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Abstract. In this paper, we show how to represent a non-Archimedean preference over a
set of random quantities by a nonstandard utility function. Non-Archimedean preferences
arise when some random quantities have no fair price. Two common situations give rise to
non-Archimedean preferences: random quantities whose values must be greater than every real
number, and strict preferences between random quantities that are deemed closer in value than
every positive real number. We also show how to extend a non-Archimedean preference to a
larger set of random quantities. The random quantities that we consider include real-valued
random variables, horse lotteries, and acts in the theory of Savage. In addition, we weaken the
state-independent utility assumptions made by the existing theories and give conditions under
which the utility that represents preference is the expected value of a state-dependent utility with
respect to a probability over states.

§1. Introduction.

1.1. Motivation. The primary goal of this paper is to extend three well-known
theories of decision-making to allow for non-Archimedean (unbounded and/or
discontinuous) preferences as defined in Definition 1.1 below. The theories that we
extend are (i) coherent previsions of [11], (ii) lotteries and horse lotteries of [1, 41],
and (iii) general acts of [35]. The objects that an agent compares differ amongst the
three theories. In Section 3 below we show how to interpret each of the theories as a
special case of the framework that we develop in this paper.
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DEFINITION 1.1. Let X be a set.

1. A4 binary relation = on X is a preorder if it is both reflexive and transitive. A
preorder 3 is total if, forall X, Y € X, (X 2 Y)V (Y 2 X).

2. A binary relation < on X is a strict partial order if it is transitive and asymmetric
(X < Y implies -[Y < X]).

3. If < is a strict partial order on X we say that < is Archimedean' if. for all
XY ZeX,

(aX + [l -alY < Z forall real 0 < a < 1) implies -(Z < Y). (1)

4. Let = be a preorder on X that expresses an agent’s preferences. Let < be a strict
partial order on X such that X < Y implies X 2 Y. If < is not Archimedean,
we say that the agent’s preferences are non-Archimedean.

Archimedean preferences are continuous at o = 0 for mixtures of the form in the
first clause of (1). Also, if X is worth infinitely less than Z which in turn is just a little
bit less valuable than Y, then (1) can fail.

EXAMPLE 1. Let Q be an infinite set with a o-field £ of measurable sets and a countably
additive probability defined on it. Let Xy be an unbounded real-valued function with
infinite expected value, and let X be the linear span of { Xy} and the set of bounded real-
valued measurable functions defined on Q. Each element of X has a unique representation
as X = aXy + Y where a is a real number and Y is bounded. The expected value of each
such Xis E(Y ) ifa = 0 and sign(a)oo if a # 0. Define X < Z tomean E(X) < E(Z).
To see that < is not Archimedean, let X = Xy, Y =2, and Z = 1in (1).

The need for non-Archimedean preferences arises in several ways. One way is when
certain needs must be satisfied before others can be addressed as described by Rekola
[32]. Another is when some options are deemed infinitely more valuable than others.
While modelling ecological preferences, Gelso and Peterson [17] say (p. 36) “someone
who regards biodiversity protection as a moral duty cannot be compensated for the
extinction of a species.” For preferences between random variables, larger is often
preferred to smaller. It is common to express such preferences through expected utility
maximization. When some random variables are unbounded (see Example 1 above) or
when the domain space is uncountable (see Examples 4 and 5 below), certain “larger
is better” preferences are inherently non-Archimedean.

All three Archimedean theories that we extend also assume that preferences are state-
independent, are expressed via total preorders, and satisfy a linearity assumption. We
relax the state-independence and total-preorder assumptions and drop altogether the
assumption that preferences are Archimedean. Allowing utility to be state-dependent is
particularly important in financial applications where different states of the world can
entail different exchange rates between currencies as in [36] and/or different relative
prices for commodities. We maintain a linearity assumption in order to achieve an
expected-utility representation.

! There are many definitions of < being Archimedean, each of which is combined with other
assumptions to prove results about <. The particular definition here is taken from Chapter 5
of [16] and which he calls “the weakest Archimedean axiom that will suffice for the one-way
representation.” The one-way representation of a strict partial order < corresponds to the
existence of a function that agrees with < as defined in Definition 1.3 in Section 1.3 below.
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A popular way to model non-Archimedean preference is through a lexicography of
Archimedean preferences. Let A = {Z,}aen be a well-ordered set of total preorders
that represent Archimedean preferences on a set X. The resulting lexicographic
preference =<4 is defined by (i) X ~4 Y if X ~, Y for all o, and (ii) X <4 Y if
X <, Y for the first @ such that ~(X ~, Y). A common example is to let each =,
be a ranking by expected utility values P,(U,(X)). Previously mentioned authors
[17, 32] use lexicographies to model their non-Archimedean preferences. Also, Blume,
Brandenburger, and Dekel [7] use lexicographies in game theory to allow conditioning
on events that would otherwise have zero probability and Miranda and Van Camp
[25] use lexicographies to model sets of acceptable choices in a non-Archimedean
setting. See also [6, 21, 31] for some theoretical considerations. Halpern [20] contains
an extensive comparison of the uses of lexicographic preferences and nonstandard
numbers for representing preferences. In particular, Examples 3.3 and 4.8 of that paper
show that there are cases of non-Archimedean preferences that cannot be modeled
via lexicographies of standard expected utilities while showing that all lexicographic
preferences can be represented by a nonstandard utility. See also [33]. In this way,
a nonstandard representation is a strict generalization of lexicographic preferences.
In this paper we use nonstandard-valued functions to represent non-Archimedean
preferences.

1.2. Standard versus nonstandard numbers. For the remainder of the paper, we
refer to the familiar real numbers in the set R as standard numbers to distinguish them
from the nonstandard numbers that we describe in Appendix A.l and use liberally
throughout the paper. We call a function numerical if it takes either standard or
nonstandard values. In all cases. the calculations that are part of an agent’s expressions
of preference involve only standard numbers. We use nonstandard numbers to represent
an agent’s preferences after preferences are expressed and to infer a probability and
utility to express that representation. Since we use multiple number systems, we need
to be careful about what we mean by “linear” in various settings.

DEFINITION 1.2. A space W of functions is a standard-linear space if a Y + Z € W for
all standard o, p and all Y. Z € W. A nonstandard-valued function U on a standard-linear
space W is called a standard-linear function if U(aY + BZ) = aU(Y) + pU(Z), for
all Y, Z € W and all standard o, . The standard-linear span of a set is the smallest
standard-linear space containing the set.

Notice that U(0) = 0 for every standard-linear function U. Definition 1.2 restricts
the coefficients in linear combinations to be standard even though the values of U might
be nonstandard. Readers desiring a more thorough understanding of nonstandards
than we present in Appendix A could read one of the many treatments such as [27, 34].

Other treatments of probability and/or decision theory that make use of nonstan-
dard numbers include [4, 13, 29, 42]. Section 3.2 of [29] has extensive references
along with some details of some of the attempts to make use of nonstandard-
valued probabilities. The same author, in [30], investigates representations of non-
Archimedean coherent preference over unconditional real-valued gambles. Our
representation incorporates coherent conditional preferences in Section 4. The
approach of [4, 5] is primarily to define probabilities that take infinitesimal values.
For a probability P on a set Q to be a “non-Archimedean probability,” in their
terminology, they impose a condition that requires all singletons {w} € Q to have
probabilities that are standard multiples of a common infinitesimal ¢. That is, there
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is an infinitesimal ¢ such that for every w € Q, there is a standard a,, > 0 such that
P({w}) = aye. This assumption places restrictions on the forms of non-Archimedean
preferences that can be expressed. For example, one cannot have a probability on the
integers in which every even integer has the same positive infinitesimal probability ¢
and every odd integer has the same positive infinitesimal probability J, but d/¢ is itself
infinitesimal.

For those familiar with nonstandard models of the reals, all of our analysis is external
rather than internal.” The main reason for an external analysis is that the nonstandards
are non-Archimedean from an external perspective, but are Archimedean from an
internal perspective. Furthermore, we want to insure that those aspects of the
decision problem to which the agent must attend are all of a familiar nature, such
as the concepts of “finite,” “countable,” “lottery,” “set,” “sum,” and “linear.” We
use nonstandards solely to represent an agent’s preferences when those preferences
satisfy the assumptions we state in Section 1.4. None of those assumptions requires
understanding of nonstandard concepts.’

Narens [26] develops a non-Archimedean theory of measurement. The theory
leads to measurements whose values lie in nonstandard models of the reals. Narens’
measurement systems have a number of features in common with probability and
preference, so it is not surprising that nonstandard numbers are useful for representing
non-Archimedean preference structures.

LRI

1.3. Some notation. Throughout this paper, Q denotes a state space, X denotes a
set of random quantities, which are functions from Q to a set O of outcomes. Subsets
of Q are called events. When X is a set of random variables, the set O will be the
standard numbers R. For other cases. both X and O will be more complicated sets that
are constructed later. We will make much use of the following concepts:

DEFINITION 1.3. Let =X be a preorder and let < be a strict partial order on the same set
X, and let U be a numerical function defined on X .

2 The distinction between internal and external analyses of nonstandards depends on some

concepts of abstract set theory, such as what counts as a set. Nonstandard models of the reals,
such as the ones in Appendix A.1, use standard objects, such as sequences and equivalence
relations, to construct new objects which play the roles of nonstandard numbers. These
constructed objects are numbers when looked at internally, i.e., as objects that satisfy the
Peano postulates and to which the Zermelo—Fraenkel axioms of set theory can be applied.
When the constructed objects are looked at externally, i.e., as functions of standard objects,
what counts as a set is defined in terms of the sets of standard objects from which they are built.
Some of the most useful of these external sets include the standard numbers, the standard
natural numbers and the infinitesimal numbers. These are sets when viewed externally. i.e.,
from the point of view of the standard objects from which they are defined. However, they
do not satisfy the definition of “set” according to the Zermelo—Fraenkel axioms applied to
the nonstandard numbers when viewed internally. Both internal and external perspectives
have their uses, but it is important to be clear on which perspective is being used. An internal
perspective is used by [13] to solve a different decision theory problem than the one addressed
in this paper.
Bottazzi and Katz [8, 9] argue that internal analysis of nonstandard probabilities
has advantages over external analysis. We believe that the simplicity of understanding
nonstandard numbers as providing larger and smaller numbers than are available with
the standard reals and the consequent non-Archimedean properties they accommodate are
advantages to the approach we take in this paper.
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1. We say that U represents X if. forall X, Y € X,
X I Yifandonlyif U(X) < U(Y). (2)
2. We say that U agrees with 3 if, forall X, Y € X,
X 2 Y implies U(X) < U(Y). (3)
3. We say that U agrees with < if, forall X, Y € X,
X < Y implies U(X) < U(Y). (4)
The following results follow easily from Definition 1.3.
PROPOSITION 1.4. Let U be a numerical function defined on a set X.

U represents a unique preorder =< on X, defined via (2) and = is total.
U represents a preorder = if and only if aU + b represents 3 for all positive a and
all b.

1.4. Expressed preference. Inourapproach, preference amongst random quantities
is expressed by willingness to trade.

DErFINITION 1.5. Let X and Y be elements of a standard-linear space X. If an agent
is willing to trade X to receive Y, we write X Z Y. If both X 3 Y and Y X X, we
say that the agent is indifferent between X and Y, which we express by X ~ Y. If
(X 2Y)A[-(Y 2 X)] wewrite X < Y.

We deliberately give no name to the relation < for reasons that will become apparent
in Example 2 below. The first assumption that we make merely avoids the two extremes
in which the agent either is willing to make no trades or is willing to make all trades.

ASSUMPTION 1. For all X € X, X 3 X. and there exist X,Y € X such that
X <7Y.

Our next assumption expresses the idea that willingness to trade depends only on
the agent’s net change in fortune, which we state formally as follows.

ASSUMPTION 2. Suppose that X, X', Y, Y e X and Y — X = Y' — X'. The agent is
willing to give X to get Y if and only if the agent is willing to give X' to get Y.

Our next assumption is the trading analog to de Finetti’s assumption that an agent
is willing to accept all finite sums of fair gambles.

ASSUMPTION 3. Suppose that X; 3 Y; for j = 1.2 and oy, «y are positive standard
numbers. Then

arXi+ X JarYi +als.
Proposition 1.6 states some straightforward properties of the first three assumptions.

PROPOSITION 1.6. Suppose that 3 satisfies Assumptions 1-3. Then 3 is a preorder, <
is a strict partial order, and ~ is an equivalence relation.

A general preorder might not be total, and hence may leave some elements of X’
uncompared, i.e., neither X X Y nor ¥ X X.
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ExaMmPLE 2 (Consensus). Let N be a set, and let {34 }oen be a collection, indexed by X,
of total preorders on a standard-linear space X . Our agent might think of X as indexing a
set of experts whose opinions the agent wants to adopt to the extent that they agree. Define
the binary relation X on X by X 2 Y if. for all a € X, X 3, Y. If each =, satisfies
Assumptions 1-3, then so does 3. which will also be a preorder, but not necessarily
total. In general, for each X, Y € X, N can be written as the union of three disjoint
subsets:

NXNy:{aZXNa Y}, N)(<Y:{OZIX-<,1 Y}, andNY<X:{a:Y<aX}.

If Ry x =0, then X 3 Y. In that case, if either of the other two sets is empty, there
is unanimity about how the experts would trade X and Y. For example. if Xy.y = 0.
the agent is willing to trade X to get Y and will refuse to trade Y to get X. If both are
nonempty, the agent is willing to trade X to get Y but has expressed neither willingness
nor refusal to trade Y to get X. For example the agent might want to look more closely
at which experts lie in each of the sets Ny .y and Xy -y before deciding whether to trade
Y to get X. If both Xy.y and Ny~ x are nonempty, then X and Y are not compared
by 3.

As other authors have done, e.g., [18, 19, 28], we find it useful to allow an agent
to distinguish preferences like the two cases in which Ry .y = () but Ry_y # () that
appear in Example 2.

DEeFINITION 1.7. Let X satisfy Assumptions 1-3. For each case of X < Y. the agent can
express whether this is an unambiguous one-way preference, which we denote X < Y or
an ambiguous one-way preference, which we denote X < Y.

