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Approximation of a Function and its
Derivatives by Entire Functions

Paul M. Gauthier and Julie Kienzle

Abstract. A simple proof is given for the fact that for m a non-negative integer, a function f €
c(m) (R), and an arbitrary positive continuous function e, there is an entire function g such that
1§ (x) = F (x)| < e(x), for all x € R and for each i = 0,1. .., m. We also consider the situation
where R is replaced by an open interval.

1 Introduction

For an open interval I = (a,b),—c0 < a < b < +oo0, and m = 0,1,..., let us denote
by C")(I) the space of functions f:I — C whose derivatives f(®), f1), ., fm)
exist and are continuous on I. For a closed interval I, let C")(I) be the space of
functions f € CU™)(I) such that (), fM 0" extend continuously to I. By
abuse of notation, we continue to denote these extensions by f(/), respectively. The
following generalization of the Weierstrass approximation theorem is well known.

Theorem 1.1 For —oco < a < b < +o0o and m a non-negative integet, let
fec™([a,b]) and €e>0.

Then there is a polynomial p such that |p()(x) — f()(x)| < e for all x € [a,b] and
i=0,1,...,m.

To prove this theorem, we merely approximate (") by a polynomial and integrate
m times.

Another extension of the Weierstrass theorem, not as well known as it should be,
is the following theorem of Carleman [1], in which a bounded interval is replaced by
the entire real line. Denote by C*(X) the positive continuous functions on a set X.

Theorem 1.2 (Carleman) Let f € C(R) and e € C*(R). Then there exixts an entire
function g such that |f(x) — g(x)| <e(x),x e R.

Note that f can be approximated much better than uniformly, since e(x) may de-
crease to zero with arbitrary speed, as x — oo. Of course, since every continuous
function on a bounded closed interval extends continuously to R and since entire
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functions are represented by their Maclaurin series, the Weierstrass theorem is con-
tained in the Carleman theorem. There are many proofs of the Weierstrass theorem
in various textbooks on approximation, but the original proof of Weierstrass actually
used a preliminary version of the Carleman theorem. That is, Weierstrass began by ap-
proximating a continuous function on a bounded closed interval by entire functions
and then approximating the entire function by partial sums of its Maclaurin series.

Let I = (a,b) be an interval, —co < a < b < +0o. Denote by I° = R\I the comple-
ment of I in R. For an open subset U c C, we denote by H(U) the family of functions
holomorphic on U.

Theorem 1.3 Let m be a non-negative integer, I = (a,b), f € Ct")(I), ande € C*(I).
Then, there exists a function g € H(C\I) such that |f) (x) - g (x)| < e(x), x € I,
i=0,1,...,m.

In particular, we have the following generalization of Theorem 1.1 due to Hoischen
[6, Satz 3].

Corollary 1.4 Let m be a non-negative integer, f ¢ C(")(R), and ¢ € C*(R).
Then there exists an entire function g such that |[f()(x) — g (x)| < e(x), x € R,
i=0,1,...,m.

The results of Carleman and Hoischen have been extended in various directions.
For example, Carleman’s theorem was extended by Scheinberg to approximation by
entire functions of several complex variables, and Frih and Gauthier [3, Corollary]
showed the corresponding extension of the theorem of Hoischen on the simultaneous
approximation of derivatives. In [3, 9] the functions to be approximated are defined
on the real part RN of CN = RY + iR¥ and are approximated by functions holomor-
phic in all of CV. Very recently, Johanis [7] considered the more general problem of
approximating a function f given on only a portion Q of R¥. Whitney’s famous the-
orem [10] allows one to approximate such functions f by functions analytic on Q. Of
course, every function analytic on Q naturally extends holomorphically to a neigh-
borhood of Q in CV, but this neighborhood will depend on the analytic function.
The beautiful result of Johanis shows that there is a domain Q c CV, depending only
on Q and not on f such that f can be approximated by functions holomorphic on €.
When applied to our situation, where N = 1 and € is an interval I, the domain T is
smaller than the domain C \ I which we obtain in Theorem 1.3.

For a closed set E c C, let A(E) = C(E) n H(E®). In the Carleman theorem, if we
replace the real line R by a a closed subset E c C, then the function f to be approx-
imated must be, not only continuous on E, but also holomorphic on the interior of
E. That is, f must lie in A(E). A condition on sets E, necessary for the possibility of
such approximations, was introduced in [5], and in [8] this condition was shown to
be also sufficient.

The techniques employed in previous papers are quite technical. The aim of this
note is to show that Theorem 1.3, extending Theorem 1.1 to open intervals and € de-
creasing to zero with arbitrary speed, can be proved in the same way as the elementary
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proof of Theorem 1.1, that is, by approximating the derivative of highest order and in-
tegrating.

