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HOLOMORPHIC MAPPINGS INTO PROJECTIVE SPACE

WITH LACUNARY HYPERPLANES

PETER KIERNAN AND SHOSHICHI KOBAYASHI*)

1. Introduction

In this note, we shall examine some results of Bloch [2] and Cartan
[3] concerning complex protective space minus hyperplanes in general
position. The purpose is to restate their results in a more general set-
ting by using the intrinsic pseudo-distance defined on a complex space
[16] and the concept of tautness introduced by Wu in [18]. In the
process we shall generalize some results of Dufresnoy [4] and Fujimoto
[7].

Before investigating protective space minus hyperplanes in general
position, we consider in § 2 a more general situation.

2. Hyperbolically or tautly imbedded complex spaces

Throughout this section, let Y be a complex space, M a relatively
compact open subset of Y and Δ a closed complex subspace of Y. (The
example we have in mind is the one where Y is Pn(C), M is the com-
plement of n + 2 hyperplanes in general position and Δ is the union of
a certain set of hyperplanes to be defined in §3).

We denote the open unit disk in C by D, the polydisk D x x D
in Ck by Dk, the disk of radius r by Dr and the intrinsic pseude-distance
of M by dM (see [16] for its definition and basic properties). The space
of holomorphic maps from N to M with the compact-open topology will
be denoted by Hol(ΛΓ,M).

When Δ is empty, most of the following definitions reduce to familiar
ones which have been studied extensively in [1], [5], [12], [13], [14], [16] and
[18]. The motivation for these modified definitions will become apparent
in §3 when we consider the theorems of Bloch and Cartan.

Received November 16, 1972.
*> Partially supported by NSF Grant.

199

https://doi.org/10.1017/S0027763000015646 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000015646


200 PETER KIERNAN AND SHOSHICHI KOBAYASHI

DEFINITION 1. M is hyperbolic modulo Δ if for every pair of distinct
points p,q of M not both contained in Δ, we have dM(p, q) > 0.

DEFINITION 2. M is hyperbolically imbedded modulo Δ in Y if, for
every pair of distinct points p,q oί Y not both contained in Δ> there
exist neighborhoods Vp and Vq of p and q in Y such that dM(Vp Π M,
7?ni)> o.

DEFINITION 3. M is complete hyperbolic modulo Δ if it is hyperbolic
modulo Δ and if for each sequence {pn} in M which is Cauchy with respect
to the pseudo-distance dM, we have one of the following:

(a) {pn} converges to a point p eM;
(b) for every open neighborhood U of Δ in Y, there exists an in-

teger n0 such that pneU for n > n0.

DEFINITION 4. M is taut modulo Δ (resp. tautly imbedded modulo
Δ in Y) if for each positive integer k and each sequence {fn} in Hoi (Dk, M),
we have one of the following:

(a) {fn} has a subsequence which converges in Hol(Dk,M) (resp. in
Hoi (Z)fc,Γ));

(b) for each compact set K c Dk and each compact set L c M — Δ
(resp. L c Y - J ) , there exists an integer n0 such that fn(K) Γ) L = φ for
n> n0.

DEFINITION 5. M is s-taut modulo Δ (respectively s-tautly imbedded
modulo Δ in Y) if for each compact set K c D and each compact set
L c M — Δ (resp. L c Y - J ) , there exist compact subsets Lu , L m of
L and taut open subset Uu « ,C7m of M (resp. Y) such that:

(a) L = U?=i £; and L7 c C/̂
(b) if / : D-+M is holomorphic and /(0) e L, , then f(K) c [/,-.

(The s stands for strongly).

DEFINITION 6. M is locally taut (resp. locally complete) if for each
point p e Y there exists a neighborhood Vp of p such that F p Π M is
taut (resp. complete hyperbolic). (Note that the condition is trivially
satisfied for all p g dM.)

DEFINITION 7. Let Z be a closed analytic subvariety of Y. If Z is
defined locally as the zeros of a single nonconstant holomorphic function,
then we call Z a principal hypersurface of Y. In particular, if Y is

https://doi.org/10.1017/S0027763000015646 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000015646
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nonsingular, then every hypersurface is principal.
We shall first relate definitions 6 and 7 to each other.

PROPOSITION 1. // M is locally complete, then M is locally taut.
Let Z = Y — M. If Z is a principal hypersurface, then M is locally com-
plete. In particular, if Z — Y — M. has pure codίmensίon 1 and Y is a
compact complex manifold, then M is locally complete.

Proof. The first statement follows immediately from the fact that
a complete hyperbolic space is always taut. This was proved in [12] for
complex manifolds and the same proof is valid for complex spaces. How-
ever, it does depend on Barth's result in [1] that the intrinsic distance
dx on a hyperbolic complex space X induces the natural topology on X.

To prove the second statement, it suffices to consider an arbitrary
point peZ. Let Vp be a neighborhood of p in Y which can be written
as a closed analytic subspace of a ball B in some Cn. Since Vp is a
closed analytic subspace of the complete hyperbolic space B, it is com-
plete hyperbolic. Taking Vp small, we may assume that Z Π Vp is defined
as the zeros of a bounded holomorphic function / : Vp-+D. This implies
that Vp Π M is complete hyperbolic by Theorem 4.10, page 60 of [16].