In Example 2, unambiguous one-way preference X < Y corresponds to both Ny -y
and Ny.y being empty, while X < Y corresponds to both Ny y and Nyy being
nonempty while Xy .y is empty. In order for an “unambiguous” one-way preference
to mean what it sounds like, we impose the following assumption.

ASSUMPTION 4. The relations < and < satisfy the following:

o X <Yifandonlyif X < Y)V(X <),
o (X< Y)A(Y Z2Z)impliesX < Z,and
(X 2Y)AN(Y < Z) implies X < Z.

If the second bullet in Assumption 4 were violated, the agent would be willing to
trade Y to get Z and would be willing to contemplate trading Z to get X, which
would violate the understanding of X' < Y as unambiguous willingness to trade only
one way. A similar violation arises if the third bullet is violated. The first claim in
Proposition 1.8 is a direct consequence of Theorem 3.4 of [19], and the second claim
is straightforward.

ProposITION 1.8. If' X satisfies Assumptions 1-4, then = is a consensus as in

Example 2. If 2 satisfies Assumptions 1-3 choosing < to be < satisfies Assumption
4, as does choosing < to be empty.

We alert the reader that, although X' <1 Y expresses a willingness to consider trading
Y for X, nothing in general can be inferred jointly from two or more such relations, as
the next example illustrates.
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ExamPLE3. LetQ = {0, 1} andlet X be the set of all standard-valued functions defined
onQ.DefineX 2 YasX(w) < Y(w)forw =0, 1, anddefine X < Y as X (w) < Y(w)
for w =0, 1. It is straightforward that Assumptions 1-4 hold. Let X =0, Z =1, and
Y = Iipy(w). Then X QY and Y < Z. The agent would be willing to contemplate
trading Y to get X or trading Z to get Y. But both trades together cannot be contemplated
because that would imply a willingness to contemplate trading Z to get X where X < Z.
These same comparisions also illustrate that < is not transitive, whereas < and < are
transitive.

We are now ready to formalize our model for trading.

DEFINITION 1.9. Let Q be a set, and for each w € Q let O, be a standard-linear space.
Let Oq = [],cq0 00 and O =, cq On. Let X C Oq be a standard-linear space of
functions with domain Q.* Let =< and < be binary relations on X. If 3 and < satisfy
Assumptions 1-4, we call T = (X, 3, <) a trading system. If = is a total preorder and
< is <, then T is a total trading system. The sum of finitely many terms of the form
a(Y - X), where X ~ Y and « is standard is called a fair trade. The sum of finitely
many terms of the form a(Y — X), where X 3 Y and o > 0 is standard is called an
acceptable trade. Denote the set of acceptable trades as V.

Proposition 1.10 states some straightforward properties of trading systems.

PrOPOSITION 1.10. Suppose that T = (X, 3, <) is a trading system. The set V1 of
all acceptable trades is a convex cone, and it is the set of all trades V such that 0 3 V.
The set of all fair trades is a standard-linear space, and it is the equivalence class (under
~) that contains the trade 0. Finally, V € Vr if and only if forall X € X, X I X + V.

1.5. Dominance and coherence (part one). Suppose that a (possibly nonstandard-
valued) function U on X represents a total trading system (X, =3, <). There is a
necessary condition for U(X) to be expressed as the expected value of the utility of
X (w) with respect to a probability over Q. Loosely speaking, the condition is the
following:

Let X, Y € X.Ifforall w, Y(w) is at least as valuable as X (w) when
state w occurs, then U(X) < U(Y).

In the theory of [11], where X is a linear space of standard-valued random variables,
we can be more precise about the above condition. For each standard number x and
each o € Q and each random variable X such that X (w) = x, x is assumed to be the
utility value to the agent, when the state @ occurs, of receiving the random variable X.
The condition then becomes “X (w) < Y (w) for all w implies U(X) < U(Y).”

In more general theories, where each X () may be some non-numerical object x € O
(the codomain of X) and the utility of each object in © might vary with w, the utility
to the agent of receiving X (w) = x could depend on both w and x. Later (Definition
4.3 in Section 4.1) we define what we mean by X (@) < Y (w) and X (w) < Y (w) when
O # R. Regardless of what are the objects in O, there are several ways in which X < Y
but X £ Y.

4 The structure described has each X € X being a function from Q to O while X (w) € Oy,
for each X and each w.
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DErFINITION 1.11. Let X, Y € X.

e We say that Y weakly dominates X or X is weakly dominated by Y if X (w) <
Y(w) for all o € Q and there is w € Q such that X (w) < Y (w).

o Wesay that Y strictly dominates X or X is strictly dominated by Y if X (w) <
Y(w) forall v € Q.

e We say that Y uniformly dominates X or X is uniformly dominated by Y if
there exists a standard ¢ > 0 such that X () < Y(w) — ¢ for all o € Q.

It 1s trivial to see that weak dominance is an extension of strict dominance which,
in turn, is an extension of uniform dominance. Many of our results do not depend on
which version of dominance an agent chooses. For those results that depend on the
form of dominance (primarily in Section 4), we are explicit about which form is needed.
We use X <, Y todenote “Y dominates X in whichever sense the agent chooses.
In [11], dominance means uniform dominance. Our next assumption formalizes the
idea that more is better.

ASSUMPTION 5. The agent chooses one of the senses of dominance. Suppose that X, Y €
X IfXL<Y . thenX JY.IfX <, Y.thenX <Y.

DEFINITION 1.12. A trading system T = (X, 3, <) is called coherent if it satisfies
Assumption 5.

When O = R, note that dominance is defined on all of R?, while Assumption 5
pertains only to elements of X'. Some of our results apply only to coherent trading
systems, and these contain clauses such as “If 7 is coherent ....” Other results apply
more generally. and do not contain such clauses.

EXAMPLE 4. The smallest coherent trading system on a linear space X of standard-
valued random variables must include all cases of dominance (whichever form we choose)
amongst the elements of X. Let Q be an arbitrary set, and let X be the linear span of all
constants and all indicators of singletons. Let <, stand for any of the three forms of
dominance. Each element of X is constant except for at most finitely many points. Hence
strict and uniform dominance are the same if Q is infinite in cardinality. Let X 3 Y
if and only if either X =Y or X <, Y. It is straightforward that 3 is a preorder.
but not total. Note that, for all X, Y € X and all standard o >0, 0 2 (Y — X) if
andonly if X J Y. If X; <, Y for j = 1,2, then oy X1 + onX> <, o1Y1 +aYs,
so Assumptions 1-3 are satisfied. Define < to be <, — so that Assumptions 4 and 5
are satisfied. Then T = (X, 3, <) is a coherent trading system. We will return to this
example later (Example 5) to prove that its preferences are non-Archimedean when Q is
uncountable and <, ~means weak dominance.

Dom

§2. Representing and extending a trading system.

2.1. Representations of total trading systems. In this section, we show how to
represent a total trading system by a (possibly nonstandard-valued) numerical
function.

DEFINITION 2.1. Let T = (X, 3, <) be a trading system. A numerical function U on X
agrees with T if U agrees with 3 and with <. (Recall Definition 1.3.) If T is a total
trading system and U represents = then we say that U represents T .

The following result follows easily from Definition 2.1.
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PROPOSITION 2.2. A numerical function U represents a total preorder 3 if and only if
X < Yifandonlyif U(X) < U(Y). (5)
Next, we introduce a class of numerical functions that represent total trading systems.

DEFINITION 2.3. A standard-linear function U (recall Definition 1.2) is called monotone
if X <Y implies U(X) < U(Y). A monotone standard-linear function U is said to
respect dominance if X <, Y implies U(X) < U(Y).

Dom

LEMMA 2.4. Let U be a standard-linear function defined on a standard-linear space
X of functions defined on a state space Q. Then U represents a total trading system
T = (X, =.=<). Also T is coherent if and only if U is monotone and respects dominance.

S~

Proof. Assume that U is a standard-linear function on a standard-linear space
X. Define the total preorder X on X by (2). For the first claim, we need to
verify Assumptions 1-4. Assumption | follows because a preorder is reflexive. For
Assumption 2, suppose that ¥ — X = Y’ — X’. Since U is standard-linear,

UY)-UX)=UY-X)=UY'-X)=U(Y")-UX").
For Assumption 3, note that U being standard-linear implies that
Ul X1 + o X)) = o U(X)) + au U(X3).

for all standard o, ap and X, X, € X. For Assumption 4, note that < is <.

For the second claim, we need to prove that Assumption 5 holds if and only if U is
monotone and respects dominance. For the “if” direction, assume that U is monotone
and respects dominance. Since U is monotone, X < Y implies U(X) < U(Y) and
X 3 Y. Since U respects dominance, X <, Y implies U(X) < U(Y)and X < Y.
so Assumption 5 holds. For the “only if” direction, assume that Assumption 5 holds.
To see that U is monotone, assume that X' < Y. The first requirement of Assumption 5
is that X = Y, which implies that U(X) < U(Y), and U is monotone. To see that U
respects dominance, assume that X <, Y. The second requirement of Assumption 5
is that X < Y, which implies that U(X) < U(Y), and U respects dominance. O

2.2. Agreement, representation and extension. 1If 3 is a not a total preorder, then
there can be no numerical function U such that (2) holds. The problem is the “if”
direction of (2) rather than the “only if” direction. In other words, representation as
defined in Definition 1.3 is not achievable for preorders that are not total. On the other
hand, agreement with a preorder and with a strict partial order are possible.

When it comes to extension of a trading system, there are two modes of extension
that are important to our analysis. One mode corresponds to adding more comparisons
(amongst elements of a single set X') to the preorder, bringing it closer to being total.
The other mode corresponds to expanding the domain of definition of the preorder
(from one set X to a larger set X”). Along with the second mode of extension comes a
corresponding concept of restricting the domain of definition.

DEFINITION 2.5. Let X and X' be standard-linear spaces with X C X'. Let p be a binary
relation on X, and let p' be a binary relation on X'.

o IfX =X"and Xp Y implies Xp'Y ., we say that p' is an extension; of p.
If (X, Y € X)A(Xp Y) implies Xp' Y, we say that p' is an extension, of p.
o Ifp' is an extension, of p. we say that p is the restriction of p’ to X.
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e Suppose that T = (X, 2. <) and T' = (X. 3. <) are trading systems. If =’
and <’ are extensions| of 3 and < respectively, we call T’ an extension; of T .

o LetT =X, 2, <)andT' = (X', 3. <) be trading systems. If X C X' and if
2’ and < are extensionsy of 3 and < respectively, we call T' an extension,

of T.

To be clear, each binary relation and each trading system is both an extension; and
an extension, of itself. The following result about extension, is key in our theorems on
representation. Its proof appears in Appendix C.1.

LEMMA 2.6. Let X and X' be standard-linear spaces of functions with domain Q and
suchthat X C X'. Let T = (X, 2. <) be a trading system. There exists a trading system

T' = (X', 3, <) that is an extensiony of T If it is not required that T' be coherent, T’
can be chosen such that Vo = V. If T is coherent and it is required that T' be coherent,
assume that < and <, are defined on X' and are extensions, of < and <, —on X.
Then a coherent T’ can be chosen so that for every V' € Vi there is V € Vr such that

V<V.

Note that Lemma 2.6 above (as well as Lemma 2.7 and Theorem 2.9 below) have
language about < and <, = on a larger space being extensions; of < and <, —ona
smaller space. When O = R, this condition is met trivially. The language is included to
allow us to use these same results in other cases after Section 4.1 where < and <,
are defined in terms of each specific trading system.

2.3. Finding agreeing functions. Our main representation Theorem 2.8 states that a
trading system 7 has a standard-linear function U that agrees with it and an extension;
to a total trading system that is represented by U. Results from [18, 19, 28] give the
extension; for a general preorder, but without the representing function and without
attention to the properties of a trading system. The following result has both Theorems
2.8 and 2.9 as special cases, and its proof appears in Appendix C.3.

LEmMA 2.7. Assume the following structure:

o Y and W are standard-linear spaces of functions defined on Q with Y a proper
subset of W.

o Ty =(V.3y.<y) is a total trading system that is represented by the standard-
linear function U : Y —*R, where *R is a nonstandard model of the reals.

o Ty = (W.Z3w. <) is the extension, of Ty obtained from Lemma 2.6.

Then U can be extended to a standard-linear function U’ : W —*R’, where *R’ contains
*R and such that U’ represents a total trading system T' = W, 3, <) that is an
extensiony of Ty. Also. if Ty is coherent and < and <, are defined on WV so as to be
extensions, of < and <, ~on ). then T' can be chosen to be coherent.

THEOREM 2.8. Let T be a trading system. There exists a standard-linear function U
that agrees with T and total trading system T’ that is an extension, of T such that U
represents T'. If T is coherent, T' can be chosen to be coherent.

Proof. Apply Lemma 2.7 with ) = {0} (the trivial standard-linear space containing
only the additive identity in X),0 X3 00W =X, Ty = 7, U(0) = 0, and *R = R. Let
T’ be the 7" that results from Lemma 2.7, and let U be the corresponding U’. These
satisfy the conclusion of Theorem 2.8. O
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ExampLE 5 (Continuation of Example 4). Recall the smallest coherent trading system
T = (X. 3. <) from Example 4. This time, assume that <, means weak dominance and
that Q is uncountable. Then X < Y and X < Y both mean that Y weakly dominates X.
Here we show that 3 is non-Archimedean. Theorem 2.8 says that T can be extended to a
coherent total trading system T' = (X, X', <') with a representing function U that agrees
with T . Without loss of generality, assume that U(0) = 0and U(1) = 1.So X < Y (i.e.,

X =<, Y)implies U(X) < U(Y). For every nonempty finite subset E = {w;. ..., w,}
of Q, dominance and standard-linearity imply that
n
0<U(Ig) =) Ully) <U1) =1. (6)
j=1

For each w € Q either U(I{w}) is infinitesimal or it is greater than 1 /n for some standard
integer n. There can be no more than n — 1 values of U(I{w}) > 1/n or (6) would be
violated for a finite set E containing n such w points. Hence, all but at most countably
many o have U (I} ) infinitesimal. Let ;. w, € Q be such that U(I{w].}) is infinitesimal
for j =12 Let X = 1. Y = It o,3. and Z = Iy,,y. Then. Z <, Y. U(Z) > 0.
and U(aX +[1 -a]Y) < 0if0 < a < 1. It follows that

oX+(1-a)Y <, Z forall0<a <1,

Dom

Dom

but Z <, Y. which violates (1). Hence the preference is non-Archimedean. It also
Sfollows that for each coherent extension\T', = is also non-Archimedean. For example,
we might want all I,y to be indifferent to each other. In this case, we can construct a
representing function U as follows. For each constant function X = ¢, U(X) = ¢, and
Jfor each nonconstant function X = ho+ 3 hjlioy. U(X) =ho+eY}_, h;. Note
that this U is standard-linear and monotone, and it respects weak dominance, so Lemma
2.4 says that it represents a coherent total trading system which extends,T .

