give several other equivalent conditions.

THEOREM 4.1. If (S) holds, the following conditions are equivalent.
(1) the monoid M is E-unitary,

(i) forall L,LL' € 2, (leLAL' CL)y=1€l);

(iii) foralli,jel, (L(p,Ti,p)NL(q,Tjr)#0=q=r),

(iv) all graphs T; embed in the Cayley graph of some group.

Proof. We begin by showing that (i) < (ii). It is straightforward to verify that,
for all u € X*, ut is idempotent if and only if 1 € L(S(X, z, u)). We have that M is E-
unitary if and only if, for all u, e € X*, ut > et and et idempotent imply that ut is
idempotent. Let u, v € X*. By Proposition 2.3 and condition (),

ut > vt & u e L(S(X, 1,v))
S uel,
< L, CL,.

It follows that M is E-unitary if and only if, for all u,ve X*, L, S L, and 1 € L,
imply that 1 € L,. Now condition (S) yields the equivalence (i) < (ii).

By [5], we have that (i) = (iv). Suppose that (iv) holds so that for all , there is
an embedding ¢; : I'; - ', where I is the Cayley graph of some group. Let
ue L(p,Ti,p)N L(g, T}, r). Since u € L(p, I';, p), then u labels a loop in I'; and so u
labels a loop at every vertex in I'". Then gg; = r¢; which, since ¢; is injective, gives
that ¢ = r and so (iii) holds. Hence (iv) = (iii).

Now, given (iii), let L, L’ € Q be such that 1 € L and L’ C L. Since 1 € L then
L= L(p,T;,p) for some i and some p € V(T';). Let L' = L(q, T';, r) for some j and
q,r € V(). As L' C L, we have that L(p, I';, p) N L(q, T';, r) # @ which, by hypoth-
esis, gives that ¢ =r. Hence 1 € L(gq, I';, r) = L', and the result follows. O

THEOREM 4.2. If (S) holds, the following conditions are equivalent:

(1) M is a Clifford monoid;
(i) forallie Iand all L, L' € Q;, Pref(L) = Pref(L);
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(ii) for all i € I and all p,q € V(T'}), L(p, T, p) = L(q, T, q).

Proof. The inverse monoid M is a Clifford monoid if and only if D C R. We
have that, for all u, v € X*,

utRYT < (uu Ht(w™) & Ly =L,

and, clearly,

Luu“ = va‘1 = Pref(Lu) = Pref(Luu‘]) = PVQ‘f(va—l) = Pl"é’f(L‘,).

So if M is a Clifford monoid, utDvtr implies that Pref(L,) = Pref(L,), for all
u,v € X*. On the other hand, note that, if ie / and L, L' € Q;, then L = L, and
L' = L,, with u,v € X* such that urDvr. It thus follows that, if M is a Clifford
monoid, then, for alli € Iand L, L' € ©;, we have that Pref(L) = Pref(L’) that is, (i)
= (ii).

Let iel Assume that (ii) holds, and let p,q € V(I';). We have that
L(p,T;, p) = L, for some e € X*. By assumption, Pref(L(p, I';, p)) = Pref(L(q, T, q))
which, as e € Pref(L(p, T';, p)), gives that e € Pref(L(q, T';, q)). Hence e € L(gq, T';, 1),
for some r € V(I';) and thus L(p,T;,p) = L. € L(q,T';,r). Since 1 € L(p, [, p), it
follows that r = ¢ and so e € L(q, T';, q), yielding that L, = L(p, I';, p) < L(q, T}, q).
Now (iii) follows by symmetry.