The last statement follows from the fact that a subvariety of pure
codimension 1 in a complex manifold is always a principal hypersurface.

Q.E.D.

THEOREM 1. Let Y,M and Δ be as above. The concepts defined
above are related by the following table:

s-taut imbd mod Δ > taut imbd mod Δ > hyp imbd mod Δ

s-taut mod Δ > taut mod Δ > hyp mod Δ

where a dotted arrow means ". . .implies. .. if M is locally taut in Y."

Proof. (1) s-taut imbd mod Δ —> taut imbd mod Δ. Let {fn} be a se-
quence in Ή.o\(Dk,M). Assume that there exist compact sets K c Dk

and L cY — Δ such that fn(K) Γi L Φ φ for arbitrarily large n. By taking
a subsequence if necessary, we may assume that fn(K) Π L Φ φ for all
n. Since Dk is homogeneous, there exists an automorphism gn of Dk for
each n such that gn(0) e K and fn°gn(0) € L, where 0 is the origin in Dk.
By taking a subsequence if necessary, we may assume that the sequence
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202 PETER KIERNAN AND SHOSHICHI KOBAYASHI

{gn} converges to a mapping ge Hol(Dfe,Z)fc). If we prove that a sub-
sequence of {fn°9n} converges to he Hoi (Dk,Y), it will follow that the
corresponding subsequence of {fn} converges to / = hog~ι. Thus we
can assume that /w(0) e Lj for some j . It suffices to show that {fn} has
a subsequence which converges uniformly on any fixed polycylinder
Dk

r = {(zlf , zk) \zt\ <; r}, where 0 < r < 1. But the hypothesis implies
that there exists a taut open subset Uj of Y which depends only on
Dk

r and Lj such that fn(Dk) c Z7, for all n. Since £7/ is taut and
fn(0) is in the fixed compact set Lj for all n9 the result follows im-
mediately.

(2) s-taut mod Δ -> taut mod Δ. The proof is almost identical to that
of (1) and hence is omitted.

(3) taut imbd mod Δ -» hyp imbd mod Δ. In [12] it was shown that
"taut" implies "hyperbolic" and the same proof works here. But for the
sake of completeness, we shall give a proof. Let p, q be two distinct
points of Y such that p g Δ. Let Up and Vq be neighborhoods of p and
q in Y such that Πp Π Vq = φ and Up 0 Δ = φ. Taking Up small, we
may assume that Up is hyperbolic. Let Wp be a smaller neighborhood
of p such that Wp is compact and is contained in Up. We shall first
prove that there is a positive number r < 1 such that if / : D —> M
is holomorphic and /(0) e Wp, then f(Dr) c Up, where Dr denotes the
disk of radius r. Assume the contrary. Then for each positive integer
n, there exists a map fn e Hoi (D, M) such that /w(0) e Wp and /n(A/n) <X #p
Then the sequence {/n} has no subsequence which converges to g in
Holφ, Y). (For # would have the property that #(0) e Wp on one hand
and #(0) g C7p on the other hand.) This means that (a) of Definition 4
does not hold. By taking compact sets K — {0} and L = TF̂ , we see that
(b) of Definition 4 does not hold. This contradicts our hypothesis. Hence
there exists a number r with the property described above.

Let Vp be a neighborhood of p in Y such that Vp(zWp. We shall
show that dM(Vp f)M,VqΓ)M)> 0. We set

b = eZ ί̂Fp, !7P - TFP) > 0 ,

and choose a positive constant c such that

^(0, a) ̂  c dz)r(O, α) for α e Z)r/2 .

Let xeVp Π M and p F 3 Π I . We shall show that dM(x, y) ^ be. Con-
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sider a chain of holomorphic disks from x to y, i.e., a chain of points

% = Po9Pi,P2> -• >Pm = y in M, points a19 ,αm of D and mappings /„

•. ,fm e Hoi (Z>, M) such that /<(()) = p ^ and / ^ α j = p< for i = 1, . ., m.

By inserting additional points to the chain pQ9 - . ,pm if necessary, we

may assume that aLeDr/2 and that pQ, , p M e Wp and ρfc e C7P — PFP

for some k, 1 ^ fc <J m — 1. Now

^ c Σ*-i^P(Pi-i,Pί) ^ cdUp(p0,pk) ^ ed .

Thus, dEif(a;, 2/) ̂  δc.

(4) taut mod Δ -> hyp mod J. The proof is identical to that of (3)

and hence is omitted.

(5) hyp imbd mod Δ —> hyp mod Δ. This is clear from Definitions 1

and 2.

(6) s-taut imbd mod Δ —> s-taut mod Δ under the assumption that M

is locally taut in Γ.