2 Preliminaries

A fundamental lemma, known as the Walsh Lemma, asserts that, for a compact set
K c C, if every function f € A(K) can be uniformly approximated by rational func-
tions having no poles on K, then, not only are there rational functions that uniformly
approximate f, there are even rational functions that, in addition to approximating
f> also simultaneously interpolate f at finitely many given points of K. This Walsh
Lemma has been extended to the context of functional analysis. For a topological
vector space X, we denote by X* the (continuous) dual. If X and Y are topological
vector spaces, where X is a subspace of Y, then of course Y* c X*. The following re-
sult on simultaneous approximation and interpolation is a generalization of the Walsh
Lemma due to Deutsch [2].

Lemma 2.1 Let X be a dense subspace of a normed vector space Y. Let y € Y, e be a
positive number and Ly, ..., L, € Y*. Then there exists x € X such that |y — x| < € and
L,()/) = L,-(x), i= 1, R (8

A compact set K c C is said to be a set of polynomial approximation if for each
f € A(K) and € > 0, there exists a polynomial p such that |f — p| < € on K. The cele-
brated theorem of Mergelyan (see [4]) states that a compact set is a set of polynomial
approximation if and only if its complement is connected. A particular case of the
Walsh lemma follows.

Lemma 2.2 Let K c C be a compact set of polynomial approximation. Then for all
¢ e A(K), L e A(K)*,i=1,...,nand for all € > 0, there exists a polynomial p such
that |¢ — p| <eand L;(¢) = L;i(y), i=1,...,n.

For ¢ € C([j,j—1]),j € Z, set

Tlf(¢):fjjlf0x’f0“--.f0x""l $(1)dtdxp - --dx1,
sz(¢):fjifox‘foxz...fox'”¢(t)dtdxm_2...dx1,

. j
T9)= [ o0t

Lemma 2.3 Forall f € C(R) and for all e € C*(R), there exists an entire func-
tion g such that g(0) = f(0), T/ (g) = T/ (f) fori =1,2,...,mand j € Z, and
If(t) — g(t)| <e(t), forall t € R.

Proof First, we can see that Lemma 2.3 is true for a finite number of j, by applying
Lemma 2.2 to a closed interval E containing the intervals [j — 1, j] in question.
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Let f € C(R) and € € C*(R). We can assume that e(t) = e(|t|) and e(|¢]) is
decreasing as |¢| grows. Let {e; } be a sequence of positive numbers such that e, < e(k)
and Y52, €x < €(t)/2 for € > ||, t € R. We can choose ¢, = e(k)/25*2. Indeed,

Zek = Ze(k ) /2642 < e(e) Z 1/252 = ¢(0) 25 < (1) /2.
k=¢ k=¢ k=¢

Now, for each k € N, set Ex = Dy_, U[-k, —(k —1)]U[k — 1, k], where D, is the disc
of center 0 and radius .

By Lemma 2.2 and the Weierstrass approximation theorem, there exists a polyno-
mial g1 such that |f — g1| <& on [-1,1], f(j) = @1(j), for j = -1,0,1and

T/(f)=T/(g), i=1....m, j=0,L

h - {gl on Dy

Set

f on[-2,2]\[-L1].
Since h, € A(E,), it follows from Lemma 2.2 and the Mergelyan theorem that there
is a polynomial g, such that |h; — g2] < €, on E,, hy(j) = g2(j) for j = -2,-1,...,2
and such that

T/(hy) =T/ (g:), i=1...,m, j=-10,...,2.
Thus, we have
T/(f)=T/(g), i=1...,m, j=-10,...,2,

f(j) = @(j) forj=-2,-1,...,2,
and

R b
Indeed,
+ - < n|{-2,2 -1,1
We also have that |g, — g1| < €, on D;. Indeed,
g2 - gl <|g2—ha| +|h2 - @] <e2+0 onDy.

Setting g, = g1, we will show by induction that for k = 1,2,. .., there exist polyno-
mials gx such that

(2.1 TI(f)=Tig), i=L...,m, j=—(k-1),...,k
() =g(j) forj=-k,....k,
ex on[—k k]\[-(k-1),k-1],

f - gl < ek1+ek on[-(k-1),k-1]\[-(k-2),k-2],

€1 +e+--+er on[-11],
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and
gk — gk_1| <ex onDj_,.

As shown before, we already verified the cases k = 1 and 2. We suppose the validity
of the cases k = 1,..., n. Set

h+1={gn on D,
! f on[-(n+1),n+1]\[-n,n].

