ANZIAM J. 58(2017), 417-427
doi:10.1017/S1446181116000353
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Abstract

We investigate rare or small probability events in the context of large deviations
of the stochastic Camassa—Holm equation. By the weak convergence approach and
regularization, we get large deviations of the regularized equation. Then, by stochastic
equations exponentially equivalent to the corresponding laws, we get large deviations of
the stochastic Camassa—Holm equation.
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1. Introduction

We analyse the stochastic Camassa—Holm (CH) equation

duf + [uuS + (1 = 00)7'0,(u? + uS)] dt = VedW
u(x,0) = ¢(x),

where 0 < € < 1 is sufficiently small, W is a Wiener process in the Hilbert space H
with convolution operator Q and (1 — 5;%)_1]0 =pxf,p=(/2)e W forall feL*R).

The CH equation was derived by Camassa and Holm [4, 12] as a model of water
waves. The well-posedness of (1.1) in H°(R) for s > 3/2 was established by Chen et
al. [5]. In this paper, we consider the rare events as described by a large deviation
principle (LDP) for the stochastic CH equation (1.1). The LDP is an active and
important topic in probability and statistics. Recently, it was found that the weak
convergence approach [10] along with stochastic control can be employed to obtain
the LDP.

For the special nonlinear terms of (1.1), the LDP for the solution of (1.1) cannot be
directly obtained by a weak convergence approach. However, by this method, we can
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get the LDP for u;, of the regularized equations

i (1.2)

dufl + [usu, + (1 - ai)—lax(uff + %ufﬁ |dt = \/Ede
uf](-x7 O) = ‘1077()6)$

where 0 <n <1, ¢, = ¢ * py, @, = O * p, and p,, is the Friedrichs mollifier [11]. Then
we prove that the solution of u; is exponentially equivalent to the solution of u°: that
is, for any 4 > 0,
limeln P( sup ||uf7 - uEII%{S > /l) = —o0, (1.3)
-0 1€[0,T]
from which it follows that {u€} satisfies the LDP [8, Theorem 4.2.13].
This paper is organized as follows. In Section 2, some standard definitions and
results of the LDP are recalled and then, in Section 3, the main theorems and their
proofs are given. The paper concludes with a brief discussion in Section 4.

2. Large deviation principle

Let us first recall some standard definitions and results from the large deviation
theory. Let X€ be a family of random variables defined on a probability space (X2, ¥, P)
and taking values in some Polish space E [9].

DernitioN 2.1. A function [ : E — [0, +00] is called a rate function if I is lower
semicontinuous. A rate function [ is called a good rate function if the level set
{x € E: I(x) < K} is compact for each K < oo.

Derinition 2.2. The family {X€} is said to satisfy the LDP with rate function / if, for
each Borel subset A of E,

—iI}{I(x) < lim iglfeln P{X¢ € A} <limsupeln P{X® € A} < —sup I(x),
XEA? €e—

€0 xeA
where A° and A denote the interior and closure of A in E, respectively.

Dermvition 2.3. The sequence {X€} is said to satisfy the Laplace principle with rate
function ! if, for each bounded continuous real-valued function 4 defined on E

lim eln E[exp ( - éh(Xf))] =~ inf{h() + 1),

Suppose that G°: C([0,T]; H) — E is a measurable map and X¢ = GS(W(-)).
Let A denote the class of H-valued ¥,-predictable processes v which satisfy
IV dr < o almost surely (a.s.). Let S y = {v € L*0,T; H) | [ Iv(r)I dr < M).
The set S )s endowed with the weak topology is a Polish space. Define Ay = {v € A |
ww) € Sy, P-a.s.}.

Now we formulate the following sufficient condition for the Laplace principle
(equivalently, LDP if E is a Polish space) of X€ as € — 0.
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AssumpTioN 2.4. There exists a measurable map G° : C([0, T]; H) — E such that the
following two conditions hold.