Theorem 2 of [40] shows that every total preorder can be represented by a
nonstandard-valued function, but the standard-linear property that we need is not
proven in that paper.

2.4. Extending, a trading system. Let T = (X, 3, <) be a (coherent) trading
system. Theorem 2.8 says that there exists a standard-linear function U that agrees with
T and such that U represents a (coherent) total trading system 7~ that is an extension;
of 7. Extension, of 77 is also possible if X is a subspace of a larger standard-linear
space, as stated in Theorem 2.9.

THEOREM 2.9. Let T = (X, =2, <) be a total trading system on a standard-linear space
X with standard-linear representing function U. Let X' be a standard-linear space of
Sfunctions that includes X as a proper subset. Then there is a total trading system T' =
(X', =2/, <') that is an extensiony of T and a standard-linear function U’ on X' that
represents T' and extends U to X'. If T is coherent and < and <, are defined on X' so

that they are extensions, of < and <, ~on X, then T can be chosen to be coherent.

Proof. Apply Lemma 2.7 with 73y = T, W = X”, and U being the U in the statement
of Theorem 2.9. The 7’ and U’ that result from Lemma 2.7 satisfy the conclusion of
Theorem 2.9. 0

ExampLE 6 (Continuation of Example 5). The linear space X used in Example 5
is the set of all standard-valued functions on an uncountable set Q that are constant
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except at possibly finitely many points. Because weak dominance is defined on the set
of all functions from Q to R, Theorem 2.9 says that we could extend, each of the
non-Archimedean coherent total trading systems from Example 5 to non-Archimedean
coherent total trading systems on larger linear spaces X' of standard-valued functions.

For example, suppose that Q = [0, 1], the closed unit interval and that we have chosen
T to make U(Iy.,y) = ¢ for all w. It is possible to extend, T to the set X' of all simple
Sfunctions that are measurable with respect to the smallest field ¥ of subsets of Q that
contains all intervals (closed, open, half-open, or degenerate). For example, the degenerate
interval [w, w] is the singleton {w}. (We do not allow [w, w) to be called an interval.)
The field ¥ consists of all unions of finitely many disjoint intervals. The simple functions
that are measurable with respect to X have the form

> hily,. (7)
j=1

for finite n, standard numbers hy, ..., h,, and disjoint intervals Jy,....J,. For a
nondegenerate interval J define U'(I;) to be the length of J minus ¢ for each missing
endpoint, and U’(I{w}) = ¢&. Although the given representation of functions in X is not
unique, it is straightforward to show that, for X being the function in (7),

U'(X) = iU (L),
j=1

is well defined and extends the function U defined in Example 5. The function U’ is
standard-linear and monotone, and it respects weak dominance. Hence, by Lemma 2.4,
U’ represents a coherent total trading system which extends, T because U’ extends U.

The following example is modified from [38]. It involves random variables with a
familiar distribution in which externally infinite nonstandard numbers are needed to
represent non-Archimedean preferences amongst them.

EXAMPLE 7. Let Z" stand for the set of positive integers, and let Q = 77 x {1,2}.
Let P be the following probability on Q: P({(n, j)}) = 2" forn € Z* and j € {1,2},
which is countably-additive. Let X be the set of all bounded functions defined on Q, each
of which has a finite expected value E (X ) withrespect to P. The function E (X ) represents
a (weakly, strictly, and uniformly) coherent total trading system T = (X, =, <).

Define the following three unbounded functions on Q:

Xi((n.)) = {; A

Xal(n.7)) = {; A,
w(n. j)) =2"".

It follows that all three of these functions have the same distribution, namely, each of
them takes the value 25 with probability 2% for k = 1,2, .... Each of them also has
infinite expected value. Let X' be the linear span of X | J{X1. X2, W}. All three forms of
dominance are defined on X' and are extensions, of the same form of dominance on X. We
canuse Theorem 2.9 to extend, T to a coherent total trading system T' = (X, 3/, <) with
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representing function U’. Since each of X\, X,, and W has infinite expected value under
P, it is necessary that all three of U'(X1), U'(X>). and U' (W) must be externally infinite
nonstandard numbers. However, we show next that, despite having identical distributions,
X1, X5, and W cannot be indifferent in a (weakly, strictly, or uniformly) coherent trading
system.

First, note that

Xi(w) + X2(w) =2W(w) + 1. (8)

for all w. Hence there is a uniform dominance relation that cannot be respected by a
preference in which all three are indifferent. We could. for example, have W <’ X| ~' X;
by choosing an externally infinite x and setting U'(X,) = U'(X>) = x and U' (W) =
x — 1/2. There are other possible choices for U'(X\) and U'(X>). but they must satisfy
U'(X,) + U'(Xs) = 2U' (W) + 1 because of (8). Finally, U’ is well defined on all of X'
which includes all linear combinations of X\, X, and W with both positive and negative
coefficients.’

There are many other examples of standard-linear spaces with proper supersets. One
can easily imagine an agent determining a set of preferences over a small set X’ of objects
and then being offered additional options in a set X”’. Here is an example of a situation
that might seem of a different nature, but which still fits the setup of Theorem 2.9. It is
related to the concepts of awareness growth and reverse Bayesianism.°

ExaMPLE 8 (Awareness growth). Suppose that an agent has a total trading system
T = (X, 3, <) where each element of X is a function from Q to a space O. At some

point, the agent realizes that the “actual” state space is a different set Q'. There are two
common models for this realization.

Refinement: The agent learns that the elements of Q are not atomic. That is, each
element w appears to be a subset of Q.

Expansion: The agent learns that Q is merely a proper subset of the “actual” state
space €.

In either case, one recommendation (called reverse Bayesianism) is for the agent to
preserve those preferences included in T when extending the preference relation to include
any new objects that need to be considered. Theorem 2.9 can be applied in both the
refinement and expansion cases to achieve that goal. Specifically, there is a one-to-one
mapping T between X and a set X* = {T(X): X € X} of functions from Q' to a
standard-linear space O' such that T* = (X*, 3*, <*) is a total trading system with
X 2 Yifandonly if T(X) 2* T(Y). If T is coherent and O = R, then < and <, are
defined on X' so as to be extensions; of < and <, on X.

In the refinement case, for each w € Q, there is a subset C,, C Q' such that the distinct
elements of C = {C,, : w € Q} form a partition of Q'. For each X € X and o' € ',
define T (X )(w') = X (w) where o’ € C,. Each such T (X) is constant on each element
of C.If T is coherent. then X <, Y inT ifand only if T(X) <, ~T(Y)inT* forall
three forms of dominance.

Dom

Dom

> Definition 4.8 in Section 4.4 below says that U’ acts as an expected value on X’. No
extended-real-valued (allowing fco values) expectation exists on X”.

6 See [10, 22, 23] for an introduction and discussion of awareness growth and reverse
Bayesianism. The purpose of this example is not to endorse or refute reverse Bayesianism,
but rather to show how it can be achieved in the case of trading systems.
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In the expansion case, the additional functions in X' are defined on the whole set Q'
and may take values that are not in the codomain O of the functions in X. Let O' be the
codomain of the functions defined on Q' that the agent wants be able to trade. For each
X € X and w € Q define

X(w), ifweQ,
0, ifoeQ\Q.

All such T(X) are identical on the part of Q' of which the agent recently became aware.
If T is weakly coherent, X <, Y ifand only if T(X) <, T(Y). There are no cases
of X <, Y inT™ for the other two forms of dominance, but if T is uniformly or strictly
coherent, T* is both uniformly and strictly coherent.

In both the refinement and expansion cases, the agent can determine what set X'
(containing X*) of functions defined on Q' are available for trading. Theorem 2.9 then
allows extension, of T* to a total trading system T' = (X', 2/, <"). If T is coherent, the

AU

extension of T* to T' can be done so that T’ retains the same form of coherence.

§3. Three decision theories. In this section, we show how the structure of Section 1
and the results of Section 2 extend three well-known theories of decision-making.

3.1. Previsions for random variables. The first Archimedean theory to which our
results apply is the theory of previsions of [11], which begins with an arbitrary set of
standard-valued random variables. For each X in that set, an agent chooses a standard
value P(X) (called the prevision of X) such that the agent is willing to trade away
either X or P(X) in order to receive the other one. Specifically, the change in fortune
a[X — P(X)] is considered a fair gamble for all standard o. Although de Finetti’s
theory deals only in fair trades (indifference). there is an implicit assumption that
“more is better,” which is built into his notion of coherence (corresponding to uniform
dominance in Definitions 1.11 and 1.12). In [11]. the agent is willing to accept every
finite sum of fair gambles. In particular, the agent is willing to accept

alX —P(X)]-alY -P(Y)]=a(X - Y)+a[P(Y) - P(X)]. 9)

for all standard o. If P(X) = P(Y), the right-hand side of (9) is (X — Y), and the
agent is implicitly willing to trade X to get Y or to trade Y to get X. If P(X) # P(Y),
there is an implicit strict preference in one direction, e.g.. if P(Y) > P(X) and o < 0,
the fair trade (9) is strictly smaller than |a|(Y — X), so the agent is willing to trade
X to get Y, but not the other way. In addition, willingness to accept all finite sums
of fair trades implies that a coherent prevision P on an arbitrary set ) of random
variables extends uniquely to a coherent prevision on the linear span X’ of ). Define
the total preorder < on X defined “X X Y if and only if P(X) < P(Y).” It follows
that (X, =, <) is a total trading system that is represented by the linear function P.
Our theory extends that of [11] by dropping the requirement that every element of X’
be indifferent to some standard constant.

A simple example of a random variable that is not indifferent to a standard constant
arises with an “almost-fair” coin. For an even-money bet (odds equal 1) the agent
strictly prefers the bet that pays on heads over the bet that pays on tails. But, for
every bet that is not at even money (i.e.. odds are different from 1), the agent strictly
prefers the side of the bet that pays the larger amount. Theorem 3.1 of [15] implies
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that there is no standard-valued prevision that ranks these bets in the order of the
stated preferences. See also [12]. But a nonstandard-valued function can represent
such preferences. Random variables with infinite previsions (such as Example 7) are
also cases in which fair prices are not available. The nonstandard-valued functions
that represent these preferences are not fair prices, but they provide a numerical
representation of preference in the manner of expected utility.

3.2. Horse lotteries. The second theory to which our results apply is that of [1, 41]
for decisions about horse lotteries, which are functions from Q to the set of simple
lotteries over a set of prizes.

3.2.1. Horse lotteries in general.

DEFINITION 3.1. For each w € Q, let P, be the set of prizes available in state w. A
simple lottery r is a probability on a finite subset P(r) C P,,. Let Ry, be the convex
set of simple lotteries available in state w.” For ease of notation, let P = Uwea Po and
R = Upea Ro be. respectively. the sets of all prizes available in at least one state and all
lotteries available in at least one state. Let R = l_[weQ Re,. which is a subset of R®. A
horse lottery is a function h € Rq. i.e.. h(w) € R, for every o € Q. Let H stand for the
set of horse lotteries under consideration, which we assume to be a convex subset of Rq.?

In each application, the set H of horse lotteries can be different, but each such
‘H must be a convex subset of Rq. For 4,7 € Rg and «a € [0, 1], the meaning of
hy = ah; 4+ (1 —a)hy is that h3(w) = ahi(w) + (1 —a)hy(w) € R,,. because R,, is
convex. A set H of horse lotteries is not a linear space. Next, we show how to create a
linear space that is equivalent to A in an appropriate sense.

3.2.2. A linear space for horse lotteries. The set H of horse lotteries is a convex
subset of Rq. but is not a linear space. Hausner [21] (Sections 2-4) assumes that <’
is a total preorder that satisfies the following axiom, which is part of the theory of
[1,41]:

Independence Axiom: Let <’ be a preorder on a convex set H of horse lotteries. For
all hy,hy.g € H and standard 0 < a < 1, Ay 2’ hy if and only if ah; + (1 —a)g =
ahy + (1 -a)g.

Hausner [21] shows how to create a standard-linear space Ky with a preorder = that
satisfies our Assumptions 2 and 3 in Section 1.4 above. This is done as follows. For
each w € Q, let O, be the set of all simple signed measures’ on P, that give measure
0 to the whole set P,,. Let O = |J,,c Ow. and let Oq =[], cq Ow- Then

Koz{a(hlfhz):hl,hze?landa ER} C Oq

is a standard-linear space. Define 3 on K as follows. For each k. k; € Ky, express
kr -k = Oj(hz ,hl) with o > 0 and /%y, € H. Then say that k; j ko if Iy ,j/ hy.
Hausner [21] (Section 4) shows that =< is well defined and satisfies Assumptions 2
and 3. The theory of [1, 41] satisfies Assumption 4 vacuously since 3 is a total preorder.

T Ifry.r € Rbut P(r1) # Plra). Plor +[1 — alra) = P(r1) U P(r2) when o € (0. 1).

8 Each h € H is also a function from Q to R, but R may not be a convex set.

A\ signed measure 4 on a set Y is simple if there is a finite subset {y.....y»} C Y and
numbers . ..., oy such that, for every B C Y. u(B) = Z’}:l ajlp(y;).
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Dominance and coherence are not issues that arise in the theory of [1, 41] as horse
lotteries are not numerically comparable without further assumptions.

The state-independence assumption of [1, 41] implies that all R, sets are the same.
Our theory is general enough to include cases in which the R, sets might all be the
same or might be different. We also drop the Archimedean axiom and allow =’ to
not be total as do other authors such as [2, 3, 14]. Our weaker state-independence
Assumption 7 is stated in Section 4.1.