There exists a polynomial g,,,1 such that [h,1—gn+1] < €nr1 00 Eyi1, Bni1(5) = guaa (5)
for j=—(n+1),...,n+1and such that

Tij(hnH) = Tij(gn+1)) i=1,...,m, j=-n,...,n+1
Thus, we have

T/(f) =T/ (gns1)s i=L...,m, j=-n,...,n+1,
() =gnu(j) forj=—-(n+1),...,n+1

and
€ns1 on[—(n+1),n+1]\[-n,n],
€, +€ on|-n,n —(n-1),n-1},
|f_gn+1|< n n+l [ ]\[ ( ) :|
€1+€+ - +€up on[-11],
since

|f_ gn+1| < |f - hn+1| + |hn+1 _gn+1| =
0+ |hys1 — a1 <€ns1 on[-(n+1),n+1]\[-n,n],
|f_ gn| + |hn+1 _gn+1| <€y +€yy1 ON [—I’l, I’l] \ [—(I’I - l), n-— l],

If = gnl + |hni1 = gun| <er+ €2+ + €4 on[-L1].
We also have that |g,+1 — g4| < €41 0n D,,, since

|gn+1 - gn| < \gn+1 - hn+1| + |hn+1 - gn| <€pt1 ON Bn-

Let us show that the sequence { g} converges uniformly on compacta. It is suffi-
cient to show that { g }, is uniformly Cauchy on compact subsets. For each k, we have
that |gx — gk-1| < €x on Dg_;. Let K c C be an arbitrary compact set. For § > 0, we
choose N so large that K c Dy, and k > € > N; implies ijze €j < 8. Then for such

kand ¢,
k-1 k-1
|gk —gz| < Z |gj+1 —g]'| < Z€j+1 <§ onKk.
=t =t

Thus, the sequence gj converges uniformly on compacta. The limit g is therefore an
entire function.
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Let us show that |f — g| < e. Denote by [s] the integer part of s. Fix t € R and
choose ¢ = [|t|] +1. Then forall k > £ +1,

k k
£ =gk (O] < If () = ge(Dl+ X 1i(1) - gja(B)] < 2o ej < e(1)/2.
j=t+1 j=t

Now, we choose k > € so large that |gx (t) — g(#)| < (¢)/2. Then
F() - (O] < |f (1) - ge (D) +[g() = gk ()] < €(2).

Finally, we must show that Tij(g) = T,J(f), i=1...,m; j=Z. Fix j. For all
k> |j|, we have j e {-(k -1),...,k}. Thus, by (2.1),

Tij(f):Tij(gk), i=1...,m,

and consequently,

T)(g) = lim T)(gi) = lim T/(f) = T/(f)- m

3 Proof of Theorem 1.3

Proof For simplicity, we will prove Corollary 1.4, which is a special case of Theorem
1.3. The proof of the general theorem is an obvious modification.

We can assume that () (0) = 0,i = 0,..., m, and we can also assume that e(t) =
e(|t]) and that e(|¢|) is decreasing, as |¢| increases. Pute, = ¢, and for i = 1,...,m,
pute;(t) = €;-1(|t| +1). Then, for i = 0,...,m, we have €;(t) = €;(|t]), the functions
€;(t) are decreasing as |t| increases and €; > €;41,i =0,...,m — 1.

By Lemma 2.3 there exists an entire function g,, such that g,,(0) = f(")(0),

£ (1) = gm()] < em(t), fn:ﬂm)(t)dt . /;:gm(t)dt,

f fl-nfif(’")(t)dtdxin-dxl:/ /l~--figm(t)dtdx,-~~-dx1,
n-1J0 0 n-1J0 0

fori=1,...,m-1landn e Z.
We define the following entire functions:

gk(z):fo Gen(O)dl, k=m-1,m-2,...,0.
Thus, we have

' gk+1(2), k=0,...,m-1
z)=1{°]
() {]0 gk2(0)de, k=0,...,m-2.

Hence, setting g = go, we have

@) =g(), g'@=gk), - g™ () =gu2).

Therefore,

| £ () = g ()] = | £ (x) = g (x)] < em(x) < e(x).
We shall now show that

| £ () = gD ()] < emea(x) < e(x).
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If x > 0, we have

£ () - g )
I RGRIORFIONY

(<] n .
= \nZzlfn_l(f("”(t)—g('")(t))dt+f[x](f('">(t)—g<m>(t))dt|
=] G0 =g w)dt] < en(lx)

=em-1([x] +1) < em-1(x) < e(x).

Similarly, if x <0,
7" (x) = gD ()]
- [ @ - g )]

[x] n x
- (m) () _ o(m) (m) () — o(m)
|3 L= g [ @)= o)

n=-1

= |/[;;(f<m>(t) —g(m)(t))dt‘ < em(x)
=€m-1(—x +1) <epo1(—x) = €m-1(x) < e(x).

Next we show that | f("2) (x) — g("2) (x)| < €,,_»(x) < €(x). As in the previous
case,

£ D) - g0 = | [T ) - g7 )
=] [0 - gD )

<em-1([x]) = €ma([x] +1) < €m-a(x) < e(x).

Repeating the same argument m — 2 times, we obtain that

£ ()~ gV ()] < e(x)

forx e Randi=0,1,...,m. |
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