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HOLOMORPHIC MAPPINGS INTO PROJECTIVE SPACE
WITH LACUNARY HYPERPLANES

PETER KIERNAN AND SHOSHICHI KOBAYASHI*®

1. Introduction

In this note, we shall examine some results of Bloch [2] and Cartan
[3] concerning complex projective space minus hyperplanes in general
position. The purpose is to restate their results in a more general set-
ting by using the intrinsic pseudo-distance defined on a complex space
[16] and the concept of tautness introduced by Wu in [18]. In the
process we shall generalize some results of Dufresnoy [4] and Fujimoto
[7].

Before investigating projective space minus hyperplanes in general
position, we consider in §2 a more general situation.

2. Hyperbolically or tautly imbedded complex spaces

Throughout this section, let Y be a complex space, M a relatively
compact open subset of Y and 4 a closed complex subspace of Y. (The
example we have in mind is the one where Y is P,(C), M is the com-
plement of n 4+ 2 hyperplanes in general position and 4 is the union of
a certain set of hyperplanes to be defined in §3).

We denote the open unit disk in C by D, the polydisk D X --- X D
in C* by D*, the disk of radius r by D, and the intrinsic pseude-distance
of M by d, (see [16] for its definition and basic properties). The space
of holomorphic maps from N to M with the compact-open topology will
be denoted by Hol (N, M).

When 4 is empty, most of the following definitions reduce to familiar
ones which have been studied extensively in [1], [5], [12], [13], [14], [16] and
[18]. The motivation for these modified definitions will become apparent
in §3 when we consider the theorems of Bloch and Cartan.
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DEFINITION 1. M is hyperbolic modulo A if for every pair of distinct
points p,q of M not both contained in 4, we have d,(p, @) > 0.

DEFINITION 2. M is hyperbolically imbedded modulo 4 in Y if, for
every pair of distinct points p,q of Y not both contained in 4, there
exist neighborhoods V, and V, of p and ¢ in Y such that d,(V, N M,
V,NM) > 0.

DEFINITION 3. M is complete hyperbolic modulo 4 if it is hyperbolic
modulo 4 and if for each sequence {p,} in M which is Cauchy with respect
to the pseudo-distance d,, we have one of the following:

(a) {p.} converges to a point pe M;

(b) for every open neighborhood U of 4 in Y, there exists an in-
teger n, such that p,ec U for n > n,.

DEFINITION 4. M is taut modulo 4 (resp. tautly imbedded modulo
4 1in Y) if for each positive integer & and each sequence {f,.} in Hol (D*, M),
we have one of the following:

(a) {f.} has a subsequence which converges in Hol (D*, M) (resp. in
Hol (D%, Y));

(b) for each compact set K € D* and each compact set LC M — 4
(resp. LC Y — 4), there exists an integer %, such that f,(K) N L = ¢ for
n > n,.

DEFINITION 5. M is s-taut modulo 4 (respectively s-tautly imbedded
modulo 4 in Y) if for each compact set K C D and each compact set
LcM— 4 (resp. LCY — 4), there exist compact subsets L, ---, L, of
L and taut open subset U,,---,U, of M (resp. Y) such that:

(@ L=, L; and L; C U;
(b) if f:D - M is holomorphic and f(0)e L;, then f(K) < U,.
(The s stands for strongly).

DEFINITION 6. M is locally taut (resp. locally complete) if for each
point pe Y there exists a neighborhood V, of p such that V,NM is
taut (resp. complete hyperbolic). (Note that the condition is trivially
satisfied for all peolM.)

DEFINITION 7. Let Z be a closed analytic subvariety of Y. If Zis
defined locally as the zeros of a single nonconstant holomorphic function,
then we call Z a principal hypersurface of Y. In particular, if Y is
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nonsingular, then every hypersurface is principal.
We shall first relate definitions 6 and 7 to each other.

ProPOSITION 1. If M 1is locally complete, then M is locally taut.
Let Z=Y — M. If Z is a principal hypersurface, then M is locally com-
plete. In particular, if Z =Y — M has pure codimension 1 and Y is a
compact complex manifold, then M is locally complete.

Proof. The first statement follows immediately from the fact that
a complete hyperbolic space is always taut. This was proved in [12] for
complex manifolds and the same proof is valid for complex spaces. How-
ever, it does depend on Barth’s result in [1] that the intrinsic distance
dy on a hyperbolic complex space X induces the natural topology on X.

To prove the second statement, it suffices to consider an arbitrary
point peZ. Let V, be a neighborhood of p in Y which can be written
as a closed analytic subspace of a ball B in some C”. Since V, is a
closed analytic subspace of the complete hyperbolic space B, it is com-
plete hyperbolic. Taking V, small, we may assume that Z N V, is defined
as the zeros of a bounded holomorphic function f:V,— D. This implies
that V, N M is complete hyperbolic by Theorem 4.10, page 60 of [16].

The last statement follows from the fact that a subvariety of pure
codimension 1 in a complex manifold is always a principal hypersurface.