Now, suppose we have (iii). Let u,e € X* be such that et is idempotent. Let
i € I. If e labels a path in T'; then e € L(p, '}, q), for some p, g € V(I';). Since 1 € L,,
we must have ¢ = p. By (iii), this implies that e € L(p, [';, p), for all p € V(I';). We
then have that ue € L(p, T';, ¢) if and only if eu € L(p, I';, g), for all p, g € V(T)). It
follows that Q(ue) = Q(eu) so that L, = L., and (ue)t = (eu)r. Hence M is a
Clifford monoid and the proof is complete. O

5. Characterizing Schiitzenberger graphs. In [8], Ruyle characterized those
inverse X-graphs which arise as Schiitzenberger graphs for some inverse monoid
presentation, using endomorphisms of graphs and orbits. In this section, we provide
alternative characterizations using the notation introduced in section 3.

If I" is an inverse X-graph, let Q denote the set

Q={L(p,T,q | p qe VD)
As before, for every u € X*, let
Qu)={LeQ]|ue}.

If Q) #£09, let L, =NQ(u); otherwise, let L, =@. We consider the following
condition:
(S") There is u € X* such that L, € Q.

THEOREM 5.1. Let T be an inverse X-graph. The following conditions are equivalent:
(1) T is a Schiitzenberger graph of some inverse monoid presentation;

(i) (5

(iii) there is L € Q such that LZ U{L' € Q| L € L'}.
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Proof. We show first that (i) < (ii). The implication (i) = (ii) follows easily from
Theorem 3.5. Conversely, suppose we have (ii) and let p,q € V(I') be such that
L,=L({p,T,q). Let ~, be the syntactic congruence of L, on X* that is, w ~, w' if
and only if, for all a,b € X*, awb € L, < aw'b € L,. We are going to prove that
(», T, q) >~ S(X, ~,, u), by showing that

L,={ve X | (uu_lv) ~u= U~y

Letve L,=L(p,T,q)and a, b € X*. If auu='vb € L, then, for some r, s, t € (),
N
p—a>r—u> ll—>r—‘>s—b>q

is a path in " from p to ¢. Since u € L(r,T',t) and v € L,, we also have that
v e L(r, T, t) which, since IT" is inverse, gives that s = ¢. It follows that aub € L,.
Conversely, suppose that aub € L,. Then there is a path p—a>r—u>s—>q in I'. Then
ue L(r,T,s) so that L(p,T,q) =L, < L(r,T,s). Now, ve L(p,T',q) gives that
ve L(r,T,s) so that auu'vb € L(p,T, q) = L,. It follows that (uu='v) ~,= u ~,.
Finally, if (uu~'v) ~,=u ~, then, as u € L,, we have that (uu"'v) € L, so that
v € L,. It follows that (p, I, ¢) >~ S(X, ~,, u) and so (i) < (ii) is proved.

Suppose now that (ii) holds. If L’ € Q is such that L, € L’, then L' ¢ Q(u) so that
u¢ L'. It follows that u¢ U{L' e Q| L Z L'} and hence L, ZU{L' e Q| L, Z L'}
giving (iii).

Assuming (iii), let u e L\U{L' € Q| L £ L'}. We have that L € Q(u) so that
Qu)#0. If L” € Q(u), then ue L” and so L" Z U{L' € Q| L £ L'}. It follows that
L'¢{l' eQ|LZL}sothat LS L" and L = NQ(u) = L, € Q, yielding (ii). [

If T is finite, the equivalence (i) < (iii) provides an algorithm to decide whether
or not I arises as a Schiitzenberger graph, a result proved by Cowan and Reilly [1].

COROLLARY 5.2. [1] Given a finite inverse X-graph T, it is decidable whether or not
I is a Schiitzenberger graph of some inverse monoid presentation.

Next we show that our choice of ~, in the proof of (ii) = (i) produces the
smallest possible inverse monoid.

PROPOSITION 5.3. Let T be an inverse X-graph such that there is u € X* with
L, € Q, and let ~, be the syntactic congruence of L, on X*. Then ~, is the greatest
inverse monoid congruence T on X* such that T is a Schiitzenberger graph of the
inverse monoid presentation Inv{X; t).