3.2.3. Representing horse lotteries. For the remainder of this paper, when we refer
to the horse-lottery case, we will assume that X is the standard-linear space Ky defined
in Section 3.2.2. (The case in which X is a linear space of standard-valued random
variables will be called the random-variable case.) In the horse-lottery case, it would be
easier on the intuition if each representing function of a trading system had H as its
domain rather than Ko. This is easily arranged. Let 7 = (K. =, <) be a total trading
system in a horse-lottery case with standard-linear representing function U. Let H be
the set of horse lotteries that corresponds to Ky as in Section 3.2.2. For each k € Ky,
we can write k = () — hy) with a > 0 standard. Then 0 = k is equivalent to i, 3/ Ay
for a total preorder 3’ on H. Let iy € H be arbitrary, and define

V(h) = U(h - hy). (10)
It follows that V (hy) = 0 and
Ulalh — h]) = o[V (hi) = V (h)]. (11)
Also, V represents =’ and satisfies
V(B +[1 = Blha) = BV () + (1 = B)V (ha),
for all iy, hy € ‘H and all standard f € [0, 1].

3.3. Savage-style acts. The third theory to which our results apply is that of
Savage [35]. This theory makes some assumptions (including state-independence)
about preferences amongst acts (functions) from a state space Q to a set F of
consequences (prizes) and then proves an expected-utility representation for those
preferences. Lemma 3.2 below starts with those same assumptions and shows that
there is a set of lotteries over the acts with an implied willingness to trade that satisfies
the assumptions that appear in Section 1.4 of this paper. We then weaken the original
assumptions of Savage [35] and show how to use our results for the horse-lottery case
to represent non-Archimedean and state-dependent preferences over the acts of Savage
[35]. Whenever we refer to “the horse-lottery case” in this paper, we implicitly include
the theory of Savage in that case.

At this point, we can show how a non-Archimedean version of the theory of Savage
[35] becomes a special case of trading systems in the horse-lottery case without
any additional assumptions or choices by the agent. The proof of Lemma 3.2 is in
Appendix C.4.

LeEMMA 3.2. Let F be a set of functions from Q to F, and let =/ be a total preorder on
F that satisfies the seven postulates (P1-P7) of Savage [35]. Let H be the set of finite
mixtures of elements of F. Then 3’ extends to a total preorder on H. and the Ky and =
constructed from H and =<' in Section 3.2.2 form a total trading system (Ko, 3, <) that
satisfies Assumptions 1-4.
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Despite the fact that Savage worked hard to avoid making the assumption that his set
of acts contained the mixtures that we assume, his postulates are sufficient to show that
his preorder extends to a total trading system that satisfies our assumptions without
any further choices needed from the agent. For the purposes of this paper, instead of
assuming a subset of P1-P7 or some weakened versions of them, assume only that
there is a set F of Savage-style acts with a preorder (not necessarily total) <’. Then
embed F into the convex set H of Lemma 3.2 which is a special case of a set of horse
lotteries. We then proceed with the same analysis and assumptions as in Sections 3.2.2
and 1.4. In particular, we make Assumptions 1-4. By so doing, we implicitly weaken
some of Savage’s postulates so as to allow non-Archimedean preferences, In addition,
all of the extension and representation results in Section 2 above apply to the resulting
trading system, as well as the results in Section 4 below. In the end, if the agent does
not want to think about mixtures of Savage-style acts, we show (in Section 4.7) how
to restrict the results of Section 4 to the original Savage-style acts.

§4. Probability and expected utility. In this section, we explore the relationship
between finitely additive expectation and the representing function of a total trading
system. Throughout the section, 7 = (X, 3, <) denotes a total trading system on a
standard-linear space X of functions from Q to a set O. Let U be a standard-linear
function that represents 7. Let X be a field of subsets of Q. In order to construct a
probability from a trading system, the indicators of elements of £ must play a role in
the elements of X'. We make the following assumption about a total trading system
T = (X, 2. <) throughout this section.

ASSUMPTION 6. Forall Be Xandall X € X, XIg € X, where

X(w), ifw € B,

() (w) = {O(w) ifw € BC.

If Assumption 6 is not met, one can apply Theorem 2.9 to find an extension; of 7 to
T' = (X', 3, <), where X’ is the standard-linear span of X [ J{XIz : X € X, B € X}.
This extension needs to be done before attempting to infer a probability on (Q.X)
or attempting to interpret a representing function U as an expected utility. Once
Assumption 6 is met, we can define conditional preference.

DEeFINITION 4.1. Let W be a standard-linear space of functions defined on a set Z. Let I’
be a field of subsets of Z. Suppose that XIg € W for each B € T and X € W. Let = be
a total preorder on W. For X, Y € W. if 0 < (Y — X)Ig, we write X < Y|B and we say
that Y is conditionally preferred to X given B. If 0 2 (Y — X)Ip, we write X 3 Y|B. If
both X 3 Y|Band Y X X|B, we write X ~ Y|B. Anevent B € I'isnull if X ~ Y|B
Sforall X, Y € W. An event is non-null if it is not null. If z € Z and {z} is a null event,
we call z a null state. 4 state z is non-null if {z } is non-null.

ExampLE 9 (Continuation of Example 6). Consider the set X' of simple functions that
are measurable with respect to the field ¥ generated by the interval subsets of Q = [0, 1]
in Example 6. Every nonempty element of X is non-null. For example, if wg € Q,

Y (o) — X (wo). ifw = .

0, otherwise,

(Y = X) {1 (@) = {

and X ~ Y |[{wo} if and only if X (wy) = Y ().
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4.1. Dominance and coherence (part two). In this section, we extend the concepts
of dominance and coherence to certain horse-lottery cases. This extension is useful in
Section 4.4 where we show how, in both the random-variable and horse-lottery cases, a
standard-linear function that represents a coherent trading system can be interpreted
as an expected value of a (possibly state-dependent) utility function defined on the
codomain O of the elements of X'.

For the remainder of this section, we assume that X is the space Ky defined in
Section 3.2.2 and O is a set of simple signed measures on subsets of the prize set P and
that assign signed measure 0 to P. As such, each element of Ky is a function from Q
to O. Dominance for horse lotteries is defined in terms of conditional preference on a
state-by-state basis. Suppose that there is a non-null event B that consists entirely of
null states, i.e., every w € B is a null state. Then a state-by-state comparison of two
elements X and Y of X given the elements of B tells us nothing about how X and Y
compare (or should compare) given B. The reason is that X ~ Y|{w} for every X and
Y and every null state w. To circumvent this problem, we make an assumption that
is a generalization (weaker assumption) of the state-independent utility assumptions
made by Anscombe and Aumann [1] (Assumption 1), Savage [35] (P3-P4), and Blume,
Brandenburger, and Dekel [6] (Axioms 5 and 5'). Assumption 7 below allows varying
degrees of state dependence for the utilities of prizes.

ASSUMPTION 7. There exists a partition B C X of Q into non-null events such that, for
each B € B,

o forallw € B, O, is the same set O(B),
o foreach x € O(B), thereis Xy € X such that X(w) = x for all o € B, and
o foreachx € O(B),0 < Xy|B ifand only if 0 < X |C for every non-null C C B.

For each w, we will use By, to denote the element of B that contains w.

The second bullet assumes that certain functions defined on Oq are in X. If these
functions are not in X' and the first bullet is satisfied, we can apply Theorem 2.9 to
find an extension, of 7 to T’ = (X’, 3/, <’) where &” is the standard-linear span of
X U{X,Iply: B € B.,x € O(B),A € £}. Such an extension, will continue to satisfy
Assumption 6 and the first bullet of Assumption 7. We will assume that such an
extension, has been done for the remainder of the paper. Note that there is no guarantee
that such a 7" satisfies the third bullet of Assumption 7. But we cannot even check
whether the third bullet is satisfied until the second bullet is satisfied.

The state-independence assumptions made by Anscombe and Aumann; Savage;
and Blume, Brandenburger, and Dekel [1, 6, 35] correspond to the extreme case of
Assumption 7 in which B = {Q}, i.e., utility is independent of state for the whole
state space. The opposite extreme case of Assumption 7 has B = {{w} : 0 € Q}, i.e.,
every state is non-null, in which case all three bullets of Assumption 7 are tautological
because each B is a singleton. There are cases between these two extremes, such as
Example 13 in Section 4.2. A more concrete example would be the following.

e Each state consists of a specification of exchange rates between a set of
currencies and a specification of a set of meteorological conditions.

e The values of the prizes depend only on the exchange rates and not on the
meteorological conditions.

e Each set in the partition B is the set of states with a fixed specification of
exchange rates.
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Definition 4.3 below defines < and dominance in those horse-lottery cases that satisfy
Assumption 7. It allows us to talk about coherent trading systems in the horse-lottery
case with no modifications to Assumption 5 or the definition of coherence (Definition
1.12). As in the random-variable case, whichever (if any) sense of dominance is reflected
in the agent’s preferences, we express “Y dominates X” by X <, Y.

As in Definition 1.11 for the random-variable case, Definition 4.3 defines dominance
on a larger set of objects than just X'. The reason is that we may need elements of that
larger set of objects in order to infer the existence of a probability on the field X. (See
Lemma 4.5 in Section 4.2.)

LemMA 4.2, Let T = (X, 3, <) be a total trading system that satisfies Assumptions 6

and’.Let X € Oq.andlet wy € Q. There exists Gx o, € X suchthat Gy .,(w) = X (wo)
Jorallw € B,.

Proof. Because x = X (wy) € O(B,,,). Assumption 7 says that there is X, € X such
that X, (w) = x = X (wy) for all v € B,,,. Rename X, to be G . O

Lemma 4.2 gives us what we need to define dominance on all of Oq.

DEFINITION 4.3. Suppose that a trading system satisfies Assumptions 6 and 7. For each
wo € Qand each X € Oq. let Gy, € X be as defined in Lemma 4.2.

If Gx.oy 3 Gyl Bay. we write X (wg) < Y (wy).

If Gx.oy = Gywy|Bawy. we write X (wy) < Y (wy).

If. for all B € Band all oy € B, X (wg) < Y (), we write X < Y.

If. for all wy. X (wg) < Y (wg). we say that Y strictly dominates X.

If X <Y and there exists wy such that X (wg) < Y (wg). we say that Y weakly
dominates X.

For trading systems in the horse-lottery case that satisfy Assumptions 6 and 7,
the definition of “coherent” (Definition 1.12) applies. We did not define “uniform
dominance” because the < symbol in Definition 4.3 is not a relation between
numerical values, but rather a non-numerical preference relation. Once we define a
state-dependent utility function (Definition 4.7 in Section 4.3) we can define uniform
dominance in the horse-lottery case.

4.2. Numeraires and probability.

DEFINITION 4.4. Assume the conditions stated in Definition 4.1. Let Z ¢ W. If 0 < Z
and 0 3 Z|B for all B, we call Z a numeraire for T'. If, in addition, 0 < Z|B for every
non-null B, we call Z a strong numeraire for I.

In the random-variable case with a coherent trading system, every non-negative
function in X that is strictly preferred to 0 is a numeraire.

ExampLE 10 (Continuation of Example 9). Consider the set X' of simple functions
that are measurable with respect to the field ¥ generated by the interval subsets of
Q =[0,1] in Examples 6 and 9. Every strictly positive function X € X' is a strong
numeraire. The probability associated with the constant function 1 is P{(E) = U'(Ig).
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For an arbitrary positive function X of the form (7).
Y hi U (Igns,)
> h U1y

is another probability that corresponds to X being the numeraire.

Px(E) =

Sometimes, even positive constants might not be strong numeraires.

EXAMPLE 11. Let Q = Z™, the positive integers, and let T be the finite/cofinite field,
i.e., the collection of all finite subsets of ¥ and their complements. Let G : Q — R be
G(w) = w. Let X be the standard-linear span of all standard-valued bounded functions
and the functions {GIg : B € £}. Each X € X can be written uniquely as

X =X, +axGlg, (12)
where X, is bounded, ay is standard, and E = {11, 12, ...}.'0 Define

10
U(x) = %ZX(Q)) +2ay. (13)

w=1
Also. U : X — R is standard-linear (and standard-valued ). If X <, Y (uniform or
strict, but not weak dominance) then U(X) < U(Y), so U represents a coherent (with
uniform or strict dominance) total trading system T = (X, 3, <) with X 3 Y meaning
U(X)<U(Y). Since UN1) =1, 0 < 1. Since 0 <1, 0 2 1|B for all B € X, and 1 is
numeraire for X. Since 0 < G |E ., E is a non-null event. On the other hand, 0 ~ 1|E, so 1
is not a strong numeraire for . The non-null events are all cofinite sets and all elements of
X that are supersets of the singletons {1}, ..., {10}. For each v = 1,...,10, 0 < G|{w}.

and for each cofinite set B, 0 < G|B, so G is a strong numeraire for X.

In Section 4.5, we show how different numeraires relate to each other within the
same trading system. In general, we need a numeraire in order to derive a probability
on (Q,X) from a trading system. Since 1 is a numeraire in the random-variable case,
the following result is needed only in the horse-lottery case.

LemMA 4.5. Let T = (X, 2. <) be a coherent total trading system in the horse-lottery

case that satisfies Assumptions 6 and 7. There is a coherent extensiony T' = (X', 3/, <')
of T such that:

o there is a numeraire Z for Z,
e Z is constant on each element of B (from Assumption 7), and
e 0= Z|B forevery B € B.

Proof. First, we show that, foreach B € B, thereis xg € O(B) such that0 < X, |B.
where X, is defined in the second bullet of Assumption 7. Let B € B, which, by
definition, is non-null. So there is ¥ € X such that 0 < Y|B. For each w € B, let
Yo = Y(®).If X, 3 0|B forevery w € B, then YIz < 0and Y 3 0|B by coherence.
This contradicts 0 < Y| B, so there must be wy € B such that 0 < X, ,|B for xz = Y.

Define Z : Q —*R as follows: For all B € B and all w € B, let Z(w) = xp. By
construction 0 < Z|B for all B € Band 0 <, Z by either definition of dominance.