From Definition 5 it is clear that all we have to prove is that if U

is a taut open subset of Y, then U ΓΊ M is also taut. Let {fn} be a

sequence in Hoi (D, U Π M). Assume that {fn} is not compactly divergent,

i.e., there exist compact sets K c D and L c ( [ / Π l ) such that fn(K) Π L

^ ^ for infinitely many w. We have to show that {fn} has a subsequence

which converges in Hol(Z), £/ Π M). Taking a subsequence, we may as-

sume that fn(K) Π L Φ φ for all n. Since £7 is taut by assumption, {fn}

has subsequence which converges to some / in Hoi (D, U) we shall show

that / e Hoi (D, U Π M). Assume that / β Hoi (D, Z7 Π M). Then the open

subset /-1(Z7 Π JfeO of D is distinct from Z) and it is nonempty since

fn(K) ΠLφφ for all n implies that f(K) C\Lφφ. Let a be a point of

the boundary on f~\U ( Ί I ) in D and set p = /(α) e C7. Let Vp be a

neighborhood of p in Y such that Vp Π M is taut. Let Wα be a small

neighborhood of α in fl such that f(Wa) c:Vp. By taking a subsequence,

we may assume that fn(Wa) c Vp for all n. Let 6 be a point in

Wa Π /-^CZ Π M). Consider {fn} as a sequence in Hoi (TFα, Vp Π ilί). Since

F p Π M is taut, it converges in Hoi (Wa> Vp Π M) or it is compactly

divergent. But lim/w(α) = f(a) = p e C7 - (17 Π M) and lim/n(δ) =/(6)

e ί / ί l l . This is a contradiction, jffence, / e Hoi φ , [ / i l l ) .

(7) taut imbd mod Δ -> taut mod J under the assumption that M is

locally taut in Y.
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{fn} be a sequence in Hol(D fc,M). Assume that (δ) of Definition

4 does not hold, i.e., there exist compact sets KaDk and L c M — Δ

such that fn(K) Π L Φ φ for infinitely many n. We have to show that

{fn} has a subsequence which converges in Hoi (Dk,M). But this can be

done exactly in the same way as in (6), replacing U by M and D by Dk.

Q.E.D.

It is not clear whether or not s-taut mod Δ (resp. s-tautly imbd mod Δ)

is in general a strictly stronger concept than taut mod Δ (resp. tautly

imbd Δ). However, for the cases which we will study in sections 3 and

4, the next theorem shows that they are equivalent.

THEOREM 2. Let Y be a closed subvariety of Pn(C) and let Ho, ,

Hn be n + 1 hyperplanes in general position in Pn(C). Let M and Δ be

as above. If Z = Y — M is a principal hypersurface and if (Ho Π Y) c Z,

then M is s-taut mod Δ iff M is taut mod Δ. If (Ho U — U Hn) ΠYaZ,

then M is s-tautly imbd mod Δ in Y iff M is tautly imbd mod Δ in Y.

Proof, (1) tautly imbd mod Δ —> s-tautly imbd mod Δ under the as-

sumption that M Π Hj = φ for j — 0, , n. Let L be a compact subset

of Y — Δ and let K be a compact subset of D. Let Lo, , Ln be com-

pact subsets of L such that Lό Π Hό = φ and L = Uy=o £?•• Let / be fixed

and identify Pn(C) — Hj with CTO. Let B(r) denote the ball of radius r

centered at the origin in Cn. Assume that for each m there exists a

holomorphic map fm:D->M with fm(ff)eLj and fm(K) (s; B(m). Since

/w(0) e Ly for all m, (b) of Definition 4 is excluded. Thus we can assume

that {/m} converges in Hoi φ , Pn(C)) to some mapping /. It is clear

that /(0) g Hj and that /(&) Π Hό Φ φ. Proposition 2 given below shows

that this is a contradiction. Therefore, there exists an integer m^ such

that if g e Hoi (D, M) and g(0) e Ljy then g(K) c E7, = Y Π B(my). Since

C77 is a closed analytic subspace of the complete hyperbolic space B(mj),

Uj is complete hyperbolic (and therefore taut).

(2) taut mod Δ —> s-taut mod Δ under the assumption that M Π H0 =

φ. The proof is the same as (1) except that L = LQ and Uo — M Π J5(m0)

= Y Π B(m0) — Z. Since Z is a principal hypersurface, C70 is locally taut

in Y Π B(m0). As in step (6) of the proof of Theorem 1, it follows that

Uo is taut. Q.E.D.

PROPOSITION 2. Let Y be a complex space and let H be a principal
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hypersurface of Y. If {fm} is a sequence in Hoi (D, Y) which converges

to f and if fm{D) Π H = φ for all m, then either f(D) Π H = φ or f(D) c H.

Proof. Assume that /(0) = peH and that f(z) zH for 0 < \z\ < r.

Let Vp be a neighborhood of p in Y such that Vp Π H is defined as the

zeros of a holomorphic function φ: F p —> Z>. Without loss of generality

we can assume that fm(Dr) c 7 P for all m. Then #m = φofm is a sequence

in H o l φ , D*) which converges in Holφ,D) to g = φof. Since #(«) ̂  0

for 0 < \z\ < r, it is easy to see that {gm} is not compactly divergent in

Holφ, !)*) . Since D* is taut, this implies ge Holφ,D*). This is a

contradiction since g(0) = 0. Q.E.D.

The previous proposition is an elementary generalization of the clas-

sical theorem of Hurwitz which says that the limit of a uniformly con-

vergent sequence of nowhere zero holomorphic functions is either nowhere

zero or zero everywhere. It should be noted that the proposition is not

true for an arbitrary subvariety H of codimension 1 if Y has singulari-

ties.