Q.E.D.

THEOREM 1. Let Y,M and 4 be as above. The concepts defined
above are related by the following table:

s-taut imbd mod 4 —— taut imbd mod 4 —— hyp imbd mod 4

i |
v v l
s-taut mod 4 —— taut mod4d —— hyp mod4

(13

where o dotted arrow means “...implies... if M is locally taut in Y.”

Proof. (1) s-tautimbd mod 4 — taut imbd mod 4. Let {f,} be a se-
quence in Hol (D*, M). Assume that there exist compact sets K C D*
and L C Y — 4 such that f,(K) N L # ¢ for arbitrarily large n. By taking
a subsequence if necessary, we may assume that f,(K) N L ## ¢ for all
n. Since D* is homogeneous, there exists an automorphism g, of D* for
each n such that ¢,(0)e K and f,-¢,(0) € L, where 0 is the origin in D*.
By taking a subsequence if necessary, we may assume that the sequence
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{9.} converges to a mapping ge Hol(D*, D¥). If we prove that a sub-
sequence of {f,cg,} converges to ke Hol (D% 7Y), it will follow that the
corresponding subsequence of {f,} converges to f = hog™'. Thus we
can assume that f,(0) e L; for some j. It suffices to show that {f,} has
a subsequence which converges uniformly on any fixed polyeylinder
Dt = {(z,++,21);]2:] < 7}, where 0 <7< 1. But the hypothesis implies
that there exists a taut open subset U; of Y which depends only on
D¢ and L; such that f,(D¥) c U, for all n. Since U, is taut and
J2(0) is in the fixed compact set L; for all n, the result follows im-
mediately.

(2) s-taut mod 4 — taut mod 4. The proof is almost identical to that
of (1) and hence is omitted.

(3) tautimbd mod 4 — hyp imbd mod 4. In [12] it was shown that
“taut” implies “hyperbolic” and the same proof works here. But for the
sake of completeness, we shall give a proof. Let p,q be two distinct
points of Y such that pe 4. Let U, and V, be neighborhoods of p and
g in Y such that U,NV,=¢ and U, N4 =¢. Taking U, small, we
may assume that U, is hyperbolic. Let W, be a smaller neighborhood
of p such that W, is compact and is contained in U,. We shall first
prove that there is a positive number r» <1 such that if f:D—-M
is holomorphic and f(0)e W,, then f(D,) C U,, where D, denotes the
disk of radius r. Assume the contrary. Then for each positive integer
n, there exists a map f, ¢ Hol (D, M) such that f,(0) € W, and f,(D,,,) & U,.
Then the sequence {f,} has no subsequence which converges to g in
Hol(D,Y). (For g would have the property that ¢g(0) ¢ W, on one hand
and g(0) ¢ U, on the other hand.) This means that (a) of Definition 4
does not hold. By taking compact sets K = {0} and L = W,, we see that
(b) of Definition 4 does not hold. This contradicts our hypothesis. Hence
there exists a number r with the property described above.

Let V, be a neighborhood of p in Y such that V, © W,. We shall
show that d,(V, "N M,V,N M) >0. We set

b= dUp(Vp, U, —-WwWy) >0,
and choose a positive constant ¢ such that
d5(0,a) = ¢-d,(0,0) for ae D, .

Let xeV,NM and ye V,N M. We shall show that dy(x,y) = be. Con-
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sider a chain of holomorphic disks from « to ¥, i.e., a chain of points
X = Py D1y Dy ***»Pm = ¥ in M, points a,, ---,a, of D and mappings f,
<oy fm € Hol (D, M) such that f;(0) = p,_, and fi(a,) =p, for 1 =1, ..., m.
By inserting additional points to the chain p,, .--,p, if necessary, we
may assume that a,eD,, and that p, ---,p,_,e W, and p,eU, — W,
for some k,1<k<m—1. Now

Z?ﬂ dp(0,a;) = Zf=1 dp0,a;) = C‘ZLl dD,(O’ a;)
= -2 51 dy,(Di_1, D) = € dy (Do, D) = cd .

Thus, d,(z,y) = be.

(49) tautmod 4 — hypmod 4. The proof is identical to that of (3)
and hence is omitted.

(5) hypimbd mod 4 — hyp mod 4. This is clear from Definitions 1
and 2.

(6) s-taut imbd mod 4 — s-taut mod 4 under the assumption that M
is locally taut in Y.