@) If {ve e Ap | € >0} as a random variable in S, converges to v € Ay in
distribution as € — 0 for some 0 < M < oo, then

QE(W(-) + EL ve(r) dr) - go( jow v(r) dr)

in distribution, as € — 0.
(ii) For M < oo, the set Ky = {Qo(fo' v(r)dr) | v € Sy} is a compact subset of E.

For each g € E, define

) 1 (T
I(g) = inf ‘ {5 f ||v(r)||%1 dr}, 2.1
ve[£2((0.71:m)1g=6"( f; v(v) dr)} 0

where the infimum over an empty set is taken as co.
The following theorem was proven by Budhiraja and Dupuis [3].

THEOREM 2.5. Let X€ = GS(W("). If {G°} satisfies Assumption 2.4, then the family
{X¢ | € > O} satisfies the Laplace principle in E with the rate function I given by (2.1).

3. The main results

In this section, we give the LDP for u; and u®. Denote by L° the space of
Hilbert—-Schmidt operators from H into H*(R) with the norm ”QHZD =tr(Q*0Q) =

e 10 %er|2, where (ep)ren is an orthogonal basis of L2, Let C be a constant in
the rest of the paper, which may alter in different places.

Let Xy = C([0,T]; H%), s > 3/2. It follows that (see [3]) there exists a Borel-
measurable function G¢ : Xr — Xr such that u; =G (Wy). Set it5(-) = G(Wy(-) +
(1/+/e) fo. vy(s)ds). Then, by Girsanov’s theorem [13], i5(-) is the unique mild solution
on [0, T'] of the equations

dii§ + [5i1S, + (1 — 0970 + 30S3) + vyl dt = VedW,
iy(x,0) = ¢p(x).
Let us introduce the skeleton equation [10] associated with (1.2), that is,
dity + [fiyityx + (1 — 0270, (i) + Litt,) + vy ]dt =0
iy (x, 0) = ¢p(x).
The existence and uniqueness of the solution i, to (3.1) in C([0, T]; H*) can be

obtained (see, for example, [5, Theorem 3.1]).
Define G° : Xr — X7 by

(3.1)

Go(h) = {ﬁv ifh= fo. vy(r) dr for some v € Lz([(), T); HY)

0  otherwise.

The following lemmas are needed.
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(4]

Lemma 3.1 [2, 5]. Under the Assumptions 2.4, the following estimates hold for any n

satisfying 0 <n < lands > 0.

. t —
() lluoylizs, + fo lvallz, dr + 104117, < en'*=9" for any q > 0.

.. 1 —_
(i) If g # s, then Ellluoy — uol + fy vy = vilg, d7] +11Qy = QI < en*=9"2.

(i) If g = s, then E[l|luo, — uollge] + 110y — Qllil =o(D).
Here c is a constant, independent of n.

Lemma 3.2. Let s > 3/2, o(x) € H*, k=0,1 and Q € L°. Then

Jim lnP( sup [l >R) ~
0<i<T

~ —k/2
Sup ||”v||H\-+k S Cn / .
t€[0,T]

(3.2)

(3.3)

Proor. Let ®(x) = In(1 + x), x > 0. Then ®’'(x) = 1/(1 + x) and ®”(x) = —1/(1 + x)*.
Define 75 = inf{z > 0, ||ff||2 >R}, R>0. Applying 1t6’s formula [6] to (|| A

HX =
I,

INTR
D[t A TR)3g) = O(llgyllzg) + 2 f O (EI7 (A, ASh(EES, iil,)) dT
0

IATR

+2f @’ (llflElIHs)(AsME A'vy)dr
0
IATR

+€f0 O ([aSI17)N Q7 dT

IATR
+2\Ff @ (|[aEf][2, ) (A, A dWy),

where
h(u, uy) = uu, + (1 — 02710, (u® + u 2).