IfZ € X,let T' = T.If not, let X’ be the standard-linear span of X | J{ZIp : D € £}.

10" Note that ay = limey 0o X (0)/G(w). and X, = X — ayGlg.
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Use Theorem 2.9 to extend, T to a coherent 7'. In 77, 0 3’ Z|D for every D € X by
construction. Since 0 <’ Z, Z is a numeraire for X. O

For the remainder of the paper, assume that each trading system 7 in the horse-
lottery case is an extension, from Lemma 4.5.

LEMMA 4.6. Let T = (X,3,=<) be a coherent total trading system that satisfies
Assumption 6 (and Assumption 7 in the horse-lottery case). Let Z be a numeraire for X,
and let U be a standard-linear function that represents T . Define P(B) = U(ZI3)/U(Z)
for each B € X. Then P is a finitely additive (possibly nonstandard-valued) probability
onZ.

Proof. First, note that U(Z) > 0 and P(Q) = U(ZIo)/U(Z) = 1. For each B €
¥, 03 Z|B and P(B) = U(ZI3)/U(Z) > 0. Suppose that B; and B, are disjoint
events. Then ZIp + ZIp, = ZIp,up,. Since U is standard-linear, we have U (zZI 31) +
U(ZIBZ) = U(ZIBIUBZ) and P(Bl) + P(Bz) = P(B] @] Bz). O

We take probability to be finitely additive in Lemma 4.6 and elsewhere due to the lack
of countably additive probabilities in some relatively simple situations. (See Example 18
in Section A.3.)

ExaMPLE 12 (Continuation of Example 11). The two numeraires, 1 and G for T lead
to two different probabilities Py and Pg on (Q.X), respectively. From (13), it is clear
that Py({w}) = 1/10 for o = 1,..., 10, and P;(B) = 0 for each B that is a subset of E.
In particular, P1(E) = 0 despite E being non-null. For each o, U(Gl{w}) = w/10 for
w € E€ and0 for w € E. For each cofinite set B C E, U(GIg) = 2. since ag = 1. Then
Ps({w}) = /75 for € E€ and 0 for o € E. Also, Pg(B) = 4/15 for every cofinite
subset B of E, including E itself.

EXAMPLE 13. Let Q = (0. 1), the unit interval with T the Borel o-field. Let P = {a,b}.
Let R be the set of all lotteries over P. Each element r € R is characterized by r({b}).
Let H be that subset of R®* for which gj,(w) = h(w)({b}) is a Borel-measurable function
of w. In this example, for states w < 1/2, prize a is better than b, and the situation is the
reverse for all w > 1/2. We include the null event {1/2} with @ > 1/2 for the rest of the
example. Define

1

1/2
V(h) = /0 [1 - gy (w)}doo + / o) (14)

Each element of Ko has the form a(hy — hy) for standard o > 0 and hy, hy € H. Define
Ulalhy — ha]) = o[V (ki) = V (h)].

The trading system represented by U satisfies Assumption 7 with B = {(0,1/2),[1/2.1)}.
There are many numeraires for X. Let g () = o1 (w). so that V (hy) = 0. Each h
with gy(w) < 1 for w < 1/2 and g,(w) >0 for w > 1/2 has V (h) >0 and can be
combined with hy to define a numeraire for ¥ as follows. Define Z;, = (h — hy)/V (h).
Since U(Z14) > 0 for each Borel set A, 0 3 Z,|A. Also, 0 < Z,,, so each such Z), is a
numeraire for X. As (14) would suggest, the probability derived from Zj, has the following
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density with respect to Lebesgue measure:

% ([1 — gh(w)]l(o_l/z)(a)) —|—gh(w)[[1/2’])(w)) )

Since f, > 0, Z;, is a strong numeraire for .

finlw) =

4.3. State-dependent utility. In the random-variable case, one can think about a
numeraire as the units that correspond to numerical values of the random variables.
For example, suppose that the random variables in a trading system 7 are in units of
dollars. A European foreign-exchange trader might be more comfortable comparing
units of euros rather than dollars. If G (w) is the exchange rate (in dollars per euro) in
state w, X (w)/G(w) is the utility of X in state w to the European trader measured in
the preferred currency units of euros. We need something analogous to X/G for the
horse-lottery case.

DEFINITION 4.7. Let X be a field of subsets of Q, and let T be a coherent total trading
system that satisfies Assumption 6 (and Assumption 7 in the horse-lottery case). Let
U : X —*R be a standard-linear function that represents T . In the horse-lottery case, let
Z be a numeraire of the sort obtained through Lemma 4.5. In the random-variable case,
let Z be a strictly positive numeraire. Define, for each X € X, each w € Q, and each

x € Oy:
LV in the random-variable case,
i} Z(w)
V20321 U(ay,)
———2~ in the horse-lottery case.
U(ZI3,)

We call U} the state-dependent utility function (relative to the numeraire Z). Let
X. Y € X. If there exists a standard ¢ > 0 such that U} (0. X (w)) < Ujz(w. Y(w)) —¢
for all w, we say that X is uniformly dominated by Y relative to Z or Y uniformly
dominates X relative to Z.

As Definition 4.7 makes explicit, which elements of X uniformly dominate each
other depends on which numeraire Z is used. Example 14 illustrates this fact.

ExampPLE 14 (Continuation of Example 13). The state-dependent utility that
corresponds to the numeraire Z, is, for each X = a(hy — hy) € K.

_ o fen()-gy (). forw<1/2.
fil@) |en (@) - gn(@). foro>1/2,

so that U (w. Zy(w)) =1 for all . and Zj, uniformly dominates 0 relative to Zj,.
The same could be said for each numeraire constructed in the same fashion. However,
what “uniformly dominates” 0 depends on which numeraire is used to construct the
probability. To be specific, suppose that g,(w) = 1/2 for all w so that [, is constant. Let
h' be another horse lottery with g,(w) = 1 — w for all w, so that f, is N-shaped and
Uy (. Zy (@) = 1 for all . Then h' uniformly dominate 0 relative to Zy. but

U (0, X (w))

w, Jorw < 1/2,

Uil Zy (@) = {1 —w. foro>1)2

so h' does not uniformly dominate 0 relative to Zj,.
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To see that U is well defined in the horse-lottery case, note that for each B € B of
Assumption 7, U(ZIg) > 0 because 0 < Z|B. In general Uy is a nonstandard-valued
function defined on the set J,.o({w} x O,). The interpretation of UJ(w. x) is the
utility to the agent of X in state & measured in units of numeraire Z when X (w) = x.
In Section 4.4, Theorem 4.9 shows that U(X) can be interpreted as an expected value
of the state-dependent utility of X with respect to the probability P on (Q.X) that
corresponds to the chosen numeraire Z via Lemma 4.6.

4.4. Expected utility. The following definition is a generalization of the concept of
Daniell integral to the finitely additive nonstandard-valued case. See [37] for discussion
of the finitely additive standard-valued case. We give additional motivation for this
definition in Appendix B.

DErFINITION 4.8. Let *R be a nonstandard model of the reals, and let Z be a set. Let
W be a standard-linear space that is a subset of (*R)Z. and that contains all standard
constants. Let W : W —*R be a standard-linear function that satisfies

e W(Q1)=1.and
o forwi,wy €W, w; < wyimplies W(wy) < W{(w,) (i.e., Wis monotone).

Then W acts as an expected value on W. Suppose, in addition, that T is a field of subsets
of Z and for every B € T and w € W, wlp € W. Define P(B) = W (Ip) for B €T so0
that P is a finitely additive probability on (Z,T’). Then W acts as an expected value on
W with respect to P. For each w € W, we also say that W (w)is an expected value of w
with respect to P. We also use the notation P(w) to denote W (w).

It should be apparent that Definition 4.8 agrees with the familiar countably additive
definition of expected value for simple probabilities when *R = R. Furthermore, all
finite standard-valued countably additive expected values satisfy Definition 4.8, but
they also have an additional continuity property that does not carry over to the
nonstandard-valued case.

THEOREM 4.9. Assume the conditions from and terms defined in Definition 4.7. Let
Ux(w) = Us(w. X (w)) for each X € X and o € Q. and let P be the probability on
(Q.X) from Lemma 4.6 using Z as the numeraire for . Let Wy = {Uy : X € X}.
Then:

e Wy is a standard-linear space of functions from Q to *R,

o Wz(Uyx)=U(X)/U(Z) defines an expected value of Ux with respect to P, and

e if dominance means weak dominance, then every non-empty element of X is non-
null and has positive probability.

Proof. First, we show that Uy < Uy implies X < Y. This is immediate in the
random-variable case. In the horse-lottery case, if Uy < Uy, then for each B € BB
and each wy € B. Gy, 3 Gyw,|B in the notation of Lemma 4.2 and Definition 4.3.
It follows that X < Y.

Next, we show that W iswell defined. Let X, Y € X with Uy = Uy.Then Uy < Uy
and Uy < Uy. We just proved that X < Y and Y < X. By coherence of 7, U(X) <
U(Y)and U(Y) < U(X),so U(X) = U(Y) and W is well defined.

Next, we prove the three bullets in the theorem. Since U is standard-linear, so
is Uj(w.-) for each w. Since U,xipy(w) = aUyx(w) + pUy(w) for all X.Y € X,
w € Q, and standard «. f§, we see that W, is a standard-linear space and that W is
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standard-linear. Since Uz (w) = 1 for all w, we see that VW, contains all constants and
Wz(1) = U(Z)/U(Z) = 1. Since Uy, (w) = Ux(w)Ip(w)forall X € X. B € X, and
w € Q, we see that W, contains wlp for all w € Wy and B € X. Thus, the first bullet
and part of the second bullet are proven.

For the rest of the second bullet we must show that (i) Wz(Iz) = P(B) for all
B € X, and (ii) W is monotone. For (i). note that for each B € X, Uy, = I, and
W,(Ig) = U(ZIp) = P(B) (including B = Q). For (ii) Uy < Uy implies X < Y by
what we proved earlier. Then, W (Uy) = U(X)/U(Z) < U(Y)/U(Z) = Wz(Uy).
where the inequality follows from coherence of 7.

For the third bullet, assume that dominance means weak dominance and that E € X
is non-empty. The construction of Z implies that 0 <, ZIr.so 0 < Z|E, and E is
non-null. Also. 0 = U(0)/U(Z) < U(ZI)/U(Z) = P(E). O

COROLLARY 1. Assume the conditions of Theorem 4.9 in the random-variable case with
numeraire Z = 1. Then Wy = X, Uy = X for all X € X, and U acts as an expected
value on X with respect to P.

4.5. Changes of numeraire. Assume the conditions stated in Definition 4.7. Let
Z\, Z, be two numeraires of the sort described there with corresponding probabilities
PZI» PZZ' Then

Wy, = {Us, (- X () X € X},
for j =1,2. And Wz, : Wz, =*R, defined by
W2, (U3, (X () = UX)/U(Z,),
acts as an expected value on Wz, with respect to Pz;. Note that

1
~ Uz (L z0)
Wa, = {wUz, (. Z1()) 1w e Wy |

U§2(~,Zl(~)) and

For each w € Wy,.
U(Z)
U(Z,)

In other words, U}z(-,Zl(~))U(Zl)/U(Z2) has the defining feature of a Radon—

Nikodym derivative of W, with respect to W, (when restricted to indicators of
events), without referring to absolute continuity.

Wz, (w) = Wy, [wU}Z(.,Zl(.))]

ExampLE 15 (Continuation of Example 12). In the notation of Theorem 4.9, the two
numeraires, 1 and G, along with their probabilities Py and Pg, correspond to linear spaces
Wi = XandWe = {X/G : X € X} with the standard-linear functions Wy (X) = U(X)
(for X e Wy) and Wg(Y) = U(YG)/U(G) (for Y € Wg). So, Uj(w. x) = x while
Ui(w.x) = x/w. It then appears as if dPg/dP\(w) = 1/[wU(G)] acts as a Radon—
Nikodym derivative despite the fact that no existing definition of absolutely continuous has
P absolutely continuous with respect to Py. Nevertheless, we can still express Pg(B) =
P1(BG)/P\(G) for each event B € X, including B = E = {11,12,...}.
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4.6. Another layer of expected utility. As in Section 3.2.3, in the horse-lottery case,
it would be easier on the intuition if state-dependent utility could be expressed as a
function of lotteries in state o rather than elements of O,. Let W and U} be as in
Theorem 4.9. Let iy € H be arbitrary, and define V' : |, cqo {w} x R,,) —*R by

Viw,r)=Us(w,r—hlw)). (15)

This has the effect of shifting the utility in state w so that /io(w) has value 0. It follows
that, for r;, 1 € Ry,

Uz(w.alr =) = a[Vz(w.n) - Vz(w.r)]. (16)

which gives us equivalent ways to express state-dependent utility in both H and K.
Equivalent ways to express marginal utilities were given in (10) and (11) in Section
3.2.3. Finally, for each w € Q and p € P,, let ? stand for the simple lottery that
assigns probability 1 to the prize p, and define

Voz(w.p) =V (w.r7). (17)

A useful consequence of the above notation is the following simple corollary of
Theorem 4.9.

COROLLARY 2. Assume the conditions of Theorem 4.9. Then V (h) is an expected value
of V(- h(-)) with respect to P.

Our final goal. in this section, is to show that V}(w.r) can be interpreted as an
expected value of V', (w. -) with respect to the simple probability r.

LemMa 4.10. For eachw € Qandr € R,,. V;(w.r) is an expected value of Vi, (w, -)
with respect to 1.

Proof. Let w € Q, and let r € R,, be a simple lottery with P(r) = {py. ..., p,} and
r({pj}) =, for j=1....n.For j =1,...n let x; = r? — hy(w) € O, where r?J
stands for the simple lottery that assigns prize p; with probability 1. Then r — hy(w) =
>}  @jx;. Hence

Vi(w,r) = U w,r— h(w))

n
j=1

=Y V3. r7) = V(0. ho(@))]

Jj=1

=Y aiViz(w.p)).
j=1
where the first equality follows from (15), the second follows from standard-linearity
of Uj(w,-). the third follows from (16), and the last follows from the definition of
Vi, and the fact that V> (w. ho(w)) = 0. Let Z = P(r), T = 2P() and W equal to the
standard-linear span of { V", (w.-)I4: 4 € I} | J{I4 : 4 € '} in Definition 4.8. The
two bullets in the definition are clearly satisfied. O
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Corollary 2 and Lemma 4.10 combine to say that V' (k) is an iterated expected
value of Vo’fz(cu, p) where, for each w € Q, the inner expected value is with respect
to the probability /#(w) on P(h(w)), and the outer expected value is with respect the
probability P on Q. To be precise. Q(w) = h(w)[V;,(w.-)]is the inner expected value,
and V (h) = P[Q(-)] is the outer expected value.