Proof. Let T be a congruence on X * such that I' is a Schiitzenberger graph of the
inverse monoid presentation Inv(X;rt). Since L, € Q, then L,=L(p,T,q) =
L(S(X, T, w)), for some w € X* and p, g € V(I'). On the other hand L(S(X, T, w)) =
{v e X*| vt > wr}, so that

vty & (avb)t = (av'h)t Va,b € X*
= ((avb)t > wt & (av'b)t > wr) Va,b € X*
& ((avb) € L, & (av'b) € L,) Ya, b € X*
S~y v

so that T C~,,. O
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Let I" be as in Proposition 5.3. By this result, in particular, it follows that, if
u,v € X* are such that L,, L, € Q, then ~,=~,. If " is a finite tree, then the set of
congruences t such that I" is a Schiitzenberger graph of the inverse monoid pres-
entation Inv({X; t), is the interval [p, ~,]. If T" is not a tree, then there is no smallest
congruence t as above, as will follow from the next result.

PROPOSITION 5.4. Let " be an inverse X-graph such that (S') holds. If Y is the set
of inverse monoid congruences T on X* such that U is a Schiitzenberger graph of
Inv(X; 1), then

p=NT.

Proof. The inclusion from right to left is trivial. To prove that NT C p, we may
assume that I' is not a tree. Let a, b € X* be such that (a, b) € p. Let I' = ST'(X, 7, u)
for some inverse monoid congruence T on X* and u € X*. For every k > 0, we define

Jk={ve X" | IMT()| = k}

and . = pU (N (Jx x Ji)). It is a routine exercise to check that t; is an inverse
monoid congruence on X*. If we choose n > max{|MT(a)|, IMT(b)|}, then clearly
(a, b) & t,. Hence to show that NY C p it is enough to prove that I' is a Schiitzen-
berger graph for Inv(X; ).

Since I' is not a tree, there exists r € V(I') and w € L(r, I', r) such that we # 1.
Let p,q € V(') be such that S(X, 7, u) = (p, [, ¢). Then there is a path q—1>r inT.
For every i > 0, we have uvw'v™! € L(p, T, q) = L(S(X, 7, u)) so that Proposition 2.3
yields

ut = (uu L uvw' vy Hr = v Hr

and so S(X,t,u)=S8X,1, uvw'y™1). Since wt #1, there is m >0 such that
uvw™v~ e J,. Let z = uvw”v™'. We will see that S(X,, 1, z) = S(X, 1, z), which yields
that I" is a Schiitzenberger graph for Inv(X;t,). To do so, we show that
L(S(X, 1, 2)) = L(S(X, 14, 2)). The converse inclusion is immediate. Assume now that
c € L(S(X, 1, 2)). Then zt(zz"'¢) and, since z € J,,, we have zz"'¢ € J,,. Thus z1,(zz" ' ¢)
and so ¢ € L(S(X, 1y, z)). Hence L(S(X, 1, 2)) = L(S(X, 14, 2)), as required. O

6. Schiitzenberger graphs of E-unitary and Clifford monoids. We consider in this
section the problem of characterizing a Schiitzenberger graph of particular types of
monoids: Clifford monoids and E-unitary monoids. In the case of Clifford monoids,
the provided conditions also show that, given an inverse graph, it is decidable whe-
ther or not that graph is a Schiitzenberger graph of a Clifford monoid. This is not
the case with E-unitary monoids and, since this is far more complicated and it
involves completely different arguments, it is treated separately in the next section.

Let I" be an inverse X-graph satisfying (S'). From Theorem 5.1, we have that T’
is a Schiitzenberger graph of the inverse monoid presentation Inv(X; ~,).

LEMMA 6.1 For every v,w € X*, we have

v~y woiff (ve L(r,T,s) & we L(r,T,s) Vr,s € V(D).
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Proof. Let L,=L(p,T,q), with p,ge V(I'). Suppose that v~,w. If
v e L(r, T, s) then, since I is connected, there are a, b € X* such that a € L(p, T, r)
and b € L(s, T, g). Thus avb € L(p, T, q) that is, avb € L,. It follows that awb € L,
which, since I is inverse, gives that w € L(r, I', 5). By symmetry, the second condi-
tion follows.

