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1. Introduction

Let n be a positive integer and let T be any nonempty set of positive in-
tegers. By (n,T)= 1 we mean n is relatively prime to each element of T. Hence n
can be written as n = n1n2 where nx is the largest divisor of n such that (nl,T)= I.
Let P be a property associated with positive integers. We shall say that a positive
integer n is a P-number if it satisfies the property P. If in the above representation
of n, the integer nx is a P-number, then we shall say that n is a quasi P-number
relative to T, or, simply, a quasi P-number. In particular, for k a positive integer
> 1, n is quasi fc-free (for given set T) if nx is fe-free.

Property P may be the property of belonging to a set A. In such a case we
use the following notations:

QA.T = the set of all quasi belonging to A numbers;

QA-,T(X) — tne number of positive integers ^ x belonging to QA.T,
where x is real and ^ 1;

Q.A;T(x>h) = tne number of positive integers ^ x belonging to QA.T and
relatively prime to a fixed positive integer h;

iA;i(.n) = tne characteristic function of QA.T, that is qA.yl{n)= 1 if n
is in QA.T and = 0 otherwise.

In Section 2 we establish a sum for QA;1(x) where the set A is multiplicative.
Some known and some new results follow as corollaries. In Section 3 we give an
estimate for a certain class of quasi fe-free numbers.

2. The arithmetic sum

LEMMA 2.1. Let T be any nonempty set of positive integers and let A be
any nonempty set of positive integers whose characteristic function a(n) is
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multiplicative. Then

QA:1{x) = S a*{n) K l
(n,T)=l

where [x] is the bracket function and a*(ri) = Ed|n a{d)n{njd) or, equivalently,
a(n) = Xd|n a*(d). More generally, for h a positive integer,

where (j>(x,h) is the number of positive integers :g x and relatively prime to h.

PROOF. Let n =n^n2 where nx is the largest divisor of n such that (nlt T) = 1.
Then

«x:r(n) = ^:r("i"2) = ^;T(ni) = «(«i )= 2 a*(d)

so that

Now let e(n, T) be defined by

afii r> = ! u ( n > r ) = 1

\ 0, otherwise.
Then

?A;T(«) = S a*(d)e{d,T).
Hence

Q*r(*) = 2 ^ ; T ( n ) = S a*(d)e(d,r)

»si I" J
(H.X} — 1

The proof of the more general result is similar and will be omitted.

In the rest of this paper we take T = {m}, the set consisting of the single
element m, where m is a square-free integer. For convenience we write Qk;m in the
place of Qk.lm).

COROLLARY 2.2. For K the set of all k-free integers,

(n.m)=l

where nk(ji) is the multiplicative function given for powers of an arbitrary prime
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(- 1, a=0

Hk(P°)=l - 1 , a = k

^ 0, otherwise.

The corollary follows from the well-known result:

qK(n) = I nk(d)= S
d|n dfcl

COROLLARY 2.3. More generally,

COROLLARY 2.4. Let U be the set {1}. For A = U, and m = p, a prime,

a result attributed to Newman by Gupta [/, ^. 445].

COROLLARY 2.5. For A = U = {1},

nix
(n,m) = 1

This result is due to Gupta [ I ] (as being the number of divisors of ms, where
s = log2 x, which do not exceed x).

COROLLARY 2.6. Let V be the set of all positive integers which are k-th
powers, k^2. Then

where lk(n) is the multiplicative function defined for powers of an arbitrary
prime p by

1, a = 0 (mod k)

UP") = i - 1 , a=\ (mod k)

^ 0, otherwise.

This result is due to Gupta [2].

COROLLARY 2.7. Let R be the set of all (k,r)-numbers, that is, the set of
all positive integers whose k-free parts are r-free, where 0 < r < k (Subbarao
and Harris [3]). Then
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(n,m) = l

where Xk r(n) is the multiplicative function defned for powers of an arbitrary
prime p by

r 1, flsO (mod k)

K,r(Pa) = i ~U a = r ( m o d fc)

^ 0, otherwise.

3. Application to quasi fc-free numbers

Let Jk(n) be the Jordan totient, (j)(n) be Euler's phi-function, £(fc) be the Riemann
zeta function and c*(m) be the sum of the s-th powers of the square-free divisors
of m.

THEOREM 3.1. Let h =hji2 where hl is the largest divisor of h such that
(ft,,m)=l. Then

mh

uniformly with respect to m, h and x for any s, 0 < s <l/k.

PROOF. By Corollary 2.3,

(d mh) =

= z

for every s where 0 < s < 1, by Cohen [4]. Continuing,

E i ^ + of I
d%x

(d,mh) =

x £ _ ^ L 2
h d=i d h d>x d

= I, + 12 +h,

say. We investigate Iu I2, I3 in turn. First,
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ii Z • X £u T~ • X 1 1
h n h

(i,mh) = 1

n d
\ pk

n ( i - -
p\mh \ Pk

Jk{mh)

X k

-m hC(k) Jk(mh) h, h2

X mkhk l M"1'1® ^ * » )
Jk{mh)

Next,

^ i
h dk>x dk

(d,mh) = l

Finally,

\(d,»ik) = l

and so

J

if we can show

1
- 0

This result is established as the

LEMMA 3.2. E —T= '

for u a positive integer and any s in 0 < s < 1.

https://doi.org/10.1017/S1446788700013185 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700013185


[6] An arithmetic sum of quasi k-free integers 277

PROOF. Let

(1 if (n,u) = l
" ( n ' " ) = i 0 otherwise.

Thus

v 1 v r\{n,u)

Since by the same lemma of Cohen as used earlier

the sum can be evaluated by a standard method (see, for example, Hardy and
Wright [5]) to be

The theorem follows upon combining the results of evaluating i\ , I2 and 73.

COROLLARY 3.3 TO THEOREM 3.1. Taking m = 1 in theorem 3.1, we see that
ht = h, h2 = l, so that we have the following result: QK;1(x; h) = The number of
k-free integers g x which are relatively prime to h is given by

n(<Kh)tr

uniformly with respect to h and x,for any s such that 0 < s < 1/fc.

This result has been very recently proved under a slightly different notation
by Suryanarayana [8] as an improvement in the O-estimates of the error term
obtained in his earlier papers ([6] and [7]).
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