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Abstract. The aim of this paper is to determine when there exists a quasi-
continuous Sobolev function v € WH?(R™; 1) whose trace u|gn-1 is the char-
acteristic function of a bounded set E C R"™', where du(z) = |z,|*dz with
-l1<a<p-1

As application we discuss the existence of harmonic measures for weighted
p-Laplacians in the unit ball.

§1. Introduction

For p > 1 and a Borel measure u, consider the relative (p, u)-capacity
cap, ,(+; ) for an open set 2 C R". For a compact set K C €, it is defined
by

cap,, ,(K;Q) = inf/Q |VulPdu,

where the infimum is taken over all functions u € CZ°(2) such that v > 1
on K; here C2°(£2) denotes the space of infinitely differentiable functions
with compact support in 2. We extend the capacity cap,, ,(+;{2) in the usual
way (see Section 2).

For a subset E of R™, denote the characteristic function of E by xg. We
use the notation Wé’p (R™; i) to denote the class of (p, p)-quasicontinuous
Sobolev functions u € WHP(R™; u) such that u|g»—1 is equal to xg (p, t)-
q.e. on R"™!; here we identify R"~! with the hyperplane R"~! x {0}.
Throughout this paper, for —1 < a < p — 1 we consider the Borel measure

du(z) = |z, |*dz,

Received March 23, 2000.
2000 Mathematics Subject Classification: Primary 31B30.

75

https://doi.org/10.1017/50027763000008047 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008047

76 T. FUTAMURA AND Y. MIZUTA

where x = (21, ..., Tp—1,2y) € R™ and dz denotes the usual Lebesgue mea-
sure.

Motivated by the work of Nakai on the existence of Dirichlet finite
harmonic measures (cf. [10, 11, 12]), we consider the problem to determine
when Wé’p (R™; u) # 0. Our aim in this paper is to show the following result,
as a generalization of Herron-Koskela [4] which treats the case oo = 0.

THEOREM 1.1. Let E C R"! be a bounded Borel set, 1 < p < oo and
—1 < a<p—1. Suppose Wé’p(R”;,u) # 0.

(a) Ifp>n+a, then E = 0.
(b) If2+a<p<n+a, then H* 1(E) = 0.
(c) IfH"Y(E)=0, then cap, ,(E)=0.

Here 'H® denotes the s-dimensional Hausdorff measure.

In case p > 2+ «, E has (p, u)-capacity zero if Wé’p(R”;u) # (0. In
Section 5, we give some examples of bounded Borel sets £ C R*™! with
H*Y(E) > 0 and WP (R p) # 0 for 1 <p < 2+ a.

As applications of our results, we discuss the existence of harmonic
measures for the weighted p-Laplace equation

(1.1) —div (w(z)|Vu(z)[P"2Vu(z)) = 0
in the unit ball B in R™. In this paper, we consider
w@)=1—lz]]*  (-l<a<p—1)

as the weight function, which is in the Muckenhoupt A, class. Further,
letting dv(z) = w(x)dz, we say that a function w is (p, v)-Dirichlet finite if

(1.2) /B V(@) dv(z) < oo

A (p,v)-Dirichlet finite function v on B is said to be (p,r)-harmonic
if it is a continuous weak solution of (1.1) in B. We say that w is a (p,v)-
harmonic measure on B if w is (p, v)-harmonic in B and the greatest (p, v)-
harmonic minorant of min{w, 1 —w} is zero. We see that 0 < w < 1if wis a
(p, v)-harmonic measure. For elementary properties of (p, v)-harmonic func-
tions and (p,v)-harmonic measures, see Heinonen-Kilpeldinen-Martio [3]
and Nakai [10, 11, 12].
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COROLLARY 1.1. Letl<p<ooand —1<a<p-1.

(1) If p > 2+ «, then every (p,v)-Dirichlet finite (p,v)-harmonic measure
on B s constant.

(2) For each 1 < p < 2+ «, there exists a non-constant (p,v)-Dirichlet
finite (p,v)-harmonic measure on B.

§2. Preliminaries

Let R™ be the n-dimensional Euclidean space (n > 2). For a point
r € R", we write z = (2/,1,) , where 2/ = (21,22,...,7,_1) € R"" L
Let B(z,r) denote the open ball centered at x with radius r, and H?* the
s-dimensional Hausdorff measure. For 1 < p < oo, let WYP(R™; i1) denote
the Sobolev space of all functions v € LP(R"; ) whose gradient, denoted
by Vu, belongs to LP(R"; i), where du(z) = |z,|“dz with -1 < a<p—1
as above.