4.7. The original Savage-style acts. In this section, we assume that a coherent total
trading system 7 = (Ko, 3, <) that satisfies Assumptions 1-7 was generated from a set
F of Savage-style acts by creating the set 74 of horse lotteries that are simple mixtures
of elements of F. The probability P that results from Lemma 4.6 is a function from
¥ to *IR, and as such can be associated with the set F, regardless of how its existence
was proved. Similarly, the function V of (10), when restricted to the elements of F,
represents the preorder 3’ on F that is the restriction of <. Also, the state-dependent
utility of act /" € F in state w is V', (. f (w)) from (17). Hence the expected-utility
interpretation of Corollary 2, when restricted to elements of F gives an interpretation of
V as an expected value of the state-dependent utility V, (w. f (w)) with respect to P.

4.8. Existence of coherent trading systems in the horse-lottery case. In the random-
variable case, all forms of dominance are defined independently of an agent’s willingness
to trade. Furthermore, a respect for a chosen form of dominance can be enforced while
the agent is stating preferences. The same is not true for the horse-lottery case, where
dominance is defined based on an existing total trading system. If that trading system
does not respect dominance, the agent either has to start over or can try to modify the
stated preferences.

There is a way for the agent to enforce respect for a chosen form of dominance,
but it places restrictions on the order in which preferences can be stated. To mimic
the random-variable case, for each X, Y € X, the agent needs to be able to determine,
prior to saying which trades between X and Y are acceptable, whether X <, Y or
Y <,.n X or neither. To do this, one needs a partition B of Q into non-null events
that satisfy the first two bullets of Assumption 7. The agent also needs to be willing to
require preferences to satisfy the third bullet.

If the agent wishes to respect weak dominance, then all states will be non-null,
and B can be taken to be {{w} : v € Q}. The agent would first determine whether
X < Y{w}or Y < X|{w} or neither. Such comparisons reduce to checking, for each
x.y € Oy, how xIy,, and yly,, compare. Once all such determinations are made,
weak dominance is defined on all of Oq, and all instances of X' < Y can be labelled
as X < Y before the rest of the trading system is determined.

If the agent wishes to respect only strict dominance, the agent needs to determine, for
each B € B and each (x,y) € O(B)?, whether x < y|B. If so, the agent then declares
that x < y|C for every non-null subset C of B. As above, strict dominance is now
defined on all of Oq, and all instances of X' <, Y can be labelled as X < Y before
the rest of the trading system is determined.

Dom

4.9. Conditional trading. Conditional preference (see Definition 4.1) can be
interpreted as a willingness to trade given that some event occurs. Throughout this
section, assume the conditions of Definition 4.7 and Theorem 4.9. In particular:

e 7 =(X,Z.<) is a coherent total trading system with standard-linear repre-

senting function U.
e X isa field of events for which Assumption 6 holds.
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e A numeraire Z for X exists with corresponding probability P as in Lemma 4.6.
e There exists a state-dependent utility Uz : Og —*R such that U(X) =
U(Z)P[Uz(-. X ()]

The following result is straightforward from standard-linearity of U.

PropoSITION 4.11. Let Ei.....E, be a finite partition of Q. If X X Y|E; for
j=1,....n,then X 2 Y. If. in addition, X < Y|Ejf0r at least one j, then X < Y.

In the spirit of conditioning on an event, the following result shows how to restrict
a trading system on a state space Q to a smaller state space consisting of an element £
of £ with P(E) > 0. The restriction X |g of a function to a subset E of its domain is
defined to be the function

Xl|g(w) = X(w) forallw € E,

which maps E into the codomain of X. The corresponding restriction of a field X is
Yp={ANE:AecX}.

LEmMmA 4.12. Let E be a non-null element of X, and define

) XE:{X|E:X€X},and
o Zptomean X|g Jp Y|gifandonlyif X Z Y|E.

~

Then, Tg = (Xg. 3. <g) is a total trading system with representing function
Ur(X|g) = U(XIg)., and which satisfies Assumption 6. If P(E) >0, then (a) Z|g
is a numeraire for L with associated probability Pr(B) = P(BNE)/P(E), and (b)
there is an expected state-dependent utility representation for Ug with respect to Pg.
Finally, if dominance in T means weak dominance, then Tg is coherent with weak
dominance.

Proof. 1t is straightforward that < is a well-defined total preorder on Xx as is the
fact that Assumptions 1-4 hold in 7%. Since U is standard-linear and the operation
of restriction to E commutes with linear combinations, it follows that Ug is also
standard-linear. Since X 3 Y|E means XIg 3 Ylg, it is clear that Ug represents Tg.
For Assumption 6, the appropriate field is X, and the assumption holds in 7g.

Next, assume that P(E) > 0 so that 0 3 Z|E and Z|g is a numeraire for £g. Since
U(ZIg) = P(E) and U(ZIpng) = P(B N E). the probability associated with Z|f is
Pp as stated. Also, foreach X € X,

Ug(X|g) = U(XIg) = P{UZ(-. X (:))1£]
= Pe[UZ(-. X (-))IP(E)
= PplUzp(-. X|£)].
where U, ; (0. x) = U} (w. x)P(E) for w € E and x € O,,.
Finally, assume that dominance in 7 means weak dominance. If X |z <, = Y| in
Te.then X|g < Y|g, and thereis w € E such that X |g(w) < Y|g(w) so it follows that

XIg <p.,, YIe and XIg < YIg in T. Hence X |g <g Y|g. and Assumption 5 holds
in 7. ]

As a corollary, we have a version of the law of total probability/expectation for
conditional trading systems. Note that, if E is a non-empty null event then P(E) = 0
and Ug(X|g) =0forall X € X.
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COROLLARY 3. Let n be a standard finite integer, and let E1, ..., E, be a partition of )
into non-empty events. Then, for each X € X,

UX)= Z Ug,(X|g;)P(Ej).
i—1

The following example illustrates why coherence of 7z in Lemma 4.12 is proven only
for weak dominance.

ExampLE 16 (Continuation of Examples 11 and 12). Recall that the trading system
T is coherent using either uniform or strict dominance, and that the set E = {11,12, ...}
is non-null. The two probabilities Py and Pg computed in Example 12 differ most notably
by the fact that P\(E) = 0 while Pg(E) > 0. Suppose that we try to restrict the trading
system to the set E as is done in Lemma 4.12. With Z = 1 as numeraire, P1(E) = 0, so
Lemma 4.12 doesn’t apply. In particular, 0 ~ 1|E which violates all forms of dominance.
With Z = G as numeraire, Pg(E) > 0, but Ug (w,x) = x/w. In order for X to uniformly
dominate 0 there must be a standard ¢ > 0 such that X (w)/w > ¢ for all w. A necessary
condition for this is ay > 0, so only some unbounded functions uniformly dominate 0,
and all X € X with ay > 0satisfy 0 < X|E. So T is coherent using uniform dominance
with numeraire G. Finally, recall that T is not coherent using strict dominance because
0 ~ 1|E, despite the fact that T is coherent using strict dominance.

§5. Discussion. The major contributions of this paper are:

e a systematic representation of coherent preferences amongst random variables
or horse lotteries regardless of how strong is the form of dominance that one
wishes to respect,

e the use of nonstandard models of the reals to represent non-Archimedean
preferences,

e an extension theorem from one standard-linear space of random variables to a
larger space,

e an expected utility interpretation for the nonstandard representation in special
cases (including those of existing theories) and

e a derivation of conditional preferences.

Some. but not all, of the examples of non-Archimedean preferences arise from
the use of weak dominance in the definition of coherence. Weak dominance is the
weakest of the three dominance concepts in Definition 1.11. Weak dominance is the
same as the form of dominance used to define inadmissibility in statistical decision
theory. The strongest of the three dominance concepts is the one used in de Finetti’s
theory, namely uniform dominance. Strict dominance is intermediate to the other two.
Since dominance is used to prevent calling a trading system coherent, the stronger the
dominance condition, the weaker the sense of coherence, i.e., the easier it is to call a
trading system coherent. Since some of our results use the weakest form of dominance,
those results use the strongest form of coherence.

There is room for future work. Assumption 7, in the presence of the other
assumptions, is sufficient to prove the existence of an expected-utility representation
of preference, but it is not necessary. If we define the finitely additive signed
measure uy (B) = U(XIg) for B € X, then U} (-, X (-)) behaves like a Radon-Nikodym
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derivative of uy with respect to P in Theorem 4.9. The missing necessary condition
would be equivalent to a Radon-Nikodym theorem for nonstandard-valued finitely
additive signed measures. A standard-valued finitely additive Radon—Nikodym
theorem for bounded measures was proved by Maynard [24], but it is heavily dependent
on standard real numbers. Here is an example of a total trading system with an
expected-utility representation that fails Assumption 7.

EXAMPLE 17. Let Q = (0, 1) with P = {a. b, ¢} and X being the field generated by the
intervals (the unions of finitely many disjoint intervals, including singletons). Eachr € R,
the set of all lotteries, is a simple probability (r({a}).r({b}).r({c})). Let V*(w.r) =
wr({b}) + r({c}). This corresponds to a having utility 0 in every state, b having utility »
in state w, and c having utility 1 in every state. Let H be the set of functions h : Q — R
such that V*(w, h(w)) is a Borel-measurable function of «. We will work in the space H
rather than Ky where possible. Define

1
V(h):/0 V*(w. h(w))do.

Let h = g mean V (h) < V(g). Let Z = h. — h,, where h.(w) = (0,0, 1) for all w and
h(w) = (1,0,0) forall . Then V*(w. h,) = 0and V*(w, h.) = 1 for all . This makes
Z € Ko anumeraire, and V'* is actually V' in the notation of Section 4.6. The probability
corresponding to Z is Lebesgue measure on (Q,X). Every non-null event B contains an
interval C. Let o be the midpoint of C, and partition C = Cy | C, by splitting at the
midpoint, which makes Cy and C, non-null. Notice that (0,1,0) <" (1 — .0, a)|C and
(1 -a,0,a) <" (0,1,0)|C,. Hence no partition of the kind required by Assumption 7
exists.

§Appendix A. Overview of nonstandard models. This appendix is intended only to
give examples and an intuitive overview of the concept of nonstandard models of the
reals. Those needing a more thorough understanding should read one of the many
treatments such as [27, 34].

A.1. Nonstandard models of the reals. A nonstandard model of the reals is an
embedding of the real numbers R into a superset *R that preserves many of the familiar
properties of the reals (e.g., being a linearly ordered algebraic field) while introducing
others that are convenient for certain analyses (e.g.. “infinite” numbers that obey the
usual rules of arithmetic). (For convenience, we take R to be a nonstandard model of
the reals, despite its being standard.)

DEFINITION A.1. A linearly ordered algebraic field that contains the standard reals R as
a subfield is called a nonstandard model of the reals. A nonstandard z such that |z| < y
for every positive standard y is called infinitesimal. A nonstandard z such that |z| > y for
every positive standard y is called externally infinite. 4 nonstandard that is not externally
infinite is called externally finite.

The infinitesimals and standard reals are externally finite, as are hybrid nonstandards
such as 1 + x, where x is infinitesimal.

One common class of nonstandard models of the reals are known as ultraproduct
models. They are constructed as follows. Let Z be an infinite set, let I/ be a nonprincipal
ultrafilter on Z, and let F be a nonstandard model of the reals (possibly R itself). The
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elements of FZ are functions from Z to F. Define a binary relation of 7Z by
f ~ygifandonlyif{z e Z: f(z) = g(z)} e U.

It is easy to see that ~;, is an equivalence relation because the intersection of finitely
many elements of I/ is in Y. Call *F; = FZ / ~u (the set of equivalence classes
corresponding to ~;,) the ultraproduct corresponding to F. Z and U. The natural
embedding of F into *F; is x +— [dy]y. where (for x € F) d, € FZ is the constant
function d,(z) = x for all z € Z. We take the liberty of using the symbol x to stand
for [d.],s when x € F. The classic ultraproducts are those that start with 7 = R and
Z = 7% (the positive integers). Such models are often denoted *RR.

In this paper, each nonstandard model F of the reals (other than R) will be non-
Archimedean in one of the many equivalent senses, such as the following: There exist
x,y € F with x < y such that nx < y for every standard integer n. For those with
more knowledge of nonstandard models, our analysis is entirely external. The formal
meaning of “external” is not important here, but it includes the ability to refer to
subsets of the standard reals (the familiar R) as subsets of F. The cost of an external
analysis includes, among other things, the inability to carry theorems and proofs back
and forth between the standard and nonstandard models. The external approach also
requires us to distinguish between standard and nonstandard notions of finite, infinite,
and countable. The main thing that we gain from the external approach is the non-
Archimedean nature of F as opposed to R. One manifestation of a non-Archimedean
property is the non-existence of suprema and/or infima for certain bounded external
subsets of F.

In the theorems of Section 2, we assign numerical values to objects in a trading
system sequentially. There are two different situations when the number system F we
are using does not have a value that is appropriate for the next object. One situation
arises when the next object to be assigned a value is strictly preferred (dispreferred)
to every element of a set B and each number in F is already less (greater) than or
equal to the value assigned to an element of B. In this case, we need to expand F
to include values that are larger (smaller) than everything already in F. The second
situation arises when the next object needs to be assigned a value strictly between two
non-empty sets By and B, that already partition . The following lemma shows how
to extend a number system F in each of those situations.

LEmMMA A.2. Let F be a nonstandard model of the reals.

1. There exists a nonstandard model *F of the reals such that (i) F is naturally
embedded in *F and (ii) there exist z_,z, €*F such that z_ < x < z, for all
x e F.