Suppose now that the second condition holds. If avb € L, then avb € L(p, T, q)
and thus p—)r—>s—>q is a path in T, for some r s € V(I'). By assumption,
ve L T,s) yields that w e L(r, T, s) giving that p—)q is a path in I" and so
awb € L(p, T, q) = L,. Again, by symmetry, the implication follows. ]

THEOREM 6.2. If (S') holds, the following conditions are equivalent:
(1) T is a Schiitzenberger graph of some Clifford monoid;

(i) for all L, L' € Q, Pref(L) = Pref(L’);

(iii) for all p,q € V(I'), L(p, T, p) = L(gq, T, q).

Proof. Let M = X/ ~,. Clearly Theorem 4.2 gives that (i) implies (ii) and (iii).
Now, using Lemma 6.1, it is easily seen that essentially the same proof as that of
Theorem 4.2 yields that (i) = (iii) and (iii) = (i). O

COROLLARY 6.3. Given a finite inverse X-graph T, it is decidable whether or not T
is a Schiitzenberger graph of a Clifford monoid.

Proof. The languages L(p, T, p), with p € V(I'), constitute a finite family of
rational languages and we can decide whether any two of them are equal. ]

THEOREM 6.4. If (S') holds, the following conditions are equivalent:
(1) T is a Schiitzenberger graph of some E-unitary monoid,
(i) T embeds in the Cayley graph of some group.

Proof. (1) = (ii) follows from Theorem 4.1. Now, suppose that I" embeds in the
Cayley graph I'" of a group. Let L, = L(p, T, q), with p, ¢ € V(F) Define 7 to be the
congruence on X generated by p and the relations u = uaa~! and b = bb~!, where
a € L(q,T,r), for some r € V(I'), and b € X" labels a loop in I". Next we show that
7 C~,. In view of Lemma 6.1, we only have to prove that

(ve L(t,T,s) & we LtT,s) Vt,s € V(')

whenever v =w is a generator of t. This is trivial when (v, w) € p and, since I’
embeds in I, also for relations of the form » = bb~!, where b € X" labels a loop in
I". Assume now that v =u and w = uaa™"', where a € L(q, T, r), for some r € V(I').
Let z,5 € V(I'). The inclusion from left to right is trivial. Suppose now that
ue L(t,T,s). Then L(p,T,q) =L, C L(t,T,s) and so uaa™' e L(p,T,q) yields
uaa~' € L(t,T, s), as required. Thus v C~,,.

We first show that (p, T, q) >~ S(X, 7, u), by seeing that L(p, I, q) =L(S(X, 7, u)).
We have that L(p,T,q)=L,={vreX |u~, uu'v)} and LSX,1,u))=
{ve X" | ur(uu~'v)}. Since T C~, we have that L(S(X, 7, u)) € L(p, T, ¢). Now, let
ve L(p,T,q). Then a= ulve L(q,T,q) so that a labels a loop in I'. Hence
ut = (uaa=")r and atr = (aa~")r which gives that wr = (ua)t = (uu~'v)r and
v e L(S(X, 7, u)). Hence L(p, T, q) = L(S(X, t, u)).
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To prove that 7 is E-unitary, we show that, for all v € X, ST(X, 7, v) embeds in
the Cayley graph ST(X, o, v), where o denotes the least group congruence on X
containing 7. If rr e V(ST(X, t,v)), then there is a € X such that a e L(vr,
ST(X, T, v), r7). If b € X" issuch that b € L(vt, ST(X, 1, v), r7), then rt = (va)r = (vb)T
and thus ro = (va)o = (vb)o, for T C o. Since o is a group congruence, it follows that
ac = bo. Let (rt)p =ao. We have thus defined a map ¢: V(ST(X, t,v)) —
V(ST(X, o, v)), which is clearly a graph homomorphism.