Suppose that €2 C R" is open. For a compact subset K of €, let

W(K,Q)={uelC(Q):u>1on K}

and define

cap, ,(K;Q) = uev%/rg(ﬁ)/g |VulPdpu.

Further, we set

cap,,(U;§d) = sup = cap,,,(K;Q)
K:compact

for an open set U C €2, and then

cap, ,(E;Q) = Eér[}fcn cap, ,(U;€2)

U:open

for an arbitrary set £ C €.

The number cap,, ,(E;) is called the (variational) (p, u)-capacity of
FE relative to €. We know that capp#(E; Q) is an outer Choquet capacity
(see [2, 3, 7]). We say that E C R™ has (p, u)-capacity zero, denoted by
cap, ,(E) = 0, if cap,, ,(E N €;Q) = 0 for all open sets & C R".

We say that a property holds (p, u)-quasieverywhere, often abbreviated
to (p, p)-q.e., if it holds except on a set of (p, u)-capacity zero. A function
u on a bounded open set 2 is said to be (p,u)-quasicontinuous if given
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g > 0 there exists an open set £/ C ) such that cap, ,(F;Q) < ¢ and u is
continuous as a function on Q\ E. Further we say that a function u is (p, u)-
quasicontinuous in R™ if w is (p, u)-quasicontinuous in 2 for all bounded
open set €.

The following lemma can be obtained by an elementary calculation and
our assumption on a.

LEMMA 2.1. Let x = (2/,0) € R™ and r > 0. Then
u(B(z,r)) = crr" ™,
where ¢; = p(B(0,1)) < co.
LEMMA 2.2. Let z = (2/,0) € R" and r > 0. Then
cap, ,(B(x,r); B(w,2r)) = cor™ TP,
where c = cap,, ,(B(0,1); B(0,2)) < oo.

Proof. For a > 0, let w € W(B(0,a), B(0,2a)) where B(x,r) denotes
the closure of B(z,r). If we set v(y) = u((y — x)/r) for r > 0, then v €

W(B(z,ra), B(z,2ra)) and it follows from the definition of the capacity
that

cappyu(ﬁ(x,ra);B(x,Qra)) S A( ) )|V’U(y)|pdu(y)

_ ppinta / Vu(y) Pduy),
B(0,2a)

which gives

where c(a) = cap,, ,(B(0,a); B(0,2a)). Hence we obtain
cla) < e(ra)r="reTP) < ¢(a),

and thus
CaPp,p. (B(z,7); B(x,2r)) = cor™ TP,

where ¢y = ¢(1) < 00, by Lemma 2.1. Tt is also clear from the above equality
that
Capp#(B(az, r); B(z,2r)) = Cappyu(ﬁ(az, r); B(z,2r)).
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In the same way as in [5, Theorem 22|, we have the following result (see
also [3, Theorem 2.32]).

COROLLARY 2.1. If E C R"™! and cap, ,(E) =0, then E has Haus-
dorff dimension at most n — p + a.

LEMMA 2.3. (cf. [3, Theorems 4.4, 4.12] and [7])

(1) For each u € WYP(R™; 1), there exists a (p, u)-quasicontinuous repre-
sentative u* which is equal to u a.e. on R".

(2) If u* and v* are (p, u)-quasicontinuous and u* = v* a.e. on R"™, then
u* =v* (p,pu)-q.e. on R™.

A set A is called (p, p)-thin at a point x if

1/(p—1
/1 cap, (AN B(z,r); B(z,2r)) [ )rfldr < oo
o \ cap,,(B(z,r);B(z,2r)) 7

A is (p, p)-thick at x if A is not (p, u)-thin at z. We say that a function u
is (p, u)-finely continuous at x if there exists a set A which is (p, u)-thin at
x such that

u(z) = lim u(y).

y—x
ygA

LEMMA 2.4. (cf. Meyers [6] and [3, Section 12]) Let u € WHP(R™; ). If
u s (p, 1)-quasicontinuous on R, then it is (p, p)-finely continuous (p, )-
g.e. on R™.

LEMMA 2.5. (cf. [3, Section 12| and [9]) Let p > n + «a.
(1) E C R"! has capacity zero if and only if E is empty.

(2) If u € WYP(R™; 1) is (p, u)-quasicontinuous on R™, then u|gn-1 is
continuous on R" 1.