From Definition 5 it is clear that all we -have to prove is that if U
is a taut open subset of Y, then UNM is also taut. Let {f,} be a
sequence in Hol (D, U N M). Assume that {f,} is not compactly divergent,
i.e., there exist compact sets K< D and L C (U N M) such that f,(K) N L
# ¢ for infinitely many n. We have to show that {f,} has a subsequence
which converges in Hol (D, U N M). Taking a subsequence, we may as-
sume that f,(K) N L # ¢ for all n. Since U is taut by assumption, {f,}
has subsequence which converges to some f in Hol (D, U) we shall show
that fe Hol(D,U N M). Assume that f¢ Hol(D,U N M). Then the open
subset f"(UNM) of D is distinet from D and it is nonempty since
f2(K) N L+ ¢ for all n implies that f(K) NL = ¢. Let a be a point of
the boundary on f"(UNM) in D and set p = f(a)eU. Let V, be a
neighborhood of p» in Y such that V, N M is taut. Let W, be a small
neighborhood of @ in D such that f(W,) C V,. By taking a subsequence,
we may assume that f.(W, cV, for all n. Let b be a point in
W, N f~(UNM). Consider {f,} as a sequence in Hol (W,, V, N M). Since
V,NM is taut, it converges in Hol(W,,V,N M) or it is compactly
divergent. But lim f,(a¢) = f(@¢) =pe U — (UN M) and lim f,(b) =f(b)
eUNM. This is a contradiction. Hence, fe Hol(D,U N M).

(7) tautimbd mod 4 — taut mod 4 under the assumption that M is
locally taut in Y.
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Let {f,} be a sequence in Hol(D*, M). Assume that (b) of Definition
4 does not hold, i.e., there exist compact sets K< D* and LC M — 4
such that f,(K) N L # ¢ for infinitely many ». We have to show that
{f.} has a subsequence which converges in Hol (D*, M). But this can be
done exactly in the same way as in (6), replacing U by M and D by D*.
Q.E.D.
It is not clear whether or not s-taut mod 4 (resp. s-tautly imbd mod 4)
is in general a strictly stronger concept than taut mod 4 (resp. tautly
imbd 4). However, for the cases which we will study in sections 3 and
4, the next theorem shows that they are equivalent.

THEOREM 2. Let Y be a closed subvariety of P,(C) and let Hy, -- -,
H, be n + 1 hyperplanes in general position in P,(C). Let M and 4 be
as above. If Z =Y — M is a principal hypersurface and if (H,NY)C Z,
then M is s-taut mod 4 iff M is taut mod 4. If (H,U ---UH,)NYCZ,
then M is s-tautly imbd mod 4 in Y iff M is tautly imbd mod 4 in Y.

Proof. (1) tautly imbd mod 4 — s-tautly imbd mod 4 under the as-
sumption that M N H; = ¢ for j =0, --.,n. Let L be a compact subset
of Y — 4 and let K be a compact subset of D. Let L, ---,L, be com-
pact subsets of L such that L, N H; = ¢ and L = {J?.,L;. Let j be fixed
and identify P,(C) — H; with C*. Let B(r) denote the ball of radius r
centered at the origin in C® Assume that for each m there exists a
holomorphic map f,:D — M with f,(0)eL; and f,.(K) & B(m). Since
Ju(0) e L; for all m, (b) of Definition 4 is excluded. Thus we can assume
that {f,} converges in Hol(D, P,(C)) to some mapping f. It is clear
that f(0)e H; and that f(K) N H; + ¢. Proposition 2 given below shows
that this is a contradiction. Therefore, there exists an integer m; such
that if ge Hol(D, M) and 9(0)e L;, then g(K) C U; =Y N B(m;). Since
U, is a closed analytic subspace of the complete hyperbohc space B(m;),
U; is complete hyperbolic (and therefore taut).

(2) taut mod 4 — s-taut mod 4 under the assumption that M N H, =
¢. The proof is the same as (1) except that L = L, and U, = M N B(n,)
=Y N B(m,) — Z. Since Z is a principal hypersurface, U, is locally taut
in YN B(m,. As in step (6) of the proof of Theorem 1, it follows that
U, is taut. Q.E.D.

PROPOSITION 2. Let Y be a complex space and let H be a principal
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hypersurface of Y. If {f.} is a sequence in Hol (D,Y) which converges
to f and if (D) N H = ¢ for all m, then either f(D) N H = ¢ or f(D)C H.

Proof. Assume that f(0) =peH and that f(z)e H for 0 <|z|< 1.
Let V, be a neighborhood of p in Y such that V, N H is defined as the
zeros of a holomorphic function ¢: V, —»D. Without loss of generality
we can assume that f,(D,) C V, for all m. Then g, = ¢o f,, is a sequence
in Hol (D, D*) which converges in Hol (D, D) to g = ¢of. Since g(z) # 0
for 0 <|z| <7, it is easy to see that {g,} is not compactly divergent in
Hol (D, D*). Since D* is taut, this implies g € Hol(D,D*). This is a
contradiction since g(0) = 0. Q.E.D.

The previous proposition is an elementary generalization of the clas-
sical theorem of Hurwitz which says that the limit of a uniformly con-
vergent sequence of nowhere zero holomorphic functions is either nowhere
zero or zero everywhere. It should be noted that the proposition is not
true for an arbitrary subvariety H of codimension 1 if Y has singulari-
ties.