In [14], a characterization of "hyperbolically imbedded" was given

in terms of an hermitian metric on Y. A similar characterization is

valid for "hyperbolically imbedded mod J", but in order to give this we

must define what we mean by an hermitian metric on a complex space.

If Y is a complex space with structure sheaf Φ, the Zariski tangent

space is defined as the fibre space over Y whose fibre TP(Y) over p con-

sists of all derivations v: Φp —> C. By an hermitian metric h on Y we

shall mean:

(1) h determines a positive definite hermitian form on each fibre

TP(Y). If veTp(y), then ||ι;||Λ shall denote the length of v with respect

to this form.

(2) If φ{t) is a continuously differentiate curve in Y, then Û COIU

is a continuous function of t.

By (2), if φ: [a, b] —> Y is a piecewise continuously differentiable curve

in Γ, then the length L(φ) = [L\\φ'(t)\\hdt is well-defined. Thus, the her-
J a

mitian metric induces a distance on Y in the usual manner. We shall

further assume that dh is a proper distance which induces the topology on

Y. If Y is an analytic subvariety of Cn, then the usual metric on Cn in-

duces an hermitian metric on Y. By using the standard partition of

unity argument, we can always construct an hermitian metric on an
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hermitian metric on an arbitrary complex space Γ.

THEOREM 3. M is hyperbolίcally imbedded modulo Δ in Y if and

only if, given an hermitian metric h on Y, there exists a continuous

nonnegative function φ defined on Y such that:

(a) φ is strictly positive on Y — Δ

(b) f*(φh) < ds% for all f e Hoi (£>, M) where ds2

D denotes the

Poincare-Bergman metric of D.

Proof. Assume that there exists such a function φ. Let dφh denote

the pseudo-distance on Y defined by the pseudo metric φh. Since f*(φh)

<^ ds% for every / e Hoi (D,M)9 we have

dφh(x, y) ^ dM(x, y) for x, y e M .

Since φh is positive definite at points of Y — Δ, it follows that dφh(p, q)

> 0 if peY — Δ, qeY and p Φ q. For such a pair of points p, q, choose

neighborhoods Up and Uq in Y such that dφh(Up, Uq) > %dφh(p, q) > 0.

Then dM(JJp ΠM,UqΓ\M)> dφh(Up ΠM,Uqf)M)> dφh(Upf Uq) > 0. Hence

M is hyperbolically imbedded modulo Δ in Y.

Assume that M is hyperbolically imbedded modulo Δ in Y and let L

be a compact of Y — Δ. We shall first show that there exists a constant

c > 0 such that f*(ch) < ds2

D in f~\L) for all / e H o l ( D , M ) . If not,

then there exists a sequence {fn} in Hol(Z),M) such that f*((l/ri)h) > ds2

D

at some point an of fήKL) c D. Since D is homogeneous, we can as-

sume that an = 0. Let v be a unit vector at the origin 0 of D. Then

\\fn*(v)\\\>n' Since / n (0)eL and L is compact, we may assume that

{/n(0)} converges to a point p of L. Let U be a neighborhood of p in

Y which is identified with a closed analytic subset of Dm. Assume that

there exists a positive number r < 1 such that fJJDr) c Z7 for n > n0.

Then {/TO|jDr} is a normal family and since / 0 (0)->pe Z7, there exists a

subsequence of {/n|Dr} which converges in H o l φ r , 17). But this is impos-

sible since ||/n*0v)|& > w Thus no such r exists. This means that for

each k, there exist zkeD and an integer nk such that \zk\<ljk and

and fnk(zk) £ U. Let pk == /njb(0) and gA = /„,(«*). By taking a subsequence

if necessary, we may assume that {qk} converges to point q&U. Since

dM(Pk9Qk) < dD(0, zk)->0 as k —• oo, M is not hyperbolically imbedded

modulo Δ. Thus, for each compact set L c Γ — J, there exists a con-

stant c > 0 with the prescribed properties. Now let Lxc: L2d Ldd -
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be an increasing sequence of compact subsets of Y — Δ such that Y — Δ
~ (Jjii Lt Then there exists a corresponding* sequence of positive con-
stants cx > c2 > cz > - with the corresponding properties. Let φ be any
nonnegative continuous function on Y such that 0 < φ < ct on Lt. Then
φ satisfies conditions (a) and (b) of the theorem. Q.E.D.

THEOREM 4. Let M be hyperbolically imbedded modulo Δ in Y. If
M is locally complete in Y, then M is complete hyperbolic modulo Δ. In
particular, if Z = Y — M is a principal hypersurface of Y, then M is
complete hyperbolic modulo Δ.

Proof. Let φ and h be as in Theorem 3. As in the proof above,
we have

dφh(p, q) < dM(p, q) f o r a l l p,qeM .

