Note on the Problem of the Electrified Disc
By A. A. ASHOTR
(Received 8th July 1949.)

1. Prof. E. T. Copson! has discussed the well-known problem of a
circular disc kept at a constant potential V¥, in an external field of
potential ® by reducing it to the solution of two integral equations.
The solution is however fairly simple if we use oblate spheroidal
co-ordinates. This is due to the fact that in this system of co-
ordinates the disc can be represented in terms of one co-ordinate
only. This method is applied to the above problem and Copson’s
results are obtained. The solution when V, is not constant, bub any
surface function of the disc, is also obtained.

2. The relations between cylindrical polar and oblate spheroidal
co-ordinates ¢, [ are

z=afl, p*=a® (1 — &%) (1 + {?), —1=5¢6=L,0=s<w.
The circular disc 2 =0, p < a is given by { = 0. At the surface
of the disc it can casily be scen that
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Solutions of Laplace’s equation in this system of co-ordinates aro
oblate spheroidal harmonics and are of the form

(4% Py (§) + BY Q9] [4'7 PR (i0) + BR QR (D)) ety
P (u) and @ (u) being Legendre associated functions of the first and

pt=a? (1l — §2)’

second kinds respectively.

The potential of any external ficld which is bounded in the
neighbourhood of the disc and at its axis £ = 1 will contain harmonics
of the form

E? P7 (§) P7 (il) cos mg,
n + m being necessarily even, since otherwiso the potential would
vanish at the surface of the disc.

By similar considerations V, the potential of the induced charge,
will contain only harmonics of the form

I P} (£) @n (i) cos mg, n 4+ m even.
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If for simplicity we take ® as one harmonic only, then, since V
has the value V, at { = 0, its value at any point will be

V="V, (P{,’ (&) Qo (10)/Q° (iO)) —E PY(€) Q7 (50)
x Py (10)/@ (i0)) cos m¢

2
=z { Vo cob =1 ¢— iEM P™ (£) QT (il) cos mqﬂ}'

The density of the induced charge, o, is given by
oo — L [BZ __ 1 [E V]
2alézte=o0 2naglol le=o

1 _ VO m pm mry .
= —772—&5. [1—4—{2+E" P (&) @.'(1) cos mq&]

1 246...(n+m
=1;‘“’Es’{ Vo (= DHmmm e ((n j-m)— 1)
The first two special cases considered by Copson follow
immediately.
(i) If there is no external field, E7 = 0 and
P°)
() IfVy=0,P=pcos¢dp=—ai Pi (&) Pi (i) cos ¢,

§=0

E7 P, (§) cos qu}-

e ' °=fﬁ£ P} (£) @ (i0) cos ¢
—_— y 2
=2g V(1= 2icos ¢=;2\_/P(_523§:%2_).

Probably this is not the best method for the last application.

It will be scen that the same method is applicable when the
potential at the surface of the disc (which will be taken now as non-
conducting) is any surface function. Any such function can be

expanded in the form

L I ATP(£) e

n=0 m=0

The potential at any external point (£, {, ¢) is then given by
20LE, ATPI@ (QRUD/QE () e
n=0 m=0
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