In [14], a characterization of “hyperbolically imbedded” was given
in terms of an hermitian metric on Y. A similar characterization is
valid for “hyperbolically imbedded mod 4°, but in order to give this we
must define what we mean by an hermitian metric on a complex space.
If Y is a complex space with structure sheaf ¢, the Zariski tangent
space is defined as the fibre space over Y whose fibre T,(Y) over p con-
sists of all derivations v:0, — C. By an hermitian metric 2 on Y we
shall mean:

(1) h determines a positive definite hermitian form on each fibre
T,(Y). If veTy(y), then ||v|, shall denote the length of v with respect
to this form.

(2) If 4(t) is a continuously differentiable curve in Y, then |¢'(®)|,
is a continuous function of ¢.

By @), if ¢:[a,b] - Y is a piecewise continuously differentiable curve
in Y, then the length L(¢) = fL|[¢’(t)|]n dt is well-defined. Thus, the her-
mitian metric induces a distan(z:e on Y in the usual manner. We shall
further assume that d, is a proper distance which induces the topology on
Y. If Y is an analytic subvariety of C*, then the usual metric on C* in-
duces an hermitian metric on Y. By using the standard partition of
unity argument, we can always construct an hermitian metric on an
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hermitian metric on an arbitrary complex space Y.

THEOREM 3. M is hyperbolically imbedded modulo 4 in Y if and
only if, given an hermitian metric h on Y, there exists a continuous
nonnegative function ¢ defined on Y such that:

(a) ¢ tis strictly positive on ¥ — 4

(b) f*(¢h) <dsy for all feHol(D,M) where ds: denotes the
Poincaré-Bergman metric of D.

Proof. Assume that there exists such a function ¢. Let d,, denote
the pseudo-distance on Y defined by the pseudo metric ¢h. Since f*(¢h)
< ds% for every f e Hol(D, M), we have

Ain(x, Y) < dy(x,y)  for z,yeM .

Since ¢k is positive definite at points of ¥ — 4, it follows that d,,(p, @)
>0if peY — 4, gqeY and p + q. For such a pair of points p, q, choose
neighborhoods U, and U, in Y such that d,,(U,, U, > 4d,,(p, @) > 0.
Then dy(U, N M, U, N M) > d,,(U, N M, U, N M) > d,(Uyp, Uy > 0. Hence
M is hyperbolically imbedded modulo 4 in Y.

Assume that M is hyperbolically imbedded modulo 4 in Y and let L
be a compact of ¥ — 4. We shall first show that there exists a constant
¢ >0 such that f*(ch) <ds} in f~Y(L) for all fe Hol(D,M). If not,
then there exists a sequence {f,} in Hol (D, M) such that f*((1/n)h) > ds}
at some point a, of f,;X(L) C D. Sinece D is homogeneous, we can as-
sume that a, = 0. Let v be a unit vector at the origin 0 of D. Then
| fus@) | > n. Since f.(0)eL and L is compact, we may assume that
{f2(0)} converges to a point p of L. Let U be a neighborhood of » in
Y which is identified with a closed analytic subset of D™. Assume that
there exists a positive number r» <1 such that f,(D,) Cc U for n > n,.
Then {f,|D,} is a normal family and since fo(O)—>pe U, there exists a
subsequence of {f,|D,} which converges in Hol(D,, U). But this is impos-
sible since | fz(®) |}, > n. Thus no such 7 \_‘exists. This means that for
each k, there exist z,€D and an integer n, such that |z,]<1/k and
and f,,(2) ¢ U. Let p, = f,,(0) and g, = f.(2,). By taking a subsequence
if necessary, we may assume that {q,} converges to point g¢ U. Since
Ay, @) < dp(0,2,) -0 as k—oco, M is not hyperbolically imbedded
modulo 4. Thus, for each compact set L C Y — 4, there exists a con-
stant ¢ > 0 with the prescribed properties. Now let L, c L,C L, C ---
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be an increasing sequence of compact subsets of ¥ — 4 such that ¥ — 4
=, L; Then there exists a corresponding sequence of positive con-
stants ¢, > ¢, > ¢; > .- with the corresponding properties. Let ¢ be any
nonnegative continuous function on Y such that 0 < ¢ <e¢; on L;. Then
¢ satisfies conditions (a) and (b) of the theorem. Q.E.D.

THEOREM 4. Let M be hyperbolically imbedded modulo 4 in Y. If
M is locally complete in Y, then M is complete hyperbolic modulo 4. In
particular, if Z =Y — M is a principal hypersurface of Y, then M is
complete hyperbolic modulo 4.

Proof. Let ¢ and h be as in Theorem 3. As in the proof above,
we have

Ay, @) < dy(p,q)  for all p,qe M .