Since [[ifllz, lig Iz~ < Cllal with s > 3/2,

f (A TN RS, 6,)) dx < CUE o IS + NS s N g1
R

~ ~ ~en2 ~en3
< Clligllzs + s Mzl s < Cllas .-

Hence, Young’s inequality [15] yields
20 (gl ) (A aig, A°h(as, iis,)) < Clligllas < CC1+ [l5)-

By Holder’s and Young’s inequalities,

(|13 f A TEAT Y, dx < C(IvyllZe + 1IEE]3).
R
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It follows from (3.4)—(3.8) and Lemma 3.1 that
T ATR
BT Aol <C+C [ BoqEE dr
0

where E® is the mathematical expectation of random variable ®. Applying Gronwall’s
inequality [14] yields
EQ(|aS(T A tr)l%) < C.

Since P(supy,z lill? > RYD(R) < EO(|F(T A r)I%,) < C,
In P( sup (112 > R) <InC - In(d(R)), (3.9)
0<t<T

and making R tend to +o0 in (3.9) proves (3.2).
By multiplying both sides of regularized (3.1) by A%, A*, then by integration and
estimation similar to the above,

t t
~ 112 2 2 ~ 13
il < Nyl + f vyl dr + C f i dr = y(0).
0 0

Then dy/dt < Cy’/?, which yields y(f) < C, and hence proves (3.3) with k = 0.
Multiplying both sides of regularized (3.1) by A**'ii, A**! and integrating, and then
using (3.3) with k£ = 0, gives

! i3
~ 112 2 2 ~ ~ 112
s < Nl + f Wyl dr + C f 12122y o
0 0

!
scn-‘/2+cf Nl |13, dr,
0

which, with Gronwall’s inequality, implies (3.3). O

Remark 3.3. We cannot get the secondary moment bound of i5. Fortunately, it is
sufficient to prove Theorem 3.4 by the probability bound in (3.2) and the stopping
time.

We formulate the Freidlin—Wentzell type estimate [8] for uj,.

TueoREM 3.4. The solution set {u;} satisfies the LDP in C([0,T]; H®), s > 3/2 with a
good rate function

1 T
1(g) = inf = f llvn (Pl dr.
{ver2q0.11:1)lg=6°( f; va(r dr)} 2 Jo

Proor. Suppose that {v.} CAu and it converges to v € S u in distribution. We prove
that GS(W,(-) + (1/ Vé) [ vey(s) ds) converges to G°( [ v,(s)ds) in distribution, as
€ — 0. Let w, = @tj_— it,. Then wy, satisfies

Wy + h(@ i@ ) = h(iy, i) + vey — vy = VedW,
wp(x,0) =0,
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where h(u, u,) is given in (3.5). For R > 0, we define a stopping time
g = inf{t € [0, T1; [ I3, > R).

For 1/2 < g < min{1, s — 1}, similar to the estimates in [5, Proposition 3.1],

E[ sup ||w,,||§,q]SC(e+1)n<s-‘f>/2e1+@. (3.10)
t€[0,T Atg]

By using the estimates of Chen et al. [5, (4.48)-(4.50)], the inequality (3.10),
Gronwall’s inequality and It6’s formula,

IATR

2 —q-1)/2 2 1 R

E[ sup ||wn||HA]SC{<e+1)n<” oy f ||ven—vn||H\-dr}e*f :
te[0,T ATg] 0

from which it follows that

E[ sup ||W,,||1211.?] —0 ase—0. 3.11)
t€[0,T Atg]

Given an arbitrarily small constant 6 > 0, by Lemma 3.2, one can choose R such
that P(tg < T) < 6/2. For such R and for all 4 > 0, by (3.11), there exists € such that
for € < €, P(sup,gio.r) IWy(t A TR)llgs > A) < 6/2. Therefore

P( sup [[wy (Ol > /1) <Par<T)+ P( sup [[w(t A 7o)l > /1) <s.
1€[0,T] 1€[0,T]
This proves that iy _converges to i, in probability in C([0, T]; H).