Proof. In this proof, we identify 2’ € R"~! with (2/,0) € R*~! x R
First we show that if ' € R"~' N B(0,N), N > 0, then

(2.1) / & — g F)dy < CNEP| Fl Loimn
B(O,N)
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for every nonnegative measurable function f on R”". In fact, we have by
Holder’s inequality

/ 2~y (y)dy
B(0,N)

1/p 1/p
< (/ |2/ — y| T |y, | 7oP /”dy> (/ f(y)plynlady>
B(0,N) B(0,N)

<C(N+ ’x/‘)(p_n_a)/pufHLP(R";u)’

where 1/p+1/p/ = 1.
In view of (2.1), we see easily that

cap, ,({z'}; B(0,N)) > CN~(P=n=2)

so that capy, ,({z'}) > 0, which proves (1).
As another application of (2.1), we show that the potential

u(a’) = / @~y f)dy (@ € R
B(0,N)

is continuous on R~ N B(
note that if 2/ € R~ N B(

/ & — " F(y)dy
B(0,N)—B(2',s)

is continuous at z’. Further, in view of (2.1), if 2’ € R"™ ' N B(%, s), then

,IN) for every f € LP(R™; ). To show this, we

0
0,N)and 0 < s < N — |2/, then

/ &~y (y)dy < / 2 — " (y)dy
B(z',s) B(a',2s)

is small enough when s is small. Hence u(z’) is continuous at z’. With the
aid of Sobolev’s integral representation of u € WHP(R™; i) (cf. [9]), we see
that u|gn—1 is continuous, so that (2) follows.

§3. The main lemma

Here we prepare the following technical lemma needed for the proof of
Theorem 1.1.
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LEMMA 3.1. Let Q be a bounded open set in R™. If A is a Borel set
with its closure in Q and H™(A) > 0, then

// lz —y|" ! dady = oo
Ax(Q\A)

Proof. Set

5 .. HY(ANnB(z,r))
i={oea: m Crar 5 -1

Then H"(A\ A) = 0 (cf. [2]), so that we may assume that A = A, that
is, every point of A is the Lebesgue point of A. Further we may assume
without loss of generality that the origin 0 € A. By our assumption, there
exists 9 > 0 such that H"(A\ B(0,79)) > 0 and B(z,r) C 2 whenever
B(z,r)NA# 0 and 0 <7 < ro. Set P(x) = {tx : t > ro} for each x € R"
and S ={x € R": |z| =1 and P(z) N A # (}. Then we see from Fubini’s
theorem that H"~1(S) > 0.

Take 71 such that 0 < r; < rg. By the intermediate value theorem, for
each z € S we can find B(z(!), rit )) such that z() € P(z), 0 < r <

and
HY AN B, M) 3

H(B(z(), 7”( ))) 4
Now we denote by B*(x,r) the projection of B(x,r) to 9B(0,1). By the cov-
(5”75,

ering lemma, we can find a countable family {B1;}, where By ;= B(z

such that |z§1)| > ro, r](-l) <1, {Bj;} is disjoint and
UB (=, r CUB (1)5(1)
xeS

Since H" 1 (B*(x,r)) < c3r™! for |z| > o with a constant ¢ > 0, depend-
ing only on rg, we have

e3> (5r)t > S w5y
J J
>H () B, i)

€S
> H"H(S).
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Hence we can find a positive integer N7 such that
Ny
Dyn—
(3.1) STt > ey
j=1

where ¢y = (235" 1) 7IH*1(S) > 0. Since {Blj}j-v:ll is disjoint, we have

// |z — y|_”_1 dxdy

Ax(Q\A)

> [ | eyl tds ) dy
(szll B1;)NA \JOQ\A

Ny
=S R A R K
; BljﬂA < Blj\A
Ny
> 5"y (B \ AYHM(Byy N A)

=Y )y on (Bij) 7 H"(By))

in view of (3.1), where c5 = 27" ?02¢4. The above inequalities also imply

that
Ny

(3.2) >/ [ amui s )y
j=1 (Blij)\G Blj\A

whenever G C R" satisfies H"(B1; N A\ G) > H"(By;)/2 for 1 < j < Ny.
For vq = minj<j<p, 7“](-1) and €7 > 0, take ro such that 0 < ro < €171.
Next, for each = € S, find B(:U(Z),r;(f)) such that z(?) € P(z), 0 < 'r;(f) <79
and
HY AN B, rP)) 3

Ho(B(z®, /D)) 4
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By the same considerations as above, we can take a family {By; 2 j21, where
By = B(z (2)7 j( )) such that |z( )| >ro, T ( ) <1, {B3;}; M2 is disjoint and
N2
(3.3) >/ [ aeu s )y
j=1 7 (B2;NANG \/ B2;j\A

whenever G C R" satisfies H"(By; N A\ G) > H"(By;)/2 for 1 < j < Ns.
Since {Bj; }N %, is disjoint, we see from Fubini’s theorem that