If M is not complete hyperbolic modulo Δ, then there exists a sequence
{pn} in M which is Cauchy with respect to dM and such that pn->peM(JΔ.
Let Vp be a neighborhood of p in Y such that Vp Π M is complete hyper-
bolic. If we can show that {pn} is a Cauchy sequence with respect to
dVpnM> we will have a contradiction since Vp f] M is complete and pn -*
pgVpΓίM. Let B(p, r) denote the ball of radius r centered at p with respect
to the pseudo-distance dφh. We note that in a neighborhood of p e Y — Δ, φh
is positive definite and dφh is a distance. Choose 3 > 0 such that B(p, 3d) c
Vp. Since {pn} is Cauchy with respect to dM and pn —> p, there is an integer
n0 such that dM(pm,pn) < δ/2 and pneB(p,δ) for m,n>n0. Consider a
chain of analytic disks from pm to pn, i.e., points Pm = #o> #i> >άΛ = pn

in M, points aί9 —-,ak in Z? and mappings /i,«* ,/fc e Hoi CD, M) such
that /^O) = xt_λ and /^α,) = χi for ΐ = 1, ,fc. Since 4 ( P r a > p J < δ/2,
we can assume that ]Γ]*-i 6^(0, α )̂ < ^ and by inserting additional disks
if necessary, we may assume that |α f | '< r/2 where ^ = dD(,0,r). Since

A; jfc k

Σ dfh(Xi-19 Xt) < Σi dM&i-i* %ί) < Σ dD(0, a%)< δ ,
ΐ l ΐ l i l

it follows that Xi6B(p,2δ) for all i. Since δ = ίZi)(O,r), it follows that
/ΛA ) c J5(p, 33) Γ) M c 7^ D M for all i. Choose a constant c > 0 such
that dD(0, z) > cdDr(0, z) for \z\ < r/2. Then

k

Γ"1 di)(Of
= 1

at) > c
k

Σ dβ(s3, α̂ ) >
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Since the last inequality is valid for all such chains, we have

dM(Pm,Pn) > odVpC]M(pm9pn) for m,n>nQ.

This shows that {pn} is a Cauchy sequence with respect to the distance

dVpς\M which is the desired contradiction. Q.E.D.

The following two propositions are immediate from Definition 1.

PROPOSITION 3 {Little Picard theorem). If M is hyperbolic modulo

Δ and if f:Ck->M is holomorphic, then either f is a constant map or

f(Ck) c Δ. In particular, if Δ is an analytic subvariety of dimension

< k, then f is degenerate everywhere.

This follows from the fact that dck ΞΞ 0.

PROPOSITION 4. // M is hyperbolic modulo Δ and dim Δ — k — 1,

then M is m-measure hyperbolic for k<Lm<L dim M.

The concept of m-measure hyperbolic was introduced and studied

extensively by D. Pelles (formerly D. Eisenman) in [5]. The definition

and basic properties can also be found in [16].

3. Theorems of Bloch and Cartan

We are now in a position to discuss the results of Bloch and Cartan.

Throughout this section, we let Y be the ^-dimensional complex projec-

tive space Pn(C) and let M = Y — (Ho U U Hn+1) where HQ, ,Hn+1

are n + 2 hyperplanes in Pn(C) in general position. Following Cartan,

we represent Y and M as follows. Let (x°, ,xn+1) be homogeneous

coordinates for Pn+ι(C) and imbed Y in Pn+i(C) as the hyperplane Y =

{0°, , xn+1) e Pn+i(C) x° + + %n+1 = 0}. Without loss of generality,

we may assume that Hj = {(x°, , xn+1) e Y x3 = 0} and therefore M =

{(x°, , xn+1) e Pn+ι(C) x° + + xn+1 = 0 and x* Φ 0 for j = 0, . . ,

n + 1}. The advantage of this representation is that it gives equal

status to each of the hyperplanes Hj. We now define an analytic sub-

variety Δ of Y. It will be the union of a particular set of hyperplanes

which we shall call diagonal hyperplanes with respect to HOf •• ,iϊw + 1 .

Let J be the set of subsets of {0, , n + 1} which consist of at least

two elements and not more than n elements. For I = {j19 , jk} e J',

we set Δτ = {x\ , xn+1) e Y xjl + + xjk = 0} and define Δ = \JIe, Δτ.
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Note that if V is the subset of {0, , n + 1} complementary to /, then
Δv = Δj.

In terms of homogeneous coordinates for Pn+1(C), a holomorphic

mapping f eΈίol(D9M) is equivalent to a set of holomorphic functions

P: D -> C - {0} for j + 0, . . . , n + 1 satisfying f°(z) + - + /w+1(z) = 0 for

all zeD. If (w1, , wn+ι) are inhomogeneous coordinates with w* = a^/a;0,

then / can be represented by f(z) = (wι(z)9 ,wn + 10)) where w'(«) =

fj(z)lf(z) is nowhere zero for each j and w1^) + + wn+1(z) = —1 for

all 3 e Zλ In this section we shall use whichever of these representations

is more convenient at the time.

Let p e M — Δ and r < 1 be fixed. Bloch states (see Theorem VII,

page 343 of [2]) that there exists R > 0 which depends only on p and r

such that if / e Hoi (D, M) and /(0) = p, then f(Dr) c £(#) = {| w1!2 + . . .