By weak compactness of S u, we can select a subsequence of the set v, € S, still
denoted in the same way, which converges weakly to a limit v, € Sy Let Wy = ity — il
Then w satisfies

Wy + h(ﬁvf’ ﬁvfx) - h(ﬁv’ ﬁvx) t Ven —Vp = 0
wy(x,0) = 0.
The rest of the proof can be obtained as (3.10)—(3.11) with € = 0, details of which we

omit here. This completes the proof of Theorem 3.4. O

The following lemma shows that the probability that the solutions u;, u© stay outside
an energy ball is exponentially small.

Lemma 3.5. Let u€ and u; be the solutions of (1.1) and (1.2), respectively, and let

k=0,1. Then
lim sup elnP( sup [ >R) - —oo, (3.12)
R—cogecy 0<t<T
lim sup elnP( sup [fIE, >Rn‘k/2) - —co, (3.13)
R—00 gce<i 0<i<T
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Proor. Define y/(&) = fog 1/(1 +v*Inv)dv, ¥, (&) = e, £ > 0. Then

A¥(¢) (A2 + DY)
1+&Iné (1+&1mn¢)?

Define ¢ = inf{r > 0, ||1f(t)||2 > R}, R > e. Let £(t) = |[u(¢)||%,,. Then, by Itd’s formula,

() = and ¥7(§) = (I-¢-26In¢).

E¥a(é( A 7r)) < Wa(6(0) + C/lEfo R‘I”(E(r))lluflli,: dr

+C(P + ) ValQIEE fo W) dr

IATR

<C+CAVe+ AVe+ ) f EYa(&(f A TR)) dr,
0

which, by Gronwall’s inequality, implies that
EY (6(T A1) < C pCC VeraVerd).
Let A =1/e. Then

P ( sup [lu“ (Dl > R)‘PI/G(R) < EWA(ET A 1g)) < CeCF VEHIVErD
0<1<T
which yields

sup elnP( sup [l >R) <1-u(R). (3.14)

O<e<1 0<t<T

Note that limg_,« ¥(R) = co. By letting R tend to oo in (3.14), we prove (3.12).
The proof of (3.13) with k = 0 is similar to (3.12). Now we prove (3.13) with k = 1.
Define 7 = inf{r > 0, ||uf7(t)||2 s 2 R}, R > 0. Using Itd’s formula,

fATR
2 2
s (T A TR s < llogllzgens + €@yl s + Cf eaf sl 170 dT
0

IATR
+2 Ve f (N ug, A dWy),
0

and the martingale inequality [1, 7] yields

s+1 ut s+1 72
46 E| sup (A SN dw,)

0<t<T Atg

. 5 5 q/2\2/q
< Cae{| f sup (DIl ]}
0

0<T<tATR

T q/2v2/q
< Cae{| f sup (O + 10,11 ||
0

0<7T<tATg

T 2/q
Squ{n7'+ f (E[ sup ||u;(r)||§;i]) dt}. (3.15)
0 0<T<tATR
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Hence

(5] swp o, |) " = cats ex gon

0<t<T Atg

+C(R + ge) fo ' (E[ sup s (r)IIHH,])Z/th,

O<r<tAtg
which implies that
2/q
(E[ sup  |luf (z)||HM]) < C(1 + € + gy LR, (3.16)
0<t<T Atg

By (3.13), for any M > 0, there exists a constant R such that, for any € € (0, 1],

P( sup [lu|7;s >R) < e M€, (3.17)
t€[0,T]

For such R, take g = 2/€. Then, by (3.16),

2/q
€2 -1/2 (E[ SUPre(0.7 A7) ””EHH:”])
sup elnP( sup [l > Rin )s sup ln( T )
O<e<1 1€[0,T Atg] O<e<1 R~

<CR+2)+In(3C) - 2In(R;) = —o0,

as Ry — oo. Hence there exists R; such that

P( sup  ucIR,.. >Rm—1/2)<e-M/f. (3.18)
1€[0,T Atg]

By (3.17) and (3.18),

P sup 11> R 77‘”2)

te[0

<P( sup |u, ||HJ+l >R177 , sup ||uEIIHg <R)+P( sup IIu IIH‘ >R)
te[0,T] te[0,T]

< P( sup (I >Rm—1/2)+P( sup [lu1% >R) <2eMIe,
1€[0,T Atg] 1€[0.7]

from which (3.13) is obtained. This completes the proof. O

Now we present the main result of the paper, as follows.