Now, if (rt)¢ = (s7)¢, then vi—>rr and vr—>st are paths in ST(X, r, v) and
ab! labels a loop in ST(X,o,v). It follows that (ab~')r = (ab~'ba=")r and so
rt = st. Hence ¢ is injective and S(X, 7, v) embeds in the Cayley graph ST'(X, o, v).
From Theorem 4.1, it follows that 7 is E-unitary, and (ii) = (i). O

7. Groups and E-unitary inverse monoids. Let 77 be the congruence on X~ induced
by «. Then FG(X) = X" /x is the free group on X.

A wordw € X" is said to be cyclically reducedif w? € X'1. Given w € X", there exist
unique v, v € X ¢ such that we = wvu~" and v is cyclically reduced. We denote v by wy.

A group presentation is a formal expression of the form P = Gp(X; R), where X
is a set and RC X'. The group defined by this presentation is the quotient
FG(X)/{Rm)y, where (Rm), denotes the normal closure of Rr in FG(X).

Given a finite group presentation P = Gp(X; R), we denote by C(X, R) the
Cayley graph of P. We define also

¢(R) = {x € X: x or x~! occurs in some r € R}.

THEOREM 7.1. It is undecidable whether or not an arbitrary finite inverse graph
embeds in the Cayley graph of some group.

Proof. Suppose that this problem is decidable. We will show that, given this, we
can decide whether or not an arbitrary finite group presentation defines a trivial
group, contradicting a well-known undecidability result [4].

Let P = Gp(X; R) be a finite group presentation and let G = FG(X)/(Rx)y

denote the group defined by P. Let R = {ry, ..., r,}. Without loss of generality, we
can make the following assumptions:

(41)) m=1;

(Ay) ri# 1 foreveryie{l,...,m};

(A43) r;is cyclically reduced for every i € {1, ..., m};

(44) «(R)=

We can assume that (44) holds, otherwise G would have a nontrivial free group as a
free factor [4], and would therefore be nontrivial.
Let z denote a letter not belonging to X, and write X' = XU {z} and
=X UX~!. Let I = I'(R) denote the inverse X’-graph described by

ST I e I

Let L denote the set of all labels of loops from v to v in I'. We show that
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Lt C (Rn)y. (3)

Let u € L. By a well-known result [4], umr belongs to the subgroup S of FG(X')
generated by

{rlﬂ:, (Zrzzil)r[a cte (Zn171r17127m+1)n}7

hence um € (Rr)y and (3) holds.

We define ¢ : I' — C(X’, R) as follows. Let p € V(I'). We choose a path v—a>p in
I'. Since C(X', R) is complete, there exists a path of the form 1—=p in C(X’, R). We
take Pe,= p’. To show that ¢ is well-defined, suppose that vl>p is another path in I’
and 1—>p” a path in C(X’, R). Then ab~" labels a loop in T, hence ab~! € L. By (3),
it follows that (ab~") € (Rm)y and so ab™! labels a loop at every vertex in C(X’, R).
In particular, we obtain p’ = p”. Let (p, y, ¢) € E(I'). Since C(X’, R) is complete, we
have an edge of the form (pg, y, ¢') in C(X’, R). It follows from the definition that
q = g, hence ¢ is indeed a graph homomorphism. We show that

I embeds in the Cayley graph of some group < ¢ is injective. 4)

The inclusion from left to right is of course trivial. Let us assume that there exists an
embedding ¢ : ' — C(Y, S) for some group presentation Gp(Y;S). Since every
Cayley graph has a transitive automorphism group, we may assume that vyr = 1.
Since we are assuming that all letters of X label edges in I, we have

XYcyuyl (5)

Let ie{l,...,m}. Since I" embeds in C(Y,S), it follows that r; labels a loop in
C(Y, S) and, by definition of Cayley graph, this yields r;w € (Sm)y. Thus

R C (S7)y. (6)

To sho}\jzv that ¢ is injective, we assume that pg = g¢ for some p, ¢ € V(T'). Let v—>p
and v—>¢ be paths in I". Then we have a path of the form

Wﬁww (7

in C(Y, S). Since pp = qg, a~'b labels a loop in C(X’, R). Thus a~'b € (Rm)y.. By (5)
and (6), we obtain (Rm)y C (Sm)y. Hence (a~'b)m € (Sm)y and so a~'b labels a loop
at every vertex in C(Y, S). Since (7) is a path in C(Y, S) and C(Y, S) is deterministic,
we obtain pyr = g. By hypothesis, i is injective, hence p = ¢ and so ¢ is also an
embedding. Therefore (4) holds.