+ \wn+1\2 < R2}. However, the proof of the theorem shows that the same

R works for all / e H o l ( D , M ) with /(0) e Up, where ϋp is a small rela-

tively compact neighborhood of p with Πp c M — Δ. Thus, Bloch

actually proved:

Let L be a compact subset of M — Δ and let r < 1 be fixed. Then

there exists R > 0 which depends only on L and r such that if

f e Hoi (D, M) and /(0) e L then f(Dr) c U = M Π

Since Γ Π 5(β) is a closed analytic subspace of the complete hyper-

bolic space JB(.R), it is complete hyperbolic. Let g: Y Π BCR) ->C be

defined by g(w\ , wn+1) = w W . . ww+1 and let Z = g-\0). Then Z7 =

Y Π #(#) — 2 and since Z is the zeros of a bounded holomorphic function

on Y Π J5(JB), it follows from Theorem 4.10 of [16] that U is complete

hyperbolic. Thus Bloch's proof actually shows that M is s-taut mod J.

Since Y, M, and Δ satisfy the conditions of Theorem 2 in section 2, this

is no stronger than showing that M is taut mod J. Thus we have:

THEOREM 5 (Bloch). Let M = Pn{C) - (H0 U U Hn+1) and Δ be as

above. Then M is taut mod Δ.

The weakness of Bloch's proof is that the estimate of the "size" of

f{Dr) blows up as we allow /(0) to approach any of the hyperplanes Hj.

In [3], Cartan used Bloch's basic techniques but he was able to overcome

this difficulty. Whereas Bloch considered one mapping at a time, Cartan
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considers sequences of maps. The following statement is contained in

Theorem VII, page 312 of [3].

Let {fm} be a sequence in Hoi(£>,M) where fm = (/£, . . -,fi+1). Then
one of the following is satisfied.

(&) {fm} has a subsequence which converges in Hol(D, Y).

(b) There exists / = 0\, , jk) e <? such that a subsequence of

{(fm + + fLk)lfti} converges uniformly on compact subsets to the zero

function. Note that if (/£(s) + ••• +/£(*))/f&iz)-*0 as m->oo, then

fm(z) converges to Δτ in the sense that for any open set V of J 7 in Y,

there exists m0 such that m^>m0 implies fm(z) e V. In fact, the weaker

assumption that

r+ • •• +ι/r1(*)p
also implies that fm(z) converges to zf7. It should also be remarked that

Cartan's theorem implies a stronger result than that given above. We

will discuss this later. However the previous statement is sufficient to

prove:

THEOREM 6 (Cartan). Let M = Pn(C) - (HQ U U Hn+1), Y = Pn(C)

and Δ be as above. Then M is tautly imbedded modulo Δ in Y and M

is complete hyperbolic modulo Δ in Y.

Proof. Let L c Y — Δ be compact and choose compact subsets Lj c L

for j = 0, , n + 1 such that L = (J?=o Ls and Lj ΠHj = φ. We shall

find taut open subsets TJ3 of Y which satisfy the conditions of Definition

5. By symmetry, it suffices to do this for j = 0.

Let K be a compact subset of D and choose r < 1 such that K c Dr.

Assume that for each positive integer m, there exists a mapping fm(z) =

« ( z ) , , wl+1(z)) in Hoi φ , M) such that /JO) e Lo / m φ r ) 6; £(m). If

{/m} has a subsequence which converges in Hoi (D, Y) to / , then /(0) 6 Ho and

/ φ r ) Γ)H0Φφ. By Proposition 2 of Section 2, this is impossible and there-

fore (b) of Cartan's theorem holds. Thus there exists / = (j19 -,jk) e J

such that after taking a subsequence and relabelling if necessary, we have

+ - + mo) , 0

/ί(0)
This implies that /TO(0) converges to the diagonal hyperplane Δj. This
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is impossible since /m(0)eL0 for each m and Lo is a compact subset of
Y — Δ. Therefore there exists R > 0 depending only on Lo and r < 1
such that if / e Hoi (D, M) and /(0) e Lo, then /(J5r) c U = Y Π £(#). Since
Z7 is complete hyperbolic, we have shown that M is s-tautly imbedded
modulo Δ in Y, which in this case is equivalent to tautly imbedded modulo
Δ in Y. Since Y — M is a principal hypersurface, M is complete hyper-
bolic modulo Δ in Y. Q.E.D.

Remark. Let {/m} be a sequence in Hol(Dfc,M). If {/m} does not
have a subsequence which converges in Ή.o\(Dk,M), then the previous
theorem implies that {fm} "converges" to Δ. However from the proof
of the last theorem it is easy to see that in the latter case, {/m}
has a subsequence which "converges" to a particular diagonal hyper-
plane Δτ.

4. Applications

In 1897, E. Borel generalized the little Picard theorem (see [2]) and
it was his work which motivated Bloch's paper. It is worthwhile observ-
ing that Bloch's theorem implies BoreΓs result for functions defined on Cm.

COROLLARY 1 (E. Borel). Let fj:Cm ->C — {0} be holomorphic func-

tions for j = 0, , n + 1 satisfying f\z) + + fn+1(z) = 0 for all z e C m .

Then there exists a subset {j19 -,jk) of {0, -,n + 1} (k >̂ 2) such that

fjl(z)+ ••• + fHz) = 0 for all zeCm and fH(z)lfh(z) is a constant

function for I = 1, , k.