Na
n 2 n— *
H (Bljl N U ngQ) S (H}E;X QTJ(-Q))C(;H l(Bljl) < 26366( ( )) T,
Jo=1
so that
N2 N2
H"(Bij, N A\ | Ba) = H"(Buj, N A) = H'(Biy, 0 | Baya)
Jo=1 Jj2=1

3H" (Bljl)/4_ 26366( J( )) 1?”2

>
> (3/4 — cre1)H" (Buj,),

where ¢g and c; are positive constants. Taking ey = 273 /c7, we have by
(3.2) and (3.3)

// |z —y| 7" dady
Ax(Q\A)
> [ i ( [ ke —y|—”—1da:> dy
Uhl: L Buj; ﬂA\Uj;: | B2jp \/2\4
_|_/ / r—y| "tz | dy > 2cs.
U2, Bajpna < Q\A‘ |

Setting &; = 27972 /¢y for each nonnegative integer i, we apply the above
arguments repeatedly, and obtam {Bi; } i1, Where BZJ = B( ]( ), ](l)) such
that {B*} ', is disjoint, ]z \ > 7o, 'r](-i) <€ mm{rj Vi1<j< N;-1},
H”(AOBU) = 3H"(By;)/4 and

N;

34 / / z—y| " e | dy > ¢
(34) z_: Bi;NA\G < Bij\A | | °

J=1
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whenever G C R" satisfies H"(B;; N A\ G) > H"(B;;)/2 for 1 < j < N;.
For1 <i<k—1and1<j <N;, we have

H™(Bij, N A\ Gi) = (3/4 — ¢z Z e)H"(Bij,) = H"(Bij,)/2,

where G; = UF_, ., Ul Byj,. Thus we have by (3.4)

Jll

// lz —y|7"! dzdy

Ax(2\A)

/ (/ |z — yl”ldx> dy
| Bi;nA\G; \Jo\4

N;
Z / </ @ — y\‘”‘ldw> dy
1 Bi;,nA\G: \/Bij\A

which proves the present lemma by the arbitrariness of k.

v

| Vv

>

v
z

Cs,

§4. Proof of Theorem 1.1

We are now ready to prove Theorem 1.1.

Proof of (a). In case p > n + a, Lemma 2.5 shows that Wé’p(R”; ) is
empty for every bounded nonempty set £ C R"!.

Proof of (b). Assume that 2+ a < p < n+ « and Wé’p(R”; w) # 0. If
u € WIP(R™; 1) is (p, u)-quasicontinuous on R”, then, in view of [9, 13]

10) — L0)P
axQ .CE —y ‘n-‘rp 2+oc)
whenever 2 is a bounded open set in R*™!, so that

// |SC/ . yl|—n—p+2+a dﬂ?ldy/ < 00,
Ex(Q\E)

which together with Lemma 3.1 implies that E is of measure zero. Thus (b)
holds.
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Proof of (¢). We claim that if H"71(E) = 0, then F = R"™ 1\ E is
(p, p)-thick at each point of E. Fix x € E and r > 0. Let K C F'N B(z,r)
be compact and v € W (K, B(z,2r)). Then we have

/ 0v(y', yn)
Oy,

Hence it follows from Hélder’s inequality and Fubini’s theorem that

dyn > 2 for all y € K.

/ |VolPdp > er PTIrenn—1(K)
for a positive constant c. Consequently, we have
cap, ,(F' N B(x,r); B(x,2r)) > crPHitenn=1(p N B(x,r)).
In view of the assumption H" 1 (F) = 0 and Lemma 2.2, we see that

cap, ,(F' N B(x,r); B(z,2r)) .
cap, ,(B(z,r); B(x,2r)) —

/

for a positive constant ¢’. Now our claim is proved.

Fix u € Wé’p (R™; p) such that u is (p, u)-quasicontinuous on R™ and
ulgn—1 = xp on R"71\ Ay, where A; has (p, p)-capacity zero. By Lemma
2.4, u is (p, p)-finely continuous on R™ \ Ay, where Ay has (p, u)-capacity
zero. Since F' is (p, p)-thick at each point of E as was shown above,

u=0 on E\ A,

where A = A; U As. On the other hand, u = 1 on F \ A, so that E'\ A is
empty. Thus it follows that cap,, ,(E) = 0.