If M is not complete hyperbolic modulo 4, then there exists a sequence
{p.} in M which is Cauchy with respect to d,, and such that p, > pe M U 4.
Let V, be a neighborhood of p in ¥ such that V, N M is complete hyper-
bolic. If we can show that {p,} is a Cauchy sequence with respect to
dy,nn> we will have a contradiction since V, N M is complete and p, —
peV,N M. Let B(p,r) denote the ball of radius r centered at p with respect
to the pseudo-distance d,,. We note that in a neighborhood of p € Y — 4, ¢h
is positive definite and d,, is a distance. Choose § > 0 such that B(p, 35) C
V,. Since {p,} is Cauchy with respect to d, and p,— p, there is an integer
7, such that dy(p.,p.) <4d/2 and p, e B(®,d) for m,n>mn, Consider a
chain of analytic disks from p,, to p,, i.e., points p,, = Xy, T4y« + +, X = Dy
in M, points @a,,---,a; in D and mappings f,---, [, € Hol(D, M) such
that f,(0) = z,_, and fi(a,) =2, for ¢ =1, ..., k. Since dyPn, ) <3/2,
we can assume that >%,d;(0,a;) < 4§ and by inserting additional disks
if necessary, we may assume that |a;| < r/2 where 6 = d,(0,7). Since

k k k
Z_:. B (®g_15 ) < ; A2y, ) < ; dp(0,a,) <9,

it follows that «; e B(p,2) for all ¢. Since 6 = d,(0,r), it follows that
J«D,) C B,30)NMc V,NM for all i. Choose a constant ¢ > 0 such
that dp(0,2) > ¢dp,(0,2) for |2|<r/2. Then

'Zi d,(0,a;) > ¢ Z: dp,0,a;) > ¢ g denM(fi(O): Ji(ay) > CdV,,nM(pm’ D) -
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Since the last inequality is valid for all such chains, we have

dM(pmr pn) = CdVPnM(pmy pn) for My N > Ny «

This shows that {p,} is a Cauchy sequence with respect to the distance
dy,nx Which is the desired contradiction. Q.E.D.

The following two propositions are immediate from Definition 1.

PROPOSITION 3 (Ltttle Picard theorem). If M is hyperbolic modulo
4 and if f:C*— M is holomorphic, then either f is a constant map or
f(cyH) c 4. In particular, if 4 is an analytic subvariety of dimension
<k, then f is degenerale everywhere.

This follows from the fact that dg = 0.

PROPOSITION 4. If M is hyperbolic modulo 4 and dimd =k — 1,
then M is m-measure hyperbolic for k < m < dim M.

The concept of m-measure hyperbolic was introduced and studied
extensively by D. Pelles (formerly D. Eisenman) in [5]. The definition
and basic properties can also be found in [16].

3. Theorems of Bloch and Cartan

We are now in a position to discuss the results of Bloch and Cartan.
Throughout this section, we let Y be the n-dimensional complex projec-
tive space P,(C) and let M =Y — (H,U --- UH,,,) where Hy,---,H,,,
are n 4+ 2 hyperplanes in P,(C) in general position. Following Cartan,
we represent Y and M as follows. Let (2% -.-,2"*") be homogeneous
coordinates for P,,,(C) and imbed Y in P,,,(C) as the hyperplane Y =
{2 -+, 2" e Py (C);2° + -+« + 2™ = 0}. Without loss of generality,
we may assume that H; = {(z° ---,2"*) e Y ; 2’/ = 0} and therefore M =
{& v, 2" eP (CO);a*+ -+ + 2" =0 and «/#0 for j=0,--,
n + 1}, The advantage of this representation is that it gives equal
status to each of the hyperplanes H;, We now define an analytic sub-
variety 4 of Y. It will be the union of a particular set of hyperplanes
which we shall call diagonal hyperplanes with respect to Hy, .-+, H,,,.
Let # be the set of subsets of {0,---,n + 1} which consist of at least
two elements and not more than n elements. For I={j, --,j:}e 7,
we set 4; ={a° ---,2"*")eY ;a4 ... + 2% = 0} and define 4 = ¢, 4;.
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Note that if I’ is the subset of {0, ---,7 4+ 1} complementary to I, then
Ay = 4;.

In terms of homogeneous coordinates for P,,,(C), a holomorphic
mapping f e Hol (D, M) is equivalent to a set of holomorphic functions
fi:D—-C—{0}forj+0,-...,mn+ 1 satisfying ) + --- + f**(2)=0 for
all zeD. If (w!, ..., w"*") are inhomogeneous coordinates with w? = x7/a",
then f can be represented by f(2) = (w'(?),---,w"*'(2)) where wi(z) =
fi(®) /() is nowhere zero for each j and w'(z) + --- + w"*'(z) = —1 for
all zeD. In this section we shall use whichever of these representations
is more convenient at the time.

Let peM — 4 and r <1 be fixed. Bloch states (see Theorem VII,
page 343 of [2]) that there exists R > 0 which depends only on p and »
such that if fe Hol(D, M) and f(0) = p, then f(D,) C B(R) = {w'f + ---
+ |wr+'f < R?. However, the proof of the theorem shows that the same
R works for all fe Hol(D,M) with f(0)e U,, where U, is a small rela-
tively compact neighborhood of p with U, C M — 4. Thus, Bloch
actually proved:

Let L be a compact subset of M — 4 and let r <1 be fixed. Then
there exists R >0 which depends only on L and r such that if
feHol(D,M) and f(0)e L then f(D,) C U = M N B(R).