Proof. Let / = (/°, , f n + ι ) . Then / e Hoi φ , M) where M and Δ
are as in Theorem 5. Since M is hyperbolic modulo Δ and since dcm = 0,
it follows that / is a constant mapping or /(Cw) c Δ. In the first case
we are done. If f(Cm) c Δ then it is clear that f(Cm) c J j ί l l for some
/ — {j19 . . . , jk}. By induction we can assume that n = 1. But for n = 1,
J Π M = ^ and therefore / is a constant mapping. (For n.= 1, M is
hyperbolic since M — PX{C) — {Pi^Pa})- Q.E.D.

Corollary 1 was first given by Fujimoto in [7] and Green in [10].
Both authors were able to give a proof which does not depend on Bloch's
result and which is much clearer and more elementary. Using Corollary 1
and elementary algebra, they deduced the next theorem. We refer the
reader to [10] for a proof based on Corollary 1.
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THEOREM 7 (Fujimoto and Green). Let Hί9 -,Hn+k be n + k hyper-
planes in general position in Pn(C) where 2 < k < n + 1 and let M =
Pn(C) - (H, U U Hn+k). If f:Cm-*M is holomorphic, then f(Cm) is
contained in a linear subspace of dimension < n/k. Furthermore, the
bound n/k is sharp.

Let Ho, - -,H2n_h be 2n + 1 — h hyperplanes in general position in
Pn(C) where 0 < h < n - 1 and let M = Pn(C) - (HQ U U H2n_h). Let

/ denote the set of subsets of {0, , 2n — h) consisting of n + 2 elements.
If J = {jί9 .. ,yn+2} e /, we let J J denote the set of diagonal hyperplanes
with respect to Hjί9 - , flΓ

(7w+1 and let Δh = Π/e/ ̂  We call JΛ the diago-
nal set for the hyperplanes Ho, , H2n_h and note that if h ~ n — 1 then
Δn — A where Δ is as Section 3. Since the hyperplanes are in general
position, elementary linear algebra shows that Δh is the union of a finite
number of linear subspaces of Pn(C) and that the dimension of Δh < h.
For J = (Λ, , jn + 2), we define M, = Pn(C) - (Hh U U ffyn+2). By
applying Theorem 6 to Pn(C),Mj and J J for each / e / , we obtain:

COROLLARY 2. Lei M = Pn(C) - (Ho U U ff2n-*) and Δh be as above.
Then M is tautly imbedded mod Δh in Pn(C) and M is complete hyper-
bolic mod Δh.

For emphasis, we restate this corollary for the case h — 0. (This is
the same as Theorem 3 of [14]).

COROLLARY 3. Let M = Pn(C) - (HQ U U H2n). Then M is tautly

imbedded in Pn(C) and M is complete hyperbolic.

Although Corollary 3 is contained in Corollary 2, it has a special
character in the sense that it can be deduced relatively easily from Bloch's
theorem, whereas Corollary 3 depends on Cartan's theorem. This fact
is probably the reason that the full implications of Cartan's theorem
seem to have been overlooked. To be more precise, let M = Pn(C) —
(Ho U U H2n_h). In [4], Dufresnoy quotes Cartan's result to show that
if h = 0, then Hol(D,M) is relatively compact in Hol(J5,Pn(C)). In
essence, however, Dufresnoy only uses that portion of Cartan's theorem
which is already contained in Bloch's paper. This explains why Dufresnoy
is only able to prove that M is taut mod Δh (for mappings defined on D)
when h > 0. This oversight is carried over to Fujimoto's papers [6] and
[8] where he generalizes Dufresnoy's results to several variables and
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shows that M is taut modz/Λ. The papers of Dufresnoy and Fujimoto
have the advantage, however, that they expose the geometric nature of
Cartan's work. The fact that Cartan's original theorem is not stated
in geometric terms may well be the reason that it has been overlooked
by many authors in recent years.

The case h — 0 is special for the additional reason that it is the
only case in which the following strong generalization of the big Picard
theorem holds.

Let M = Pn(C) — (Ho U U H2n) and let A be a closed analytic sub-
variety of the complex manifold X. If codimensίon A > 2 or if the singu-
larities of A are normal crossings, then any holomorphic map f: X — A
-+M extends to a holomorphic map f: X —> Pn(C). This follows from
the fact that M is complete hyperbolic and hyperbolically imbedded in
Pn(C) (see Theorem 2 of [13] and Theorem 4 of [14]).

If we omit fewer than 2n + 1 hyperplanes, then the extension theorem
given above fails. Furthermore, it does not seem possible to use Cartan's
theorem to deduce any extension theorem for these cases. However,
Fujimoto [7] and Green [11] have used a generalized Borel theorem for
punctured domains to show that extensions are possible in certain situ-
ations. Green's result is a little more precise than Fujimoto's and since
it gives an indication of how families of holomorphic maps might be
expected to behave, we quote it here.

THEOREM 8. Let f = (/°, . , fn) e Hoi (D* x Dm~\ M) where M =
Pn(C) — (Hx U U Hn+k) and the Hj are n + k hyperplanes in general
position with k>2. Let Il9 ,IS be the partition of {0, ,n} defined
by the equivalence relation i — j if fι Ifj extends meromorphically to Dm.
Then

(a) s < (n + k)/k
(b) the image of f lies in a linear subspace of codίmension > (s — 1)

•(fc-i).