§5. Proof of Corollary 1.1

Let v denote the Borel measure on R™ defined by
dv(y) = 1 = lyl|*dy.

Proof of (1). Suppose that w is a (p, v)-Dirichlet finite (p, v)-harmonic
measure on B. Then w(1 — w) € WHP(B;v) since 0 < w < 1. By using [3,
Theorem 3.17], there exists a solution u € W1?(B;v) of (1.1) in B with
u—w(l—w) € WP (B;v). Since 0 < w < 1, it follows from [3, Lemma 7.37]
that u is a (p, v)-harmonic minorant of both w and 1—w. By the definition of
harmonic measures, we see that « < 0 in B. Hence Theorem 1.1 implies that
either cap, , ({¢ € 9B : w(() =0}) = 0 or cap,, ({ € OB :w(¢) =1}) =
0, so that w is constant by [3, Lemma 7.37].
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Proof of (2). Let E be a domain in 0B with (nonempty) smooth bound-
ary and take u € Wé’p (R™;v) as in Proposition 6.1 given in the next section.
By [3, Theorem 3.17] we find w € W1P(B;v) which is the solution of (1.1)
in Bwithw —u € Wol’p(B; v). Clearly, v and hence w is not constant. Set
w = min{w, 1 — w} and let v be any (p,v)-harmonic minorant of w. Since
the boundary values of w(1 — w) are zero (p,v)-q.e, w has boundary values
zero (p,v)-q.e. Hence [3, Lemma 7.37] implies that v < 0. It follows that w
is a (p,v)-harmonic measure on B, which proves (2).

§6. Further results

First we note the following result.

LEMMA 6.1. If0 <6 <1 and Q is a bounded domain with C* bound-

ary, then
// |z —y| ™" dady < co.
Qx(R7\Q)

In fact, it suffices to note that

/ o — y| " 0dy < / & — 4| " dy < cd(z) ",
R"™\Q R"\B(z,d(x))

for x € Q,where c is a positive constant and d(z) = dist(x, 9) denotes the
distance of x from the boundary 0f2.

ProrosITION 6.1. If1 < p < 24+ « and Q is a bounded domain on
R with C' boundary, then WyP(R™; 1) # 0.

Proof. In view of Lemma 6.1, we see that yq satisfies
AN \|p
Ro-1xR-1 |2/ —y/|mHp=(@ta)

Hence xq belongs to the Lipschitz space ARP(R"™!) with § = 1—(a+1)/p,
so that the Poisson integral u(x) = Py, * xq(2') satisfies

/ |[Vu(x)Pxbdr < oo,
D
where D = {z = (2/,x,,) : z,, > 0}; see Stein [13] or the second author [9].

Then we can extend u to a function in WP(R™; i), so that WP (R™; ) is
not empty.
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For K C R"', let ADP(K) be the space of all functions u € AG"(R" 1)
such that u = 0 outside K. Finally we discuss whether A" (K) with § =
1 — (a+ 1)/p is trivial, or not. For this purpose we consider a capacity
inequality introduced by Carleson [1, Theorem 2 in Section 4] (see also [8]).

PROPOSITION 6.2. Let K be a compact set in R 1. Let G1 and G»
be bounded open sets in R™ such that K C G1 C G1 C Go. Set w; =
GiNR" L IfB=1—(1+a)/p and

(61) Capp,p(wl \ K7 GQ) < Capp”u,(wl; G2)7

then AZ’p(K) has non-zero element.

Proof. We can find a (p, 1)-quasicontinuous function u; € WHP(R"; )
such that

(i) up =0 (p, u)-q.e. outside Gy ;
(ii)) up =1 (p,pu)-q.e. w1 \ K ;
(iii) f02 |V [Pdp = cap,, , (w1 \ K; G2) ;

(iv) Jg, [Vur P2V - Vipdu = 0 for all ¢ € C2°(G2) such that ¢ = 0 on
w1 \ K.

Similarly, we find a (p, u)-quasicontinuous function us € W1P(R™; 1) such
that

(v) ug =0 (p, n)-q.e. outside Gy ;
(vi) ue =1 (p, p)-q.e. wi ;
(vii) ng |Vug|Pdp = cap,, ,(w1; Go) ;

(vii)) fq, |Vuzg|P~2Vusy - Vipodu = 0 for all p € C°(Gs) such that ¢ = 0 on
w1.

Then we see from (6.1) that u; # wug. Consequently, for ¢ € C°(Gy),
[p(u2 — u1)]|gn—1 is shown to be a non-zero element of A" (K).
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