Since Y N B(R) is a closed analytic subspace of the complete hyper-
bolic space B(R), it is complete hyperbolic. Let g: Y N B(R)— C be
defined by g(w?, - - -, w**") = w'w? ... w**! and let Z = ¢-'(0). Then U =
Y N B(R) — Z and since Z is the zeros of a bounded holomorphic function
on Y N B(R), it follows from Theorem 4.10 of [16] that U is complete
hyperbolic. Thus Bloch’s proof actually shows that M is s-taut mod 4.
Since Y, M, and 4 satisfy the conditions of Theorem 2 in section 2, this
is no stronger than showing that M is taut mod 4. Thus we have:

THEOREM 5 (Bloch). Let M = P,(C) — (H,U --- UH,,) and 4 be as
above. Then M is taut mod 4.

The weakness of Bloch’s proof is that the estimate of the “size” of
J(D,) blows up as we allow f(0) to approach any of the hyperplanes H;.
In [3], Cartan used Bloch’s basic techniques but he was able to overcome
this difficulty. Whereas Bloch considered one mapping at a time, Cartan
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considers sequences of maps. The following statement is contained in
Theorem VII, page 312 of [3].

Let {f,} be a sequence in Hol (D, M) where f, = (fS, ---,f2*). Then
one of the following is satisfied.

(@) {fu} has a subsequence which converges in Hol (D, Y).

(b) There exists I= (5, ---,5,)e F such that o subsequence of
{(fir + -+ + fiD]fi} converges uniformly on compact subsets to the zero
function. Note that if (fi}2) + --- + fi¥2)/fi}z) — 0 as m — oo, then
fn(?) converges to A; in the semse that for any open set V of 4; in Y,
there exists m, such that m = m, tmplies f,(z) e V. In fact, the weaker
assumption that

2@ + - DL,
VIR@F+ -+ 7 @r

also implies that f,(2) converges to 4;. It should also be remarked that
Cartan’s theorem implies a stronger result than that given above. We
will discuss this later. However the previous statement is sufficient to

prove:

THEOREM 6 (Cartan). Let M = P,(C) — (H,U ---UH,,), Y = P,(C)
and 4 be as above. Then M s tautly imbedded modulo 4 in Y and M
is complete hyperbolic modulo 4 in Y.

Proof. Let L C Y — 4 be compact and choose compact subsets L; C L
for j=0,---,m + 1 such that L = (J72} L; and LN H; = ¢. We shall
find taut open subsets U; of Y which satisfy the conditions of Definition
5. By symmetry, it suffices to do this for 7 = 0.

Let K be a compact subset of D and choose » < 1 such that K C D,.
Assume that for each positive integer m, there exists a mapping f,.(z) =
(W), « -+, wr(z)) in Hol (D, M) such that f,(0)e L, f.(D,) & B(m). If
{f=} has a subsequence which converges in Hol (D, Y) to f, then f(0) ¢ H, and
f(D)NH,+ ¢. By Proposition 2 of Section 2, this is impossible and there-
fore (b) of Cartan’s theorem holds. Thus there exists I = (j,, -,/ €S
such that after taking a subsequence and relabelling if necessary, we have

SO 4+ F IO
720

This implies that f,,(0) converges to the diagonal hyperplane 4,. This
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is impossible since f,,(0) e L, for each m and L, is a compact subset of
Y — 4. Therefore there exists R > 0 depending only on L, and r<1
such that if fe Hol (D, M) and f(0) € L,, then f(D,) C U= Y N B(R). Since
U is complete hyperbolic, we have shown that M is s-tautly imbedded
modulo 4 in Y, which in this case is equivalent to tautly imbedded modulo
4 in Y. Since Y — M is a principal hypersurface, M is complete hyper-
bolic modulo 4 in Y. Q.E.D.

Remark. Let {f.} be a sequence in Hol (D*,M). If {f,} does not
have a subsequence which converges in Hol (D*, M), then the previous
theorem implies that {f,} “converges” to 4. However from the proof
of the last theorem it is easy to see that in the latter case, {f,}
has a subsequence which “converges” to a particular diagonal hyper-
plane 4;.

4. Applications

In 1897, E. Borel generalized the little Picard theorem (see [2]) and
it was his work which motivated Bloch’s paper. It is worthwhile observ-
ing that Bloch’s theorem implies Borel’s result for functions defined on C™,

COROLLARY 1 (E. Borel). Let f7:C™— C — {0} be holomorphic func-
tions for j =0, - - -, m + 1 satisfying f°(z) + --- + f**'(») = 0 forall ze C™.
Then there exists a subset {j,, ---,7:} of {0,---,m + 1} (k= 2) such that
[ @)+ - + fM2) =0 for all zeC™ and fi'(2)/f*(z) is a constant
function for 1=1,---,k.