Let A = A(R) denote the set of all nonempty proper factors of words of R. Next
we show that

@ is injective < (Am) N (Rr)y = 0. ®)
Assume that ¢ is injective and let # € A. Then u is a nonempty proper factor of some
r; and so u labels a path in I" which is not a loop. Suppose that um € (Rx)y.. Then u

labels a loop at every vertex in C(X’, R). Since ¢ is injective, every path labelled by u
in I must be a loop, a contradiction. Thus um ¢ (Rm)y and (Amw) N (Rr)y = @.
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Conversely, assume that ¢ is not injective. Then there exist p, g € V(I') such that
pe = qp and p # g. We can split V(") into m disjoint classes according to the m main
loops of T'. Suppose that p and ¢ lie in different classes. Without loss of generality,
we may assume that there exists a path in I of the form

azkb
P—4q

with k > 0and a,b € X*. Let v—c>p be a path in I'. Then 1—C>p(p and

cazkb

l——qp

are paths in C(X’, R) and so az’h labels a loop at every vertex in C(X’, R). Hence
(az"b) € (Rm)y. This is impossible, since R C X implies that, whenever
um € {Rm)y, the number of occurrences of z in ¥ must match the number of occur-
rences of z~!'. Thus p and ¢ must lie in the same main loop of T, say, the one labelled
by r;. Since p # ¢, we may write r; = sut, where u € L(p, T, q) — {1, r;}. Clearly,
u € A. Since

i—1
A
V—>p

is a path in I", then

i—1 su

i—1 i
1=—3pp and 1— g
are paths in C(X’, R) and so u labels a loop at every vertex in C(X’, R). Hence
um € (Am) N (Rm)y. Thus (Am) N (R7)y # ¥ and (8) holds.
Next we define F as the smallest family of group presentations satisfying the
following conditions.
e P=Gp(X;R) e F.
e If Gp(X;S)eF, s=s:053€S and s¢{l,s}, then Gp(X;(S—{shu
{(s153)y, s2v}) € F.
Note that, for every Gp(X; S) € F, S is finite. Moreover, since we are assuming that
R is reduced, S is certainly reduced. The inequality | (s153)y | + | s2y | < | s | yields

m
PRIED Y
1

seS =

for every Gp(X; S) € F. Thus F is finite and it is immediate that it is effectively
constructible.

Next we show that conditions (4,)—~(A43) are valid for every Gp(X; S) € F.
Conditions (4;) and (A43) are trivially inherited in F, and the requirement s, ¢ {1, s}
guarantees that (A,) is inherited as well.

We show that the group G defined by P is trivial if and only if, for every
Gp(X; S) € F, (44) and the following condition holds.

['(S) does not embed in the Cayley graph of some group or, for every
xeX, xeSorxles.

(4s)

We start by proving that

(Sm)x € {((S — {s}) U {(s153)y, s2¥Dm) x )

https://doi.org/10.1017/5S001708950003010X Published online by Cambridge University Press


https://doi.org/10.1017/S001708950003010X

436 ANA OLIVEIRA AND PEDRO V. SILVA

whenever Gp(X; S) € F, s = 515283 € S and 55 ¢ {1, s}. Writing (s153)t = a((s153)y)a™"
and s, = b(s,y)b~"! for the appropriate a, b € X, we have

ST = (515283)7 = (515087 )7(s153)7 = (s15257 D((s153)0)7
= (s16(s20)b~ s D(a((sis3)y)a ),

and it becomes clear that s € (((S — {s}) U {(s153)y, s2¥})7) y. Thus (9) holds.