2. Let By C Fand B, = BIC. Suppose that, for all by € By and all b, € By, by < b;.
There exists a nonstandard model *F of the reals such that (i) F is naturally
embedded in *F and (ii) there exists z €*F such that by < z < b, for all by € B,
and bz € B,.

Proof. If F =R, let Z = Z*, the positive integers. If F is already nonstandard, let
Z = F. Let U be a nonprincipal ultrafilter that contains all subsets of Z of the form
{z 1 z > zp} for some zy € Z, and let *F be the ultraproduct corresponding to F, Z and
U as defined above. Let f(z) = z define a function in 7. The equivalence class [ f ]
is greater than every element of F by construction and [— f];, is smaller than every
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element of F. For claim 2, if B has a least upper bound b, (for example, if F = R)
then b is also a greatest lower bound for B,. In this case x = b + [1/ f ], satisfies claim
2ifb € By, and x = b —[1/f ]y satisfies claim 2 if b € B,.

The only case remaining is claim 2 when B has no least upper bound, which might
occur if F # R. In this case, let Z = B, and let i be a nonprincipal ultrafilter that
contains all of the sets of the from {z € Z : z < zo} for some zg € Z. Let f(z) = z for
all z € Z. The equivalence class [f],; > b; for all b; € B because every f(z) > by.
Also, [flu < by for all b, € B, because {z : f(z) < b} € U. O

Some of our results rely on the possibility of applying Lemma A.2 infinitely many
times, in a well-ordered manner. To be specific, let I' be an ordinal. Let 7y = R. For
each successor y < T, let F, be either F,_; or the result of applying Lemma A.2 to
F,-1. For each limit y < T (if any), let 7,_ = |, < Fo- It is straightforward to show
that F,_ is a nonstandard model of the reals when y is a limit ordinal.

A.2. A note about infinity. The use of the symbol co to stand for “larger than
every standard number” has a long history, and rarely causes trouble when discussing
standard reals. Certain conventions allow some arithmetic with co. For example,

e for all finite x, co + x = oo, and
e for all finite, non-zero x, xoo equals oo, with the sign matching that of x.

However, there is no place for standard infinity in a nonstandard model of the reals.
Externally infinite, but internally finite, nonstandards replace standard infinity, and
they require no special conventions to allow externally finitary arithmetic. Whenever we
need to represent something in a nonstandard model that is larger than every number
in the model, we appeal to Lemma A.2 which essentially iterates the ultraproduct
construction to produce a larger nonstandard model that contains internally finite
numbers to represent what we need.

A.3. Countable additivity. Shimony [39, pp. 19-20] calls the nonexistence of a
standard-valued probability on a countable set with equal positive probabilities for
each singleton “a serious difficulty” for decision theory. He also notes that allowing
probabilities to take “infinitesimal” values might be appropriate. Following that
suggestion, Example 18 shows that there is no nonstandard-valued countably additive
probability on a countable state space that assigns the same probability to each
singleton, but there are finitely-additive probabilities that do so.

EXAMPLE 18. Let Q = {w;; : i. j € Z"} be an arbitrary countably infinite set with its
elements indexed by the pairs of positive integers in the first quadrant for purposes of this
example. Define the following subsets of Q:

A= {60,‘,]‘ > i},
Vi=A{wi;:j €L}, foreachi € Z",
H; ={w;;:i €Z"}, foreach j € 7.
Each V; is the set of points whose indices form a vertical strip in the first quadrant, and
the indices of the points in each H; form a horizontal strip. Also A is the set of points

with indices above the main diagonal in the first quadrant while A€ is the set of points
with indices on or below the main diagonal.

https://doi.org/10.1017/51755020324000017 Published online by Cambridge University Press


https://doi.org/10.1017/S1755020324000017

130 MARK J. SCHERVISH ET AL.

Suppose that we want each singleton {w; ; } = V; N H; to have the same probability ¢.
It follows that & must be smaller than every positive standard number and hence must
be an infinitesimal. It does not matter from which nonstandard model of the reals the
infinitesimal ¢ is extracted. The following analysis applies equally well in all nonstandard
models of the reals. What we show next is that no countably additive probabilities can be
assigned to all of the sets described above while preserving equal positive probability for
all singletons. The example concludes by showing that finitely additive probabilities can
be assigned to all of the sets described above while preserving equal positive probability
for all singletons.

Let P be a probability whose domain contains all of the sets listed above and for which
P({w;;}) =¢ forall i, j. For each i, j., let v; = P(V;) and let h; = P(H;). We know
that for all i, j, e/v; and e/h; are strictly less than every positive standard number, e.g.,
0.1. Hence 1 — ie/v; and 1 — (j — 1)e/h; are both greater than 0.9 for all i, j. Also.

P(A N V,) =wv; —ig = U,‘(l - ia/v,-) > 09; = 09P(Vl),
PASNH;)=h;—(j—De=h[l - (j—1e/h;] >09P(H;).

for every i, j € Zt. If P were countably additive, then

ANV:)>09> P(V;) =09,

i=1

P(4) =) P(
i=1
P(A°)=>"P(A°NH;)>09) P(H;)=09.
j=1 i=1
But P(A) + P(A€) = 1. hence P is not countably additive.

Finally, let X be the standard-linear span of all constant functions and the indicators of
all of the singletons. Each element of X is constant except at possibly finitely many points.
For each constant element X of X, define U (X ) to be that constant. For each nonconstant
element X of X, define U(X) = c + 22:1 aje, where n is the (at most finite) number
of points where X # ¢. X(w) = a; — ¢ at the jth such point, and ¢ is the infinitesimal
mentioned earlier. Then U represents a coherent total trading system, T = (X, 3, <).
Theorem 2 allows us to extend T to a coherent total trading system on whatever larger
standard-linear space X' that we wish, including the space of all bounded standard-valued
Sfunctions defined on Q. The constant 1 is a strong numeraire for every field of subsets of
Q. Lemma 7 shows that, so long as X' is large enough to contain the sets required by
Assumption 6, P(B) = U'(I) is a finitely additive probability on each such field.

In light of the lack of countably additive probabilities in examples such as Example
18, we do not require that probabilities be countably additive. There are additional
reasons as well. It is not even clear how to define the sum of countably many positive
nonstandard numbers even if the sequence of partial sums is bounded. For example,
in Example 18, the finite partial sums of the numbers P({w; ;}) for j = 1,2,... is
bounded above by every positive standard but it would be difficult to justify giving
that sum a specific value x because x + ¢ is also the sum of the same number of ¢
values. Furthermore, for every upper bound on the partial sums, there is a smaller
upper bound, so none of them qualifies to be called the countable sum. See Section 4.3
of [20] for more discussion of this point.
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§Appendix B. Expected values for nonstandard-valued functions. In the theory of
countably additive probability and expected value for standard-valued functions, each
probability P on a measurable space (Z,T") has a unique extension from indicators of
elements of I to an expected value for all bounded measurable functions and for all non-
negative measurable functions (where co may be the resulting expected value). Finally,
there is a unique extension to all functions whose positive and negative parts don’t
both have oo as their expected value. The first step is the trivial extension to the simple
functions, those that assume only finitely many values. This trivial extension applies
equally well in the nonstandard-valued and/or the finitely additive cases, namely

P ZajIA_f :ZaJ-P(Aj).
j=1 Jj=1

The extension of expected value to a bounded measurable function f is done by a
sequence of uniform approximations of f* by a sequence of pairs of simple functions
{(fn< fus}p2y where £, <(2) < fas(z)and f5(2) = 1/n < f(2) < fo<(2) + 1/n
for all z € Z and all n € Z". The sequences of expected values {P(f,~)}>°, and
{P(f,>)}2, both converge to the same number. and that number is P(f). This feature
applies in the finitely additive standard-valued case, but not so much to nonstandard-
valued cases. In particular, we can get uniform approximations of bounded functions
by simple functions to within each positive standard value, which allows us to pin down
the standard part of P(f), but we cannot uniquely determine the value of P(f) from
these simple functions alone. To get a uniform approximation to within an infinitesimal
amount requires a “simple” function with an externally infinite nonstandard integer
number of terms. The sum of countably many nonstandard values is generally not
possible to define, and countably additive probabilities are not generally additive over
an externally infinite nonstandard number of values.

The standard-valued countably additive extension to a non-negative measurable
function f is done by

P(f)= sup P(g). (18)

simple g< f

which is still possible in the standard-valued finitely additive case. In the nonstandard-
valued cases, there are many sets of finite numbers, even bounded sets of finite numbers,
for which no supremum (least upper bound) exits, as noted in Appendix A. So, one
cannot use (18) to define the expected value of a non-negative nonstandard-valued
function. Instead, P(f) must be at least as large as P(g) for every simple g < f.
This makes expected values of unbounded standard-valued functions and general
nonstandard-valued functions non-unique extensions of the underlying probabilities,
be they countably additive or merely finitely additive. Example 16 in Section 4.9 is a
case of a countably additive probability with a finitely additive extension to unbounded
functions.

The implications of the non-uniqueness of extensions are handled as follows. In
the finitely additive standard-valued case, it is coherent, in the sense of [11] and for a
single unbounded non-negative function f, to assign a value to P(f) that equals the
right-hand side of (18) plus ¢ for ¢ > 0. However, doing so has implications for the
expected values of other unbounded non-negative functions. Our extension Theorems
2.8 and 2.9 are set up to take into account all of those implications if and when they
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arise. The reader should also note that (18) often forces P(f) = oo because there can
be simple functions g < f with arbitrarily large P(g). In our nonstandard approach,
we would assign a nonstandard externally infinite expected value as P(f'). In fact, the
very idea of what counts as “bounded” or “unbounded” changes when nonstandard
externally infinite numbers are being used.

For the above reasons, we use Definition 4.8 to define expected values of
nonstandard-valued functions with respect to a finitely additive (or even a countably-
additive) probability P. Essentially, an expected-value functional W with respect to
P is a standard-linear mapping W : W —*R, where W is a standard-linear space
of (possibly nonstandard-valued) functions that includes the indicators of the sets
on which P is defined as well as other functions for which one desires expected
values. The functional W needs to have two additional properties: (i) g < f implies
W(g) < W(f) (monotonicity) and (ii) W (1) = 1 (normalized). Each finitely additive
probability P has multiple extensions to each W that includes non-simple (even
unbounded) functions. Each extension involves the space of functions whose expected
values need to be computed as well as the specific expected values assigned to the
functions. For each finitely additive probability P and each standard-linear space W
of functions whose expected values we want, there is a convex set £pyy of possible
extensions of P to W.

Our assumptions refer to an agent’s willingness to engage in various trades amongst
elements of a set X'. If the agent’s willingness to trade satisfies our assumptions, then
there is a (possibly nonstandard-valued) function U on X that represents the trades
that the agent is willing to make. We then show that U(X) can be interpreted as an
expected value of a state-dependent utility of the value of X in state @ with respect
to a probability over (Q,X). Unless we impose more restrictions on which trades an
agent should be willing to make, i.e., make more restrictive assumptions, the inferred
expected-value functionals could be arbitrary elements of Epyy.

§Appendix C. Lengthy proofs. This appendix contains the lengthier proofs of the
results in the main paper.

C.1. Proof of Lemma 2.6. 1f X' = X, then T’ = T satisfies the conclusions of the
lemma. For the remainder of the proof, assume that X’ is a proper subset of X”.

We start with the case in which it is not required that 7’ be coherent. Define 3" on X"
asfollows: For X, Y € X', X 2" Yif Y — X € V7. Then 3’ is an extension; of 3. If <«
on X is nonempty, define <’ on X’ asfollows: For X, Y ¢ X/, X <’ Yif0< Y - X.
Since 0 € V7, Assumption | holds. For Assumption 2. suppose that X, Y. X', Y’ € X’
withY - X =Y’ - X'.Then X I’ Yifandonlyif Y/ - X' = Y — X € Vrifand only
if X’ 3" Y. For Assumption 3, suppose that X; <’ Y; for and a; > 0 is standard for
j =1,2. Then

a1+ (aX) + X)) = a1 (Y1 - X)) + (Y, - X5) € Vr.

hence a1 X1 + aX> 3 a1 Y1 + ap Y2, For Assumption 4 on X', only the final two
bullets need to be proven. To that end., (X <’ Y) A (Y X' Z) implies [0 < (Y —
XNA0Z3(Z-Y)],and (X 2 Y)A(Y < Z) implies [0 2 (Y - X)IA[0 < (Z -
Y)]. Each of the last two implies 0 < (Z — X). hence X <’ Z.

If T is coherent and it is required that 7' be coherent, define 3" on X" as follows: For
X, Y e X, X 3 Yifthereis V € Vysuchthat ¥ < Y — X. Then 3’ extends, =< and
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V1 satisfies the final claim of the lemma. Define <’ on X’ as follows: For X, Y € X",
X < Y if there is V' € V7 such that either 1/ <pom Y —Xor0< V <Y —X.This
makes 7" satisfy Assumption 5. Since 0 € Vyand 0 < X — X, Assumption | holds. For
Assumption 2, suppose that X, Y. X', Y € X' withY - X =Y’ - X'.Then X 3’ Y if
and only if there is V' € Vy suchthat V < Y - X = Y’ - X' ifand only if X’ 3" Y.
For Assumption 3, suppose that X; <’ Y; and «; > 0 is standard for j = 1,2. For
j=121letV; € Vrbesuchthat V; < Y; - X;. Then V = oy V1 + o V> € V7. and

V<o +aY, - (OL1X1 +a2X2).

hence a;X; + ax X2 3/ a1 Y1 + an Y3 For Assumption 4 on X7, the first bullet is
immediate from the definition of <1’. For the last two bullets,

(X <" Y)A (Y 2 Z) implies X <’ Z. and
(X 2 Y)A(Y < Z) implies X <’ Z.

there are several things that could lead to the left-hand clauses:

(i) thereis V; € Vysuchthat 1y <, Y - X,

(ii) thereis ¥, € V7 such that 0 < II)/(;mS Y- X,
(iii) thereis V3 € Vrsuchthat V3 < Z - Y,

(iv) thereis V4 € Vysuchthat V4 < Y — X,

(v) thereis Vs € Vrsuchthat Vs <, Z-7Y.