Proof. Let f=(/%---,f**". Then feHol(D,M) where M and 4
are as in Theorem 5. Since M is hyperbolic modulo 4 and since d¢. = 0,
it follows that f is a constant mapping or f(C™) C 4. In the first case
we are done. If f(C™) C 4 then it is clear that f(C™) C 4; N M for some
I={j,---,7:}. By induction we can assume that » = 1. But for n =1,
ANM = ¢ and therefore f is a constant mapping. (For n =1, M is
hyperbolic since M = P,(C) — {p1, D2 D3})- Q.E.D.

Corollary 1 was first given by Fujimoto in [7] and Green in [10].
Both authors were able to give a proof which does not depend on Bloch’s
result and which is much clearer and more elementary. Using Corollary 1
and elementary algebra, they deduced the next theorem. We refer the
reader to [10] for a proof based on Corollary 1.
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THEOREM 7 (Fujimoto and Green). Let H,,---,H,., be n + k hyper-
planes in general position in P,(C) where 2<k<n-+1 and let M =
pP.(C)—HU---UH,,). If f:C™— M is holomorphic, then f(C™) is
contained in o linear subspace of dimension < m/k. Furthermore, the
bound n/k is sharp.

Let Hy, ---,H,,_, be 2n + 1 — h hyperplanes in general position in
P,(C) where 0<h<nmn—1andlet M = P,(C) — (H,U --- UH,,_,). Let
J denote the set of subsets of {0, - - -,2n — &} consisting of » + 2 elements.
If J={j, - dni}ef, we let 47 denote the set of diagonal hyperplanes
with respect to H,,, ---,H;,,, and let 4, = (,c,47. We call 4, the diago-
nal set for the hyperplanes Hy, - - -, H,,_, and note that if # = n — 1 then
4, = 4 where 4 is as Section 3. Since the hyperplanes are in general
position, elementary linear algebra shows that 4, is the union of a finite
number of linear subspaces of P,(C) and that the dimension of 4, < &.
For J = (ji, -+ Jnss), We define M, =P,(C)— (H;U---UH,;,). By
applying Theorem 6 to P,(C),M; and 47 for each Je ¢, we obtain:

COROLLARY 2. Let M = P,(C) — (H,U ---U H,,_,) and 4, be as above.
Then M is tautly imbedded mod 4, in P,(C) and M is complete hyper-
bolic mod 4,.

For emphasis, we restate this corollary for the case o = 0. (This is
the same as Theorem 3 of [14]).

COROLLARY 3. Let M = P,(C) — (H,U --- UH,,). Then M is tautly
imbedded tn P,(C) and M is complete hyperdolic.

Although Corollary 3 is contained in Corollary 2, it has a special
character in the sense that it can be deduced relatively easily from Bloch’s
theorem, whereas Corollary 3 depends on Cartan’s theorem. This fact
is probably the reason that the full implications of Cartan’s theorem
seem to have been overlooked. To be more precise, let M = P,(C) —
(H,U --- UH,,_,). In [4], Dufresnoy quotes Cartan’s result to show that
if h =0, then Hol(D,M) is relatively compact in Hol (D, P,(C)). In
essence, however, Dufresnoy only uses that portion of Cartan’s theorem
which is already contained in Bloch’s paper. This explains why Dufresnoy
is only able to prove that M is taut mod 4, (for mappings defined on D)
when A > 0. This oversight is carried over to Fujimoto’s papers [6] and
[8] where he generalizes Dufresnoy’s results to several variables and
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shows that M is taut mod 4,. The papers of Dufresnoy and Fujimoto
have the advantage, however, that they expose the geometric nature of
Cartan’s work. The fact that Cartan’s original theorem is not stated
in geometric terms may well be the reason that it has been overlooked
by many authors in recent years.

The case h = 0 is special for the additional reason that it is the
only case in which the following strong generalization of the big Picard
theorem holds.

Let M = P,(C) — (H,U --- UH,,) and let A be a closed analytic sub-
variety of the complex manifold X. If codimension A > 2 or if the singu-
larities of A are normal crossings, then any holomorphic map f: X — A
— M extends to a holomorphic map f:X — P,(C). This follows from
the fact that M is complete hyperbolic and hyperbolically imbedded in
P,(C) (see Theorem 2 of [13] and Theorem 4 of [14]).

If we omit fewer than 2n -+ 1 hyperplanes, then the extension theorem
given above fails. Furthermore, it does not seem possible to use Cartan’s
theorem to deduce any extension theorem for these cases. However,
Fujimoto [7] and Green [11] have used a generalized Borel theorem for
punctured domains to show that extensions are possible in certain situ-
ations. Green’s result is a little more precise than Fujimoto’s and since
it gives an indication of how families of holomorphic maps might be
expected to behave, we quote it here.

THEOREM 8. Let f=(f°---,f"eHol(D* X D', M) where M =
P,(C)— (HU---UH,,;) and the H; are n + k hyperplanes in general
position with k>2. Let I, -..,I, be the partition of {0, ---,n} defined
by the equivalence relation ¢ ~ j if fi/f’ extends meromorphically to D™.
Then

(@ s<m+hk/k
(b) the image of f lies in a linear subspace of codimension > (s — 1)
(kE—1).