THEOREM 3.6. The solution set {u¢} satisfies the LDP in C([0,T]; H®), s > 3/2 with a
good rate function

. I
I(g) = inf _ 3 f ||v||,2qs dt.
{ver2qo.r1:H)150=6°(fyv(ry dr)} # Jo
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Proor. By Theorem 3.4 and [8, Theorem 4.2.13], we just need to prove that (1.3)
holds. For R > 0, we define the stopping time

1_ 2 -1/2 2 2
T = infle | gl > R~ or gl + €l > R,
Then
P( sup [lug, — ullzs > 4, sup (gl + lullz) < R, sup [lugli,... _R)
0<t<T 0<t<T 0<t<T
€ €12
< P( sup Iluf — |3 > /1).
0<r<7}
Let w = u, — u®. Then w satisfies the equations

n

wy(x,0) = wyo = @, — ¢.

{w, + h(ug, us,) — h(ue,u$) = Ve d(W, - W)

For 1/2 < p < min{s — 1, 1}, by Itd’s formula, similarly to (3.15)~(3.16),
2 ]\ 2 CR
(E[ sup |w||1j,,]) < C(1 + € + peyys—P2C R PO
tel0, T/\T

Then, similarly to the proof of (3.13),

lim sup elnP( sup w2, > Ry 1’>/2): —co. (3.19)

R—0 gcexi 0<i<T
For R > 0, we define the stopping time
% = inf{ | Iwlly, > Rp“ ™),
Lettg = TR A TR Similarly to (3.15), applying Itd’s formula to [[w(z A Tg)|[%,, yields

2/q
(E[ osuP IIWIIZ’S]) <llwpollfys + Clg + ©)€ll@y = Olls + Cr* P!
<t<T

T 5 2/q
+C(R+qe)f (E[ sup ||w||Hi]) dt.
0

0<t<T

Then Gronwall’s inequality implies that

q\2/q
(5] sup ] < ol + Cla+ €llQ = QI + 7 et

0<7<T Atg
(3.20)
By Lemma 3.5 and (3.19), for any M > 0, there exists R such that
sup €ln P( sup ||V||%{.‘ > R) <-M (3.21)
0O<e<1 0<t<T

with v = uf un,u,7 or w.
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For such R, taking g = 2/€ in (3.20),

2 2 2 2 —1/2
A=eln P( sup Wiz > 4, sup (. + gl < R, sup uclZ.., < Ry,

0<t<T 0<t<T 0<t<T

2 —-n)/2
sup [l < Rn*"?)
0<t<T

<e€ln P( sup IIWI@J > /l)

0<t<T Atg

<en(7( sup i)

0<t<T

<-2In2+ C(R+2) + In(lwyollf. + Clg + ©)ellQ, — Ol + Cr* 7. (3.22)

Taking n = €, it follows from (3.22) that lim._,0 A = —oo. Thus, there exists ¢ such
that, for any e satisfying 0 < € < &,

A< -M. (3.23)

From (3.21) and (3.23), it follows that there exists a constant ¢ such that, for any
€€ (0,6, P(supyc,<r ||uf] - ufllzj > 1) < 5e M/ Since M is arbitrary, the proof is now
complete. O

4. Conclusion

Usually, the LDP of the stochastic evolution equation can be shown by a weak
convergence. However, it cannot be used to get the LDP of the stochastic CH
equation (1.1). In this paper, we first consider the corresponding regularized equation,
then we obtain the LDP for the stochastic equation, exponentially equivalent to the
corresponding laws. This opens up a new approach to getting the LDP for the
stochastic shallow water equations.
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