Assume now that G is trivial. By (9), it follows easily that every Gp(X; S) € F
defines a trivial group. We have already remarked that conditions (A4;)—(43) are
valid for every Gp(X;S) € F. With respect to (A4), it is enough to observe that
c(S) = X follows from Gp(X;S) defining the trivial group, otherwise the group
defined by Gp(X; S) would have a nontrivial free group as a free factor and would
therefore be nontrivial, a contradiction.

Let Gp(X; S) € F. Suppose that there exists x € X such that x, x~'¢S. Since
conditions (A4,) — (A4) hold, we can apply (4) and (8) to I'(S). Hence we want to
prove that ((A(S))m) N (S7)y # @. Since x € X = ¢(S), we have ax®h € S for some
ee{—1,1} and a,b € X't. Since x,x '¢S, we have ab # 1, and so x* € A(S).
Since Gp(X;S) € F defines a trivial group, we have X 7 C (Sw)y. Thus
xtm € ((A(S))m) N (Sw) and so (A4s) is satisfied.

Conversely, assume that (44) and (A5) are satisfied for every Gp(X; S) € F. We
define a sequence Gp(X; So), Gp(X; S1), ... in F with (S;m)y = (Rm)y for every j > 0
as follows. Let Sy = R. Assume that S; is defined. If x € S; or x~! € S; for every
x € X, itis clear that (Rm)y = (Sjm)y = Xkﬂ and so G is tl‘lVldl as requlred Suppose
that there exists x € X such that x, x"'¢ S;. By (45), I'(S;) does not embed in the
Cayley graph of some group. Since conditions (A1) — (A4) are valid for Gp(X; S;) € F,
we can apply (4) and (8) to I'(S)) and conclude that ((A(S)m) N (Sjm)y # VJ Thus
there exist @, u, b € X ¢ such that

aub e S;, (aby#1, u#1, ume(Smy
We define
Sit1 = (S — {aub}) U {(ab)y, uy}.

By definition of F, we have Gp(X; S;11) € F. By (9), we obtain (S;m)xy S (Sj+17) x-
Since S;U {u} € X and ur e (Sjm)y, it follows easily that wm € (Sjm)y and so
uym € (Sjm)y. We also obtain

(ab) = ((aua™") " (aub))7 € (Sjm) y,

hence (ab)ym € (Sjm)y and (Sjp 1 m)y = (Sjm) y = (Rm)y.
We have thus built a sequence Gp(X;Sy), Gp(X;S;),... in F with
(Sjm)y = (Rm)y for every j > 0. It follows from the definition of the sequence that,

for every j > 0, we have either
D Isl< X 11

seSi s'esS;

or

Yodsi= Y 15 and [ Sy | >8],

SE€Sjp s'eS;
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Since 1¢ S for every j, it follows easily that the sequence must be finite. Thus there
exists k>0 such that xeS; or x'eS; for every xeX. Since
(R)y = (Skm)y = X 7, it follows that G is trivial.

We have just proved that G is trivial if and only if, for every Gp(X; S) € F,
conditions (A4) and (As) hold. We have already remarked that F is a finite effec-
tively constructible set, and (A44) is certainly decidable. If we could decide whether or
not an arbitrary finite inverse graph embeds in the Cayley graph of some group, it
would follow that we could decide whether or not an arbitrary finite group
presentation defines a trivial group, a contradiction. Therefore our problem is

undecidable. O

COROLLARY 7.2. It is undecidable whether or not an arbitrary finite inverse graph
is a Schiitzenberger graph of some E-unitary inverse monoid.

Proof. Assume that this problem is decidable. If we consider graphs of the form
I' = I'(R) as in the proof of Theorem 7.1, we have that I" is a Schiitzenberger graph
for some inverse monoid presentation, since L.» € Q. By Theorem 6.4, we would be
able to decide whether or not I' embeds in the Cayley graph of a group, contra-
dicting Theorem 7.1. Thus the considered problem is undecidable. O
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