(Note that if s = 1, then f extends to a holomorphic map f:D™— P,(C).
To see this we can assume that f° ---, f* are nowhere zero in D* x D™}
and that f9(2)/ () = hi(2)/97(z) where hi(z) and g’(2) are relatively prime
holomorphic functions defined on D™ and z = (2, - - -, 2,,). Since the zeros
of A/ and g’/ are contained in the set {z, = 0}, h/(2) = 29hi(2) and ¢i(2) =
209Gi(z) where h' and ¢’ are nowhere zero in D™. This implies that
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SfI@) ] f(2) = 2'F(2) where l; is an integer for j=1,...,n and F; is a
nowhere zero holomorphic function on D™. Let I = max {0, -1, .-, —1,}.
Then f(2) = (&%, 2i*1F'\(2), - - -, 2" =F(2)) is a holomorphic extension of f
to all of D™. In particular, Theorem 8 gives a holomorphic extension
if f has rank >k =n — k + 2 at some point ze D* x D™"'.)

The number s in Green’s theorem is called the degree of irrationality
of the mapping f since it measures the extent to which f fails to ex-
tend. The theorem shows that the more irrational a map is, the lower
the dimension of the smallest linear subspace which contains the image
of f. It is reasonable to expect a similar situation to occur for families
of holomorphic maps into M. To be more precise, let {fn = (£, - - -, D}
be a sequence in Hol(D,M) and let I,---,I;, be a partition of {0, .-,
n + 1} such that, after taking a subsequence of {f,} and relabelling, we
have fi/fi converges uniformly on compact sets iff 7,7eI, for some k.
Let s be the smallest number which can be obtained in this way. Then
we call s the degree of nonconvergence of the sequence {f,}.

CONJECTURE. Let M = P,(C) — (H,U --- UH,.,), {fu} and s be as
above. Then

(@ s+ h/k

) {fa} has a subsequence which converges to a linear subspace of
codimension = (s — 1)(k — 1).

To give more credence to the conjecture we now state the original
version of Cartan’s theorem more precisely. We use the conventions
introduced in Section 3 concerning H, ---,H,,, and (f° ---, f**).

Let M = P,(C) — (H,U --- UH,,,)) and let {fn = (f% -+, f2*)} be a
sequence in Hol(D,M). Then there exists a partition I, ---,I, of
{0, ---,mn + 1} such that, after taking o subsequence and relabelling, we
have:

(a) {fi/fL} converges wumiformly on compact sets iff i,jel, for
some q.

) If Iy ={j, -, 0.} and q £ 2, then (fit + -~ + fi) /[l — 0 uni-
formly on compact sets.

If (b) is satisfied for all ¢ <r, then each subset of the partition
contains at least 2 elements and therefore » < (n + 2)/2. From this it
would follow easily that the degree of nonconvergence s of {f,} satisfies
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s<(n + 2)/2. Furthermore, {f,} would have a subsequence which con-
verges to a linear subspace of codimension > s — 1. Thus the conjecture
for k = 2 would follow. The general case could probably then be derived
from this one in a relatively elementary manner. Although he could
not prove that (b) was satisfied for all j =1,...,», Cartan considered
it very likely that this is indeed true.

5. Comments

In [6] and [8], Fujimoto uses the intrinsic distance and normal families
of mappings to derive many of the results contained in Section 3 and 4.
It was his papers which first called our attention to the papers of Bloch
and Cartan.

Finally we shall give two examples and pose a few open problems.

ExaMPLE 1. Let X be a hyperbolic compact complex manifold of
dimension > 2. Let Y be obtained from X by blowing up a point pe X
and let 4 be the corresponding projective space. Then Y is taut mod 4.

EXAMPLE 2. Let M be the quotient of a bounded symmetric domain
2 by an arithmetic discrete group I' and let Y be its compactification in
the sense of Satake, Baily and Borel, and Pyatetzki-Shapiro. It was
shown in [17] that M is hyperbolically imbedded in Y. Since the proof
of Theorem 1 of [14] shows that hyperbolically imbedded implies tautly
imbedded if 4 = ¢, we have that M is tautly imbedded in Y.

PROBLEM 1. Determine the relationship between “taut mod 4 and
“complete hyperbolic mod 4”. This is probably difficult. When 4 is
empty, it was shown in [12] that “complete hyperbolic” implies “taut”,
but the converse is not known.

PrROBLEM 2. Does “hyperbolically imbedded mod 4” imply “tautly
imbedded mod 4”? As pointed out in [14], the answer is yes if 4 = ¢.

PROBLEM 3. In Theorem 4, can we weaken the assumption that M
is hyperbolically imbedded mod 4 to the assumption that M is hyperbolic
mod 4? The question is open even in the case where 4 = ¢.

PROBLEM 4. Let Y be a complex space which is measure hyperbolic.
Does there exist a closed analytic subvariety 4 of Y such that Y is
hyperbolic mod 4?
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