(

vi) thereis Vg € Vysuchthat 0 < Vg < Z - Y.
Similarly, there are two ways to achieve the right-hand clause(s):

(vii) thereis V7 € Vy such that V7 <, Z - X,
(viii) thereis Vs € Vrsuchthat0 < Vg < Z — X.

We need to prove two implications based on the above possibilities:

1 [{(i) or (ii)} and (iii)] implies [(vii) or (viii)], and
2 [(iv) and {(v) or (vi)}] implies [(vii) or (viii)].

For 1, [(i) and (iii)] implies Vi + V3 <., Z—- Y + Y - X = Z — X, which implies
(vii) with V7 = Vq + V3. Alternatively, [(ii) and (iii)] implies 0 < Vo + V3 < Y —
X+Z-Y =Z-X, which implies (vii) with Vg = V> + V3. For 2, (iv) and (v)
implies V4 + Vs <, Y - X +Z - Y = Z - X, which implies (vil) with V7 = V4 +
Vs. Alternatively (iv) and (vi) implies 0 < V4 + Vs < Z-Y+Y-X=Z - X,
which implies (viii) with Vg = V4 + V.

C.2. Lemma C.1 and its proof. The proofs of Theorems 2.8 and 2.9 are transfinite
inductions. Lemma C.1 is a template for the successor ordinal steps in the transfinite
inductions. Lemma 2.7 (whose proof is in Appendix C.3) is the remainder of the
transfinite induction, including the limit ordinal steps.

The proof of Lemma C.1 uses an argument that resembles the proof of de Finetti’s
fundamental theorem of prevision. The main step is constructing bounds for the
possible values of the agreeing function (prevision in de Finetti’s case, U in Theorem
2.8) at a new object Z given previously chosen values of the agreeing function. In de
Finetti’s theorem, one uses existing previsions of random variables X for which either
X < ZorZ < X.InTheorem 2.8, we replace prevision by an agreeing function U, and
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we replace X < Z byacombinationof X 3 Z. X < Z.and/or X <, Z.Additional
steps are needed to deal with strict preferences of a non-Archimedean nature and with
sets of nonstandards that don’t have suprema and/or infima.

LemMA C.1. Assume the following structure:

o YandW are linear spaces of functions from Q to O with Y a proper subset of W.

o Ty =.2y.<y) is a total trading system that is represented by the standard-
linear function U : Y —*R, where *R is a nonstandard model of the reals.

o Tw = W.Z3Ww. <) is the extension, of Ty obtained from Lemma 2.6.

Let Z € W. Let Z be the standard-linear span of Y\ J{Z}. Then U can be extended
to a standard-linear function U’ : Z —*R’, where *R’ contains *R and such that U’
represents a total trading system T' = (2,3, <') that is an extension, of Ty. Also, if
Ty is coherent, then T' can be chosen to be coherent.

Proof. If coherence is an issue, note that dominance has the same type (uniform,
strict, or weak) in both ) and W, so we will use the same notation X < bem Y tomean
that ¥ dominates X regardless of whether X, Y are both in ), both in W or one in
each. We have

Z\YV={aZ+X:XeY.acR\{0}}. (19)

It is straightforward to show that the representation of elements of Z\ Y in (19) is
unique. Define U'(X) = U(X) for X € ).

Start with the case in which there is Y € ) such that Y ~,, Z. In this case, set
U'(Z)=U(Y),*R' =*R, and

UlaZ + X) = aU'(Z) + U(X), (20)

for all other elements of Z. Set 3 to be the total preorder on Z that U’ represents.
The only thing that remains to show, in this case, is that 7/ = (Z, =/, <’) is coherent if
Tw is coherent. Suppose thataZ + W <, a'Z + Y, for a.a’ standard and W Y €
YV.lfa=a' . then W <, Yand W <y Y.so W <y. W <" Y. and aZ + W <’
aZ+Y. Ifa>a' . then Z <, (Y-W)/(a-a')and Z <y, (Y = W)/(a —a').
Let X ~y Z. Then X <y (Y - W)/(a—a'). X <y (Y -W)/(a—-a'). X <" (Y -
W)/(a—-a'),and Z <" (Y - W)/(a—a’). Hence aZ + W <’ aZ + Y. A similar
argument works of a < /.

For the remainder of the proof, assume that for all X € ), =(X ~ Z). We start by
choosing a value for U’(Z). After that, we make U’ standard-linear by defining it
through (20). Then, we show that setting <’ to <’ satisfies Assumption 4. Finally, we
prove that the trading system 77 that U’ represents (recall Lemma 2.4) is coherent if
Ty is coherent. Since U’ extends U, T’ extends Ty .

When we attempt to choose a value for U’(Z), we need to attend to instances of

<y, if any.
Li={UX): XeV. X 3w Z},
U={UX): XeV.Z 3y X}
Ly={UX): X eV, X <y Z},
UQZ{U(X)IXGy,Z<<WX}.
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The definition of <y, and the fact that U represents 7y guarantee that, for j = 1, 2,
£<uforalll e L; and u € U;. Also, U C U and L, C L. (If <y is empty, then
Lry=U=1.)

There are several cases (and subcases) to handle:

(a) Both £, and i are nonempty, and
(a)(i) thereis x €*Rsuch that £ < x <wu forall £ € £; and u € U, and at
least one such x satisfies x & £, | U, or
(a)(ii) thereis no x as described in case (a)(i).
(b) L;is empty, U is nonempty, and
(b)(i) thereis x €*R such that x < u for all u € U, and at least one such x
satisfies x & U, or
(b)(ii) there is no x as described in case (b)(i).
(c) Uy is empty, L; is nonempty, and
(c)(i) thereis x €*R such that £ < x for all £ € £, and at least one such x
satisfies x ¢ L, or
(c)(i1) thereis no x as described in case (c)(i).
(d) Both £, and U, are empty.

In cases (a)(i), (b)(i), and (c)(i) set U'(Z) = x and *R’ =*R. In case (a)(ii), apply
claim 2 of Lemma A.2 (in Appendix A) to find an extension *R’ of *R and x €*R’
suchthat < x < uforall4 € £y and all u € U, and set U'(Z) = x.

In case (b)(ii), apply claim 1 of Lemma A.2 to find an extension *R’ of *R and
x €*R’ such that x < u for all u € Uy, and set U'(Z) = x.

In case (c)(ii). apply claim 1 of Lemma 1.2 to find an extension *R’ of *R and x €*R’
such that x > £ forall£ € £, and set U'(Z) = x.

In case (d). we have two choices. One choice is to let U’'(Z) €*R and set *R’ =*R.
The other choice is to apply either claim of Lemma A.2 to find an extension *R’ of *R
and let x €*R’.

By construction, we have that U’ extends U from ) to Z.

We define 77 = (2. 2/, <’) by saying that

X 2 Yifand onlyif U'(X) < U'(Y).

It follows that 3" extends; Sy from Y to Z. If <y is empty, the proof is over.

For the remainder of the proof, assume that <y is not empty. We must show that,
if X, Y € Zand X <y Y, then X <’ Y. This involves comparing U'(X) to U'(Y)
for various X, Y € Z. Represent such X and Y asin (19) by

X=q9gX)Z+ X',
Y=q(Y)Z+ Y.

with X/, Y’ € Y and ¢(X).q(Y) € R. Then

Y-X=[q(Y)-¢gX)Z+Y - X' (21)
U'(Y)-U'(X) =[g(Y) - q(X)]x + U(Y' - X'). (22)

where x = U'(Z). If ¢(X) =q(Y), then Y - X =Y’ - X', X’ <y Y’ and U'(Y) —
U'(X)=U(Y'-X')>0,sothat X <’ Y.If g(X) < ¢(Y), then
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Y - X'
q(X)-q(Y)

and x = U'(Z) > [U(X' - Y')]/[q(X) — ¢(Y)] by construction. It follows from (22)
that U'(X) < U’(Y), as needed. If ¢(X) > ¢(Y), a similar argument shows that
U'(X) < U'(Y),so T’ preserves instances of X <y Y.

Finally, assume that Ty is coherent. It follows from the previous paragraph, that U’
respects dominance. We complete the proof by showing that U’ is monotone. Suppose
that X, Y € Zwith X < Y. If ¢(X) =q(Y), then (21) yields 0 < Y' - X' =Y - X
and

<w Z.

If g(X) > g(Y), then

X' -Y
q(Y) - q(X) &
and x = U'(Z) > [U(X' - Y")]/[q(Y) — ¢(X)] by construction. It follows from (22)

that
UY)-uUX)>UX' -Y)+U(Y' -X')=0.

If g(X)<gq(Y), a similar argument shows that U’(Y)> U'(X). so U’ is
monotone. O

C.3. Proof of Lemma 2.7. The proof proceeds by transfinite induction on W\ ).
Let A be an ordinal, and let {X) }o<;<a be a well-ordering of the elements of W\ ).
Let Xy =Y. To = Ty, *Ro =*R, and Uy = U. Then the following induction hypothesis
holds for A = 0:

Induction hypothesis: Let A < A bean ordinal. Thereis a total trading system
T, = (X, 2,) such that:

A contains { X, },<;.
3 is a total preorder and is an extension, of <y, to A,
7T, is represented by a standard-linear function U, : X; —*R,, where *R; is
a nonstandard model of the reals that contains *R/ for each y < 4, and
e 7T, is coherent if Ty is coherent.

Next, we deal with an arbitrary successor ordinal y. Assume that the induction
hypothesis holds for 4 = y — 1. We must prove that the induction hypothesis holds for
A=vy.Apply Lemma C.1 with Y =4X,,, Z=X,, U =U,|, Zy=3,-1. and *R =
*R,_1. Then X, is the Z in Lemma C.1. Let U, and *RR, be, respectively, the U’ and
*R’ that result from Lemma C.1. Then, the induction hypothesis holds for 1 = y.

Finally, we prove that the induction hypothesis holds for each limit ordinal 4. We
start by creating objects to play the roles of ), U. Zy. and *R in the statement of
Lemma C.1. Define
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*R</l - U *Rya

p<i

X =

y<A

Clearly, “R., is a nonstandard model of the reals that contains *R, for all y < A. For
X e X, let Uoy(X) = U,(X). where y is the first ordinal such that X € X,. Each
such y is strictly less than 4. This makes U, : X, — *R_,. Define 3., on X_; by
X 2., YifX 3, Y for y being the first ordinal such that both X, Y € &,. Theny < 4
and U,; represents Z, on X;. To see that U_; is standard-linear, let X L X% ex,,.
Let y be the first ordinal for which both X! and X? are in X,. Then y < 4 and

U, (X7) = U,(X/) for j = 1,2. Since U, is standard-linear,

UsilaX' + pX?) = U (aX' + BX?)
=aU,(X") + pU,(X?)
= aUq,(X") + pUL(X?).

so U.; is standard-linear.
To complete the proof, apply Lemma C.1 with ) = X, *R = *R_;, Z = X, and
U - U<j..

C.A4. Proof of Lemma 3.2. Note that each function f € F is a special case of
a horse-lottery 4 for which each lottery /(w) puts probability 1 on a single prize
(consequence) f(w). In this way. we can think of F as a subset of a set of horse
lotteries. Savage [35] proves that there is a probability P on Q and a utility U : P — R
such that for all f.g € F. f =/ g if and only if P[U(f(-))] < P[U(g(-))]. Let H be
the set of finite mixtures of elements of 7, and let P’ be the set of finite mixtures of
elements of P. Define U’ on P’ by U’ (Z';:l ajp_,-> =>10;U(py).

Next, we show that U’ is well defined. Suppose that

n m
> aipi=> api. (23)
j=1 k=1

with all a; and all o strictly positive. A necessary condition for (23) is that the
set of distinct p; be the same as the set of distinct p;. Another necessary condition
is that, if p; = p;. the sums of the a; and/or o corresponding to repeated values
of p; and/or p; must be equal. This makes U’ well defined. Hence, U'[h(w)] is
well defined for every w and every & € H. It follows that V (k) = P(U'[(-)]) is well
defined, and can be used to represent a preorder =X* on H by “h Z* g if and only if
V(h) < V(g).” It is straightforward that V(ah +[1 —alg) =aV (k) + (1 -a)V(g)
foralla € [0, 1]and all ., g € H. Thereisa corresponding Ko = {a(h —g) : h,g € H}.
and UT(a[h - g]) = o[V (k) — V(g)] is also well defined on K.
Next, we show that U" is standard-linear. Let k; = a;(h; — g;) for j = 1,2. Then

piky + poky = Pray (hy — g1) + froa(hy — g2)
= fraihy + fronhy — fraugr — frongs
=y - Ja).
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where y. Ji.J> depend on the signs of oy, f1, @y, f>. For example, if both a;; > 0 and
both f; <0,

7 = frog + fras,
J = ﬁ1041h1 " ﬂzazhz’

_ Prag Prar

Jo g1+ —g.
4 Y

Each of J;, J, € Ky, so

Ut (Biki + Boka) = 71V (1) = V (J2)]
= praaV () + fraaV(ha) = frea V(g1) - fraaV (g2)
= BiU (ki) + frU" (k).
There are 15 other combinations of signs that produce various formulae for y, J;. J3,
but all of them lead to the same conclusion. Lemma 2.4 says that U represents a total

trading system 7 that satisfies Assumptions 1-4.
Finally, we show that 7 = (Ko, <. <) as described in Section 3.2.2. According to

the discussion in Section 3.2.2, =X corresponds to =* as follows. Let k|, k; € Ky be
expressed as k; = a;(h; — g;) with a; > 0 and h;.g; € H for j = 1.2. First, we need
to express ky — k1 = (s, — s1) with y > 0 and s1. s, € H. Then, we need to show that
k1 3 ky if and only if s; =* s5. First, note that

ko — ki = onhy 4 ongs — [aag1 + aihy]

=p(s2 - s51).
where y = a1 + a, and

s1= phi+ (1= p)g>.

sy = phy+ (1= p)gr.
where = ay/y. Next, note that k; = ks, if and only if U'(k;) < UT(k,). which is true
if and only if

al[V(hi) - V(g)] < aa[V(h) - V(g)l.

which is true if and only if

V(ph +[1 - plg2) < V([1 - plh + fg1).

which is true if and only if 51 3* 5.

~
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