(Note that if s = 1, then / extends to a holomorphic map f:Dm-> Pn(C).
To see this we can assume that /°, , fn are nowhere zero in Z>* x D™"1

and that fj{z)lf\z) = hj(z)/gj(z) where hj(z) and gj(z) are relatively prime
holomorphic functions defined on Dm and z = (zl9 , zm). Since the zeros
of hj and gj are contained in the set {z1 = 0}, hj(z) = z\Φ(z) and gj(z) =

where hj and gj are nowhere zero in Dm. This implies that

https://doi.org/10.1017/S0027763000015646 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000015646


214 PETER KIERNAN AND SHOSHICHI KOBAYASHI

P(z)/P(z) = zιiJFj(z) where lj is an integer for j = 1, ,n and Fs is a

nowhere zero holomorphic function on Dm. Let I = max{0, — i1? • , — in}.

Then /(s) = (zlfZi+tφάz), , Si+l|tί\ι(s)) is a holomorphic extension of /

to all of Dm. In particular, Theorem 8 gives a holomorphic extension

if / has rank >h — n— k + 2 at some point zeD* x Dm~l.)

The number s in Green's theorem is called the degree of irrationality

of the mapping / since it measures the extent to which / fails to ex-

tend. The theorem shows that the more irrational a map is, the lower

the dimension of the smallest linear subspace which contains the image

of / . It is reasonable to expect a similar situation to occur for families

of holomorphic maps into M. To be more precise, let {/m = (/£, •,/£)}

be a sequence in Hoi φ, M) and let ll9 ••-,/* be a partition of {0, ,

n + 1} such that, after taking a subsequence of {fm} and relabelling, we

have p/p converges uniformly on compact sets iff i,jelk for some k.

Let s be the smallest number which can be obtained in this way. Then

we call s the degree of nonconvergence of the sequence {/m}.

CONJECTURE. Let M = Pn(C) - (Hλ U U Hn+k), {fm} and s be as

above. Then

(a) s ^ (n + k)/k

(b) {fm} has a subsequence which converges to a linear subspace of

codimension >̂ (s — l)(k — 1).

To give more credence to the conjecture we now state the original

version of Cartan's theorem more precisely. We use the conventions

introduced in Section 3 concerning i/0, ,Hn+ι and (/°, -,fn+1).

Let M - Pn(C) - (Ho U • U Hn+1) and let {fm - (/£, • ,/;+ 1)} be a

sequence in Hoi CD, M). Then there exists a partition I19 - ,Ir of

{0, , n + 1} such that, after taking a subsequence and relabelling, we

have:

( a) {Pm/Pm} converges uniformly on compact sets iff i,jelq for

some q.

(b) // Iq - {jl9 , ja] and q^2, then (fit + . . - • + fia)/fit - 0 uni-

formly on compact sets.

If (b) is satisfied for all q <r, then each subset of the partition

contains at least 2 elements and therefore r <(n + 2)/2. From this it

would follow easily that the degree of nonconvergence s of {/m} satisfies
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s <(n + 2)/2. Furthermore, {fm} would have a subsequence which con-
verges to a linear subspace of codimension > s — 1. Thus the conjecture
for k = 2 would follow. The general case could probably then be derived
from this one in a relatively elementary manner. Although he could
not prove that (b) was satisfied for all j = 1, ,r, Cartan considered
it very likely that this is indeed true.

5. Comments

In [6] and [8], Fujimoto uses the intrinsic distance and normal families
of mappings to derive many of the results contained in Section 3 and 4.
It was his papers which first called our attention to the papers of Bloch
and Cartan.

Finally we shall give two examples and pose a few open problems.

EXAMPLE 1. Let X be a hyperbolic compact complex manifold of
dimension > 2. Let Y be obtained from X by blowing up a point peX
and let Δ be the corresponding projective space. Then Y is taut mod J.

EXAMPLE 2. Let M be the quotient of a bounded symmetric domain
3 by an arithmetic discrete group Γ and let Y be its compactification in
the sense of Satake, Baily and Borel, and Pyatetzki-Shapiro. It was
shown in [171 that M is hyperbolically imbedded in Γ. Since the proof
of Theorem 1 of [14] shows that hyperbolically imbedded implies tautly
imbedded if Δ .= φ, we have that M is tautly imbedded in Y.

PROBLEM 1. Determine the relationship between "taut mod J" and
"complete hyperbolic mod/Γ. This is probably difficult. When Δ is
empty, it was shown in [12] that "complete hyperbolic" implies "taut",
but the converse is not known.

PROBLEM 2. Does "hyperbolically imbedded modzJ" imply "tautly
imbedded mod/Γ? As pointed out in [14], the answer is yes if Δ = φ.

PROBLEM 3. In Theorem 4, can we weaken the assumption that M
is hyperbolically imbedded mod Δ to the assumption that M is hyperbolic
mod J? The question is open even in the case where Δ — φ.

PROBLEM 4. Let Y be a complex space which is measure hyperbolic.
Does there exist a closed analytic subvariety Δ of Y such that Y is
hyperbolic mod J?
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